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Abstract

Q-learning, which seeks to learn the optimal Q-function of a Markov decision process (MDP) in
a model-free fashion, lies at the heart of reinforcement learning. When it comes to the synchronous
setting (such that independent samples for all state-action pairs are drawn from a generative model
in each iteration), substantial progress has been made towards understanding the sample efficiency of
Q-learning. Consider a 7-discounted infinite-horizon MDP with state space S and action space A: to yield
an entrywise e-approximation of the optimal Q-function, state-of-the-art theory for Q-learning requires a
sample size exceeding the order of %, which fails to match existing minimax lower bounds. This
gives rise to natural questions: what is the sharp sample complexity of Q-learning? Is Q-learning provably
sub-optimal? This paper addresses these questions for the synchronous setting: (1) when |A| =1 (so
that Q-learning reduces to TD learning), we prove that the sample complexity of TD learning is minimax

optimal and scales as % (up to log factor); (2) when |A| > 2, we settle the sample complexity of

Q-learning to be on the order of %
of Q-learning when |A| > 2, and rigorizes the negative impact of over-estimation in Q-learning. Finally,
we extend our analysis to accommodate asynchronous Q-learning (i.e., the case with Markovian samples),

sharpening the horizon dependency of its sample complexity to be ﬁ.

(up to log factor). Our theory unveils the strict sub-optimality

Keywords: Q-learning, temporal difference learning, effective horizon, sample complexity, minimax optimal-
ity, lower bound, over-estimation
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1 Introduction

Q-learning is arguably one of the most widely adopted model-free algorithms (Watkins and Dayan, 1992;
Watkins, 1989). Characterizing its sample efficiency lies at the core of the statistical foundation of reinforcement
learning (RL) (Sutton and Barto, 2018). While classical convergence analyses for Q-learning (Borkar and
Meyn, 2000; Jaakkola et al., 1994; Szepesvéari, 1998; Tsitsiklis, 1994) focused primarily on the asymptotic
regime—in which the number of iterations tends to infinity with other problem parameters held fixed—
recent years have witnessed a paradigm shift from asymptotic analyses towards a finite-sample / finite-time
framework (Beck and Srikant, 2012; Chen et al., 2020, 2021; Even-Dar and Mansour, 2003; Kearns and
Singh, 1999; Lee and He, 2018; Li et al., 2022c; Qu and Wierman, 2020; Wainwright, 2019b; Weng et al.,
2020a; Xiong et al., 2020). Drawing insights from high-dimensional statistics (Wainwright, 2019a), a modern
non-asymptotic framework unveils more clear and informative impacts of salient problem parameters upon
the sample complexity, particularly for those applications with enormous state/action space and long horizon.
Motivated by its practical value, a suite of non-asymptotic theory has been recently developed for Q-learning
to accommodate multiple sampling mechanisms (Beck and Srikant, 2012; Even-Dar and Mansour, 2003; Jin
et al., 2018; Li et al., 2022¢; Qu and Wierman, 2020; Wainwright, 2019b).

In this paper, we revisit the sample complexity of Q-learning for tabular Markov decision processes
(MDPs). For concreteness, let us consider the synchronous setting, which assumes access to a generative
model or a simulator that produces independent samples for all state-action pairs in each iteration (Kakade,
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Table 1: Comparisons of existing sample complexity upper bounds of synchronous Q-learning and TD learning
for an infinite-horizon y-discounted MDP with state space S and action space A, where 0 < € < 1 is the
target accuracy level. Here, sample complexity refers to the total number of samples needed to yield either
max; q |Q(s,a) — Q*(s,a)| < e with high probability or E[max, . |Q(s,a) — Q*(s,a)|] < e, where Q is the
estimate returned by Q-learning. All logarithmic factors are omitted in the table to simplify the expressions.

2003; Kearns et al., 2002); this setting is termed “synchronous” as the estimates w.r.t. all state-action pairs
are updated at once. We investigate the f.,-based sample complexity, namely, the number of samples needed
for synchronous Q-learning to yield an entrywise e-accurate estimate of the optimal Q-function. Despite a
number of prior works tackling this setting, the dependence of the sample complexity on the effective horizon
—L_ remains unsettled. Take v-discounted infinite-horizon MDPs for instance: the state-of-the-art sample

1=y
complexity bounds (Chen et al., 2020; Wainwright, 2019b) scale on the order of (1|f|7|;§‘52 (up to some log

factor), where & and A represent the state space and the action space, respectively. However, it is unclear

whether this scaling is sharp for Q-learning, and whether it can be further improved via a more refined theory.

On the one hand, the minimax lower limit for this setting has been shown to be on the order of (1‘fg;§‘62 (up

to some log factor) (Azar et al., 2013); this limit is achievable by model-based approaches (Agarwal et al.,
2020; Li et al., 2020) and apparently smaller than prior sample complexity bounds for Q-learning. On the
other hand, Wainwright (2019¢) argued through numerical experiments that “the usual Q-learning suffers
from at least worst-case fourth-order scaling in the discount complexity ﬁ, as opposed to the third-order
scaling ...”, although no rigorous justification was provided therein. Given the gap between the achievability
bounds and lower bounds in the status quo, it is natural to seek answers to the following questions:

What is the tight sample complexity characterization of Q-learning?
How does it compare to the minimazx sample complexity limit?

1.1 Main contributions

Focusing on ~-discounted infinite-horizon MDPs with state space S and action space A, this paper settles
the £-based sample complexity of synchronous Q-learning. Here and throughout, the standard notation
f()=0(g(")) (resp. f(-) = Q(g(+))) means that f() is orderwise no larger than (resp. no smaller than) g(-)



modulo some logarithmic factors. Our main contributions regarding synchronous Q-learning are summarized
below.

e When |A| = 1, Q-learning coincides with temporal difference (TD) learning in a Markov reward process.
For any 0 < £ < 1, we prove that a total sample size of
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is sufficient for TD learning to guarantee e-accuracy in an {., sense; see Theorem 1. This is sharp and
minimax optimal (up to some log factor).

e Moving on to the case with |A| > 2, we demonstrate that a sample size of
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suffices for Q-learning to yield e-accuracy in an £, sense for any 0 < € < 1; see Theorem 2. Conversely,
we construct a hard MDP instance with 4 states and 2 actions, for which Q-learning provably requires

at least B 1
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iterations to achieve e-accuracy in an £, sense; see Theorem 3. These two theorems taken collectively
lead to the first sharp characterization of the sample complexity of Q-learning, strengthening prior
theory (Chen et al., 2020; Wainwright, 2019b) by a factor of ﬁ In addition, the discrepancy between
our sharp characterization and the minimax lower bound makes clear that Q-learning is not minimax
optimal when |A| > 2, and is outperformed by, say, the model-based approaches (Agarwal et al., 2020;
Li et al., 2020) in terms of the sample efficiency.

Our results cover both rescaled linear and constant learning rates; see Table 1 for more detailed comparisons
with previous literature. On the technical side, (i) our analysis for the upper bound relies on a sort of crucial
error decompositions and variance control that are previously unexplored, which might shed light on how
to pin down the finite-sample efficacy of other variants of Q-learning such as double Q-learning; (ii) the
development of our lower bound, which is inspired by Azar et al. (2013); Wainwright (2019c), puts the
negative impact of over-estimation on sample efficiency on a rigorous footing.

Finally, we extend our analysis framework to accommodate the asynchronous setting, in which the samples
are non-i.i.d. and take the form of a single Markovian trajectory. We show for the first time that the sample
complexity of asynchronous Q-learning exhibits a ﬁ scaling w.r.t. the effective horizon, which is nearly

sharp and improves upon the prior state-of-the-art Li et al. (2022c).

1.2 Related works

There is a growing literature dedicated to analyzing the non-asymptotic behavior of value-based model-free
RL algorithms in a variety of scenarios. In the discussion below, we subsample the literature and discuss a
couple of papers that are the closest to ours.

Finite-sample /,.-based guarantees for synchronous Q-learning and TD learning. The sample
complexities derived in prior literature often rely crucially on the choices of learning rates. Even-Dar and
Mansour (2003) studied the sample complexity of Q-learning with linear learning rates 1/t or polynomial
learning rates 1/t*, which scales as 5(%) when optimized w.r.t. the effective horizon (attained when
w = 4/5). The resulting sample complexity, however, is sub-optimal in terms of its dependency on not only
ﬁ but also the target accuracy level . Beck and Srikant (2012) investigated the case of constant learning
rates; however, their result suffered from an additional factor of |S||.A|, which could be prohibitively large in
practice. More recently, Chen et al. (2020); Wainwright (2019b) further analyzed the sample complexity of
Q-learning with either constant learning rates or linearly rescaled learning rates, leading to the state-of-the-art

bound 6(%) However, this result remains sub-optimal in terms of its scaling with ﬁ See Table 1



for details. In the special case with |A| = 1, the recent works Khamaru et al. (2021a); Mou et al. (2020)
developed instance-dependent results for TD learning with Polyak-Ruppert averaging, and studied the local
(sub)-optimality of TD learning in a different local minimax framework.

Finite-sample /,-based guarantees for asynchronous Q-learning and TD learning. Moving
beyond the synchronous model, Beck and Srikant (2012); Chen et al. (2021); Even-Dar and Mansour (2003);
Li et al. (2022¢); Qu and Wierman (2020); Shah and Xie (2018) developed non-asymptotic convergence
guarantees for the asynchronous setting, where the data samples take the form of a single Markovian trajectory
(following some behavior policy) and only a single state-action pair is updated in each iteration. A similar
scaling of O(

o

Q-learning (Li et al., 2022c¢), and our theory is the first to sharpen it to O( )4) When it comes to the
special case with |A| = 1, the non-asymptotic performance guarantees TD learmng with Markovian sample

trajectories (assuming that the behavior policy coincides with the target policy) have been recently derived
by Bhandari et al. (2021); Mou et al. (2020); Srikant and Ying (2019).

) also showed up in the state-of-the-art sample complexity bounds for asynchronous

Finite-sample /. ,-based guarantees of other Q-learning variants. With the aim of alleviating the
sub-optimal dependency on the effective horizon in vanilla Q-learning and improving sample efficiency, several
variants of Q-learning have been proposed and analyzed. Azar et al. (2011) proposed speedy Q-learning,
which achieves a sample complexity of 6( (1|‘_9U;}|52) at the expense of doubling the computation and storage
complexity. Our result on vanilla Q-learning matches that of speedy Q-learning in an order-wise sense. In
addition, Wainwright (2019¢) proposed a variance-reduced Q-learning algorithm that is shown to be minimax

optimal in the range € € (0,1) with a sample complexity 5( (l‘fu;‘;‘ez ), which was subsequently generalized to

the asynchronous setting by Li et al. (2022c). The £, statistical bounds for variance-reduced TD learning
have been investigated in Khamaru et al. (2021a) for the synchronous setting, and in Li et al. (2022¢) for the
asynchronous setting. Last but not least, Xiong et al. (2020) established the finite-sample convergence of
double Q-learning following the framework of Even-Dar and Mansour (2003); however, it is unclear whether
double Q-learning can provably outperform vanilla Q-learning in terms of the sample efficiency.

Others. There are also several other strands of related papers that tackle model-free algorithms but do not
pursue /o-based non-asymptotic guarantees. For instance, Bhandari et al. (2021); Chen et al. (2019); Doan
et al. (2019); Gupta et al. (2019); Lakshminarayanan and Szepesvari (2018); Srikant and Ying (2019); Wu
et al. (2020); Xu et al. (2019a,b) developed finite-sample (weighted) ¢2 convergence guarantees for several
model-free algorithms, which also allow one to accommodate linear function approximation as well as off-policy
evaluation. Another line of recent work (Bai et al., 2019; Jin et al., 2018; Li et al., 2021; Zhang et al., 2020)
considered the sample efficiency of Q-learning type algorithms paired with proper exploration strategies (e.g.,
upper confidence bounds) under the framework of regret analysis. The asymptotic behaviors of some variants
of Q-learning, e.g., double Q-learning (Weng et al., 2020b) and relative Q-learning (Devraj and Meyn, 2020)
are also studied. In addition, Q-learning in conjunction with the pessimism principle has proven effective in
dealing with offline data (Shi et al., 2022; Yan et al., 2022). The effect of more general function approximation
schemes (e.g., certain families of neural network approximations) has been studied in Cai et al. (2019); Fan
et al. (2019); Murphy (2005); Wai et al. (2019); Xu and Gu (2020), whereas the extension to multi-agent
scenarios has been looked at in Hu and Wellman (2003); Li et al. (2022a). These are beyond the scope of the
present paper.

2 Background and algorithms

This paper concentrates on discounted infinite-horizon MDPs (Bertsekas, 2017). We shall start by introducing
some basics of tabular MDPs, followed by a description of both Q-learning and TD learning. Throughout
this paper, we denote by § = {1,---,|S|} and A = {1,--- ,|A|} the state space and the action space of the
MDP, respectively, and let A(S) represent the probability simplex over the set S.



Basics of discounted infinite-horizon MDPs. Consider an infinite-horizon MDP as represented by a
quintuple M = (S, A, P,r,7), where v € (0,1) indicates the discount factor, P : S x A — A(S) represents
the probability transition kernel (i.e., P(s"|s, a) is the probability of transiting to state s’ from a state-action
pair (s,a) € S x A), and r : S x A — [0, 1] stands for the reward function (i.e., r(s, a) is the immediate reward
collected in state s € S when action a € A is taken). Note that the immediate rewards are assumed to lie
within [0, 1] throughout this paper. Moreover, we let 7 : S — A(A) represent a policy, so that 7(-|s) € A(A)
specifies the (possibly randomized) action selection rule in state s. If 7 is a deterministic policy, then we
denote by 7(s) the action selected by 7 in state s.

A common objective in RL is to maximize a sort of long-term rewards called value functions or Q-functions.
Specifically, given a policy 7, the associated value function and Q-function of 7 are defined respectively by

V7T(s)=E Z'ykr(sk,ak) ‘ s0 = 31
k=0

for all s € S, and

Q" (s,a) =E

oo
ZVkT(Sk, ay) ‘ So = S,a09 = a]
k=0

for all (s,a) € S x A. Here, {(sk,ax)}r>0 is a trajectory of the MDP induced by the policy 7 (except ag
when evaluating the Q-function), and the expectations are evaluated with respect to the randomness of the
MDP trajectory. Given that the immediate rewards fall within [0, 1], it can be straightforwardly verified
that 0 < V7™(s) < ﬁ and 0 < Q7™ (s,a) < ﬁ for any 7 and any state-action pair (s, a). The optimal value
function V* and optimal Q-function Q* are defined respectively as

V*(s) = max V7(s), Q*(s,a) = max Q7 (s,a)

for any state-action pair (s,a) € S x A. It is well known that there exists a deterministic optimal policy,
denoted by 7*, that attains V*(s) and Q*(s,a) simultaneously for all (s,a) € S x A (Sutton and Barto,
2018).

Algorithms: Q-learning and TD learning (the synchronous setting). The synchronous setting
assumes access to a generative model (Kearns and Singh, 1999; Sidford et al., 2018) such that: in each
iteration ¢, we collect an independent sample s;(s,a) ~ P(-|s,a) for every state-action pair (s,a) € S x A.

With this sampling model in place, the Q-learning algorithm (Watkins and Dayan, 1992) maintains a
Q-function estimate @Q; : S x A — R for all £ > 0; in each iteration ¢, the algorithm updates all entries of the
Q-function estimate at once via the following update rule

Qe =1 —=n)Q¢—1+ T (Q—1)- (4)

Here, n; € (0,1] denotes the learning rate or the step size in the ¢-th iteration, and 7; denotes the empirical
Bellman operator constructed by samples collected in the ¢-th iteration, i.e.,

Ti(Q)(s,a) = r(s,a) +ymax Q(s,a), st = si(s,a) ~ P(|s,0) ()

for each state-action pair (s,a) € S x A. Obviously, 7; is an unbiased estimate of the celebrated Bellman
operator T given by
V(s,a) e S x A: T(Q)(s,a) :=7(s,a) +~

!/ /
S’NPI%‘S,Q) [glgﬁQ(S ¢ ) .
Note that the optimal Q-function Q* is the unique fixed point of the Bellman operator (Bellman, 1952), that
is, T(Q*) = Q*. Viewed in this light, synchronous Q-learning can be interpreted as a stochastic approximation
scheme (Robbins and Monro, 1951) aimed at solving this fixed-point equation. Throughout this work, we
initialize the algorithm in a way that obeys 0 < Qq(s,a) < ﬁ for every state-action pair (s,a). In addition,
the corresponding value function estimate V; : S — R in the ¢-th iteration is defined as

VseS: Vi(s) := max Q+(s,a). (6)



Algorithm 1 Synchronous Q-learning for infinite-horizon discounted MDPs.

1: inputs: learning rates {7}, number of iterations T, discount factor -, initial estimate Q.
2: fort=1,2,---,T do

3:  Draw s¢(s,a) ~ P(-]s,a) for each (s,a) € S x A.

4:  Compute @Q; according to (4) and (5).

5: end for

Algorithm 2 Synchronous TD learning for infinite-horizon discounted MRPs.

1: inputs: learning rates {7}, number of iterations 7', discount factor -, initial estimate Vj.
2: fort=1,2,---,T do

3:  Draw sy(s) ~ P(-|s) for each s € S.

4:  Compute V; according to (7).

5: end for

The complete description of Q-learning is summarized in Algorithm 1.

As it turns out, TD learning (Bhandari et al., 2021; Sutton, 1988; Tsitsiklis and Van Roy, 1997) in the
synchronous setting can be viewed as a special instance of Q-learning when the action set A is a singleton
(i.e., |A| = 1). In such a case, the MDP reduces to a Markov reward process (MRP) (Bertsekas, 2017), and
we shall abuse the notation to use P : § — A(S) to describe the probability transition kernel, and employ
r: S — [0, 1] to represent the reward function (with r(s) indicating the immediate reward gained in state s).
The TD learning algorithm maintains an estimate V; : S — R of the value function in each iteration ¢,* and
carries out the following iterative update rule

Vi(s) = (1= n)Via(s) + me(r(s) +Viea(se)), 50 = si(s) ~ P(-]5) (7)

for each state s € S. As before, n; € (0, 1] is the learning rate at time ¢, the initial estimate Vj(s) is taken to
be within |0, ﬁ], and in each iteration, the samples {s;(s)|s € S} are generated independently. The whole
algorithm of TD learning is summarized in Algorithm 2.

Finally, while synchronous Q-learning is the main focal point of this paper, we shall also discuss the
extension to asynchronous Q-learning, which we will elaborate on in Section 5.

3 Main results: sample complexity of synchronous Q-learning

With the above backgrounds in place, we are in a position to state formally our main findings in this section,
concentrating on the synchronous setting.

3.1 Minimax optimality of TD learning

We start with the special with |A] = 1 and characterize the ¢.-based sample complexity of synchronous TD
learning.

Theorem 1. Consider any 6 € (0,1), € € (0,1], and v € [1/2,1). Suppose that for any 0 < t < T, the
learning rates satisfy

! < < L 8
og og

for some small enough universal constants c¢; > co > 0. Assume that the total number of iterations T obeys

es(log” T) (log 157)
(1=

IThere is no need to maintain additional Q-estimates, as the Q-function and the value function coincide when |A| = 1.

T> (8b)




for some sufficiently large universal constant cs > 0. If the initialization obeys 0 < Vp(s) < ﬁ foralls e S,
then with probability at least 1 — §, Algorithm 2 achieves

max [Vr(s) = V*(s)| <e. (9)

Remark 1 (Mean estimation error). This high-probability bound immediately translates to a mean estimation
error guarantee. Recognizing the crude upper bound |Vr(s) — V*(s)| < ﬁ (see (104) in Section C.1) and
taking § < (1 — ), we reach

E[mgx Vir(s) — V*(s)” <e(1-0)+ 6—7 < 2, (10)

c3(log® T') ( log 5(“15‘7;) )
(1—7)3e?
Given that each iteration of synchronous TD learning makes use of |S| samples, Theorem 1 implies that
the sample complexity of TD learning is at most

for any target accuracy level € € (0,1]. This non-asymptotic result is valid as long as the learning rates are
chosen to be either a proper constant or rescaled linear (see (8a)). Compared to a large number of prior works
studying the performance of TD learning (Bhandari et al., 2021; Borkar and Meyn, 2000; Chen et al., 2020;
Khamaru et al., 2021a; Lakshminarayanan and Szepesvari 2018; Wainwright, 2019b), Theorem 1 strengthens
prior results by uncovering an improved scaling (i.e., = )3) in the effective horizon. In fact, prior results on

provided that 7' >

plain TD learning were only able to obtain a scaling as = = (Wainwright, 2019b).

To assess the tightness of the above result, we take a moment to compare it with the minimax lower bound
recently established in the context of value function estimation. Specifically, Pananjady and Wainwright
(2020, Theorem 2(b)) asserted that no algorithm whatsoever can obtain an entrywise ¢ approximation of the
value function—in a minimax sense—unless the total sample size exceeds

In turn, this taken together with Theorem 1 unveils the minimax optimality of the sample complexity (modulo
some logarithmic factor) of TD learning for the synchronous setting. While prior works have demonstrated
how to attain the minimax limit (12) using model-based methods or variance-reduced model-free algorithms
(e.g., Azar et al. (2013); Khamaru et al. (2021a); Li et al. (2020); Pananjady and Wainwright (2020)), our
theory provides the first rigorous evidence that plain TD learning alone is already minimax optimal, without
the need of Polyak-Ruppert averaging or variance reduction.

Remark 2 (Runtime-oblivious learning rates). Careful readers might remark that the choice (8a) of the
learning rates might still rely on prior knowledge on T (or log T). Fortunately, Theorem 1 immediately leads
to convergence guarantees for another choice of 1, selected completely independent of T. More specifically,
suppose that the learning rates obey

1
< < ——r—rr Vvt > 1 (13)

1 al-y)t ca(1=7y)t
1+ lolg (t—’i-yl) 1+ 102g (t—’i-yl)

for some universal constants ¢, ¢, > 0. Then the claim (9) remains valid under this choice (13), provided that

2¢3(log® T) (log |S|T)
- (1—n)%e?

(14)

See Appendix C.3 for the proof.



Remark 3 (Polyak-Ruppert averaging). The results claimed in Remark 2 further allow us to control the
estimation error of TD learning under Polyak-Ruppert averaging (Polyak and Juditsky, 1992). More precisely,
under the choice (13) of learning rates, the averaged iterates satisfy

1 ¢s(log® T) (log S
r?eag‘TZVT(S)V*(S)ISZL\/ 3(0g(1 _)g)giﬂ -

(15)

with probability exceeding 1 — . See Appendix C.3 for the proof.

Remark 4. 1t is also noteworthy that: while the last iterate of plain TD learning is shown to be minimax
optimal (which concerns worst-case optimality), it might not necessarily enjoy local optimality. As recently
demonstrated by Khamaru et al. (2021b), additional algorithmic tricks like variance reduction might be
needed in order to ensure local optimality.

3.2 Tight sample complexity and sub-optimality of Q-learning

Next, we move on to the more general case with |.4] > 2 and study the performance of Q-learning. As it
turns out, Q-learning with |A| > 2 is considerably more challenging to analyze than the TD learning case,
due to the presence of the nonsmooth max operator. Our {,.-based sample complexity bound for Q-learning
is summarized as follows, strengthening the state-of-the-art results.

Theorem 2. Consider any § € (0,1), € € (0,1], and v € [1/2,1). Suppose that for any 0 < t < T, the
learning rates satisfy

1
S S — (162)
1+ aloyT 14 20

for some small enough universal constants ¢; > co > 0. Assume that the total number of iterations T obeys

c3 ( log* T) ( log %)

T A (ov)

for some sufficiently large universal constant cs > 0. If the initialization obeys 0 < Qo(s,a) < % for any

-
(s,a) € S x A, then Algorithm 1 achieves

-Q* < 17
Lmax [Qr(s.a) - Q" (s.)| < )

with probability at least 1 — 4.

Remark 5 (Mean estimation error). Repeating exactly the same argument as in Remark 1, one can readily
translate this high-probability bound into the following mean estimation error guarantee:

| max |@r (s, @) — Q*(s,a)] 35(1—5)”% < 2, (18)

1 4 T 1 |SIIA|IT
holds as long as T > cs(log (1)7(7())555“‘” ) )

In a nutshell, Theorem 2 develops a non-asymptotic bound on the iteration complexity of Q-learning in
the presence of the synchronous model. A few remarks and implications are in order.

Sample complexity and sharpened dependency on 1% Recognizing that |S||.A| independent samples

are drawn in each iteration, we can see from Theorem 2 the following sample complexity bound

~ S||A
5(_IsIA )
(I—7)te?
in order for Q-learning to attain e-accuracy (0 < € < 1) in an entrywise sense. To the best of our knowledge,
this is the first result that breaks the (llf‘v‘)élaz barrier that is present in all state-of-the-art analyses for vanilla

Q-learning (Beck and Srikant, 2012; Chen et al., 2020; Li et al., 2022¢; Qu and Wierman, 2020; Wainwright,
2019b).



Learning rates. Akin to the TD learning case, our result accommodates two commonly adopted learning

rate schemes (cf. (16a)): (i) linearly rescaled learning rates 162%%, and (ii) iteration-invariant learning
log2 T
rates 1°1<+”T (which depend on the total number of iterations T but not the iteration number t). In

log2 T
c3(log? T)(log M)
(1—v)*e?

particular, when T' = , the constant learning rates can be taken to be on the order of

m=0(1-7)%?), 0<t<T,

which depends almost solely on the discount factor v and the target accuracy e. Interestingly, both learning
rate schedules lead to the same £..-based sample complexity bound (in an order-wise sense), making them
appealing for practical use.

Remark 6 (Runtime-oblivious learning rates and Polyak-Ruppert averaging). Akin to Remark 2, Theorem 2
can be easily extended to accommodate a family of learning rates chosen without prior knowledge of 1. More
concretely, suppose that the learning rates obey

1
<< —— . Wt>1 (20)
c1(1—y)t Co(1—7)t ’
L+ lolg?’(tll) L+ lo2g3(t11)

for some suitable constants ¢1,¢a > 0. Then the claim (17) continues to hold under this choice (20), provided

ea(lo og ISIAIT
that T/2 > s(log (71) (Al/)f ) . Additionally, similar to Remark 3, we can demonstrate that the averaged

Q-learning iterates under the choice (20) of learning rates obey

1 4T 1 |$||.A‘T
O S EE T o

with probability exceeding 1 — . The proofs of these results are identical to those of Remarks 2-3 (see
Appendix C.3), and are hence omitted.

A matching lower bound and sub-optimality. The careful reader might remark that there remains a

gap between our sample complexity bound for Q-learning and the minimax lower bound (Azar et al., 2013).
ISIIA]|
(I—7)%e?
logarithmic factor—by the model-based approach and variance-reduced methods (Agarwal et al., 2020; Azar

et al., 2013; Li et al., 2020; Wainwright, 2019¢). This raises natural questions regarding whether our sample
complexity bound can be further improved, and whether there is any intrinsic bottleneck that prevents
vanilla Q-learning from attaining optimal performance. To answer these questions, we develop the following
lower bound for plain Q-learning, with the aim of confirming the sharpness of Theorem 2 and revealing the
sub-optimality of Q-learning.

More specifically, the minimax lower bound scales on the order of and is achievable—up to some

Theorem 3. Assume that 3/4 < v < 1 and that T > (127:)2 for some sufficiently large constant cz > 0.
Suppose that the initialization is Qo = 0, and that the learning rates are taken to be either (i) n, = ﬁ
n

for allt >0, or (ii) s =n for allt > 0. There exists a y-discounted MDP with |S| = 4 and |A| = 2 such
that Algorithm 1—with any ¢, > 0 and any n € (0,1) —obeys

Igleag(E“VT(s) - V*(s)ﬂ > b

— 22
T (1—74)4Tlog®>T (22)

where ¢ > 0 is some universal constant.

Remark 7. This theorem constructs a hard MDP instance with no more than 4 states and 2 actions, with
the emphasis of unveiling the sub-optimality of horizon dependency. It can be generalized to accommodate
larger state/action space, as we shall elucidate in Section 4.3.

Remark 8. Theorem 3 concentrates on two families of learning rates—rescaled linear, and constant learning
rates—that are most widely used in practice. Note, however, that our current analysis does not readily
generalize to arbitrary learning rates, which we leave for future investigation.
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Theorem 3 provides an algorithm-dependent lower bound for vanilla Q-learning. As asserted by this

theorem, it is impossible for Q-learning to attain e-accuracy (in the sense that max; EHVT(S) —V*(s) |2} <e?)
unless the number of iterations exceeds the order of

o
(1 —n)te?

up to some logarithmic factor. Consequently, the performance guarantees for Q-learning derived in Theorem 2

are sharp in terms of the dependency on the effective horizon ﬁ On the other hand, it has been shown in
prior literature that the minimax sample complexity limit a generative model is on the order of (Azar et al.,

2013; Li et al., 2022¢)

|SIIA|
(1 =)

this in turn reveals the sub-optimality of plain Q-learning, whose horizon scaling is larger than the minimax
limit by a factor of ﬁ Hence, more sophisticated algorithmic tricks are necessary in order to further
reduce the sample complexity. For instance, a variance-reduced variant of Q-learning—mnamely, leveraging
the idea of variance reduction originating from stochastic optimization (Johnson and Zhang, 2013) to
accelerate convergence of Q-learning—has been shown to attain minimax optimality (23) for any ¢ € (0, 1];
see Wainwright (2019¢) for more details.

(up to log factor); (23)

4 Key analysis ideas (the synchronous case)

This section outlines the key ideas for the establishment of our main results of Q-learning for the synchronous
case, namely Theorem 2 and Theorem 3. The proof for TD learning is deferred to Appendix C. Before delving
into the proof details, we first introduce convenient vector and matrix notation that shall be used frequently.

4.1 Vector and matrix notation

To begin with, for any matrix M, the notation || M|, := max; > _; [M; ;| is defined as the largest row-wise

¢; norm of M. For any vector a = [a;]".; € R™, we define v/ and | - | in a coordinate-wise manner,
ie va:=[\/a;]i; € R" and |a| := [|a;|]}=; € R". For a set of vectors @i, ,a,, € R" with ay = [a ;]7_,
(1 <k <m), we define the max operator in an entrywise fashion such that maxj<g<m, @y = [maxy ak’j]?zl.

For any vectors @ = [a;]?.; € R™ and b = [b;]"_; € R", the notation a < b (resp. a > b) means a; < b;
(resp. a; > b;) for all 1 < i < n. We also let a o b = [a;b;]?_; denote the Hadamard product. In addition,
we denote by 1 (resp. e;) the all-one vector (resp. the i-th standard basis vector), and let I be the identity
matrix.

We shall also introduce the matrix P € RISIMIXISI to represent the probability transition kernel P, whose
(s,a)-th row P, is a probability vector representing P(-|s,a). Additionally, we define the square probability
transition matrix P™ € RISIAXISIAL (resp. P, € RISIXISI) induced by a deterministic policy m over the
state-action pairs (resp. states) as follows:

P" = PII™ and P, =1I"P, (24)
where ITI™ € {0, 1}“S|X“S”A‘ is a projection matrix associated with the deterministic policy m:

.
€r(1)

677
" = ) . (25)

-
€r(s))

with e; the i-th standard basis vector. Moreover, for any vector V' € R!S!, we define Varp(V) € RISIAL a5
follows:

Varp(V) = P(VoV)— (PV)o (PV). (26)

11



In other words, the (s, a)-th entry of Varp(V') corresponds to the variance Vary  p(.|s,0)(V(s')) w.r.t. the
distribution P(-|s,a).

Moreover, we use the vector 7 € RISIMI to represent the reward function r, so that for any (s,a) € S x A,
the (s,a)-th entry of r is given by r(s,a). Analogously, we shall employ the vectors V™ € RISI, V* € RIS,
V;, e RISl Q™ e RISIAI Q* € RISIMI and Q, € RISIMAI to represent V™, V*, Vi, Q7, Q* and Qy, respectively.
Additionally, we define 7; to be the policy associated with Q; such that for any state-action pair (s, a),

7¢(s) = min {a’ | Qi(s,a") = max Qq(s, a”)}. (27)

In other words, for any s € S, the policy m; picks out the smallest indexed action that attains the largest
Q-value in the estimate Q:(s,-). As an immediate consequence, one can easily verify

Qi(s,m(s)) =Vi(s) and PV, =P"Q,>P"Q, (28)
for any 7, where P7 is defined in (24). Further, we introduce a matrix P; € {0, 1}ISIMIXIS| such that

1, if s =si(s,a) (29)
0, otherwise

P,((s,a),s') := {

for any (s,a), which is an empirical transition matrix constructed using samples collected in the ¢-th iteration.
Finally, let X := (|S|,|A|, 2=, ). The notation f(X) = O(g(X)) or f(X) < g(X) (resp. f(X) = g(X))

Y1—x €
means that there exists a universal constant Cp > 0 such that |f(X)| < Colg(X)| (resp. | f(X)]| > Colg(X)]).
The notation f(X) =< g(X) means f(X) < g(X) and f(X) 2 g(X) hold simultaneously. We define O(+) in
the same way as O(-) except that it hides logarithmic factors.

4.2 Proof outline for Theorem 2

We are now positioned to describe how to establish Theorem 2, towards which we first express the Q-learning
update rule (4) and (5) using the above matrix notation. As can be easily verified, Q-learning employs the
samples in P; (cf. (29)) to perform the following update

Qi =1—-1)Qi—1 +n(r +YP,Vi_1) (30)

in the t-th iteration. In the sequel, we denote by
At = Qt — Q* (31)

the error of the Q-function estimate in the ¢-th iteration.

4.2.1 Basic decomposition

We start by decomposing the estimation error term A;. In view of the update rule (30), we arrive at the
following elementary decomposition:

A =Qi—Q =(1—n)Qi—1 +m(r +vPVi1) — Q"
=(1-n)(Qi—1 — Q") +m(r + vPiViu1 — Q)
=1 =m)Ar1 +py(PViey — PVY)
= (1= m)Ai1 + 0 {P(Viei = V*) + (P, — P)Vi_1 }, (32)
where the third line exploits the Bellman equation Q* = r + yPV™*. Further, the term P(V;_; — V'*) can be
linked with A;_; using the definition (27) of 7; as follows
P(W—l — V*) = Pﬂ-t_th_l — Pﬂ*Q* S P’Tt—th_l — Pﬂ-t_lQ* = Pﬂ-t_lAt_l, (33&)
PV,y—V)=P1Q, 1, —P"Q">P" Qi1 —P"Q"=P" A, (33b)

12



where we have made use of the relation (28). Substitute (33) into (32) to reach

Ay < (I—m)Ay1 + UtW{Pﬂt’lAtfl + (P — P)V},l};

. 34
Ay > (1—n)Ar 1+ {P™ A1+ (P — P)V,_1 }. (34)
Applying these relations recursively, we obtain
t
A; < U(()t)Ao + 2 m(t)v{Pm‘lAiq + (P, — P)V;_1},
2 (35)
Ay > U(()t)Ao + > m(t)ﬁ’{PW A1+ (P, — P)V;_1},
i=1
where we define
[T (1 —ny), ifi =0,
0 = ST (=), if0<i<t, (36)
U ifi=t.

Comparisons to prior approaches. We take a moment to discuss how prior analyses handle the above
elementary decomposition. Several prior works (e.g., Li et al. (2022¢); Wainwright (2019b)) tackled the
second term on the right-hand side of the relation (34) via the following crude bounds:

PT i Ay <[P | |A—lsol = | A1 oo 1,
P™ A > —||P™ A1 fleel = = [|Ai 1],

which, however, are too loose when characterizing the dependency on ﬁ By contrast, expanding terms
recursively without the above type of crude bounding and carefully analyzing the aggregate terms (e.g.,
22:1 ngt)P’”*l A;_1) play a major role in sharpening the dependence of sample complexity on the effective

horizon.

4.2.2 Key intertwined relations underlying {||A¢|/~}

By exploiting the crucial relations (35) derived above, we proceed to upper and lower bound A, separately.
To be more specific, defining

_ ca(1—7)

37
logT (37)
for some constant ¢4 > 0, one can further decompose the upper bound in (35) into several terms:
(1-p)t
A<’ Ao+ Y (P AL + (P — P)Vioy) (38)
i=1
=:¢
t t

+ > PPV + Y gyPmA (39)

i=(1-p)t+1 i=(1—B)t+1

=:&

Let us briefly remark on the effect of the first two terms:

e Each component in the first term {; is fairly small, given that 771@ is sufficiently small for any i < (1— )t

(meaning that each component has undergone contraction—the ones taking the form of 1 — n;—for
sufficiently many times). As a result, the influence of {; becomes somewhat negligible.

e The second term &;, which can be controlled via Freedman’s inequality (Freedman, 1975) due to its
martingale structure, contributes to the main variance term in the above recursion. Note, however, that
the resulting variance term also depends on {A;}.

13



In summary, the right-hand side of the above inequality can be further decomposed into some weighted
superposition of {A;} in addition to some negligible effect. This is formalized in the following two lemmas,
which make apparent the key intertwined relations underlying {A;}.

Lemma 1. Suppose that cica < ¢4/8. With probability at least 1 — 6,

(10g4T)(10g‘ ILAIT
Y21 =7)* T

A, <30 )(1 + max ||Ai||oo) 1
L<i<t

holds simultaneously for all t > = logT

Lemma 2. Suppose that cico < c4/8. With probability at least 1 — 6,

Ay > —-30

(10g4 T)(log ‘SH;”T) (

1 A, Oo)
(1 = y)iT + max Al

t<i<
holds simultaneously for all t > W
Proof. The proofs of Lemma 1 and Lemma 2 are deferred to Appendices B.2 and B.3, respectively. As a
remark, our analysis collects all the error terms accrued through the iterations—instead of bounding them
individually—by conducting a high-order nonlinear expansion of the estimation error through recursion,
followed by careful control of the main variance term leveraging the structure of the discounted MDP. [

Putting the preceding bounds in Lemmas 1 and 2 together, we arrive at

(log4 T)(log |SHA|T)
Y21 = )T

| Al < 30 (1 + max Ainm) (40)
5 <i<t

for all t > ﬁ with probability exceeding 1 — 2§, which forms the crux of our analysis. Employing
elementary analysis tailored to the above recursive relation, one can demonstrate that

og* T') (log BLIAT 0g* T) (log [SUALT
||AT||oogo<\/(lg D(os ) (e D (s 5 "

with probability at least 1 — 2§, which in turn allows us to establish the advertised result under the assumed
sample size condition. The details are deferred to Appendix B.4.

4.3 Proof outline for Theorem 3

Construction of a hard instance with 4 states and 2 actions. Let us construct an MDP Mg
with state space S = {0, 1,2, 3} (see a pictorial illustration in Figure 4.3). We shall denote by A the action
space associated with state s. The probability transition kernel and reward function of My,.4 are specified as
follows

Ao = {1}7 P(O | 0, 1) =1, T’(O, 1) =0, (42&)
Ay :{172}7 P(1|171) =D P(O‘lal) =1-p, T(Ll) =1, (42b)
P(111,2) = p, P0]1,2) =1, r(1,2) =1, (42)
= {1}, P(2]2,1) =p, P(0]2,1) =1—p, r(2,1) =1, (42d)
AS = {1}7 P(g | 37 1) = 13 T’(37 1) = 13 (426)
where the parameter p is taken to be
4y —1
= (1)

Before moving forward to analyze the behavior of Q-learning, we first characterize the optimal value
function and Q-function of this MDP; the proof is postponed to Section D.4.
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Figure 1: The constructed hard MDP instance used in the analysis of Theorem 3, where p = 4?,;1 and the

specifications are described in (42).

Lemma 3. Consider the MDP Mya constructed in (42). One has

V*(0) = Q*(0,1) = 0; (44a)
V)= QL) = QL2 = V) = Q1) = o = 4(13_ ot (44b)
V*(3)=Q*(3,1) = ﬁ (44c)

Recognizing the elementary decomposition
E|(V¥(s) = Vi(s)"] = (B[V*(s) = Vir(s)])” + Var(Vir(s) (45)

for any state s, our proof consists of lower bounding either the squared bias term (E[V*(s) — VT(S)])2 or the
variance term Var(VT(s)). In short, we shall primarily analyze the dynamics w.r.t. state 2 to handle the case
when the learning rates are either too small or too large, and analyze the dynamics w.r.t. state 1 to cope
with the case with medium learning rates (with state 3 serving as a helper state to simplify the analysis).
The latter case—corresponding to the learning rates adopted in establishing the upper bounds—is the most
challenging: critically, from state 1 the agent can take one of two identical actions, whose value tends to be
estimated with a high positive bias due to maximizing over the empirical state-action values, highlighting
the well-recognized “over-estimation” issue of Q-learning in practice (Hasselt, 2010). The complete proof is
deferred to Appendix D.

Extension: lower bounds for larger |S| and |A|. For pedagogical reasons, the hard instance (42)
constructed above contains no more than 4 states and 2 actions (as the focus has been to unveil sub-optimal
dependency on the effective horizon). As it turns out, one can straightforwardly extend it to cover larger
state and action spaces, with a more general hard instance constructed as follows.

e We begin by generating the following sub-MDP, denoted by Mgy, which comprises 4 states {1, 2, 3,4}
and no more than |A| > 2 actions:

Ay = {1}, P(01]0,1) =1, r(0,1) =0, (46a)
A ={1,...,|Al}, PQ1|l,a)=p, PO|l,a)=1-p, r(l,a)=1, VaeA (46b)
Ay = {1}, P(2]2,1) =p, P(0]2,1)=1—p, r(2,1) =1, (46¢)
As = {1}, P(3]3,1) =1, r(3,1) =1, (46d)

where p is still set according to (43).
e The full MDP My is then constructed by generating |S|/4 independent copies of Mgyp.

As can be easily verified (which we omit here for the sake of brevity), our analysis developed for the smaller
MDP (42) is directly applicable to studying the more general My, revealing that the lower bound (55)

w.r.t. the iteration number T remains valid. Recognizing that the total sample size scales as |S||.A|T, we have
[SIIA]
(1—7)*e?

established a general sample complexity lower bound for synchronous Q-learning to yield e-accuracy.
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5 Extension: sample complexity of asynchronous Q-learning

Moving beyond the synchronous setting, another scenario of practical importance is the case where the
acquired samples take the form of a single Markovian trajectory (Tsitsiklis, 1994). In this section, we extend
our analysis framework for synchronous Q-learning to accommodate Markovian non-i.i.d. samples.

5.1 Markovian samples and asynchronous Q-learning

Markovian sample trajectory. Suppose that we obtain a Markovian sample trajectory {(s¢, at,7¢)}20,
which is generated by the MDP of interest when a stationary behavior policy 7, is employed; in other words,

Ay ~ 7Tb(' ‘ St)7 ry = r(st,at), St+1 ~ P( ‘ st,at)7 t 2 0 (47)

When 7, is stationary, the trajectory {(s:,a:)}i2, can be viewed as a sample path of a time-homogeneous
Markov chain; in what follows, we shall denote by p,, the stationary distribution of this Markov chain. Note
that the behavior policy mp can often be quite different from the target optimal policy 7*.

Asynchronous Q-learning. In the presence of a single Markovian sample trajectory, the Q-learning
algorithm implements the following iterative update rule

Qi(st—1,a1-1) = (1 = 1) Q—1(St—1, a4—1) + nt{r(stflyatfl) + 7 max Qi—1(5¢, a’)}, (48a)
Qi(s,a) = Qi—1(s,a) for all (s,a) # (St—1,a1—1) (48b)

for all ¢ > 1, where 0 < 1y < 1 stands for the learning rate at time ¢. It is often referred to as asynchronous
Q-learning, as only a single state-action pair is updated in each iteration (in contrast, synchronous Q-learning
updates all state-action pairs simultaneously in each iteration). This also leads to the following estimate for
the value function at time t:

Vi(s) == max Qq(s, a) for all s € S. (49)
acA

As can be expected, the presence of Markovian non-i.i.d. data considerably complicates the analysis for

asynchronous Q-learning.

Assumptions. In order to ensure sufficient coverage of the sample trajectory over the state/action space,
we make the following assumption throughout this section, which is also commonly imposed in prior literature.

Assumption 1. The Markov chain induced by the behavior policy mp is uniformly ergodic.?

In addition, there are two crucial quantities concerning the sample trajectory that dictate the performance
of asynchronous Q-learning. The first one is the minimum state-action occupancy probability of the sample
trajectory, defined formally as

in = min $,a). 50
Hmin (s,a)eS><.A'u7rb( ) ( )
This metric captures the information bottleneck incurred by the least visited state-action pair. The second
key quantity is the mixing time associated with the sample trajectory, denoted by

max drv(P'(-]s,a), pir,) < i} (51)

£ = min {t
(s,a)ESx A

Here, drv(u,v) = 5>, cx l1(z) — v(z)| indicates the total variation distance between two measures p and
v over X (Tsybakov and Zaiats, 2009), whereas P'(-|s,a) stands for the distribution of (s, a;) when the
sample trajectory is initialized at (sg,ap) = (s,a). In words, the mixing time reflects the time required for
the Markov chain to become nearly independent of the initial states. See Li et al. (2022¢, Section 2) for a
more detailed account of these quantities and assumptions.

2See Paulin (2015, Section 1.2) for the definition of uniform ergodicity.
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5.2 Sample complexity of asynchronous Q-learning

While a number of previous works have been dedicated to understanding the performance of asynchronous
Q- learning, its sample complexity bound remains loose when it comes to the dependency on the effective
horizon . Encouragingly, the analysis framework laid out in this paper allows us to tighten the dependency

on as stated below.

1
11—~
Theorem 4. Consider any § € (0,1), € € (0,1], and v € [1/2,1). Suppose that for any 0 < t < T, the

learning rates satisfy

c1log® T
=nN=— 52a
ne=n (1 = 9)T temin (52a)

for some universal constants 0 < c¢; < 1. Assume that the total number of iterations T obeys

¢ log? % { log®> T tmix }
—~ = 9% max T3
Hmin (1 - ﬁY) et 1— Y

(52b)
for some sufficiently large universal constant ca > 0. If the initialization obeys 0 < Qo(s,a) < ﬁ for all
(s,a) € S x A, then asynchronous Q-learning (cf. (48)) satisfies

ma s, a) *(s,a)| <e
(s,a) €§(XA|QT Q (’ )}_

with probability at least 1 —§.

Remark 9. Similar to Remark 1 and Remark 5, one can immediately translate the above high-probability
result into the following mean estimation error bound:

1
E| max |Qr(s.a) - Q*(s.a)|| <l —0) + 67— <22, (53)
2 |S||A|T
which holds as long as T' > % max {(1105;#%, Jomic } for some large enough constant co > 0.

This theorem demonstrates that with high probability, the total sample size needed for asynchronous
Q-learning to yield entrywise € accuracy is

~ 1 tmix
O(,Umin(1 - 7)462 - ,Umin(1 - 7))7 (54)

provided that the learning rates are taken to be some proper constant (see (52a)). The first term in (54)
resembles our sample complexity characterization of synchronous Q-learning (cf. (19)), except that we replace
the number |S||A| of state-action pairs in (19) with 1/pmin in order to account for non-uniformity across
state-action pairs. The second term in (54) is nearly independent of the target accuracy (except for some
logarithmic scaling), and can be viewed as the burn-in time taken for asynchronous Q-learning to mimic
synchronous Q-learning despite Markovian data.

We now pause to compare Theorem 4 with prior non-asymptotic theory for asynchronous Q-learning. As
far as we know, all existing sample complexity bounds (Beck and Srikant, 2012; Chen et al., 2021; Even-Dar
and Mansour, 2003; Li et al., 2022¢; Qu and Wierman, 2020) scale at least as T 717), in terms of the dependency

on the effective horizon, with Theorem 4 being the first result to sharpen this dependency to W' In
particular, our sample complexity bound strengthens the state-of-the-art result Li et al. (2022c) by a factor
" ISHA\ min {tmlx; W} 3
Before concluding this section, we note that for a large enough sample size, the ﬁrst term m in
(54) is essentially unimprovable (up to logarithmic factor). To make precise this statement, we develop a
matching algorithm-dependent lower bound as follows, which parallels Theorem 3 previously developed for
the synchronous case.

up to ﬁ, while improving upon Qu and Wierman (2020) by a factor of at leas

3The sample complexity of Li et al. (2022c) scales as é(u - (ll—’y)552 + m (IX_W)) while the sample complexity of Qu and

Wierman (2020) scales as O(W) It is worth noting that 1/pmin > |S||.A| and is therefore a large factor.
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Theorem 5. Consider any 0.95 < v < 1. Suppose that pmin < m and T > % for some
sufficiently large constant cg > 0. Assume that the initialization is Qo = 0, and that the learning rates are
taken to be n, = 1 for all t > 0. Then there exist a y-discounted MDP with |S| = 4 and |A| = 3 and a
behavior policy such that (i) the minimum state-action occupancy probability of the sample trajectory is given

by fimin, and (ii) the asynchronous Q-learning update rule (48)—for any n € (0,1)—obeys

. 2 Clb
r?iX]E“QT(S’“) ~Q(s.0)| } = fimin(1 = )4 T log® T )

where ¢ > 0 is some universal constant.

In words, Theorem 5 asserts that, for large enough sample size 7', in general one cannot hope to achieve
{-o-based e-accuracy using fewer than O(m) samples, thus confirming the sharpness of our upper
bound. The proof of this theorem can be found in Appendix F.

6 Concluding remarks

In this paper, we have settled the sample complexity of synchronous Q-learning in ~y-discounted infinite-horizon
MDPs, which is shown to be on the order of 6(%) when |A| =1 and 6((1|fly|;1‘52) when |A] > 2. A
matching lower bound has been developed when |A| > 2 through studying the dynamics of Q-learning on a
hard MDP instance, which unveils the negative impact of an inevitable over-estimation issue. Our theory
has been further extended to accommodate asynchronous Q-learning, resulting in tight dependency of the
sample complexity on the effective horizon. The analysis framework developed herein—which exploits novel
error decompositions and variance control that differ substantially from prior approaches—might suggest
a plausible path towards sharpening the sample complexity of, as well as understanding the algorithmic
bottlenecks for, other model-free algorithms (e.g., double Q-learning (Hasselt, 2010)).
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A Freedman’s inequality

The analysis of this work relies heavily on Freedman’s inequality (Freedman, 1975), which is an extension
of the Bernstein inequality and allows one to establish concentration results for martingales. For ease of
presentation, we include a user-friendly version of Freedman’s inequality as follows.

Theorem 6. Suppose that Y,, = 22:1 Xy € R, where { Xy} is a real-valued scalar sequence obeying

X <R and B [X | {X;} =0 for all k> 1.

j:j<k:|
Define
Wn = ZEk—l [Xlz] )

k=1
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where we write E_y for the expectation conditional on {X;} Then for any given o > 0, one has

Jig<k’

2
2 /2

In addition, suppose that W,, < o2 holds deterministically. For any positive integer K > 1, with probability
at least 1 — § one has

o? 2K 2K

Proof. See Freedman (1975); Tropp (2011) for the proof of (56). As an immediate consequence of (56), one

has
2 4 2 )
P |Y,| > 4/40?log 5 + gRlogg and W,, <o° 3 <6. (58)

Next, we turn attention to (57). Consider any positive integer K. As can be easily seen, the event

2K 4 2K
Hi :{|Yn2\/8max{Wn,2K}lg 5 +3R10g6}

is contained within the union of the following K events

HK g U Bk)
0<k<K
where we define
402 2K 4 2K o2 o2
B =< |Y,| > lo Rl and — < W, 1<k<K-1
k {| ‘ 2 1 og —— 5 + 0g —— 5 2 = 2]€ 1 } = = 5

402 2K 4 2K o?
=4 Y| > 71 log — < .
Bo {| ol or—1 108~ + 3R 0g = and W,, < 5K 1}

Invoking inequality (58) with o2 set to be
fact together with the union bound gives

Qk r and J set to be &, we arrive at P{B,} < §/K. Taken this

K-1

P{Hk} <> P{By} <0

This concludes the proof. O]

B Upper bounds for Q-learning (Theorem 2)

In this section, we fill in the details for the proof idea outlined in Section 4.2 for synchronous Q-learning. In

fact, our proof strategy leads to a more general version that accounts for the full e-range € € (0, ﬁ}, as
stated below.
Theorem 7. Consider any v € (0,1) and any € € (O, ﬁ] Theorem 2 continues to hold if

es(log* T) (1o ‘SHAlT

YA =) mm{eQ,s}
for some large enough universal constant cg > 0.

Remark 10. Clearly, Theorem 7 subsumes Theorem 2 as a special case.

As one can anticipate, the proof of Theorem 7 for Q-learning includes many key ingredients for establishing
Theorem 1 for TD learning. We will elaborate on how to modify the proof argument to establish Theorem 1
in Section C.
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B.1 Preliminaries
To begin with, we gather a few elementary facts that shall be used multiple times in the proof.
Ranges of Q; and V;. When properly initialized, the Q-function estimates and the value function estimates
always fall within a suitable range, as asserted by the following lemma.
Lemma 4. Suppose that 0 < n; <1 for allt > 0. Assume that 0 < Qo < ﬁl. Then for any t > 0,
1 1
0<Q@;:<——1 and o<V, < —1. (60)
L= L=

Proof. We shall prove this by induction. First, our initialization trivially obeys (60) for ¢t = 0. Next, suppose
that (60) is true for the (¢ — 1)-th iteration, namely,

1 1
0<Qi 1 < 1~ 1 and 0<V, ;< T 1, (61)
5 _

and we intend to justify the claim for the ¢-th iteration. Recognizing that 0 <r <1, P, > 0 and ||P;|; =1,
one can straightforwardly see from the update rule (30) and the induction hypothesis (61) that

Q:=1-n)Qi_1 +n(r +yPV;_1) >0

and

Q:=1—1)Qi—1+n(r +vPVi_1)
< (1 =) [Qi-1llool + me([I7lloo + Y Prll1[[Vizilloo) 1

0% 1
1— )1: 1.
( 77t)1 11—~ 1—~

IN

1
1+n41+
—5

In addition, from the definition Vi(s) := max, Q;(s,a) for all £ > 0 and all s € S, it is easily seen that
1
0<V, < —-1,
L—n
thus establishing (60) for the ¢-th iteration. Applying the induction argument then concludes the proof. [

As a result of Lemma 4 and the fact 0 < Q* < ﬁl, we have

1
1Q: — Q|0 < ﬁ for all t > 0, (62)

which also confirms that 0 < e < ﬁ is the full e-range we need to consider. Further, we make note of a

direct consequence of the claimed iteration number (59) when e < '

03(10g4 T)(log ‘S”AlT) S 03(log4 T)(log "S”A‘T)

= ) ey 1)

) (63)
which will be useful for subsequent analysis.

Several facts regarding the learning rates. Next, we gather a couple of useful bounds regarding the
learning rates {n:}. To begin with, we find it helpful to introduce the following related quantities introduced
previously in (36):

Hﬁdl—m% ifi =0,

t . )
771() = 77ij i (L=my), if0<i<t, (64)

U ifi=t.
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®

We now take a moment to bound ;. From our assumption (16a) and the condition (63), we know that the

learning rate obeys

2c1(1 —=)T/1og® T ~— 1+ c1(1 —%)T/1log” T 14+ co(1—7)t/log”T = co(1 —~)t/log” T
for some constants c1, co > 0. Recalling that
cs(1 =)
= 66
B log T (66)
for some universal constant ¢4 > 0 and considering any ¢ obeying
T
> — 67
~ cologT (67)
we shall bound 7]2@ by looking at two cases separately.
e For any 0 < i < (1 — )¢, we can use (65) to show that
(t><(17 = )Bt<<1f ! )%
T 2c1(1 —y)T/log* T/~ 2¢1(1 — )T/ log® T
cqglogT
1 2?(1;;)7“ 2cqcy 1
—((1- ) o <, 68a
<< 2¢1(1 — )T/ log* T 2772 (682)
where the last inequality holds as long as cica < ¢4/8.
e When it comes to the case with ¢ > (1 — §)t > t/2, one can upper bound
1 2 2log! T
D < s < < < 2% - (68b)
ca(1=7)i/log® T~ ca(1 —y)t/1log®T — (1 —~)T
where we have used the constraint (67).
Moreover, the sum of nft) over ¢ obeys
t t t t
t
Sl =TI =) +m JJ —n) +m [JA=n) + - +mer (1= 1) +me
i=0 j=1 j=2 j=3
t t
= H(lfﬁj)+772H(1 =)+t (=) Hp =
j=2 j=3
=1 —mn)+mn=1 (69)

Repeating the same argument further allows us to derive
t

>on =110 -n) (70)

j=r

for any 7 < t.

B.2 Proof of Lemma 1

We shall exploit the relation (39) to prove this lemma. One of the key ingredients of our analysis lies in
controlling the terms ¢; and &; introduced in (39), which in turn enables us to apply (39) recursively to
control A;.
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Step 1: bounding (;. We start by developing an upper bound on ¢{; (cf. (39)) for any ¢ obeying
()

K2

<t < T. Invoking the preceding upper bounds (68) on 7, implies that

ca logT

K2

umus%%AﬂngmX“)lmx(wmlxlm+wﬂcmmﬂwWﬂM)

—B)t 1<i<(1-8)t
<t) (t) { ™1 , _ , }
[Aollee +t s mt_max [P 1| Aitlloe + (I1PillL + [1P]1) [ Vic1lloo

20 Agllee +t ® Ao + 21 Vii]lo
770 Ao + e i ax (1Ai—1]loc + 2| Vicillso)

(2) 1 1 n 1 . 3
D BRI R R
< 2
T A=y
Here, (i) holds since ||[P™i-t||; = || P;|js = || P]|]1 =1 (as they are all probability transition matrices), whereas

(ii) arises from the previous bound (68a).

Step 2: bounding &;. Moving on to the term &;, let us express it as

t
& = Z zZi with z; == nft)y(Pi - P)V,_q,
i=(1—B)t+1

where the z;’s satisfy
E[zi|‘/z’717"' 7‘/0] =0.

This motivates us to invoke Freedman’s inequality (see Theorem 6) to control &; for any ¢ obeying

T
. o cologT <
t <T. Towards this, we need to calculate several quantities.

e First, it is seen that

Bi=  max 2o < max (50 (P = P)Vioile
1-B)t<i<t (1-B)t<i<t

4log* T

t
<  max 775 )(sznl + ||PH1)||VFI||OO < m’

T (1-p)t<i<t
where the last inequality is due to (68b), Lemma 4, and the fact ||P;||; = || P|1 = 1.

e Next, we turn to certain variance terms. For any vector a = [a;], let us use Var(a | Vieq, - ,Vo) to
denote a vector whose j-th entry is given by Var(aj | Vieq,--- 7Vo). With this notation in place, and
recalling the notation Varp(z) in (26), we obtain

t t
W, = Z Var(zi| Vic, -+, Vo) =77 Z (Wz(t))zvar((Pi ~P)Vi |V%—1>
i=(1-B)t+1 i=(1—8)t+1
t

=Y ) ers (Vi)

i=(1—8)t+1
t
(t) (t)
§( max 1, )( Z n; ) max Varp(V7;)
(1-B)t<i<t (B4 (1-B)t<i<t
2log* T
o8 max  Varp(Vj), (71)

T (1 =T a-pyt<i<t

where the last inequality relies on the previous bounds (68b) and (69).
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e In the meantime, Theorem 4 leads us to the following trivial upper bound:
2log T 1 2log* T
|Wt|, og 21: o8 3 1= o21.
—)T (1-7) (1—=7)3T

By setting K = {2 log, ﬁ-‘, one has

i 210g4T (72)
28 = 1-y)T°

With the above bounds in place, applying the Freedman inequality in Theorem 6 and invoking the union
bound over all the |S||.A| entries of £ demonstrate that

L OSIAT g 1254 8ISIMAIT log 125

4
< \/16(Wt + M1) log SIAIT (3B log M) 1

(1—~T 4] o
32(10g4 T) ( log ‘S”A‘T) 12(10g4 T)(log ‘S”AlT)
= \/ A -7 (u_%?’g(mva”’(vi) + 1) + 1 — )T !

o —1_
with probability at least 1 — §/T. Here, the second line holds due to (72) and the fact log %

2log |SHA|T (cf. (63)), whereas the last inequality makes use of the relation (71).

<

Step 3: using the bounds on (; and &; to control A;. Let us define

log* T'lo |SHA|T
oy =642 08 (

(1- ’Y)T

In view of the upper bounds derived in Steps 1 and 2, and 3 defined in (66), we have—with probability
exceeding 1 — §—that

max Varp(V;) + 1> (73)

t
3 Sist

Gl + 1€k < Ve forall 2t/3 <k <t, (74)

. co(log* T) ( log M)
provided that T > =)

(39), we can upper bound A, as follows

for some sufficiently large constant c¢g > 0. Substituting (74) into

k k—1
A<+ Y. ayPTA L = e+ Y )y P™A; forall 2t/3<k<t. (75
i=(1—-8)k+1 i=(1-B)k

Further, we find it convenient to define {a!”} as follows

() 77(21

R K3

= OB (76)
Z] (1— ,B)t77]+1

Clearly, this sequence satisfies

-1
agt) > m(i)l and Z 041(-” -1 (77)
i=(1-B)t

for any t, where the first inequality results from (69). With these in place, we can write (75) as

k—1 k—1
A< Vot > o aPtAL = Y ( W e+ nff}rﬂP”ilAil) for all 2t/3 < k < .
i1=(1-p)k i1=(1-B)k

(78)
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Given that (1 — 8)t > 2t/3 (see (66)), we can invoke this relation recursively to yield

t—1
A < ( e +nh+1yP”nAil)
i=(1—p)t
t—1 i1—1
> [ R S (VR |
i1=(1-p)t iz=(1—p)i1
t—1 i1—1 )
< D eVt Z > alal) (7P Ve
i1=(1-8)t i1=(1-p)t iza=(1-B)i1
11—1 2
t 2 T
+ Z Z nl(ll-lnl(z:-)l (/YP k)AiQ
i1=(1—p)t ia= (1 ﬁ)ll k=1
’Ll 1 ’Ll 1 2
t 1 T t 1 T
D SR SEROTE TR AR SR DI RS § (TP
i1=(1-p)ti2=(1-PB)i1 i1=(1-B)t i2=(1—P)i1 k=1

where the second inequality relies on (78), the third line uses the inequality ng)ﬂ < agf) in (77), and the
fourth line is valid since ZZ;(lliﬁ)il aEQ =1 (see (77)).
We intend to continue invoking (78) recursively—similar to how we derive (79)—in order to control Ag.
To do so, we are in need of some preparation. First, let us define
_logT
=15
for any ¢ > iy > i > --- > iy, which clearly satisfies (see (77))

and  ap e = ool glin-0) > g (80)

11 12 ZH

i}, = 772(1)+177z(;1+)1 nz(;HHl)- (81)
In addition, defining the index set
7 ::{(il,--- ig) A=)t <ii<t—1,V1<j<H:1-B)i; <ij gz'j—l}, (82)

we have

Yoo g, =1L (83)

(i1, i )ELL
Additionally, recalling that 8 = c4(1 — v)/log T, we see that this choice of H satisfies
log T
c(l—y)\ "7 _ 2
1-p)f=(1- 22X >z
( 2 < log T -3
for ¢4 small enough, thus implying that
i1 >y > >ig > (11—t >2t/3  forall (iy,--- ,ig) € T;.

This is an important property that allows one to invoke the relation (78). With these in place, applying the
preceding relation (78) recursively—in a way similar to (79)—further leads to
ZH ’ }

Atg Z a{lk}kHl{<I+hZ"y HPW%> / _i_,yHHP‘ﬂ'zk
1

(i1,~~ ,iH)GIt
for all ¢t > = logT, where we recall the definition of the entrywise max operator in Section 4.1. Here, the

last inequality relies on the fact that >, . . ye7 ag,ym =1 (see (83)). It remains to control 81 and Bs,
which we shall accomplish separately in the next two steps.

< max I+ P | /oo +~1 P
(il,"'7iH)€It { ( hzl 7 H ) . ! kl;[l

=: 61 =:B2
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Step 4: bounding B>. The term 35 defined in (84) is relatively easier to control. Observing that ]_[kH:1 PTik
is still a probability transition matrix, we can derive

Bal =+ [T Prefai, | <+%| TT P 1Al =771 A
1<k<h 1<k<h 1
(i) (ii)
< ! A< ! ,
11—~ (1=7)T

where (i) results from the crude bound (62). To justify the inequality (ii), we recall the definition (80) of H
to see that L
i RN
HE (1 (1) <ot =
T
where the inequality comes from the elementary fact that 'yﬁ <elforany 0 <y <1

Step 5: bounding B8;. When it comes to the term B; defined in (84), we can upper bound the entrywise

square of 3;—denoted by |3;]?>—as follows
H-1 H-1 2
B1[* = ‘(ZW [ P)ver A2t ] P
h=0  1<k<h h=0 1<k<h
i) H=1 H-1 h
S SR S|
h=0 h=0 k=1
@ 1 =, 64(log* T) (log ISILAIT) (
< — ~ PTix max Varp(V;) + 1)
1_7;:% k[[l (1-yT L<i<t (
(1v) 64(10g4 T)(log ‘SHAlT e . 64(10g4 T)(log ‘S”AlT)
Z v H P max Varp(V;) + (=T 1.

Here, (i) follows from Jensen’s inequality and the fact that szl P™% is a probability transition matrix;
(ii) holds due to the Cauchy-Schwarz inequality; (iii) utilizes the definition of ¢; in (73); (iv) follows since
[licpcp PT*1=1and >y p < ﬁ To further control the right-hand side of the above inequality,
we resort to the following lemma.

Lemma 5. Suppose that t > - 1 s T . For any (i1, -- ,ig) € Iy, the following holds:
H-1 h 4
h T
P max Varp(V;) < 7(1—1—2 max ||A; Oo)l. 85
z:;) Y ];[ f<ict P( ) ’}/2(1 — ,Y)Q f<ict H ” ( )

Proof. This lemma, which is inspired by but significantly more complicated than Azar et al. (2013, Lemma
8), plays a key role in shaving one ﬁ factor. See Section B.5 for the proof. O

Therefore, the above result directly implies that

320(log" T') (log 1SIAIT

2
<
A" < V(1 =)'T

)
(1 +2 uax HAin)L (36)

Step 6: putting all this together. Substituting the preceding bounds for 8, and 35 into (84), we can
demonstrate that: with probability at least 1 — 4,

At 4, 320(log* T) (log SIAIT)
-1 (=T

(1+2 max ||AZ-||OO) 1
i<t
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4 \5||A|T
<30 (log T)(log )

1 A, 1 87
< (1 e 1Al (87)

(log* T) ( log 7‘5“;“T)
A=-*T

where the second line is valid since (171 < \/

holds simultaneously for all ¢ > IT S

_T
cglogT?
under our sample size condition (63).

B.3 Proof of Lemma 2

Next, we move forward to develop an lower bound on A;, which can be accomplished in an analogous manner
as for the above upper bound. Applying a similar argument for (84) (except that we need to replace m; with
), one can deduce that

A;>—  max {Zv HP”W+7HHP’T |Am|} (88)

R 7
(i1 ip)€Ly i)

for any t > ; . It is straightforward to bound the second term on the right-hand side of (88) as

I 7~

1<k<H

H T ) H . 71
YOI PTlAL] <y zH||001§(1_7)T1,

1<k<H

where the second inequality makes use of (62) as well as the fact that [], P™ is a probability transition
matrix (so that || ], P™ Hl =1). As for the first term on the right-hand side of (88), we can invoke a similar

argument for (86) to obtain
(log4 T) ( log ISHA‘T)

H-1 h 2
h T
P 142 max ||A;]|e |1
> [P v e (12 e 1)

Taking these two bounds together, we see that with probability at least 1 — 4,

< 320

Ay > —30

(log4 T) (log |SHA|T) (

1+ max A, oo) 89
T Nl (59)

L<i<

holds simultaneously for all ¢ > = lo =
g

B.4 Solving the recurrence relation regarding A,

Recall from (40) that with probability exceeding 1 — 24, the following recurrence relation

(log4 T)(log ‘SHAlT)
Y21 =T

T
calogT

Ao < 30 (1 + max ||AZ||OO> for all t> (90)
L<i<t

holds, which plays a crucial role in establishing the desired estimation error bound. Specifically, for any k& > 0,
let us define

up = maX{HAtHOO ’ t<T} (91)

To bound this sequence, we first obtain a crude bound as a result of (62):

calogT —
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Next, it is directly seen from (90) and the definition of wy that

o 4 \5H.A|T
up < 06\/(1 g,;?fl g) a ) (14 ug—1), k=1 (93)

for some constant ¢cg = 20/ > 0. In order to analyze the size of ux, we divide into two cases.

o If up <1 for some k > 1, then (93) tells us that

log® T (1 \SIIA\T 2(1oc* T) (1 ISHA\T

A7 RS
2(‘6 log* T log 7|S”‘A|T
as long as T > T gE— . In other words, once ui_; drops below 1, then all subsequent

quantities will remain bounded above by 1, namely, max;.j>x u; < 1. As a result,

‘ (log4 T)(log ‘S”AlT) . 2(10g4 T)(log ‘SHAlT) .
u; SCG\/ (1= )T (1 +wuj—1) <cg V21 —)iT for all j > k.

e Instead, suppose that u; > 1 for all 0 < j < k. Then it is seen from (93) that

1 4T 1 |SHA|T 2(1 4T 1 \SHA|T
uj+1g(%V/(og ) (log )(H_uj)gl26 (log" T) (log )., for all j < k.

Y2 (1 —~)* T 72(1 — )4T J

This is equivalent to saying that

1
logujy1 <logay, + 5 log u; for all j < k,

2<log )(log M)
Y(A=7)*T

where o, = cg . Invoking a standard analysis strategy for this type of recursive

relations yields
1
logujy1 —2loga, < B (logu; — 2log ay,) for all 7 <k,
and hence

1\’
loguji1 < 2logay, + <2> (logug — 2log avy,) for all j < k.

This is equivalent to saying that

1/27 ; )
u; < a? (Zg) = (043)1_1/2 (uo)l/2J forall j <k -+ 1.

Putting the above two cases together and using (92), we conclude that

e < \/26%(105;4 T)(log |SHA‘T) 2¢2(log* T) (log lSHAIT) 1*1/2ku(1)/2k

V(1 =)'T (1 —)AT
< 20%(10g4T)(log'5”““‘T) 2c§(1og4T)(1og'5”A|T) st
T 2o (1)

i
In particular, as long as k > c¢7loglog ﬁ for some constant c; > 0, one has (ﬁ)l/2 < O(1) and

(2cg(1og4T)(1og |8A|T))11/zk o d 268 (108" T) (log ISIAITY 962 (10g? T') (log 1SIAIT)
(1 =y)'T N V(A =N'T ’ V(A =T
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As a result, the above bound simplifies to

(log4 T)(log |SHA‘T) (log4 T)(log |SHA‘T)
“kgcf‘(\/ PA-T T PI—)T

1
), kZC7loglog1_

for some constant cg > 0.
Consequently, taking ¢ = T' and choosing k = c7 loglog ——— 1 for some appropriate constant ¢z > 0 (so as

to ensure 2¢

< T), we immediately see from the dcﬁmtlon (91) of uy that

o R |SHA|T oo o |SHA|T
HATHOO <cg (\/(1 g,y;z;)l(i g) 4T ) + (1 g,y;z;)l(i g) 4 )> (94)

ca logT

with probability at least 1 — 26. To finish up, we note that the sample size assumption (59) is equivalent to

(log" T') (log ISHA‘T) - min{e? ¢}
VA-9T T e

When c3 > 0 is sufficiently large, substituting this relation into (94) gives

iVet+ie ife>1

1 " 1 . l€_|_ 162 ife<l
[Arle < 2 V(e ] + 1 minfe?, ) = {§ e e <
<e

as claimed in Theorem 7.

B.5 Proof of Lemma 5

We first claim that

4
max Varp(V;) — Varp(V*) < —— max ||A;]le1. (95)
L<i<t L= f<i<e

If this claim were valid (which we shall justify towards the end of this subsection), then it would lead to

Z vy H P™ix max Varp(V; Z y H P"xVarp(V*) + ( )2 £H<13X Al (96)

*<7/<t

It then boils down to bounding the first term on the right-hand side of (96). Let us first upper bound the
variance term involving V*. For any 0 < h < H, one can express (see (26))
Varp(V*) = P(V* o V*) — (PV*) o (PV?™)
@ * ; 1

PTins (Q o Q*) + P(V* o V*) _ PTint (Q* o Q*) _ ?(Q* _ 'r') o (Q* _ ’I“)

= P (Q* o Q*) + P (Q* o Q*) — P (Q* o Q*) — %(Q* — 7") o (Q* — r)
< PT(Q o QM) + |[PT(Q 0 Q) - PTr+1(Q 0 Q)] 1 - %(Q* —r)o(Q —r)

(ii) ) 4 1

< PTrn(Q o Q" )+77 max [Ailll — ;(Q* —r)o(Q"—r)

= i(’y2P7“'hr+1(Q* 0oQ*)—Q*o Q*) + i max ||A;llecl — ir or + 3Q* or
72 A 72

(lli) 1 T4 * * * * 2 * 4

< f(’yP h1(Q o Q) —Q o Q )—|——2Q or 4+ —— max [[A1, (97)
gl g L= f<i<t
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where (i) relies on the identity @* = r + yPV™*, and (iii) holds since 0 < v < 1. To justify (ii), we make the
following observation:

[P (@0 @) - P7 (@ 0 @), =PI (@ 0 @) - PII™ (@ 0 @) .

(i) i * * * * *
< I (Qe @) 1 (@70 Q)|
= (@@ -1 QY o (M Q@ + I Q) |,

v 2 , «
Sl .

= 1* (s @ = e Qi | + [T+ Qi = VL)

(vi) * *
< (e Q¥ - VL)
(vil) 4
< — max, 1Al 0os
1—7vi<ic
where (iv) arises from the fact ||[Pz||c < || P||1]|2]|lco = ||Z|loo, (V) is valid because ||Q@*||co < 1/(1 —7), (Vi)
follows from the fact that V;, , = II""»+1Q;, ,,, and (vi) holds since ||V;,,, — V*||oo < [|Qi) 1, — @ |-
As it turns out, the first term in (97) allows one to build a telescoping sum. Specifically, invoking (97)
allows one to bound

H-1 h 1H 1 h
Z HWP“’kVarp V)<= [P (vP™ 1 (Q* 0 Q%) — Q" 0 Q)
h= 7h:0k:1
4 H-1 h 2 H-1 h
U h Ux
+ﬁ H<13X 1Al Y A" [ P21+ ? I[P
h=0 k=1 h=0 k=1
o 1 H—1h+1 H-1 h
C(E I - TP ) @ @)
v h=0 k=1 h=0 k=1
4 h
+ —— max [|A;]|eo h1 4+ P (Q*or
A zfy 2};;)7];[1 )

| /\

- 4
<HVP - ) (@ 0Q") + [y s A1
+%Z’thP“ik(Q or)
v h=0 k=1

i) /2 4 1
< 21Q )% + —— max [|Ajllec + — —— *Ooroo)l
< (Gl + g s 1A + S 1@l

(ﬁ) L 2 +4 1Al + 2 1
— | - max illoo + =
T (=2 i<i<t 72

1 4
<— (244 Al )1, 98
_(17)2(v2+ ez 1Al ) 48)

Here, (i) comes from the identity HZ:1 P71 = 1; (ii) holds because each row of szl P7i has unit || - |1
norm for any h; (iii) arises from the bound ||@*||cc < 1/(1 — ). This completes the proof, as long as the
claim (95) can be justified.

Proof of the inequality (95). To validate this result, we make the observation that
Varp(V;) = Varp(V*) = [P(V; 0 V;) — (PV;) o (PV})] — [P(V* o V*) — (PV*) o (PV™)]
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P(VioV, = V*o V") + (PV")o (PV") — (PV;) o (PV)
P((V; =V*)o(V; 4+ V*) + (PV* — PV;) o (PV* + PV;)
{HP (Vi= V) o (Vi + V)| + [(PV* = PVi) o (PV* + PV _}1

IN

| /\

A

Here, the last inequality follows since (by applying Lemma 4)

2
[P(Vi= Vo Vit V) S IPIIV = Vsl Vit VYoo < 77— 1Al
2
and [[(PV* = PVi) o (PV" + PV, < [PV = Ve I PV V7w < 1= A e

A useful extension of Lemma 5. Before concluding, we make note of the following extension that proves
useful for studying asynchronous Q-learning.

Lemma 6. Suppose that t > % Then one has
2 log

4
P”’“ max Varp(V; §7(1+2 max ||A; oo)1 99
hzow]] i Varp(V1) € s (142 max |4 (99)

for any set of policies {7y} obeying {7} C II. Here, we define
I := {7 = [r(s)]ses | 7(s) € I, Vs € S}, IL, == {m(s) | i € [t/2,1)}. (100)

The key difference between Lemma 6 and Lemma 5 is that: the components of 7y corresponding to
different states can be chosen in a separate manner. The proof follows from an identical argument as the
above proof of Lemma 5, and is hence omitted.

C Analysis for TD learning (Theorem 1)

As it turns out, if |A| = 1 (which reduces to the case of TD learning), we can further modify the previous
analysis in Section B to yield an improved = v)?’ scaling. This forms the main content of this section, which
leads to the proof of Theorem 1 for TD learning. Akin to the Q-learning case, we proceed to establish a more
general version of Theorem 1 that covers the full e-range. This is formally stated below, which subsumes
Theorem 1 as a special case.

Theorem 8. Consider any v € (0,1) and any € € (0 %ﬁ/] Theorem 1 continues to hold if

1

e ( log® T)(log ‘$|T)

~ 72(1 = )3 min{e, 2} (101)

for some sufficiently large universal constant cg > 0.

C.1 Preliminary facts

Before embarking on the analysis, we begin by presenting several useful preliminary facts. The first one is a
direct consequence of the claimed iteration complexity (101) when & < %

c3(log® T') (log lslT) - 63(log3 T)(log ‘SlT)

= ’)/2(1 — 7)3 mln{g’€2} = 72(1 _ ’}/) ’ (]_02)
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a simple fact that will be used multiple times. In addition, the update rule (7) of TD learning can be expressed
using vector /matrix notation as follows

Vi=QQ—-n)Vier +mu(r +vPViq)  forallt >1, (103)
where the matrix P; € {0, 1}/S1XIS obeys

1, if s’ = s¢(s)
Pi(s,s') = {0 else t

for any s,s’ € S. In the sequel, we collect a few other facts concerning the range of V; and learning rates.

Range of V;. We claim that: when the initialization Vj obeys 0 < Vj < ﬁl, the TD learning iterates
obey

1 1
o<V, <——1 and Vi = Voo < —— for all t > 0, (104)
1—7v 1—7v

provided that 0 <7, <1 for all ¢ > 0. The proof follows immediately by repeating the proof of Lemma 4 (see
Section B.1) with |A| =1, and is hence omitted for brevity.

Learning rates. We shall also collect several useful results concerning the learning rates {n;}. Let us abuse
the notation by defining the following crucial quantities:

[Tiey (1= mi(1 =), if k=0,
t .
7712) =\ "k Hfzkﬂ (1-m(l—7)), fO<k<t, (105)
Tt if ]f =t.

Note that this definition (105) differs from the one (64) used for Q-learning, and will only be employed in
this section. Consider any iteration number ¢ satisfying

T

> . 106
~ cologT (106)
Clearly, the learning rate n; under Assumption (8a) obeys
1—7 1—7 log? T
(L= > ——7 2 5o 7 = : (107)
o BT T
In what follows, we intend to bound 771(5) for two cases separately.
e For any ¢ obeying 0 < i < ¢/2, it is easily seen from (107) that
2T\ t/2 log? T\ ze5ber
(t) « (1 _ 1 t/2<<1_10g T) <<1_ og )MJOM
) < (L=l =)' < 2oT 20T
- log T
log? T ook | 17 1
—J(1- ) . <. 1
{( 2¢,T =72 (108a)
where the last inequality holds as long as ¢jc; < 1/8 and (102) holds.
e When it comes to the case with ¢ > ¢/2, we can develop the following upper bound
1 2log® T
0 <, < o8 (108b)

< )
co(1—7)i/log?T ~ (1—T

which relies on Assumption (8a).
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In addition, given that P*1 = 1 for any integer k > 0, it can be easily verified that

t t

Il G-ma-yP)1= J[ (1-m@-)1,

i=k+1 1=k+1
and as a result,

t

I (-mI-~P))

i=k+1

t

= H (1—m(1—7)). (109)

1 i=k+1

C.2 Proof of Theorem 8
Step 1: decomposing the error V; — V*.  Taking A, := V; — V* via the basic relation (32), the TD
learning update rule can be written as
Ay =1 =n)Ar 1+ (PAy + (P = P)V; )
= (I —n(I = ~vP))A¢ 1 + 1y (P: — P)V; 1. (110)
Invoking the above relation recursively then leads to

t t t

A = H (I —n;(I—-~P))A+ Zﬂk H (I = ni(I = yP))y(Py — P)Vi_1. (111)
i=1 k=1 i=k+1

=&

Step 2: controlling the first term of (111). With regards to the first term of (111), we make the
observation that

IN

ITL =t —P) o] < [T -t -2, Il

{f[ (1—ni(1— v))} 180l o0

@) 1 < 1

< . 112
where the second line arises from (109), and the last inequality holds true due to (108a) as long as ¢ > ﬁ.

Step 3: controlling the second term of (111). We then move on to the second term &; in (111), which
admits the following expression

t t

&=> z withz=n [[ (I-n(T—~vP))y(P:— P)Vi1. (113)
k=1 i=k+1

Here, the summands {z;} clearly satisfy
Elz | Vi-1, -+, Vo] = 0.

We then attempt to invoke the Freedman inequality (see Theorem 6) to control this term. Towards this end,
there are several quantities that need to be calculated.

e First of all, we observe that

t

B = max ||zk||cc < max an H (I— m-(I—'yP))fy(P;C — P)Vk_lu

1<k<t T1<k<t oo
i=k+1
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M [T T—mr *7P))H1||(Pk ~P)WVii|

< max
tshst i=k+1
t
- 12113%(:& {Wk 'El (1 —mi(l— 7))} ||(Pk - P)Vk—lnoo
41og® T
= -
< e 7 (1Bl + 1P [ Vil < T (114)

where the third line again makes use of the relation (109) and the last line follows the facts || Py|ly =
IPll1 =1, [|[Vi-1lleo <1/(1 —7), as well as the properties (108).

The next step is to control certain variance terms. Towards this, we first make note of a userful fact.
For any given non-negative vector u = [Uihgigm > 0 and any vector v, it is easily seen that

S|
Var(uT(Pk - P)v) = iusar((Pk - P)i7.v) < {mlax |ul|} [ug, -+ ,us)]Varp (v)

< |lulyu'Varp (v), (115)
where we remind the reader of the notation Varp(v) in (26). Additionally, for any vector a = [a,],
let us employ the notation Var(a | Vi—1, - ,V(')) to represent a vector whose j-th entry is given by
Var(aj | Vie—1, - ,Vo). Armed with this notation, we obtain

t

Var(zi, | Vie1,- - Vo) < »yank [1 (I-mn-~P) Hl {nk I1 (-n-+P) } Varp (Vi_1)
i=k+1 i=k+1

=~° {nk I @=m@a- 7))} {nk I (1—m-~P) } Varp (Vi_1)

i=kt1 i=k 1
t
< 771@77;(:) H (I —ni(I —P))Varp (Vi_1), (116)
=kt 1

where the first inequality is a consequence of (115) and the definition of zj (cf. (113)), the second line
)

arises from (109), and the last relation results from the definition of n,”. This in turn allows us to

compute
¢
= ZVar (z | Vi1, - ann(t) H (I —ni(I —~yP))Varp (Vi,_1)
k=1 i=k+1

t

t t t
e [T @=n@=P)| IVealZ1+ 3wl T] (T=m(d —2P)Varp (Vi)

=1 i=k+1 k=t/2+1 i=k+1
A 2 1 (1) : :
< M2 4 { t} I—n,(I —~P)V B
<X 0t () 3 e TT (- o) vare (i
k=1 k—t/2+1 i=k+1

1 2log T

< 1 I (I —~P V Vi

= 2(1 — )27 + < Z Tk H i v ))) k:tr/gaé}lic<t arP( k)
k=t/2+41  i=k+1

1 2log® T 1
< I-~P Varp (V; 117
Ssa—aErtt Aoy TP e arp (Vi). (117)

where the penultimate inequality results from (108); to see why the last inequality holds, observe that

oo [ (I-m(I—~P))

k=t/2+1  i=k+1
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=(I—yP)' =T -4P)"" [[ (I-nT-+P))<T-yP)",
i=t/2+1

where we have used the fact that all entries of (I —~P)~! and I — n;(I — v P) are non-negative.

e In addition, we also derive the following trivial upper bound based on (117):

1 2log® T
w,| <
Wil < s T T
3 3
< 1 14+ 2log” T 1< 3log” T
20 =723 (1=y)'T" ~ (1=y)'T

(=P, Narp (V)] 1

= 0?1, (118)

)
where we have invoked the fact that ||(I —~P)~!(|; = 1/(1—~). Therefore, by setting K = [2log, ﬁ],
one arrives at
o? 3log® T
oK = ({1 — 2T

IN

(119)

Equipped with the preceding bounds, let us apply the Freedman inequality in Theorem 6 and invoke the
union bound over all entries of & to show that

o2 8|S|T log 1= 4 8S|T log 1=
&) < \/S(Wt + 271) log fﬁf + (gBlog fv)l

3log® T S|T |S|T
< /1 2 1) log —— Blog —=)1
_\/G(WH_(l—v)?T )og 5 +(3 0g —5 )

32(log® T) (log I£I7) B 9 12(1og® T') (log 517)
= \/ (1-9T ((I —7P) k: tr/ge%);dVarp (Vi) + 71) + 1

with probability at least 1 — §/T. Here, the second line follows since

8|S|T log ——
log S| (Sgl_7 < 2log |56\T

as long as ‘S% > 8log ﬁ, whereas the last line holds by using (114), (117) and (119). Further, we make
the observation that

(I —4P) Warp(V*) = (I —yP)~ (P(V* oV*) — (PV*)o (PV*))

* * 1 * *

= (I —+P) 1<P(V \%4 )—?(v —r)o(V —r))

-1 * * 1 * * 2 *
< (I —-~P) PV oV)—WV oV +¥7’OV

-1 * * 1 * * 2 *
<(I—-~P) PV OV)—;V oV +?TOV

1 2

= ;(I*VP)’1 (YP=I) (V7o V") + ﬁ(vaP)’l (roV?)
<3(If P)yl(rov*) < 2
R V(=)



where the second line makes use of the basic relation V* = r + yPV™*. As a consequence, we conclude

4
I-~P)"! vV <(@-P)'(v ) Ayl
( "P) kitr/g(?zd arP(Vk)_( 7P) arP(V)_Fl—Vk:t%aSDqu” klloo
2
e\t A oo)l. 120
< Srop (2 me e (120

Here, the first inequality arises from (95), while the second inequality holds due to the facts that ||(I —
'YP)71||1 =1/(1—-7).

Step 4: putting everything together. Consequently, substituting the bounds in Steps 2-3 into (111)
yields

log® T) (log €T T
1A <30, L8 DB D) (A forall ¢ . (121)
72(1—~)3T icict cplogT
Repeating the same argument as in Section B.4, we see that
1Ar]e < (log” T) (log I5) | (log” T) (log '57) 122)
Moo =9 ¥ (1=9)’T ¥ (1=7)*T
holds with probability at least 1 — §, where ¢g > 0 is some universal constant. As a result, one has
1 1 1
AT |00 < 3 (x/min{e,ﬁ} + min{e,eQ}) =3 (e+e)1{e <1} + 3 (e+eH)1{e > 1} <e,
as long as the sample size satisfies the following
(log® T) (log %) - min{e,e?}
YA-9T T e
for some constant ¢z > max{1,2cg}. This requirement is equivalent to condition (101) as claimed.
C.3 Proof for Remarks 2 and 3
Proof for Remark 2. Let us divide the dynamics of the algorithm into two parts.
e For any 1 <t < T/2, it follows from Lemma 4 that
0< Vi< —1 (123)
SVrp sz o

e Next, let us consider any T/2 <t < T, and set t = t — T//2. Tt comes from the choice (13) that

1 1
14 &1 (1—y)(F+T/2) < 77t~+T/2 = = 1+ S (1—)(@+T/2)
log2 (t+T/2+1) log2(t+T/2+1)
— - - < < -
(e = T2 = PTEST
L+ =) L+ vy

provided that ¢; and ¢y are suitably chosen. By treating V7, as the initial point and invoking
Theorem 1, we immediately establish (9) under the choice (13) and the sample size condition (14).
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Proof for Remark 3. Let us define, for each 1 <t < T,

2¢3(log® T') (log LS|T
e :min{ ol g 57) _1 . (124)

(1—7)3t 1
Invoking the claim in Remark 2 in conjunction with Lemma 4 reveals that with probability at least 1 — §/T,
_V* <
r;lea§(|Vt(s) V*(s)| < e

for any given ¢t < T. Taking the union bound over all 1 < ¢ < T implies that with probability exceeding 1 — §,

T
. 1
g [ 3400 =V £ 3 Lt~V 0] £ 53
S\/203(10g3T)(log ‘SlT )121§4\/C3(10g3T)(10g ‘SlT)’
(1—9)? T =yt (1 —=7)3T

where the last inequality results from the elementary inequality 23:1 1/+/t < 2y/T. This finishes the proof.

D Lower bound: sub-optimality of synchronous Q-learning (Theo-
rem 3)

In this section, a main focus is to establish the lower bound claimed in Theorem 3 by analyzing synchronous
Q-learning for the MDP instance constructed in Section 4.3. Without loss of generality, we assume

1
logT < T—= (125)

throughout the proof; otherwise the lower bound in Theorem 3 is worse than the minimax lower bound

W in Azar et al. (2013).
Throughout, we shall use P; to represent the sample transitions such that for any triple (s, a,s’),

1, if =5
P |s,a) = {1 oo 0) = (126)
0, otherwise,

where s:(s,a) stands for the sample collected in the t-th iteration (see (5)). Recognizing that state 2 is
associated with a singleton action space, we shall often write

Pt(S/ | 2) = Pt(S/ | 2, 1)
for notational simplicity.

D.1 Key quantities related to learning rates

We find it convenient to define the following quantities (by abuse of notation)

77,(:) = H (1 =n;(1—~p)) forany 1 <k <t, (127a)
i=k+1
t
=[O =n0-w), (127b)
=1
0 = (127¢)
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It is helpful to establish several basic properties about these quantities. As can be easily verified,
t t t t
)+ A=) Y o =[Ja-a) +m [Ja-a) + R [JQ =)+ + (L —5) + 7 =1, (128)
k=1 i=1 i=2 i=3

where we denote 7; := 1;(1 — vp) to simplify notation. Similarly, for any given integer 0 < 7 < ¢ one has

t

I C-n-mw)+a-) Y 5 =1 (129)

i=7+1 k=1+1

D.2 Preliminary calculations

Before moving forward, we record several basic relations as a result of the Q-learning update rule.

D.2.1 Basic update rules and expansion

Given that Qo = Vp = 0 and that state 0 is absorbing, the update rule (4) gives

Vi(0) = Qe(0,1) = (1= m(1 = 7)) Qi—1(0,1) = [ [ (1 = (1 —4))Q0(0,1) = 0 (130)
i=1

for all t > 1. Regarding state 2, the update rule (4) taken together with (130) leads to

Vi(2) = Q:(2,1) = (1_77t)Qt 1(21 +77t{7” 2,1) ++vP(2]2)V,— 1(2)+’th(0|2)vtf1(0)}
= (1=n)Vier (2) + m{1 +7P:(2[2)Vi-1(2) }, (131)

and for state 3,

Vi(3) = Qu(3,1) = (1 = 0¢) Qe-1(3,1) + me{r(3,1) +7Ve-1(3)}

= (L= m(1 =) Ve-1(3) + 1. (132)

Similarly, one also has
Q:i(1,1) = (1 =) Qi—1(1,1) + {1 +vP(1]1,1)V, -1 (1) }, (133a)
Qi(1,2) = (1 = m)Qe—1(L,2) + {1+ vP(1]1,2)V;1 (1) }. (133b)

In what follows, we shall first determine a crude range for certain quantities relates to the learning rates 7;,
and then combine this with the above relations to establish the desired result.

Next, we record some elementary decomposition of V;(2). For any iteration ¢ and 7 < ¢, one can continue
the derivation in (131) to obtain

Vi(2) = (1= ne(1 = vp)) Vie1 (2) + me {1 + v (Pe(2]2) — p) Vie1(2)}

= I G=m@=)V=@+ > m [ @=n—=yp){1+7(Pe(2]2) —p)Vi-1(2)}
i=7+1 k=r+1  i=k+1

= I G-n-w)v:@+ 3 0+ 3 09(Pu2]2) - p) Vi (2)
i=7+1 k=r+1 k=r+1

S QU e s e | S 25K Gl AU 0) B O NP S s
=741 P k=141

_ ! t | L ~

= 1= Z_llrl (1 =n;(1=p)) L > VT(2)] + k:Tan Y(Pe(2]2) = p)Vi—1(2), (134)

37



where the penultimate line arises from (129). In particular, in the special case where 7 = 0 (so that
V:(2) = V5(2) = 0), this simplifies to

]__
Vi(2) = 1_7;; +Zn<” (Pe(212) = p)Vir (2), (135)
k=1

which relies on the definition of n(()t) in (127). With similar derivation, (132) leads to
1 e 1 4
V@) = [T =m0 =) =ve) - =TT - m =), (136)
=1

1_’}/1‘:1

D.2.2 Mean and variance of V*(2) — Vp(2)

We start by computing the mean V*(2) — E[V;(2)]. From the construction (42), it is easily seen that
E[P:(2]|2)] = p, which together with the identity (135) leads to

1—ng"” « n
E[Vr(2)] = Ty and  V*(2) —E[Vr(2)] = o (137)

Similarly, applying the above argument to (134) and rearranging terms, we immediately arrive at

T

Vi@ -EVr@) = I] (1-m(-m) =

i=7+1

— E[V-2)] (138)
for any integer 0 < 7 < T.

Next, we develop a lower bound on the variance Var(VT(Q)). Towards this end, consider first a martingale
sequence {Zj bo<k<r adapted to a filtration Fy C Fy C - -+ C Fp, namely, E[Z,41 | Fi] = 0 and E[Z | Fi] =
Zy, for all 0 < k < T. In addition, consider any 0 < 7 < T, and let Wy be a random variable such that
E[Wy | Fr] = Wp. Then the law of total variance together with basic martingale properties tells us that

T T T
Var <W0+ > Zk> —FE |Var <W0+ > Zka1> + Var (E Wo+ > Z,c|fT1D

S k=r+1 k=7+1
T-1
=E[Var (Zr | Fr-1)] + Var <W0+ Z Zk) _ ..

k=1+1
T T
= > E[Var(Zy | Fi-1)] +Var(Wo) > > E[Var(Z, | Fi-1)]. (139)
k=71+1 k=71+1

Consequently, for any 0 < 7 < T — 1, it follows from the decomposition (134) (with 7 replaced by 7+ 1) that

Var(Vi(2)) > E Z Var(nk (Pe(2]2) — )Vk1(2)Vk1(2))1
k=142
T
= Y ) (- PE[(a ()]
k=742

(1-y)(4y-1) 1 SRR
= 9 41— )2 ’;T:H ()

_helos gy (10)
36 (1-7) k=742

where the first identity relies on the fact that P;(2|2) is a Bernoulli random variable with mean p, and the
inequality comes from the definition of 7 (see (146)) and the choice of p (see (43)). As an implication, the

sum of squares of n,(CT) plays a crucial role in determining the variance of Vi (2).
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D.3 Lower bounds for three cases

D.3.1 Case 1: small learning rates (¢, > logT or 0 <n < ﬁ)

In this case, we focus on lower bounding V*(2) — E[Vr(2)]. In view of this identity (137), this boils down to

controlling 77( ),
Suppose that ¢, > logT (for rescaled linear learning rates) or 0 < 7 < 0

1%7)7, (for constant learning rates).
A little algebra then gives

1-p <i ifp=~t
m(l—7p) < {awlogj iﬂfg — -fnt _ et (141)
AT — 3T =2 e =1
for any t > 1, provided that T' > 15. Consequently, one can derive
log 5" Zlog (L=l —9p)) > *152177 1—qp) > -2, (142)

=1 1=1

where the first inequality holds due to the elementary fact log(1 — ) > —1.5x for all 0 < z < 0.5, and the
last inequality follows from the following bound (which makes use of (141))

1 : _ 1
1 _ 410gT Zz 179 <1 if = 1+c, (1—7)t
E n:(1 = p) . .
gT Z 11=3, i =mn.

Combining the above result with the properties (137) and (142) then yields

‘() —E[ve(2) = M5 €2 _ 3 14
V@) - EfVr )]71—719_1—7277462(1—7)' (143)
This taken together with (45) gives
E[(V*(2) - vr(2)"] = (V*(2) - E[Vr(2)])" 2 ﬁ (144)

D.3.2 Case 2: large learning rates (¢, <1—~v or n> W)

By virtue of (138), the mean gap V*(2) —E[Vr(2)] depends on two factors: (i) the choice of the learning rates,
and (ii) the gap between and E[V;(2)], where 7 is an integer obeying 0 < 7 < T. To control the factor

1— Yp
(ii), we need to choose T properly. Let us start by considering the simple scenario with E[(VT(2))2} < ﬁ,
for which we have

V*(2) - E[Vr(2 >]_ﬁ IE[(VT(Q))Q]Zﬁ. (145)

Here, we have used (44) and the elementary fact E[X] < \/E[X?]. Consequently, it remains to look at the

scenario obeying E[(VT(2))2] > ﬁ, towards which we propose to set 7 as follows

T = min{OST’ <T-1 ‘ IE[(V;(Q))?} >

1
_MforallT’—i—lgth}. (146)

Clearly, 7 is well-defined in this scenario and obeys (in view of both (146) and the initialization Vj = 0)

E[(V:(2))°] < yrip—E (147)

Our analysis for this scenario is divided into three subcases based on the size of the learning rates.
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Case 2.1. Consider the case where

| ﬁ (1=n:(1=~p)) > % (148)

Invoke (138) to deduce that

V@ -EVr@] = ] (-n-w) == -EV@)]]
i=7+1
> [T =m@—w) [74(13_ i E[(VT(Q))Q]]
1=7+1
< 1
> i=TH+1 (1—mi(1— 717))4(1 28y

where the second line makes use of the definition (43) and the elementary fact E[X] < +/E[X?], and the last
line relies on the inequalities (147) and (148).

Case 2.2. We now move on to the case where

T

0< I =m(=p) <

1=7+1

. (149)

N | =

We intend to demonstrate that the variance of Vr(2)—and hence the typical size of its fluctuation—is too
large. In view of the observation (140), it boils down to lower bounding ZZ;T 42 (n,(CT))Q, which we accomplish
as follows.
e Consider constant learning rates m; = 7, and suppose that 7 obeys W <n<l< 1}7p' It is
readily seen that n,(cT) = 77(1 —n(l - ’yp))T_k for any £ > 1. We claim that it suffices to focus on the
scenario where

r<T -2 (150)
In fact, if 7 > T — 1, then the definition (146) of 7 necessarily requires that

_
2(1—7)

In view of (137) (with T replaced by T — 1), a little algebra shows that this is equivalent to (1 —n(1 —
vp))TL1 > 1/3, and hence (1 —n(1 — 'yp))T >1/9. In turn, this combined with (137) leads to

E[Vr_1(2)] < VE[(Ve-1(2))?] <

T T
v el = L)L Mo s L ey

which already suffices for our purpose.

Next, assuming that (150) holds, one can derive

T T 2(T—7-1)
(T2 _ 2(1 = (1 — )20 = L= (o0 =) ]
k;+2 () k;Hn (1=n(1=p)) R TE——.
> /2 31 (152)

1 (1—77(1—7;0))2 = 16(1 —7)’
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where the first inequality holds since (from the assumptions (149) and 7 < T — 2)

)

[N

T
0< (1=n(1-w)"" V< @-n1-w)" = [[ @-mt-w)<
i=7+1

and the last inequality follows since

4n(1 —7))2 < 8n(1 —7)

0§1—(1—n(1—’yp))2=l—(1— - -

Substituting (152) into (140), we obtain

4y -1 a (T)\2 2 3n
Var(Vr(2)) > - N> :
r(Vr@) 2 35— 2 06) 2 3505 Tea )
n 1
= > 153
96(1 — )2 = 96(1 — 7)*T" (153)
provided that v > 3/4 (so that 4y — 1 > 2). Here, the last inequality is valid since either n > W

e We then move on to linearly rescaled learning rates with n; = for some 0 < ¢, <1 —1.

1
14+c,(1—7)t
Towards this, we first make the observation that

T
Moy mea(L—m(=9p) _ 1-d0 -y 1-30—ym L G —m
i Tk L= (G = 5)me L= cq(l=)m 1—cy(L=7)m
<1—(1—=)m <1— 1 =), (154)
with the proviso that ¢, <1 —~ <1/3 (as long as v > 2/3). By defining 7/ =T — m, one can
deduce that
2
SR S (T)\2 1 - (T)
> >
Z (nk ) - Z (nk ) ~ T —max{r + 1,7} Z M
k=742 k=max{T+2,7'+1} k=max{T+2,7'+1}
T 2
> (1= >oowl (155)

k=max{7+2,7'+1}

where the penultimate inequality comes from the Cauchy-Schwarz inequality. In addition, recognizing

that 17,(5) <(1-(1- *y)nT)kQ_kln,g) for any ko > k; (see (154)), one has

T T
> = >

k=7'+1 k=741
T’ o T
T -7 T
> e < (1= =)nr) >l
k=max{27'—T+1,1} k=1/4+1
27’ —T o) T
T —r T
> = (=0=vm) S,
k=max{37'—2T+1,1} k=7/41

Summing these inequalities up and rearranging terms, we reach

T T T T T

S 0> Sy o Y
e = T—7/ 2(T—7") = 1

M 1+ (1= =) "+ (1= =y)nr) +o.

7

()
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= (- - )anz znm,

which relies on the fact (1 — (1 — y)nT)T_T =(1-1/(T - T'))T_T <e~! (using the definition of /).
Consequently, it is easily seen that

I R U EIED o

k:max{'r+2,7”+1} k=142 k=141 k T+2

1 —e ll 11 (177¢(1Vp))]

i=T+2 L=p

(ii) 1 1—e 1 @) 1 —e! 3
> [1- > > .
2(L=nr1(L—9p)) | 1= ~— 4(1—7p) ~ 32(1—7)

Here, (i) and (ii) follow from (129) and (149), respectively, while (iii) holds since

4(1 — 1
Nrei(l—7yp) <1 —7p= a-n 1
3 3
as long as v > 3/4. Substitution into (155) yields
)2 il
T T
> )= —. (156)
W= 1024(1 — )
Substituting the above bound into (140), we obtain
T
4y -1 (T))2 2 Ir
Var(Vr(2)) > ——— > .
ar(Vr(2)) = 36(1— ) k;ﬂ ()" = 36(1—~) 1024(1— )
nr 1
= > 157
2048(1 — 7)2 = 4096(1 — )T (157)
provided that v > 3/4 (so that 4y — 1 > 2). Here, the last inequality is valid since nr = m >
1 1
ERgE—yy > 2(1_17)2T as long as T > (Ce=EE

Putting all this together. With the above bounds in place, it is readily seen that either the bias is too
large (see (151)) or the variance is too large (see (153) and (157)). These bounds taken collectively with (45)
yield

E[(V*(2) - Vr(2)?] = (V*(©2) —E[Vr(2)])* + Var (Ve (2))

2 min { 144(11— )2 96(1 —1 VAT 4096(11— 7)4T} - 4096(11— i (199
provided T > ﬁ
D.3.3 Case 3: medium learning rates (1 — v < ¢, <logT or ﬁ <n< W)
Throughout this case, we assume that

(1) o 1
159
Mo " = 75" (159)
In fact, if 77(() > 1/75, then the scenario becomes much easier to cope with. To see this, applying the previous
result (143) and recalling the choice (43) of p immediately yield

(T)

V@) -EMr@)] 2 B> (160)
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which together with (45) and the assumption T > =z )2 yields

2 1 1
> > .
~ 10000(1 — )2 =~ 10000(1 — )*T

E[(V*(Z) — VT(2))2] > (V*(Q) — ]E[VT(Q)]) (161)

We now turn our attention to the dynamics w.r.t. state 1 and its associated value function V;(1) under
the condition (159).

Two auxiliary sequences. Towards this, we first eliminate the effect of initialization on Q:(1,a) by
introducing the following auxiliary sequence

@t( ) = (1_77t)Qt 1( +77t{1+’7Pt(1|1 a V;: 1} (162)
with
1
1—p’

‘7t—1 = mgxét—l(a) and @o(a) =Q"(l,a) =

where we recall the value of Q*(1,a) from Lemma 3. In other words, {Q:(a)} is essentially a Q-learning
sequence when initialized at the ground truth. Despite the difference in initialization, we claim that the
discrepancy between @Q;(a) and Q;(1,a) can be well controlled in the following sense:

t

Qi(1,a) > ©t<a) - (1 —ni(1— 7))5 a € {1,2}, (163)

1771‘:1

which shall be justified in Section D.3.4. As we shall discuss momentarily, the gap ﬁ H:ﬁzl (1=m(1—7))
is sufficiently small for this case.
Further, in order to control Q;(a), we find it convenient to introduce another auxiliary sequence as follows

1
1—p’

Qr=010-m)Q;_, + m{l +yP (11, 1)@1:—1} and Qy=V*"(1)= (164)

which can be interpreted as a Q-learning sequence when there is only a single action (so that there is no max
operator involved). In view of the basic fact that V; = max, Q+(a) > Q¢(1), we can easily verify that

Qu(1) > (1= m) Q1 ( D) +n{l+~P(1]1,1) )Qr1( N} >Q,, (165)

allowing one to lower bound f/\'t by controlling Q,.

A useful lower bound on the auxiliary sequence (162). In what follows, let us establish a useful lower
bound on the sequence (162) introduced above. Then we claim that there exists some 7 < T (see (179) and
(181)) such that

1 1
v, 7}>7, for t > 7. 166
{t—4(1f7) =2 or=T (166)
The auxiliary sequence constructed in (164) plays a crucial role in establishing this claim.

Proof of the claim (166). We intend to employ the sequence @, (cf. (164)) to help control Vi. Tt is first
observed that the sequence @, admits the following decomposition (akin to the derivation in (135))

Qi =1 —m(1 =) Q1 + {1l +~(P(1]1,1) —p)Q;_ }

=[O -m@=p)Qo+ > m [[ (1=nm =) {1++(Pe(1[1,1) = p)Qy_,}
i=1

k=1 i=k+1
1 t t
t t t -
=i+ 2o+ 2 (R L) - p) @
k=1 k=1
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+Zn“> Pe(111,1) = p) @)1, (167)

k=1

1—719

=l Zk

where the last line results from (128). In order to lower bound @, it boils down to controlling Y, 2.
Note that the sequence {z;} defined above is a martingale satisfying

E[zk | Peo(1]1,1),..., P(1]1,1)] =0

and |2 < max n,(c) P
L—n

1<k<t ’

where the last inequality follows from the basic property 0 < @, _; < ﬁ (akin to Lemma 4) and the fact that
|Pe(1]1,1) — p| < max{p,1 — p} = p since p = (4y — 1)/(37) and v > 3/4. We intend to invoke Freedman’s
inequality to control (167). Armed with these properties and the fact that P(1|1,1) is a Bernoulli random
variable with mean p, we obtain

t

t
— 2
ZVar(zk|Pk—1(l|1,1),. (1]1,1) ) Z (t) —p)(VQy-1)
k=1 k=1
() : ) 1 max <p<; 7y
< 9. < =v=t Tk
Doz M ;"’c 3(1—7) = 4(1—~)2

Here, the penultimate inequality relies on the fact 0 < Q,_; < ﬁ (akin to Lemma 4) and the choice of p
(see definition (43)), whereas the last inequality results from the following condition (derived through (128))

t
(t) 1 . 1 _ 3
2k )1—vp_ AL —7)

— L=~p

Applying Freedman’s inequality (see (58)) then yields

t

\/4 maX1<k<t 77;(c ) 2 dmaxi<p<t n;(f)
zk| >\ ————=—log —==F ]

2

k=1

As an implication of the preceding result, a key ingredient towards bounding ZZ=1 zi lies in controlling

the quantity max;<p<; 77,(:). To do so, we claim for the moment that there exists some 7 < T such that

1 >
ax - < o for t >, (169)

whose proof is postponed to Section D.3.4. In light of this claim, setting § = 1/2 in the expression (168)

yields
1
Z = 2(1-7)
with probably at least 1/2. Combining this with the decomposition (167) and the property (165), we arrive at
1 11
L=y 2(1-7) 4(1-7)

with probability at least 1/2, where the last identity relies on the choice of p (see the definition (43)). This
establishes the advertised claim (166). O

Vi>Qu1)>Q, >
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Main proof. With the property (166) in place, we are positioned to prove our main result. Towards this,
we find it convenient to define

Aa) = Qi(a) — Q*(1,a), a=1,2 (170a)
At max = max As(a). (170b)

The goal is thus to control Ar may; in fact, we intend to show that Ar max is in expectation excessively large,
resulting in an “over-estimation” issue that hinders convergence. Towards this, it follows from the iterative
update rule (162) that

Ara) = (1 =n)Ae-1(a) + 0 (1+ P11, ) Vit — Q*(1,a))
= (L=n)Ar1(a) + ey (Po(1]1,0)Viey = pV*(1))
(1= ne)Ae—1(a) + ney (p(Vicr = VF(1)) + (Pe(1]1,a) = p) Vi)
(1= n) A1 (@) + 70y (PA1-1 e + (P(L11,0) = ) Vi),
Here, the second line comes from the Bellman equation Q*(1,a) = 1 + ypV*(1), whereas the last line holds

since V,_; — V*(1) = max, (@t_l(a) — V*(1)) = max, Ay—1(a) (as a consequence of the relation (44)).
Applying the above relation recursively leads to

an IT (1= (pcsmac + (Bl 1,00~ )Tics). an)
k=1 1=k-+1

where we have used the initialization Ag(a) = 0. Letting

an H (1= m)v(Pe(1]1,0) = p)Vis, (172a)

k=1 i=k+1
gt,max = max ft (a)» (172]3)

one can express the above relation as follows

At,max = an H (1 - ni)'ypAkamax + €t7max-
k=1 i=k+1

Next, we claim that E[{; max| satisfies the following property

E[&¢,max) forallt >7 (173)

w/ (1- 2TlogT

for some universal constant ¢ > 0, where

T = max {7" H (1 —ni(1=p)) < g} (174)

whose existence is ensured under the condition (159). Given the validity of this claim (which we shall justify
in Section D.3.4), we immediately arrive at

t t
E[A¢ max] > Z H - 'ypE[Ak 1,max) ¢ forallt > 7. (175)
k=1 i=k+

\/(1 — )T logT

In order to study the above recursion, it is helpful to look at the following sequence

(176)

c
= (1 —ny)re—q + Ti_1 +
t ( 77t) t—1 77t<’)’P t—1 (1—7)2T10gT)
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with 7 = 0, where we recall the definition of 7 in (174). In comparison to the iterative relation (175) which
starts from E[Ag max] = 0 (and hence E[A; max] > 0), we let the sequence z; start from x> = 0, where 7 is
defined in (174). It is straightforward to verify that

IE[AT,max] > xr, (177)
recognizing that
t t T T .
Tt = Mk L —mi)yprp—1 + Mk 1—mn) )
=z 1L 0= N

A little algebra reveals that the sequence (176) obeys

T

T
C
- 1— (1 —
o w/(l—fy)QTlogT’;nkizlgrl( (=) = TR= 2TlogT1—’Yp P

A 3¢
1-J[(=n1=9p)| >

3c
4/ (0 —7) TlogT ~28/(1 =) Tlog T’

where the second equality arises from (129), and the last inequality holds as long as HZ;? (1—ni(1—vp)) < 6/7
(see (189)). This taken together with (177) leads to

E[Arm] 2 072 ﬁbﬂ.
Combining the above bound with (163) leads to
r
E[Ve() = V()] > E[Arme — 7 [0 - )]

3c 1

- QSngT B 1—72(1777i(177))'

Taking this together with (136), we arrive at

T T
1 3c 1
> T = m@ =), - 1—m(1 -
> max 1_711;[1( 73 ( “Y)) 28/(1 = 1) Tlog T 1_711;[1( 73 ( ’Y))}
1 1 T 3¢ <
> - — 1 i (1 — (1 —7
2 1—’7};[1( m(1=7) 28y/(1 —)*TlogT 1-— £[1 A )]
c
©56,/(1—4)* T logT

This combined with (45) establishes the following desired lower bound:

2
) 3¢ 9c?
maxE||Vr(s) — V*(s > = ’
axE| V() = V()] 2 (megT) 562(1 — 7)*T'log” T

D.3.4 Proofs of auxiliary results

Proof of the inequality (163). We shall establish this claim by induction. To begin with, the inequality
(163) holds trivially for the base case with ¢ = 0. Now, let us assume that the claim holds up to the (¢t — 1)-th
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iteration, and we would like to justify it for the ¢-th iteration. As an immediate consequence of the claim
(163) for the (¢t — 1)-th iteration and the definitions of V;_; and V;_1, we have

Viei(1) = maXQt 1(1,a) >math 1( fﬁ —n(1— ))

—Vt 1_71—[ 7721_ ))

7,

By virtue of the respective update rules of Q;(1,a) and @t(a), we can express their difference as follows:

Qi(1,a) — Qi(a) = (1 = 0)(Qs—1(1,a) — Qs—1(a)) +neyPe(1]1,a) (Vi1 (1) — Vi1)

t—1

>—(1—nt)1i7H(1—m(1—7))—ant(1|1,a)1i7H(l—m(l—v))
i=1 1=1
>~ =)= [T - =) —mo = [[ - w-)

t

= *LH (1=m(1=9)),

1_72':1

where the first inequality invokes the induction hypothesis for the (¢t — 1)-th iteration. This establishes (163)
for the t-th iteration, and hence the proof is complete via an induction argument.

Proof of the claim (169). When taking the constant learning rates n; = n < W < % (under the
condition T' > W) one has

max n()<m=77<i

1<k<t " = 50’

thus allowing us to take 7 =1 for this case.

It then suffices to look at rescaled linear learning rates (i.e., n; = As already calculated in

1
1+cn(1—’y)t)'
the expression (154), the ratio of two consecutive quantities obeys

t
mly 1= 40— )m a78)
77,(;) 1—cy(1 =)k

In what follows, we divide into two cases, depending on whether this sequence is decreasing or increasing.

o The case wz'th 4/3 < ¢; < logT. In this scenario, the ratio in (178) is larger than 1, and hence the

sequence (1 Jecreases with k. Let us define
M

T = min{T’ ’ H(l—m(l—’ﬂ))) S;}, (179)

i=1
which clearly satisfies 7 < T (in view of (159)). For all ¢ > 7, one has

1

max 7, Hl—ml—w)) =5

1<k<t

At the same time, we claim that one must have

T

[[@=n—-qp) <

=T

(180)

[V )
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Otherwise, recalling néT) = H;TFZI (1 —ni(1 —vp)), we have

ny ) = {H (1_772’(1_717))} {H(l—m(l—w))} > %;2715

i=1 =T

o

which contradicts our assumption that n(T) > 1/75 (cf. (159)).

e The case with 1 — v < ¢, < 4/3. In this case, the sequence 77,(:) increases with k. If we set

49 50
e ] <7, 181
a7 ST (181)
then for all ¢ > 7 we have
O _ 0 _ o 1 _
e e = )

Under the condition 7" >

(1 7)2 > (11507) (so that T —7 41> (11097) > (1_17)4/3) one can show that

T 100
1 —4\T-7+1 1-— T-~)4/3 3
1— (1 — (1—7) <<1 ) <2 182
E( mi(l=p) < 100 = 100 =1 (182)
e Putting these two cases together (with 7 specified in (179) and (181)), we obtain
1

ax nf) < —

<0 (183)

1<k<t

for all ¢ > 7, thus establishing the desired inequality (169).

Proof of the inequality (173). For every ¢, recalling the definition (172), it is convenient to write

E[; mae] = E [&(1) +&(2) +2\£t(1) - £t<2>l] & [@(1);@(2)]
B %E Yome JT (=m)y(Pe(1]1,1) = Pe(1]1,2)) V1) ||
k=1 i=k+1

where we have used the fact that E[¢;(a)] = 0. To control the right-hand side of the above equation, let us
define

t
=> 2 m=m H (1 =)y (Pe(1]1,1) = Pi(1]1,2)) Vios
= i=k+1

for any k > 1, where {z;} also forms a martingale sequence since

]E[Zk {P;(1]1,1), Pi(1] 172)}1§j<k} =0.

As a consequence of Freedman’s inequality, we claim that (; satisfies

8log2 2 4n,log 2
AENE Slog§ LS [ H )] +37(717fg5 <. (184)
k:l i=k+1

To verify this relation, we first notice that

t
1 "t
< m I <
|2k 1<2§t7lk;1;£1<1 m) T < : (185)
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provided that maxy H;:k+1 (1 — m) < ;. To verify the condition maxy 1 HZ:kH (1 — 771-) < 74, one can
check—similar to (154)—that

moa Mo (L=m) | (L= ep(L=)me L (186)

M Mimigr (1—mi) L—cy(I=7)m —

which indicates that 7 Hﬁzkﬂ (1 —m;) is an increasing sequence as long as ¢, < logT < ﬁ (see (125)). In
addition to the boundedness condition (185), we can further calculate

t
3 WVar(zi | Peca(1]1,1), Peca(1]1,2), ..., Po(1] 1,1), Py(1] 1,2))

k=1
t 2 t t 2 9
=> n H L=m)| ~2(1-p) (¥Wi)® Zi I C=n)| s,
k=1 i=k+1 i=k+1 3(1-1)
where the last inequality comes from the facts that Vk 1 < —7 and the choice p = . These bounds
taken together with Freedman’s inequality (see (58)) validate (184).
2
By virtue of (184), setting § = U-)'F ¢¢|?] yields that with probability at least 1 — 6,
2
8log2 ‘ 2 dnlog2 (1—9)?
Gl<Bi= |23 2 1—n)| +-—0——72 thé—i G 187
| t| 3(1_7);nk{i_lgrl( )] 3(1_,}/) U t| ] ( )
When T > =2 )2, one can ensure that
1 1 1 9
El¢max] = sE[IG] > sE[IG[1(I¢] < B)] > s5E[[¢G1*1(1¢] < B)]
2 2 2B
1

= = {El - ElGP1(lal > B)]}

® 1 9 1

> -

> 55 {ElGP) - g—P{lal > B} }

1 ) (i)
> N —— ) 1
> s {ElaP) - 2} = g5l (188)

Here, (i) holds since

|Ct Z|Zk\ < lZ"?k ﬁ 771)] ﬁ < %

k=1 i=k+1

as a consequence of (185) and (69); (ii) holds by the choice of 6. It is thus sufficient to lower bound E[|¢;|?].
Towards this, let us define

~| o

T
T = max {T' H (1—=ni(1—=~p)) < }, (189)

which clearly satisfies 7 <7 < T (in view of (180) and (182)). Then, for all ¢ > 7 one has (which shall be
proved towards the end of this subsection)

i"i{ ﬁ (1—7%] Et:n [ H 1—m)r. (190)

k=1 i=k+1 k=1 i=k+1

OO\F—‘

We now proceed to lower bound E[|(;|?] for t > 7. We first observe that for any t > 7,

t
E[|GP] =) E
k=1

t

Var(nk I1 (1—ni)7(Pk(1|1,1)—Pk(1\1,2))17k_1|17k_1)
i=k41
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%Z lVar(nk H (1*?7¢)’Y(Pk(1|171)*Pk(1|172))‘7k—1|‘7’€—1 =z 4(11_,),)>]’

i=k+1
where the first line relies on (139), and the last step makes use of the fact (166). To further control the
right-hand side of the above inequality, we take 7/ := max {t - ﬁ, 1} and show that

i

E[|¢:[?] Z%Zn [ H 1—m] 72-219(1—19)@

—~
=

k=1 i=
1 t ) t NEE) 1 ¢ ) t 2
- 48(17),€=Tn’“{i:1;[+1 (1 m)} = 400(1 — ) ;"’“[i}ll (1 ’71)}
>¥i 2{ f[ (1- ')r@L (191)
= 2001 =) &, L AL BT = 56001 =)

Here, (i) makes use of the constraint V,_; > 4(1 =y while (ii) makes use of (190), and (iii) are valid if the

following property holds (which shall be proved towards the end of this subsection)
¢ t > 1
2
)| > —=n.
Z ﬁk{vH (1 771)} =i (192)
k=1’ i=k+1

We are now well-equipped to control E[&; max| using the property (188). Recall the expression of B in
(187), we know that bounding E[|(;|?]/B boils down to controlling

E[|G]?] E[Ge[?]

Llogg 5 2'
— Ky log £ t t
o fij Dok=1 771% [Hi:k-i-l (1 - ”i)}

and (193)

e For the first term in (193), recalling that § = %EHQP], we can demonstrate that

1 1—~)2 1— 19200(1 + (1 = )T log T
logg:—log( 27) A=)m _ 1920001 + (1 ~~)TlogT)

<logT, (194
19200 — 0% 1+ SlogT,  (194)

EUQP] < —log

where the first inequality makes use of the bound (191), and the second inequality arises from the fact
MmN > W (given the range of the learning rates in this case). Combining this with (191), we
can guarantee that

ElGf . 1
1’1”7 log% ~ logT

e Moving to the second term in (193), one can ensure that

EUQF] (1>) 1 t ) t 2
T—m
log 3 ¢ o[ 7t 2~ (17)10ngz=:1nk[i=1;£1( 77)}
T > k=1 Mk {Hi:k-&-l (1 - 771)}

(1- logT mlogT

Here, (i) follows from (191) and (194) since

E[|¢:|*] ZH[H l—m)]2 and logg,ilogT;

(ii) arises from (192); and (iii) relies on the fact n; 2 given the range of the learning rates

1
(1—y)T log T (
in this case).
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Substituting the above relations into (188) and using the expression of B in (187), we reach at

[ft maX] = 4B [ICt ] \/ﬁlogT

for some constant ¢ > 0. Thus, this validates the inequality (173).

Proof of the claim (190). By the definition of 7 in (189), we have HiT:? (1—=ni(1—~p)) < 6/7. An important
observation is that

¢ ¢ t t ¢
i 1
> [ II (1—771')] C1-Tla-w) > g2 g [ 11 (1—771')1 : (195)
k=r  Li=k+1 i=T k=1  Li=k+1
Here, the relations (i) and (iii) arise from (70), and the inequality (ii) follows since
a a I, (1 —m(—-9) _3/4 _7

L—m) < L—m) < 1=n;(1=p)) = =7 < <z (196)

H ( ) E’ ( ) g’ ( ) HiT:?H (1 - 77i(1 - W’P)) 6/7 8

where 7 is defined in (179) and (181) for linearly rescaled learning rates and 7 = 1 for constant learning rates,
and we have also made use of (159), (180) and (182) in the penultimate inequality in (196).

With (195) in place, we can continue to prove the claim (190). Recognizing that nk[H’;:kH (1—mn;)] is
increasing in k (see (186)), we can obtain

i 11 =)= e {11 0]} Sl IT 0-0)

1=T 1=

Enl bl
Il |
— —

i=k+1 P i
t T—1 t
<77¢{H 1—771}2771@{1_[ 1—771)}
1=7+1 k=1 i=k+1
t t t
[ II 1—771‘)} an{ 11 (1—7%)}, (197)
i=7+1 k=t  i=k+l1

where the last inequality comes from (195). With the preceding inequality in place, the claim (190) then
follows by observing that

>t T1 (-] > o, {oe] 1T 0=m] {3 11 -]

k=1 i=k+1 i=k+1 k=1 i=k+1
t t t
ZWT[ 11 (1—771-)] Zm[ 11 (1—771-)}7
i=7+1 k=t i=k-+1
where we make use of the monotonicity of n [ Hf:k 41 (1 — 772)] again. O

Proof of the claim (192). Note that for 7/ := max {t — Tl/z’ 1}, one has

t

—7' t 1
nk[ 11 (l—m)}Zm(l—m/z)t > 1 (1= 1)2) /"”Zgn for all 7/ <k <t,
i=k+1

as long as the following condition holds (recalling the definition of 7 in (189))
Mey2 < 2 < 27 < 1/10. (198)

In addition, similar to (129), we can derive

t t t t
dome [T =m)=1-T[(1=n)> 1‘ma"{<1—m)”"‘”“’ H(l—m)}
k=r'  i=k+1 =7/ e
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> 1 _max{el/Q’ H (1 _771)} > %7
1=1

where we once again use the condition (198), and the last inequality comes from the derivation in (196).
Putting these two bounds together yields

t t t t
Zni[ H (l—m>r Zk‘_lgli%<t{77k{ H (1—m)]} Z nk[ H (1—m)}
k=" i=k+1 o i=k+1 k=1 i=k+1
L1 1.1
=3 g =24

To finish up, it remains to justify (198). This condition is obvious for constant learning rates. As for
rescaled learning rates, one can see that

L > 19 forallt >7
i — I 7
T T (= A)eyi = 200,(1—7)i =7
where 7 := [ - (119_7)]. This allows one to obtain
T T T T cy(1=—)T

19 191log = 19log "~ 1
1 [ 1—mn;(1— ]<— (1 — < — < — T < - 20 < —Z,
og g( n(1—7p))| < ;n( p) < ;15@7@' S TP e <73

provided that T > Ofify)z, for some sufficiently large constant ¢; > 0 and 1 — v < ¢, < log7". Taking this

together with (189) implies that 7 > 7 and hence nz < nr = =1/20. O

1
I+(1—=)enT

D.4 Proof of Lemma 3
Given that state 0 is an absorbing state with zero immediate reward, it is easily seen that
VT(0)=0 for all = V*(0) =Q*(0,1) = 0.

Moreover, by construction, taking action 1 and taking action 2 in state 1 result in the same behavior (in
terms of both the reward function and the associated transition probability), and as a consequence,

Q*(1.1) = Q"(1,2) = V*(1). (199)
From Bellman’s equation, we can thus deduce that

Q*(L,1) = r(1,1) +yP(0[1, )V*(0) + yP(1] 1, YV (1),
which in conjunction with (199) and a little algebra leads to

o (L) +APO[LVEO) 13
e B CTE N I S e

Here, the second identity follows since V*(0) = 0, and the third identity makes use of (43). The calculation
for V*(2) and @*(2,1) follows from an identical argument and is hence omitted.
Turning to state 3, by Bellman’s equation, we have

V*3)=Q*(3,1) =r(3,1) +vP(3]3,1)V*(3) = 1 + 4V *(3),

which leads to V*(3) = ﬁ
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E Analysis for asynchronous Q-learning (Theorem 4)

E.1 Notation and preliminary facts

Vector and matrix notation. We shall adopt the vector notation Q; € RISl V; € RISI ¢ € RISIAI ip
the same way as in Section 4.1. The sample transition matrix P, € RISIMIXIS| i the asynchronous case is
defined such that

1, if (s,a,s") = (s¢_1,ai_1,5¢);
Pt(<s7a>,s')={0 F ) = et (200)

It is also handy to introduce the diagonal matrix A, € RISIAIXISIAL guch that

At(($7a)’ (s,a)) _ {777 if (Saa) = (stflvatfl); (201)

0, otherwise.

Armed with the above notation, the asynchronous Q-learning update rule (48) can be conveniently expressed
as follows:

Qt = (I — At)Qt—l + At (7' + "YPt‘/t—l)~ (202)

Range of V; and ;. Similar to the synchronous counterpart, we have the following elementary properties.

Lemma 7. Suppose that 0 < n; <1 for allt > 0. Assume that 0 < Qg < ﬁl. Then for any t > 0, one has

1 1
0<Q;<—1 and  0<V,<——1. (203)
1—»v 11—~

Proof. The proof is the same as that of Lemma 4, and is hence omitted for brevity. O

E.2 Main steps for proving Theorem 4

We are now in a position to outline the main steps for the proof of Theorem 4.

Step 1: deriving basic recursions. According to the update rule (202), we can derive the following
elementary decomposition

Ay =Q —

(I At)Qf 1 +At(”‘+’YPtVt 1) Q”

(I At) (Qt 1 ) + Ay (7' +yP Vi1 — Q*)

(I-A)(Qi1 — Q%) +7A(PViy — PV?)

— (I = A)A 1 +7A (P = P) Vi +7AP(Viy — V), (204)

where the penultimate identity follows from the Bellman optimality equation @* = r + PV*. Combining
(204) with the inequalities (33) and using the definition (27) of m; result in

At S (I — At)At—l + F)/At(Pt — P)W—l + ’YAtPﬂ—tflAt_l, (205&)
Ay > (I—A)A1 +7A(P, — P)Vioy +yAP™ Ay, (205b)

Apply the above two relations recursively to obtain

t t t t

A<y I -A)AP -P)WViii 443 [ (I-A)AP™ Ay + [ (I-A;)Aq (206a)

1=1 j=14+1 1=1 j=1+1 Jj=1
t t t t t
A=Y ] T-A)A(P—P)Viia+4> . [ T—A)APT A+ [ (T-Aj)Ao.  (206D)
=1 j=1i+1 =1 j=1i+1 j=1
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By defining the following diagonal matrices

[ (I—A), if i =0,
AV = AT (T - Ay), Hf0<i<t, (207)
Ay, ifi=t¢,
and setting
c3(1—7)
— '/ 2
B log T (208)
for some constant ¢z > 0, we can rearrange terms in the upper bound (206a) to reach
(1-p)t
A < A(()t)AO + Z A,Et) [(Pz — P)Vvifl + Pm’lAifl}
i=1
=:(t
t t
+r > AP -PWViat+y Y. AYPTAL (209)
i=(1—B)t+1 i=(1—B)t+1

=&
In the subsequent steps, we shall first develop bounds on the sizes of the terms ¢; and &; in (209) separately,
and then combine these bounds with (209) recursively in order to derive the advertised upper bound on A;.
Step 2: bounding the terms ¢; and &;. The terms ¢; and &; defined in (209) can be bounded with high
probability by the following lemmas.
Lemma 8. With probability at least 1 — §, we have
4
(1=7T

ﬁ <t <T. Here, ¢y >0 is some constant obeying c4 < cic3/4, where the constants ¢
and c3 appear in (52a) and (208), respectively.

[€elloo < (210)

for all t obeying

Proof. See Section E.3.1. O

1 3
Lemma 9. Suppose that 0 < n < %

16(10g3 T)(log |SHA|T) 6(10g3 T)(log |SHA|T)
&) < \/ (1 = 9)T ttmin ((1*%’1)%;@ Varp(Vi) + 1) * (1 = 9)*T tomin ! (21D

With probability at least 1 — 8, one has

for all t obeying <t <T for some constant cq4 > 0.

cq logT
Proof. See Section E.3.2. O
Step 3: controlling A;. Consider any ¢ obeying —-— <t < T and any k obeying 2¢/3 < k < t. Under

the sample size condition (52b), Lemmas 8-9 together Wlth a little algebra lead to

32(log® T) (log |SHA|T
el + l€x| s\/ ( g L()Tu )((1_gg}<<i<kVarp(Vi) + 1) < V@i,

where we define

32( log® T) (log ISHA‘T) (
pr =

: . 212
=T maix;(tVarp(VZ) + 1) (212)
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Combining this inequality with (209) allows us to obtain

k k—1
Ap < Vi + Z Agk)’yP”"*lAifl =/p: + Z Agi)ﬂPT”Ai for all 2t/3 <k <t. (213)
i=(1—B)k+1 i=(1—B)k

Similar to the quantity a ) defined in (76), let us define

-1
D= (X al) Al 21

J=(1-p)t
which, according to (69) and the definition (201), clearly satisfies

t—1
DY >A" >0  and > DP=1I (215)
i=(1—p)t

Set ig = t for notational convenience. With this set of notation and the property (215) in mind, we can derive
the following bound

t—1

A< Y (DOvE+ AL PmAy)
’ilz(lfﬁ)t
t—1 i1—1
< X |poveeatiors S (ove s agorea,)]
ilf(lf )t io=(1—PB)i1
i1—1
S SR INCED DU SN N
i1=(1-p)t i1=(1-p)t iz=(1—p)i1

211 2

+ Z > H AL AP A
’Ll (1 ﬂ)t 12= (1 ) k=1
t—1 i1—1 11—1

Z Dz(f){'[—i_ Z PWHD(ZI)}\/*_F Z Z H Agzill) PﬂZk)Aiz' (216)
Bt

ilz(lf ’l‘2:(17ﬁ) 1= (1 ﬁ)t’bz (1 ,B)Zlk 1

Here, the first relation makes use of the second property in (215), the second relation further expands A;, in
the same way as in the first line of (216), whereas the third inequality relies on the first property in (215).
Next, we intend to invoke the above relation multiple times to reach a simpler relation. Set

logT
1—7v

H =

(217)

Similar to the way we derive (84), we can apply the relation (216) recursively and use the basic relation
|Ag| < ﬁl for any k to show that

H-1 h
A< > {DS) <I+ H (P Dzi’.l)l )\ﬁ+7H H Afiif P"%)|A2H|}7 (218)
VETL: k=1

(i, vim h=1

where Z; has been defined in (82). To further simplify (218), we need to control the two terms on the
right-hand side of (218) separately.

e We shall begin with the first term on the right-hand side of (218). Towards this end, let us define a
collection of policies {7y} recursively and backward as follows:

arg max, ey II™ , ifk=H—1,
_ { gmaxren 117/ (219)

I .
g arg maxyery IT™ (IJrZh kthH?:lP”f)\/c,?t, ifk=H-2,---,1,
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or alternatively (in view of the definition (24) of P™),

R {argmaxﬂenpﬂﬁ/ t ifk=H—1;
Ty ==

~ 220
arg max e P™ (I+Zh k+1’YhH?:1 Pm) /or, ifk=H-—2--- 1. (220)

Here, II is a policy set satisfying
I := {7 = [x(s)]ses | 7(s) € I, Vs € S}, IL, == {m(s) |i € [t/2,1)}; (221)

in words, for any policy 7 belonging to II, each 7(s) coincides with one of the policy iterates 7;(s) during
the latest St iterations, although we do not require all {m(s)} across different states to be associated
with the same time stamp 7. With this collection of policies in place, we can deduce that

H-1 h
> o1+ X ITermol) ) ver
i TH h=1 k=1
H-2 h H-2 )
- X Zﬂ%”IUPMmﬂ+H WP D) (P ) ) v
i1, iH—1 UH h=1 k=1 =
H-2 h H-2
oy 0 (re X [T erren) < T Grreni) (eme Y0l ) ) v
i1, iH 1 h=1 k=1 k=1 iy
0 H-2 h H-2
= > DY (I+ [I (P DY) + @PMDE;iMP%)@
21 iH—l h=1 k=1 k=1
(i) H-2 H—2

h
[T 627D + IT (P Dl )P ) v

21, ,iH71 h 1 kzl k:].
H-3 h H-3 ~
= % (14 X TL6PD) + [T PrDf oo (30 D42 ) 1407) )
81, U H—2 h=1 k=1 k=1 TH—1
H-3 h H-3 ] N
(iii) Z D(t) (I + H (’)/Pﬂ"k Dz(;i)l) + (,mek D@(ler)l),ypmH72 (I + ,yPﬂHl)> \/@
1, ,ZH 2 h:1 ’C:l k:1
(iv) H-3 h -3 R R
< Y DY (I + 3 ] (vP™eDi)) + H (vP™ DI )y P72 (I + 'yP”Hl)) VPr,
i1, iH 2 h=1 k=1 k=1

where we abbreviate >, ., ez, @8>, . ;. aslongasit is clear from the context. Here, (i) and (iii)

arise from the second property in (215), while (ii) and (iv) are due to the construction (220). Continuing
the derivation of the above inequality recursively, we arrive at

H—-1 h

Z D" <I+ Z::l 1;[ PyP”%DZHl))f < (I+ Z o H P”k>

10 tH h=1 k=1
e We now turn attention to the second term on the right-hand side of (218). It is seen that

Ol | ECVEU RIS il | (et

i1, iy k=1 i1, .ty k=1

1,

H-1
_ 1"/_7- Z H Dgzk—l)Pﬂ'Lk (ZD TH—1) PT(LH]_))

i1, ,iH—1 k=1

- Y o ee (o
Gy, i 13
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H—-1
fy (2 T
T 1+ Z H( S ©)
11, ,tH—1 k=
H =T
1—»n 1—n
1
— 1,
T (=T

where the first line follows from the first property in (215), the third line is due to the fact P™1 =1 for
any m, and the fourth line arises from the second property in (215)

Substituting the above two bounds into (218) yields

<I+hz:17 HP”k) 4

A fpe (222)

=0
Step 4: putting all pieces together. Repeating our analysis for the term 3; in Section B.2 (i.e., Step 5
of Section B.2 with Lemma 5 replaced by Lemma 6), we arrive at

320(log4 T)(log ‘SHAlT)
2 < 1+2 A, 00)1
82 < T (1+ juax 4]

with probability at least 1 — . Substitution into (222) then yields

A, < 320(log3 T) (log |SHA|T)

1
1+ max ||A, Oo) 14— 1
N 72(1 - )4T,Um|n %Sii(t H || (1 — ’}/)T

log® T') (log 1SIAIT
<30, 4 ! ) (log ) (14 max JAil) 1
v (1 - ) Tﬂmln %§i<t

(223)
holds simultaneously for all ¢t > TgT’

provided that the sample size condition (52b) is satisfied. Similarly,
we can also establish the following lower bound on A; (which we omit the details for the sake of brevity)

log T) (1og SIAIT
A, > —30 ( g2 )( f o ) 1+ max HAZHOO) 1
Y (1 - ’Y) T,umin %§i<t

with probability at least 1 — §. To summarize, it is seen that with probability exceeding 1 — 24,

(log4 T)(log |SHA|T)
Ayl < 30 (14 max |Ai«)-
1A T (1 s A

(224)

This resembles the relation (40) derived for the synchronous case, except that 7" in the denominator is replaced
with pminT'. As a result, we can readily repeat the argument in Appendix B.4 to reach

[A7]o < O(\/(10g4T)(1 g ISIAIT)

E U )
(1 - ) Tﬂmm ( - ) Tﬂmm ’
which in turn establishes the claimed result in Theorem 4

(225)
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E.3 Proofs of technical lemmas
E.3.1 Proof of Lemma 8

In view of the definition of ¢; in (209) and the fact that A(()t) is a diagonal matrix, we can deduce that

oo < AP A0]|s0 + ¢ A P At ]loe + 1P Vicilloo + IPVie1 oo
¢l < IAS N[ Aolloo +,_max AL _max (] oo + 1PVl + [PVica )

<AL A AW {1P™= A Py +11PJ) Vil }
<A Aol +0_max  JAD_max (1P Ao+ (B + P Vit

DA Ao+ max  [AD] max (A 1] + 2 Vio1]lo)

1<i<(1-B)t 1<i<(1-B)t
@111
-T2 11—~ T2 1—7
< 4
T (=T

Here, (i) holds true since ||P™i-t||; = || Pi||1 = || P|l1 = 1. To verify (ii), we first define
tx(s,a) = the time stamp when the trajectory visits (s, a) for the k-th time (226)

and
Ki(s,a) = ‘{k > 1| te(s,a) <t}

: (227)

namely, the total number of times — before the ¢-th iteration — that the sample trajectory visits (s, a).
Then Li et al. (2022¢, Lemma 8) tells us that with probability at least 1 — ¢,

K, (s,a) — K, (s,a) > =(t1 — t2) ttmin, (228)

N | =

holds uniformly for all (s,a) € S x A and 0 < ts <#; < T obeying

886t mix S||AIT
tl—tQZ m10g||| | .

Hmin 6

This in turn implies that: if St > % log % and i < (1 — )¢, then one has

t
(t) — _ . — _ Kt(s,a) _ It min i
1Al = };[l (I-4y) ‘ = <s,§§1§‘§‘xA(1 n) < (1—m)aten < o (229a)
t
) , 1
||Al(t)‘| = HAZ H (I—-A)) ’ < I(rgl?)((l _ n)Kt(S,a)_Ki(é7a) <(1- n)%ﬂtum.n < 72 (229D)

j=i+1

with probability at least 1 — §, provided that nBtumi, > 4logT. In other words, (229) holds with probability
at least 1 — ¢, as long as

4logT tmix T 4T tmix T
t> max{ o8 886 log [S11A } = max{ 886 log [S1iAl logT}.

nﬁﬂmin ’ ﬁl-jlmin ] C1C3 IOgT’ 63(1 - ’V)Nmin )

This taken together with the sample size assumption (52b) concludes the proof of Lemma 8.

E.3.2 Proof of Lemma 9

Fix any state-action pair (s,a) € § x A, and let us look at the (s,a)-th entry of &, i.e., &(s,a). For
notational simplicity, let A;(s,a) denote the (s, a)-th diagonal entry of the diagonal matrix A, and P;(s, a)
(resp. P(s,a)) the (s,a)-th row of P, (resp. P).
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Using the definition of & in (209) and the above notation, we can derive

&i(s,a) =~ Z H (1= A (s,a))Ai(s,a)(Pi(s,a) — P(s,a)) V;_1. (230)

i=(1—B)t+1 j=i+1
Equipped with the definitions of t4(s,a) (cf. (226)) and K(s,a) (cf. (227)), we can further rewrite (230) as

Ki(s,a)

Gls,a)=v Y (1= y(P, 11(s,0) — P(s,0)) V. (231)
k=K1 _pyt+1

In what follows, we shall suppress the notation and write ¢, = t;(s,a) and K; = K(s,a) to streamline
notation.

The main step thus boils down to controlling (231). Towards this, we claim that: with probability at
least 1 — 6,

K

Z (1 - W)K_kU(Ptﬁl(Sv a) - P(S’ a))‘/tk
k=Kg

6(log3 T)(log |SHA|T)
(1 - ) Tﬂmm

16(log® T') (log SIAT
6(log® T) (log ) ( max Varp(o (Vi) +1) + (232)

- (1- )T,um,n ticy <i<trc

holds simultaneously for all (s,a) € S x Aand all 1 < K3 < K < T, provided that 0 < n < %

this claim were true, then taking Kz = K(1_g);+1 and K = K; and substituting the bound (232) into the
expression (231) would lead to

(233)

= \/16(log3 7)o =) Varp(Vi) +1) + 6(log”T) (log “HFT) |

(1 - )T,Lme (1—%?§i<t (1 - ) T,Ufmln ’

thus concluding the proof of this lemma. To finish up, it is sufficient to justify the claim (232), which forms
the content of the remainder of this proof.

Proof of the claim (232). Let us use the notation in (64) to express n,(CK) = (1—n)K~*n. For any fixed integer
K > 0, the following vectors
{Pi11(s,0) [1<k <K}

are identically and independently distributed; see Li et al. (2022¢, Section B.1). We can then express the term

K

XK = Z (1 - n)K_kn(Ptk-H(Sa a) - P(37 a))‘/;fka
k=Kgz

as follows:

Xy = Z 2k with zj = U;(CK) (Ptk+1(s,a,) — P(S,a))Vtk,
k=Kg
where the z;’s satisfy
E[Zk‘tk,"' 7t17‘/tka“' 7‘/!‘/1] :O

We intend to invoke the Freedman inequality to control Xy for any K obeying K < T. Similar to the
synchronous counterpart, we can see that

oK 9
B:= max [EA— (HPtk+1H1 + || P|l1 )HVtkHoo < 177k7 < ﬁ)

59



K K
W = Z Var(zk ‘tka"' 7t17‘/tk7"' 7‘/151) :’72 Z (n/(fK))2var((1)tk+1 7P)Vvtk | ‘/tk)

k:Kﬁ k:Kﬁ
K K)\2 K K
< Y ) Vorme (V) < (o ) (3 0 Varr (Vi)
k}:Kﬁ k:K[-}

< max Varpga (Ve) <, e Vare(sa (Vi),

where we have made use of (69). In addition, we make note of a trivial upper bound on W as follows

7 T 2 T, Ve (V) 2 W

With the preceding bounds in place, applying the Freedman inequality in Theorem 6 and taking L = log, ﬁ
imply that

2 4]S||A|T? logy = 4|S||A|T? log, —
|XK|g\/smax{W“}10g SIAIT o6 255 sy AISIIAIT og, o

' 9L 5 3(1—7) 5
4|S||A|T? log, 1= 8 4|S||A|T? log, 1=
< 8nmax{ max Varp(s,a)(Vi),l}log 5 L S 3(127) log 5 1y

tig <i<tx

6(10g3 T) (log |SHA‘T)
(1 - ) T fimin

16( log® T) (log |S”A‘T)
(1 - )Tﬂmln (

IN

max  Varp o) (Vi) + 1) +

tr g <i<ti

with probability at least 1 — W, provided that n < % We can thus conclude the proof by taking

the union bound over all (s,a) e S x Aandall 1 < Kg < K <T. O

F Lower bound for asynchronous Q-learning (Theorem 5)

This section establishes Theorem 5 by identifying a hard MDP instance satisfying the assumed conditions.

F.1 Construction of a hard instance and its values

Let us construct an MDP M,q with state space S = {0,1,2,3} as follows, which is partly inspired by the
idea from Li et al. (2022b). We shall denote by A the action space associated with state s. The probability
transition kernel and the reward function of My, are specified as follows:

Ay = {1,2), P(-| ) [1,0,0,0], r(0,1) = % (234a)
1—2(1 =) (1 = po), 2(1 = 7)p1, 2(1 = ) p2, 2(1 = y)pa), 7(0,2) =0, (234b)

Ar = {1,2,3}, P(-|1,1) B o, 1 ;(1_@“0,0,0}, r(,1) =1, (234c)
P(-]1,2) = B o, 1 — g(l —7),110,0,0}7 r(1,2) =1, (234d)

P( | 17 3) [07 1- 3 1- )(HQ + :U'S)a 3(1 - 7).“27 3(1 - 7):“3]7 7‘(1, 3) = Ov (2346)

A ={1,2}, P(-|2,1)= [2( =)o, 0,1 —2(1 — )MO?O], r(2,1) =1, (234f)
P(-12,2) = [072 T—y)pr,1—2(1 - )(N1+N3)72(1_7)M3]7 7(2,2) =0, (234g)

As ={1,2}, P(-|3,1)=10,0,0,1], r(3,1) = %, (234h)
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P(-13,2) = [2(1 = Y)p0,2(1 = 7)1, 2(1 = y)pz, 1 = 2(1 = y)(1 = p3)], 7(3,2) =0, (234i)

where the parameter p = [ug, p1, p2, p3] € A(S) is set as

2 2 ¢ 1 ¢,
— |2 2_ - 235
a [5’5 log?T 5 log? TV’ (235)
for some sufficiently small quantity 0 < ¢, = O(1). In particular, actions 1 and 2 from state 1 are identical,
which will play a similar critical role as the case of synchronous Q-learning in pinpointing the “over-estimation”
issue.
In addition, let the behavior policy 7, be uniform distributions such that

m(als) for all s € S and all a € A,.

1
|As|’
Then the transition probability from state s to state s’ under the behavior policy 7, is given by

P™(s'|s) = Y mp(a|s)P(s'|s,a) = vL(s" =) + (1 = 7)p(s).
ac A,

With this in mind, it can be easily verified that the stationary distribution under 7, is given by

1
pp(s,a) = A |u(s)7 for all s € S and all a € As.

This together with (235) implies that

Cu
min — . 236
Hmin = S 10g2 T (236)

Moreover, if the sample trajectory is initialized with an initial state distribution g, then the marginal state
distribution at time ¢ can be calculated as

pe = (P™) o = (YT + (1 =7)ul ") o = 7o + (1 =),

thus indicating that the total variation distance dtv between p; and p obeys

1 1
drv(pe, ) = sl — pll = 57 o — pll
2 2

Consequently, the mixing time of the sample trajectory (Paulin, 2015) obeys

Cmix,1 Cmix,2
fonix [ L } 237
i1, (237)

for some universal constants cmix,1, Cmix,2 > 0.
Before embarking on the analysis of the behavior of asynchronous Q-learning, let us first look at the
optimal value function and Q-function of the constructed MDP.

Lemma 10. Consider the MDP Mpawg as constructed in (234). It holds that
2

V*(0) =Q*(0,1) = 30— (238a)
Q7(0,2) <V*(0) - %; (238b)
V(1) =Q"(1L1)=Q"(1,2) = %; (238¢)
Q'(1,3) < V(1) - L (2380)

87
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Vi(2)=Q"(2,1) = 3(5%)(817—7); (238e)

Q"(2,2) <V*(2) - g; (238f)
Vi) = Q6. = (235¢)
Q'(3,2) <V*(3) - §. (238h)

Proof. In order to justify (238), let us begin by defining two vectors V' and @ as follows:

2 5+2 15+ 8 3 1T
V= e d 7)},

3(L=7)" (54+37)(1—7)" 3(5+4y)(1—~) 401 —
Q=r+~PV,

where r = [r(s,a)] denotes the reward vector. Then the claimed expressions of the value function in (238)
are valid as long as we can validate V(s) = max, Q(s,a) (namely, they satisfy the Bellman equation). These
are elementary calculations, which we omit for brevity. Once the expressions of both the value function and
the Q-function are settled, the remaining set of advertised inequalities can be validated straightforwardly,
which is omitted as well for conciseness. O

F.2 Analysis for the constructed MDP

We now proceed to analyze the dynamics of asynchronous Q-learning when applied to the above MDP
instance, for which we divide into three cases based on the magnitudes of the learning rates. Throughout
the proof, we denote by t;(s,a) the iteration number corresponding to the k-th time the state-action pair
(s,a) is visited, and let Nr(s,a) represent the total number of visits to (s,a) up to time T. We shall also
reuse the notation of the sample transition matrix P; defined in (200), as well as the value estimate vector
Vi = [Vi(s)]ses as in Appendix E.1.

. : 1
F.2.1 Case 1: small learning rates (1 < —7—7)

(1—)?

In this case, we focus attention on analyzing state 3. To begin with, we claim that if n < cg Tog T for some
sufficiently small constant cg > 0, then one has, for all t < T,
1
Q:(3,1) <V*(3 and Q:(3,2) <V*(3) — =. 239
6
Given the assumption pminT > ?311705)3, the regime n < m clearly satisfies n < cg (}C:g?2.

Proof of Claim (239). We would like to prove the second inequality in (239) by induction. Clearly, it suffices
to look at those iterations where the value of Q;(3,2) changes, namely, {¢x(3,2)}x>1. Assume for the moment

that (239) holds for all ¢ < #;,(3,2). Taking V := [, 12, = V*(3)] " we can invoke the asynchronous
Q-learning update rule iteratively to deduce that

k
Qu.3:2)(3,2) = (1= 1) Q0(3,2) + Y _ (1 = )" " Py 32((3,2),) Vi, 1
=1
k . JR—
< =) P 32)((3,2), )V
=1

k
< ’VP( ‘ 3’ 2)V + 2777(1 - 77)]%14 [Pti(3,2) ((37 2)) ) - P( ‘ 3; 2)]V
i=1

1
P(3,2)V + —
<~P(-|3,2) + 15
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1
<VIB) - g (240)
Here, the second line holds since V serves as an entrywise upper bound on V;; the third line follows since
Zle n(1 —n)¥=% < 1; the fourth line in (240) is valid since, according to the Bernstein inequality (see Li
et al. (2022¢, Lemma 1)),

k

o= 0" [P ((3:2),) - PC13.2)]V| < 5

holds with probability at least 1 — 1/T'; and the validity of the last inequality can be shown by observing that

YP(-|3,2)V = vP(3]3,2)V(3) + %(1 ~ P(33,2))

1
= (1= 201 =) V) + (201 = 7)ps) V() + 7 (20— 7))
=7(1-2(1-7))V(3) + 3.5yms < 7(1-2(1-7)V(3) + 29

V(3) -

> w

— 1
2y+1)+29y<V(3) — T

where we have used the facts that V(3) = V*(3) = ﬁ, P(313,2) =1—2(1—~)(1 — p3) and v < 1. Thus,
standard induction arguments immediately validate the second inequality in the claim (239) for all t < T.
Regarding the first inequality of (239), it is seen that for any k > 1,

k
Quua(3,1) = (1= 0)*Qo(3,1) + (1 = )" (r(3,1) + 7Py, 31 (3,1, ) Vasga.n) 1 )

i=1

k
< Zn(l =) 7 (r(3,1) +9V(3)) < V*(3),

where we have used the facts that Qo = 0 and V(3) = V*(3) = ﬁ and the elementary inequality

Zle n(1 —n)¥~% < 1. Given that the above bound holds for all £ > 1 (and {t;(3,1)}x>1 correspond to all
iterations when the value of Q;(3,1) changes), we have established the first advertised inequality in (239). O

Next, let us define

s == max {k L Qi s)(3,1) < VE(3) — %} (241)

From this definition and Claim (239), we know that for any k > s, it holds that

1
Quen(31) 2 V(@) - .
Recognizing that
|Qty(s,0)(5:@) = Qtp 1 (5,0)(5:@)| = 1| Qpp(s,0)(5,0) = 7(5,0) = YPy, 5.0y ((5,0), ) Vi i (s.0)] € —— < ==

we can readily obtain

1 1
Q1 (3,13, 1) > Qt,3,1)(3,1) — 2 > V*(3) - s Qt._1(3.1)(3,2),

= Vo131 (3) = Qu,_1(3,1)(3, 1), Vk > s.

Combine this with the Q-learning update rule to arrive at

th(37l)(37 1) = (1 - n)th—1(3,1) (3a 1) + 77(7"(3a 1) + ’Yth,l(3,1)(37 1))
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3
= (1 —n(l— ’Y))th,l(s,l)(& 1)+ 1"
k—s—1

== (=) QB ) + o Y (a1 =)

1=0
=V*@3) — (1-n(1 =) [V*B) - Qun 3. 1),

where the last inequality holds since V*(3) = ﬁ, This taken together with (241) (so that V*(3) —
Qt.(3,1)(3,1) > 1/8) leads to

(1= =)V > ¢ (242)

co| —

Vi(3)-Qr(3,1) =Q"(3,1) —Qr(3,1) =

for some constant cg > 0; here, the last inequality holds since, according to Li et al. (2022¢, Lemma 8),

3 9 1
N 1)< = DT = —pminT < O ————
r(3,1) < 53, DT = JumnT <01 7—)

occurs with probability at least 1 — 1/T, provided that T > w. Note that according to (236) and
(237), fnix 5 on the order of 28T

in cn(1=7)"
Puttmg (239) and (242) together then reveals that with probability at least 1 — 2/T,

max |Q*(3,0) — Qr(3,a)] > V*(3) — Vi(8) = V(3) ~ max {Qr(3,1), Qr(3,2)} > min { g, ep ). (243)

log T

F.2.2 Case 2: large learning rates (1 > W)

Case 2.1: n > CS(l 'Y) for some small enough constant cg > 0. Under the condition that n > %%)2‘,

we claim that Wlth probablhty at least 1 =5

As,a) st |Qr(s.a) - Q*(s.a) 201010;; (244)

for some universal constant cig > 0. We shall first prove this claim.

Proof of Claim (244). We shall focus attention on the case where (sr_1,ar—1) = (2,1). Given that the
stationary distribution obeys up(2,1) = 1/10 and that T is sufficiently large (so that the empirical distribution
approaches the stationary distribution), we know that

]P)((ST 1,07 — 1) (2 1)) 2 ,ub(Q,l)/Q = 1/20
Let us first look at the case where |Vr_1(0) — V*(0)| > ﬁ It follows from P(-]0,1) = [1,0,0,0] that

0.03
|Q7(0,1) = Q*(0,1)] = |r(0,1) + yVr_1(0) — V*(0)| = 4|Vr—1(0) = V*(0)| > T
as long as v > > 0.95, which clearly satisfies (244). When it comes to the complement case where |VT_1(O) -
V*(O)| < m, either of the following two scenarios will happen:

o If |Vr_1(2) — Vr_1(0)] < m, then the assumption [Vy_1(0) — V*(0)] < 27(1 -y yields
Qr(2,2) < Vr_1(2) < Vp—_1(0) + ! <V*0) + 2
T T ) - 27(1-1)
1 1
<1 —-2(1- *(2) - ———— *(2,2) — ———— 24
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where the second line holds since, for v > 0.95,

1 =20 =) + )] V*(2) = 7[1 - %(1—7) %
! "oy b
Zoi—y " DT 55y

and the last inequality holds since Q*(2,2) > r(2,2) + vP(2|2,2)V*(2) (from the Bellman equation).

e Consider instead the scenario with |Vr_1(2) — Vp_1(0)| > ﬁ For notational convenience, define

Q7(2,1) =1 =nQr-1(2,1) +1(r(2,1) +9Vr-1(s)), Vs€S.

Recognizing that min { P(0]2,1), P(2]2,1)} > 2(1 — y)uo, we can show that with probability at least

(1 — Yo = 2422,

|Qr(2.1) = Q"2 1)] = max {|Q4(2,1) - @*2, )|, [@}(2.1) - Q"2 1)|}

Jloten - @i = 5m|vT_1<o> ~Vra(2)]

m o 0.95¢s(1 - )
54(1—~) =  54logT

%

where the last inequality holds since n > Csl(olgi_;)z and v > 0.95.

We can thus conclude that for all the above scenarios, the claim (244) holds with probability at least 15_—07. O

Case 2.2: % <n< Cgl(;g;)z . Recall from Claim (239) that: when n < Csl(;ggf, one has

QB <VE)  and  QEB2<VE) -z VST (246)

In addition, for any k > n(l ), we can use P(-]3,1) =0,0,0,1] and the Bellman equation to derive
Qu3.1(3,1) = (1 =0)Q¢, ,3,1(3,1) +7(r(3,1) + YWVi3,1)-1(3))

3
> (1=n)Qt_,31)(3,1) + 77(1 + Q. (3.1 (3, 1))

— (1= =)@ (3.1 + T

k .
= (1—=n(1-7) Q031+§Zn —))
= [1-@=na =)@ 2 vie) - ﬁ

where the last line is valid since V*(3) = ﬁ and Qo(3,1) = 0. It is also seen from Li et al. (2022¢, Lemma
8) that, with probability at least 1 — 1/T,

1 3 logT
Nt/3(3,1) > —up(3, )T = = pyminT > ———
T/3( ) ) = zﬂb( ) ) 4,u ,’7(1 _'Y)
as long as > uml(olg’i_Tw The above two results taken collectively yield
0<V3) = Vi(3) < V*(3)— Qu(3.1) < ————  forall L <t <T. (247)
- - =T —7) 3505
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Next, we move on to analyze state 2. Towards this end, let us define

1 N 1
5= max{k:  Quen(22) > Quen@ D=3 o [Quen)-V*(@)]> Z}' (248)
cs(1—7)° 8
Note that when n < log 7™ > One has
n 1
|th(s,a) (S,d) - th,l(s,a)(sa Cl)| = n’th(s,a) (57a) - T(Sa Cl) - thk(s,a)((sa Cl), ')‘/tk(s,a)fl < 1 ~ < Za

which combined with (248) implies that Qy, ,(2,1)(2,2) < Qy,_,(2,1)(2,1) for any k > s and hence

Vvtk_l(Q,l)(Q) = th_1(2$1)(2, 1) for k > s. (249)

This crucial identity together with the construction of P(-|2,1) in turn allows one to derive, for any k > s,

Qu21)(2,1) = (1 =n)Q¢,_,2,1)(2,1) +77( (2,1) + 7P 2,1)((2,1), ')Vtk(2,1)71)
(1—mn(1- )( +27M0))th (212, 1)

+n(1+ 2y Yo Vi, (2,1)-1(0) + ’Y(Ptk(Q,l)((Qa 1), ) —P(-|2, 1)) ‘/tk(Q,l)—l)

= (1 -9 =1 +290) " Qren@ D) + 1 > (1 =11 —7)(1+29u0))"”
1=s+1

: (1 +2v(1 - ’Y)MOVt,;(zl)—l(O) + 7(13:&71(2,1)((2» 1), ) - P(-|2, 1))Vt,;(2,1)—1>, (250)

thus leading to

E[Qt.2,1)(2,1) | Qr21)(2,1)] < (1 —n(1 =) (1 + 27/10))’675@5(2,1)(27 1)

w0 Y (1= (1 =)L+ 2940)) T (14 2y(1 — 7)oV (0))
i=s+1

<(1T-nl-y01+ 2’7#0))1675@1:5(2,1)(27 1)
k

w0 Y (1= (= 7)1+ 29m0)) T VH2)
i=s+1

—V*(2) = (1= (1 = 9)(1 +2900))" " (V*(2) = Quo21y(2, 1))

« 1 k—s
<VH2) = 7 (L=n( =71 +2yp0))"
where the second inequality arises from the Bellman equation (so that V*(2) > 1+ 2v(1 — v)ueV*(0)).

o If (1—n(1—7)(1+ 27/10))1%5 > 1, then we can readily see that
2 1
E[|Qr21) - '@ "] = (E[Quen@ D=V | Quen@)]) 2o (251

e Otherwise, consider the case where (1 —n(1 —~)(1+ 27/10))}678 < 1. The expression (250) allows one
to control the variance as follows:

k
2(k—1
Var(Qu ey (2.1) | Quy(2,1)) = 1272 3 (1= (1 —7)(1+ 27p0)) """
1=s+1

E [E[((Pti(z,n((?a 1),-) = P(-|2, 1))‘41-(2,1)71)2 | Vn@J)l”
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k
2(k—1
=07 S0 (L (L =)L+ 29p0)) "
1=s+1

-E []E {2(1 — 7)/10(1 —-2(1— 7)#0){‘47;(2,1)—1(2) - Vt,~,(2,1)—1(0)}2 | Wi(271)—1]]

k

> %% S0 (1 (1 =)L+ 29u0)) "7 {(1 — 7)o - M}
1=s+1
720 1— (1= 01— 7)(1+2y00))" - n - n
- 36(1—7) (1 =) (1 + 2yp0) = 200(1 + 2710) (1 — )2 = 400(1 — )2’

where the third inequality holds since V;,(2,1)-1(2) — V4, (2,1)-1(0) > V*(2) — 1 — V*(0) > ﬁ (using
the definition of s in (248)), and the last line uses v > 0.95 and po = 2/5. As a result,

EUQT(Q, 1) - Q*(2, 1)]2} > E[Var(th(z H(21) | Qr.on) (2, 1))} > W. (252)
Taking the above two results together reveals that
IE[|QT(2, 1) - Q*(2, 1)|2] > min {400(177_7)2, 614} > min{400umi1:(glzl ST 614}. (253)
Combining Case 2.1 and Case 2.2. Putting together (244) and (253) together leads to
HSI%XE “QT(S, a) —Q*(s, a)ﬂ > min { 400umil:)(gljl T 6i4’ 0%5%(110;7723 }7 (254)

. log T
provided that n > um(olgif,y)zT

log T

F.2.3 Case 3: medium learning rates (m <n< m)

We now shift attention to the dynamics underlying state 1, and look at its associated value function V;(1).

Two auxiliary sequences. Before proceeding, we abuse notation by defining
t; = min {t > t;_1 : both pairs (1,1) and (1, 2) have been visited during (¢;_1, t]},
and letting Ny, , +,1(1,a,1) (resp. Ny, _, +,1(1,a)) denote the number of times the sample trajectory visits
(s,a,8") = (1,a,1) (resp. (s,a) = (1,a)) within the time interval (¢x_1,¢x]. From standard Bernstein’s
inequality (see Li et al. (2022c, Lemma 8)) and the definition of ¢;, one can easily see that with probability at
least 1 —1/T,
1< Ny 4(1La) <ciplogT (255)

holds simultaneously for all ¢; < T, where ¢1; > 0 is some suitable constant. In turn, this bound (255) also
implies that

K = max {k ct < T} > 1o (256)

T
logT
for some constant c¢15 > 0. These follow from fairly standard concentration arguments and are hence omitted.

Under our assumption on 7', the sample trajectory mixes well after 7'/3 iterations. In order to further
remove the effect of Q7 /3(1,a), let us introduce the following auxiliary sequence

~

Qe(a) = (1= )@1(0) + 05 +7Pe@) Vi . (257)
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where Vk,l = max, @k,l(a),

5

. a=12
3(5437)(1—9)

@O(a) =Q*(1,a) —V*(0) =

Py(a) = Nger)(150,1)
N(tk—lytk](17 Cl)

Repeating the proof of (163) (which we omit here for brevity), we arrive at the following relation:

1

Qt.(1,a)(1,a) — V*(0) > Qx(a) - ﬁ(l—n(l—ﬂ)k—ma a € {1,2}. (258)

Furthermore, in order to control @\k(a)7 we construct an additional auxiliary sequence as follows

_ _ 1 _ _ 5
Qu=0-0@r+u{3 +7 AW} and  Qo=V()=V0) = gepim—s. (259)
From the basic fact that YA/;C = max, @k(a) > @k(l), it can be easily verified that
Q)2 (1= mQa () + {5 + 7@ (1} 2 s (260)

which in turn motivates us to lower bound Vk by controlling Q.. Using similar analysis for (166), we reach

2T

> for any k with ¢ > 5 (261)

P(Vi> )2 5

Main proof. With the preceding auxiliary sequences in place, let us define (akin to the synchronous case)

Ap(a) = Qu(a) + V*(0) — Q*(1,a), a=1,2; (262a)
Ak max = max Ak(a). (262b)

Based on the iterative update rule (257), we can once again derive

Ap(a) = Zn(l - n)kii’y(pAkfl,max + (Py(a) — p)‘A/k,1>, a=1,2, (263)
i=1

where p=1— %(1 — 4)po- Then adopting the same analysis as for the synchronous case, we arrive at
> L8 ,
\/ﬂmin (1 - 7)4T 10g3 T

for some constant ¢i3 > 0. Here, we have made use of the fact that

E[mgx 1Qr(1,a) — Q*(1, a)” > E[|Vr(1) — V*(1)|] (264)

3log T) PeT ]

(1=n(t=m))" < (1— o, T < 7
an immediate consequence of (256) and the assumption that (1 —~) > Mmﬁ = 31;5;T
F.2.4 Putting all this together
Combining (243), (254), and (264) leads to
logT 1 cfy(1-9)° cis

IE%XE“QT(S,LL)—Q*(S,CL)H Zmin{ }, (265)

2

Cy; VYR ’

" 400min (1 =9)AT" 64" 10g® T fiyin(1 — 7)*T'log® T
for any 0 <7 <1. Then the conclusion is handy under the proviso that T' > S—=—717% (1_‘33)7 g T
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