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Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.
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y = A(x)

Inverse problem: recover the signal of interest x from y.
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inverse problem

Inverse problem: recover the signal of interest x from y.
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Ubiquitous in sensing and imaging applications

Radio&astronomy

healthcare

hyperspectral

Internet&traffic

seismic&imaging

microscopy
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Challenges: finding needles in a haystack

• Sampling constraints: sample-starved, low signal-to-noise ratio,
nonlinear measurements;

• Ill-conditioned sources: weak and fine-grained information;

• Resiliency: miscalibration, missing data, corruptions, etc.

DALLE generated with the prompt “finding needles in the haystack”
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Geometry as a prior: from low-rank to generative models

How do we learn effectively leveraging the data priors?

Subspace models:
Sparsity, low-rank, … 

Neural networks:
GAN, VAE, diffusion models… 
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First vignette: preconditioning for low-rank learning

An optimization vignette: preconditioning to accelerate nonconvex
ill-conditioned low-rank estimation

preconditioning overparameterization
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(Xt, Y t)

(Xt+1, Y t+1)
(Xt+1Q, Y t+1Q

�>)

(XtQ, Y tQ
�>)

M t = XtY
>
t

M t+1 = Xt+1Y
>
t+1

(JMLR 2020, TSP 2021, JMLR 2022, I&I 2023, ICML 2023).
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Second vignette: diffusion models for inverse problems

A sampling vignette: how can we leverage score-based generative
models for solving inverse problems, efficiently and provably?

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

s1(·) s2(·) sT (·)
learn st(·) ⇡ rpXt(·) 8t

score learning data generation

X st(X) ⇡ rpXt
(X)
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noise forward process reverse process
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X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

s1(·) s2(·) sT (·)

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

s1(·) s2(·) sT (·)

1

DDPM-type stochastic sampler

Yt�1 =
1p

1 � �t

✓
Yt +

�t

2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)
(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginals

discrete-time diffusion process
continuous-time limits via SDE toolbox (e.g., Girsanov thm)

control discretization error
Generative adversarial networks (GAN) Diffusion models

Generative modeling

st(·) = r log pXt
(·)

2

(Xu and Chi, arXiv:2403.17042)
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Accelerating gradient descent for ill-conditioned
low-rank estimation

Tian Tong Cong Ma

CMU→Amazon UChicago



A canonical problem: low-rank matrix sensing
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M 2 Rn1⇥n2
y 2 Rm

rank(M) = r linear map

y = A(M) + noise

Recover M in the sample-starved regime:

(n1 + n2)r︸ ︷︷ ︸
degree of freedom

≲ m︸︷︷︸
sensing budget

≪ n1n2︸︷︷︸
ambient dimension
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Low-rank matrix factorization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

min
rank(Z)=r

1

2
∥y −A(Z)∥22

scalable, but nonconvex!

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

Z =

min
X∈Rn1×r,Y ∈Rn2×r

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥
2

2

9



Low-rank matrix factorization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

min
rank(Z)=r

1

2
∥y −A(Z)∥22

scalable, but nonconvex!

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

Z =

min
X∈Rn1×r,Y ∈Rn2×r

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥
2

2

9



Low-rank matrix factorization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

min
rank(Z)=r

1

2
∥y −A(Z)∥22

scalable, but nonconvex!

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

Z =

min
X∈Rn1×r,Y ∈Rn2×r

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥
2

2

9



Low-rank matrix factorization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

min
rank(Z)=r

1

2
∥y −A(Z)∥22

scalable, but nonconvex!

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·

9/ 21

Z =

min
X∈Rn1×r,Y ∈Rn2×r

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥
2

2

9



Statistics meets optimization

Statistical model

worst case average case

Simple algorithms can be efficient for nonconvex problems!

Vanilla gradient descent (GD):

Xt+1 = Xt − η∇Xf(Xt,Yt)

Yt+1 = Yt − η∇Y f(Xt,Yt)

for t = 0, 1, . . . from a carefully chosen (e.g., spectral) initialization.
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Benign nonconvexity: global linear convergence

min
X,Y

f(X,Y ) =
1

2

∥∥∥PΩ(XY ⊤ −M)
∥∥∥
2
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Vanilla GD converges in O
(
log 1

ε

)
iterations from a spectral

initialization with barely enough samples information-theoretically.

Similar results hold for many low-rank problems...

(Tu et al. ’16, Netrapalli et al. ’13, Candès, Li, Soltanolkotabi ’14, Sun and Luo ’15, Chen

and Wainwright ’15, Zheng and Lafferty ’15, Ma et al. ’17, ....)
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What could go wrong?

min
X,Y

f(X,Y ) =
1
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Let us increase the condition number κ(M) = σ1(M)
σr(M) .
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Vanilla GD converges in O
(
κ log 1

ε

)
iterations.
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Condition number can be large

chlorine concentration levels
120 junctions, 180 time slots
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Must mind the condition number!

Data source: www.epa.gov/water-research/epanet
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Getting rid of the condition number?
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Can we accelerate the convergence rate of GD to O(log 1
ε )?
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Our recipe: scaled gradient descent (ScaledGD)

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥2
2

• Spectral initialization: find an initial point
in the “basin of attraction”.

• Scaled gradient iterations:

Xt+1 = Xt − η∇Xf(Xt,Yt) (Y ⊤
t Yt)

−1

︸ ︷︷ ︸
preconditioner

Yt+1 = Yt − η∇Y f(Xt,Yt) (X
⊤
t Xt)

−1

︸ ︷︷ ︸
preconditioner

for t = 0, 1, . . .

ScaledGD is a preconditioned gradient method
without balancing regularization!
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ScaledGD for low-rank matrix completion
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Huge computational saving: ScaledGD converges in an
κ-independent manner with a minimal overhead!
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A closer look at ScaledGD

Invariance to invertible transforms: (Tanner and Wei, ’16; Mishra ’16)

(Xt, Y t)

(Xt+1, Y t+1)
(Xt+1Q, Y t+1Q

�>)

(XtQ, Y tQ
�>)

M t = XtY
>
t

M t+1 = Xt+1Y
>
t+1

New distance metric as Lyapunov function:

dist2
([

X
Y

]
,

[
X⋆

Y⋆

])
= inf

Q∈GL(r)

∥∥∥(XQ−X⋆)Σ
1/2
⋆

∥∥∥2

F

+
∥∥∥(Y Q−⊤ − Y⋆)Σ

1/2
⋆

∥∥∥2

F

+ a careful trajectory-based analysis
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Theoretical guarantees of ScaledGD

Theorem (Tong, Ma and Chi, JMLR 2021)

For low-rank matrix sensing with i.i.d. Gaussian design, ScaledGD with
spectral initialization achieves

∥XtY
⊤
t −M∥F ≲ ε · σmin(M)

• Computational: within O
(
log 1

ε

)
iterations;

• Statistical: the sample complexity satisfies

m ≳ (n1 + n2)r
2κ2.

Strict improvement over vanilla GD: provable acceleration at the
same sample complexity!
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ScaledGD works more broadly

robust PCA
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? ? ✓ ✓ ?
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matrix completion

=
S

V

U

W

T

Tucker tensor recovery

Huge computation savings at comparable sample complexities!
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More gain for tensors

min
F=(U ,V ,W ,S)

f(F ) =
1

2

∥∥∥PΩ((U ,V ,W ) · S)− T )
∥∥∥
2

F
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The benefit of ScaledGD is even more evident for tensors!
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Saliency detection in materials data

Unrolling ScaledGD + self-supervised learning for tensor RPCA

some materials data

low-rank + sparse decomposition

“Deep Unfolded Tensor Robust PCA with Self-supervised Learning”, Dong, Shah, Donegan, and Chi, ICASSP 2023.
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Preconditioning meets generalization in
overparameterized low-rank matrix sensing

Xingyu Xu Yandi Shen Cong Ma

CMU Yale UChicago



What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do not
know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD

(λ):

Xt+1 = Xt − η∇Xf(Xt)
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What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do not
know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD:

(λ):

Xt+1 = Xt − η∇Xf(Xt) (X⊤
t Xt)

−1

︸ ︷︷ ︸
preconditioner

+ λI

analysis break down and might be unstable...
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What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do not
know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD(λ):

Xt+1 = Xt − η∇Xf(Xt) (X
⊤
t Xt + λI)−1

︸ ︷︷ ︸
preconditioner

add regularization to stabilize the preconditioner

23



Does preconditioning hurt generalization?

• Infinitely many global minima, not all generalize
• Can we still guarantee generalization?

optimization generalization

24



Theoretical guarantees

Theorem (Xu, Shen, Ma, Chi, ICML 2023)

For low-rank matrix sensing with i.i.d. Gaussian design, ScaledGD(λ)
with λ ≍ σmin(M), η ≍ 1, and small random initialization
X0 ∼ αN (0, 1/n) with sufficiently small α achieves

∥XtX
⊤
t −M∥F ≲ ε · σmin(M)

• Computational: within O
(
log κ log(κn) + log 1

ε

)
iterations;

• Statistical: the sample complexity satisfies

m ≳ nr2poly(κ).

• Our analysis also enables exact convergence under random
initialization with correct rank specification.

25



Comparison with overparameterized GD

<latexit sha1_base64="wTZOmFIgvvQ7+T4yDAqHb55zpPs=">AAAB+XicbVDJSgNBEO1xjXEb9eilMQiewoy4HYNePEYwCyRD6OnUJE16FrprgmHIn3jxoIhX/8Sbf2NnMgdNfFDweK+Kqnp+IoVGx/m2VlbX1jc2S1vl7Z3dvX374LCp41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/uhu5rfGoLSIo0ecJOCFbBCJQHCGRurZdhfhCTOBoHJl2rMrTtXJQZeJW5AKKVDv2V/dfszTECLkkmndcZ0EvYwpFFzCtNxNNSSMj9gAOoZGLATtZfnlU3pqlD4NYmUqQpqrvycyFmo9CX3TGTIc6kVvJv7ndVIMbrxMREmKEPH5oiCVFGM6i4H2hQKOcmII40qYWykfMsW4CUKXTQju4svLpHleda+qlw8XldptEUeJHJMTckZcck1q5J7USYNwMibP5JW8WZn1Yr1bH/PWFauYOSJ/YH3+AIFBlD0=</latexit>

iteration

<latexit sha1_base64="LyIfeQK7GWZx8zX9NjcZlkOwm9M=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3jCDLSO9aRbrrhVdwa6TLycVEiOerf85fdinkagkEtmTMdzEwwyplFwCZOSnxpIGB+xAXQsVSwCE2Szmyf0xCo92o+1LYV0pv6eyFhkzDgKbWfEcGgWvan4n9dJsX8dZEIlKYLi80X9VFKM6TQA2hMaOMqxJYxrYW+lfMg042hjKtkQvMWXl0nzrOpdVi/uzyu1mzyOIjkix+SUeOSK1MgdqZMG4SQhz+SVvDmp8+K8Ox/z1oKTzxySP3A+fwDgJJI/</latexit> er
ro

r

<latexit sha1_base64="pFPiaS7V6/ug77G3LDr3a/x2atY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eBoPgKcyI2zGooMeIZoFkCD09NUmTnoXuGjWM+RQvHhTx6pd482/sLAdNfFDweK+KqnpeIrhC2/42cguLS8sr+dXC2vrG5pZZ3K6rOJUMaiwWsWx6VIHgEdSQo4BmIoGGnoCG178Y+Y17kIrH0R0OEnBD2o14wBlFLXXMYhvhEVWQ3TIqwL+6HHbMkl22x7DmiTMlJTJFtWN+tf2YpSFEyARVquXYCboZlciZgGGhnSpIKOvTLrQ0jWgIys3Gpw+tfa34VhBLXRFaY/X3REZDpQahpztDij01643E/7xWisGZm/EoSREiNlkUpMLC2BrlYPlcAkMx0IQyyfWtFutRSRnqtAo6BGf25XlSPyw7J+Xjm6NS5XwaR57skj1yQBxySirkmlRJjTDyQJ7JK3kznowX4934mLTmjOnMDvkD4/MHfD6UKA==</latexit>

ScaledGD

<latexit sha1_base64="UjRe2/Rr0r3F59fpUCo1F93qLyU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQQY8RzAM2S5idzCZDZmeWmV4xLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4Wl5ZXVteJ6aWNza3unvLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh9cRvPTJtuJIPMEpYEJO+5BGnBKzkd4A9gYmy25txt1xxq+4UeJF4OamgHPVu+avTUzSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZpYcjpW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XoMsi4TFJgks4WRanAoPDkf9zjmlEQI0sI1dzeiumAaELBplSyIXjzLy+S5knVO6+e3Z9Wald5HEV0gA7RMfLQBaqhO1RHDUSRQs/oFb054Lw4787HrLXg5DP76A+czx+JtZFv</latexit>

GD

ScaledGD picks up the signal component much faster than GD even
from small random initialization!
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Comparison with overparameterized GD
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<latexit sha1_base64="mUa59tfu53+yBZw3RtJZme716BI=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIzHBBnd9UpLYWGIij4RFcncYYMLszGRmloQQCht/xcZCY2z9CDv/xuFRKHiSm5ycc2/uvSeSjGrj+99OamV1bX0jvZnZ2t7Z3XP3D6paJAqTChZMqHoEmjDKScVQw0hdKgJxxEgt6t9M/NqAKE0FvzdDSZoxdDntUAzGSi03G/ZBSng4D5no5oPTcACKSE2Z4CctN+cX/Cm8ZRLMSQ7NUW65X2Fb4CQm3GAGWjcCX5rmCJShmJFxJkw0kYD70CUNSznERDdH0yfG3rFV2l5HKFvceFP198QIYq2HcWQ7YzA9vehNxP+8RmI6xeaIcpkYwvFsUSdhnhHeJBGvTRXBhg0tAayovdXDPVCAjc0tY0MIFl9eJtWzQnBVuLy7yJWK8zjSKIuOUB4F6BqV0C0qowrC6BE9o1f05jw5L8678zFrTTnzmUP0B87nD/C1l6E=</latexit>

3 log(1/")
<latexit sha1_base64="9ulRsopHopiBZwuyf0vBXVWFRSk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNKkcSLx4xkUcCK+kdZmHC7O44M2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uQAqujet+O7m19Y3Nrfx2YWd3b/+geHjU1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbmZ+64kpzZP43owl8yMcxDzkFI2V2t0RSokPlV6x5JbdOcgq8TJSggz1XvGr209oGrHYUIFadzxXGn+CynAq2LTQTTWTSEc4YB1LY4yY9ifze6fkzCp9EibKVmzIXP09McFI63EU2M4IzVAvezPxP6+TmrDqT3gsU8NiulgUpoKYhMyeJ32uGDVibAlSxe2thA5RITU2ooINwVt+eZU0L8reVfnyrlKqVbM48nACp3AOHlxDDW6hDg2gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHws+PxQ==</latexit>

4

ScaledGD picks up the signal component much faster than GD even
from small random initialization!
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4

ScaledGD picks up the signal component much faster than GD even
from small random initialization!
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Summary: preconditioning helps!

=)Preconditioning

Preconditioning can dramatically increase the computational efficiency
of vanilla gradient methods without hurting statistical efficiency

Future directions:

• generalizing the idea of ScaledGD to other learning problems
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Score-based diffusion models for inverse problems

Xingyu Xu
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State-of-the-art diffusion models

Inspired by nonequilibrium thermodynamics

DDPM-type stochastic sampler

Yt�1 =
1p
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2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)
(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginal dist

discrete-time diffusion process
continuous-time limits via SDE toolbox (e.g., Girsanov thm)

control discretization error
Generative adversarial networks (GAN) Diffusion models

2

Stable Diffusion DALLE Sora
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A high-level description of diffusion models
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• forward process: (progressively) diffuse data into noise

• reverse process: convert pure noise into data-like distributions
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Score is all you need (Anderson’82)

• score functions of marginals of forward process: ∇ log pXt(X)︸ ︷︷ ︸
w.r.t. X

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

s1(·) s2(·) sT (·)
learn st(·) ⇡ rpXt(·) 8t

score learning data generation

X st(X) ⇡ rpXt
(X)

1

DDPM-type stochastic sampler

Yt�1 =
1p

1 � �t

✓
Yt +

�t

2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)
(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginals

discrete-time diffusion process
continuous-time limits via SDE toolbox (e.g., Girsanov thm)

control discretization error
Generative adversarial networks (GAN) Diffusion models

Generative modeling

st(·) = r log pXt
(·)

2

1. score learning/matching: learn estimates st(·) for ∇ log pXt(·)
2. data generation: sampling w/ the aid of score estimates {st(·)}
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Generating materials imagery using diffusion models

Diffusion model generates EBSD imagery

Generated by physical modeling Generated by diffusion models
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Non-asymptotic complexity of generation

Theorem (Li, Wei, Chen, Chi, ICLR 2024)

Under mild data assumptions, suppose we are given perfect score
estimates: st(·) = ∇ log pXt(·) for all t.

• For the deterministic sampler (DDIM-type/prob. flow ODE),

TV
(
pX1 , pY1

)
≲

d2

T
up to log factor

• For the stochastic sampler (DDPM-type),

TV
(
pX1 , pY1

)
≲

d2√
T

up to log factor

• first polynomial-time bounds for plain probability flow ODE

• Similar rates extend in the presence of score estimation errors.
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Score-based diffusion model for inverse problems

Score-based generative prior
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y ⇠ p(· | x)

likelihood

Posterior sampling: sample from
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prior

exp (L(· ; y))︸ ︷︷ ︸
log-likelihood

Score-based implicit prior: the data prior p(·) is accessed through its

unconditional score functions st(·) = ∇ log pXt(·).
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Towards provably efficient and accurate inversion

Fidelity

Co
m
pu

te MCGdiff (Cardoso et al, 23)

Goal: develop provably compute-efficient and high-fidelity
diffusion-based inversion methods for arbitrary forward model.
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Our approach: diffusion plug-and-play (DPnP)

Inspired by (Bouman and Buzzard, 2023; Vono et al., 2019; Lee et al., 2021)

p(·|y) ∝ exp
(
log p(·) + L(· ; y)

)

Given an annealing schedule {ηk},

Proximal consistency sampler:

Diffusion denoising sampler:
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How do we implement this step using 
diffusion score functions?
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Diffusion denoising sampler

Posterior sampling for AWGN denoising:

exp

(
log p(x)− 1

2η2k
∥x− x̂k+ 1

2
∥2
))

∝ p(x⋆ |x⋆ + ηkw = x̂k+ 1
2
)

where w ∼ N (0, Id).

• Key insight: this can be solved by diffusion!

• stochastic/deterministic samplers via reversing properly defined
forward processes (e.g., Ornstein-Uhlenbeck process), whose score
functions can be mapped from st(·).

• The resulting update rules are similar to, but not the same as, the
ones used for generation.
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Our theory

Theorem (Xu and Chi, 2024)

Set constant ηk = η > 0. Define a stationary distribution πη by

πη(x) ∝ p(x)qη(x), qη(x) = eL(·; y) ∗ pηϵ(x),

where ϵ ∼ N (0, Id) and ∗ denotes convolution. There exists
λ := λ(p,L, η) ∈ (0, 1), such that for any accuracy level ϵ > 0, with
K ≍ 1

1−λ log(1/ϵ), we have

TV(px̂K
, πη) ≲ ϵ

√
χ2(px̂1

∥πη)
︸ ︷︷ ︸

init error

+
1

1− λ
(ϵDDS + ϵPCS) log

(
1

ϵ

)

︸ ︷︷ ︸
sampler error

,

where ϵPCS and ϵDDS are the total variation error of PCS and DDS.

• A diminishing schedule {ηk} ensures asymptotic consistency.

DPnP is the first provably-robust posterior sampling method for
nonlinear inverse problems using unconditional diffusion priors.
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Numerical experiments

Phase retrieval: recover an unknown image from the magnitude of its
masked Fourier transform.

Ground truth DPS
(Chung et al, 2023)

DPnP
(ours)Observation

DPnP recovers the fine-grained details more faithfully.
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Numerical experiments

Quantized sensing: recover an unknown image from its one-bit
dithered measurements.

Ground truth DPS
(Chung et al, 2023)

DPnP
(ours)Observation

DPnP recovers the fine-grained details more faithfully.
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Numerical experiments

Super resolution: recover an unknown image from its 4x
downsampled version.

Ground truth DPS
(Chung et al, 2023)

DPnP
(ours)Observation

DPnP recovers the fine-grained details more faithfully.
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Summary: diffusion models

Fidelity

Co
m
pu

te

Compute cheap, but 
low fidelity

High fidelity, 
compute efficientDPS (Chung et al, 22)

MCGdiff (Cardoso et al, 23)

Asymptotic exact, 
compute expensive

Diffusion models are showing great promise in generative AI for Science.

Future directions:

• Algorithm and theory for diffusion-based inverse problems:
provable guarantees, compute/fidelity trade-offs.

• Applications in imaging science and beyond: 3D/4D imaging,
sequence reconstruction, scalability.
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Thanks!

• Accelerating ill-conditioned low-rank matrix estimation via scaled gradient
descent, Journal of Machine Learning Research, 2021.

• The Power of Preconditioning in Overparameterized Low-Rank Matrix Sensing,
short version at ICML 2023.

• Towards Faster Non-Asymptotic Convergence for Diffusion-Based Generative
Models, arXiv: 2306.09251, short version at ICLR 2024.

• Provably Robust Score-Based Diffusion Posterior Sampling for Plug-and-Play
Image Reconstruction, arXiv:2403.17042.
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Thanks!

The        Group

https://users.ece.cmu.edu/~yuejiec/
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