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Abstract

Diffusion models, which convert noise into new data instances by learning to reverse a Markov diffusion
process, have become a cornerstone in contemporary generative modeling. While their practical power
has now been widely recognized, the theoretical underpinnings remain far from mature. In this work,
we develop a suite of non-asymptotic theory towards understanding the data generation process of
diffusion models in discrete time, assuming access to ¢2-accurate estimates of the (Stein) score functions.
For a popular deterministic sampler (based on the probability flow ODE), we establish a convergence
rate proportional to 1/T (with T the total number of steps), improving upon past results; for another
mainstream stochastic sampler (i.e., a type of the denoising diffusion probabilistic model), we derive a
convergence rate proportional to l/ﬁ, matching the state-of-the-art theory. Imposing only minimal
assumptions on the target data distribution (e.g., no smoothness assumption is imposed), our results
characterize how ¢ score estimation errors affect the quality of the data generation processes. In contrast
to prior works, our theory is developed based on an elementary yet versatile non-asymptotic approach
without resorting to toolboxes for SDEs and ODEs. Further, we design two accelerated variants, improving
the convergence to 1/ T2 for the ODE-based sampler and 1 /T for the DDPM-type sampler, which might
be of independent theoretical and empirical interest.

Keywords: diffusion models, score-based generative modeling, non-asymptotic theory, probability flow ODE,
reverse SDE, denoising diffusion probabilistic model
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1 Introduction

Diffusion models have emerged as a cornerstone in contemporary generative modeling, a task that learns to
generate new data instances (e.g., images, text, audio) that look similar in distribution to the training data
(Ho et al., 2020; Sohl-Dickstein et al., 2015; Song and Ermon, 2019; Dhariwal and Nichol, 2021; Jolicoeur-
Martineau et al., 2021; Chen et al., 2021; Kong et al., 2021; Austin et al., 2021). Originally proposed by
Sohl-Dickstein et al. (2015) and later popularized by Song and Ermon (2019); Ho et al. (2020), the mainstream
diffusion generative models — e.g., denoising diffusion probabilistic models (DDPMs) (Ho et al., 2020) and
denoising diffusion implicit models (DDIMs) (Song et al., 2020a) — have underpinned major successes in
content generators like DALL-E 2 (Ramesh et al., 2022), Stable Diffusion (Rombach et al., 2022) and Imagen
(Saharia et al., 2022), claiming state-of-the-art performance in the now broad field of generative artificial
intelligence (AI). See Yang et al. (2022); Croitoru et al. (2023) for overviews of recent development.
In a nutshell, a diffusion generative model is based upon two stochastic processes in R%:

1) a forward process
Xo—= X1 — > Xp (1)

that starts from a sample drawn from the target data distribution (e.g., of natural images) and gradually
diffuses it into a noise-like distribution (e.g., standard Gaussians);

2) a reverse process
Yr—=>Yr_ 11— —2Y, (2)

that starts from pure noise (e.g., standard Gaussians) and successively converts it into new samples
sharing similar distributions as the target data distribution.



Transforming data into noise in the forward process is straightforward, often hand-crafted by increasingly
injecting more noise into the data at hand. What is challenging is the construction of the reverse process:
how to generate the desired information out of pure noise? To do so, a diffusion model learns to build a
reverse process (2) that imitates the dynamics of the forward process (1) in a time-reverse fashion; more
precisely, the design goal is to ascertain distributional proximity!
d
Y, ~ X;, t=T,---,1 (3)

through proper learning based on how the training data propagate in the forward process. Encouragingly,
there often exist feasible strategies to achieve this goal as long as faithful estimates about the (Stein) score
functions — the gradients of the log marginal density of the forward process — are available, an intriguing
fact that can be illuminated by the existence and construction of reverse-time stochastic differential equations
(SDEs) (Anderson, 1982; Haussmann and Pardoux, 1986) (see Section 2.2 for more precise discussions).
Viewed in this light, a diverse array of diffusion models are frequently referred to as score-based generative
modeling (SGM). The popularity of SGM was initially motivated by, and has since further inspired, numerous
recent studies on the problem of learning score functions, a subroutine that also goes by the name of score
matching (e.g., Hyvérinen (2005, 2007); Vincent (2011); Song et al. (2020b); Koehler et al. (2023)).

Nonetheless, despite the mind-blowing empirical advances, a mathematical theory for diffusion generative
models is still in its infancy. Given the complexity of developing a full-fledged end-to-end theory, a divide-
and-conquer approach has been advertised, decoupling the score learning phase (i.e., how to estimate score
functions reliably from training data) and the generative sampling phase (i.e., how to generate new data
instances given the score estimates). In particular, the past two years have witnessed growing interest and
remarkable progress from the theoretical community towards understanding the generative sampling phase
(Block et al., 2020; De Bortoli et al., 2021; Liu et al., 2022; De Bortoli, 2022; Lee et al., 2023; Pidstrigach, 2022;
Chen et al., 2022b,a, 2023¢c; Tang, 2023; Tang and Zhao, 2024; Li et al., 2024a). For instance, polynomial-time
convergence guarantees have been established for stochastic samplers (e.g., Chen et al. (2022b,a); Benton
et al. (2023a); Tang (2023)) and deterministic samplers (e.g., Chen et al. (2023c); Benton et al. (2023b)),
both of which accommodated a fairly general family of data distributions.

This paper. The present paper contributes to this growing list of theoretical endeavors by developing a
new suite of non-asymptotic theory for several score-based generative modeling algorithms. We concentrate
on two types of samplers (Song et al., 2021b) in discrete time: (i) a deterministic sampler based on a sort of
ordinary differential equations (ODEs) called probability flow ODEs (which is closely related to the DDIM
sampler); and (ii) a DDPM-type stochastic sampler motivated by reverse-time SDEs. We impose only minimal
assumptions on the target data distribution (e.g., no smoothness condition is needed), and would like to

quantify the impact of /5 score estimation errors. In comparisons to past works, our main contributions are
three-fold.

e Non-asymptotic convergence guarantees. For a popular deterministic sampler, we demonstrate that the
number of steps needed to yield e-accuracy — meaning that the total variation (TV) distance between
the distribution of X; and that of Y is no larger than ¢ — is proportional to 1/¢ (in addition to other
polynomial dimension dependency). This improves upon prior convergence guarantees considerably
(Chen et al., 2023¢) and does not exhibit exponential dependency on the smoothness or regularity
conditions as in Chen et al. (2023c); Benton et al. (2023b) (e.g., the regularity parameter used in Benton
et al. (2023b) might even scale with the dimension d). For another DDPM-type stochastic sampler, we
establish an iteration complexity proportional to 1/¢? via a new non-asymptotic analysis framework,
matching existing theory Chen et al. (2022b,a); Benton et al. (2023a) in terms of the e-dependency.

e (5 score estimation errors for the determinstic sampler. Our theory for the deterministic sampler reveals
that the TV distance between X; and Y; are shown to be proportional to the £5 score estimation error
as well as the associated mean Jacobian errors. As far as we know, this is the first result for this
deterministic sampler that accounts for score estimation errors in discrete time. In comparison, existing
theoretical results that accommodate score errors for the probability flow ODE approach either study

d
ITwo random vectors X and Y are said to obey X dy (resp. X & Y) if they are equivalent (resp. close) in distribution.



stochastic variations of this deterministic sampler (Chen et al., 2023b) (so that the samplers are no
longer the original deterministic sampler) or fall short of accommodating discretization errors (Benton
et al., 2023b).

o An elementary non-asymptotic analysis framework. From the technical point of view, the analysis
framework laid out in this paper is fully non-asymptotic in nature. In contrast to prior theoretical
analyses that take a detour to study the continuum limits and then control the discretization error, our
approach tackles the discrete-time processes directly using elementary analysis strategies. No knowledge
of SDEs or ODEs is required for establishing our theory, thereby resulting in a more versatile framework
and sometimes lowering the technical barrier towards understanding diffusion models.

o Accelerating data generation processes. In order to further speed up the sampling processes, we develop
an accelerated variant for each of the above two samplers, taking advantage of estimates of a small
number of additional quantities. As it turns out, these variants achieve more rapid convergence, with
the deterministic (resp. stochastic) variant exhibiting a 1/4/¢ (resp. 1/¢) scaling in the accuracy level &
(again measured in terms of the TV distance).

Notation. Before proceeding, we introduce a couple of notation to be used throughout. For any two functions
f(d,T) and g(d, T), we adopt the notation f(d,T) < g(d,T) or f(d,T) =0(g(d,T)) (resp. f(d,T) = g(d,T))
to mean that there exists some universal constant C; > 0 such that f(d,T) < C19(d,T) (resp. f(d,T) >
C19(d,T)) for all d and T; moreover, the notation f(d,T) =< ¢(d,T) indicates that f(d,T) < ¢g(d,T) and
f(d,T) > g(d, T) hold at once. The notation O(-) is defined similar to O(-) except that it hides the logarithmic
dependency. Additionally, the notation f(d,T) = o(g(d, T)) means that f(d,T)/g(d,T) — 0 as d,T tend to
infinity. We shall often use capital letters to denote random variables/vectors/processes, and lowercase letters
for deterministic variables. For any two probability measures P and @, the total variation (TV) distance
between them is defined to be TV(P, Q) = %f |dP — dQ|. Throughout the paper, px(-) (resp. px |y (-]-))
denotes the probability density function of X (resp. X given Y). For any matrix A, we denote by ||A||
(resp. ||A|lr) the spectral norm (resp. Frobenius norm) of A. Also, for any vector-valued function f, we let J
or a—i represent the Jacobian matrix of f.

2 Preliminaries

In this section, we introduce the basics of diffusion generative models. The ultimate goal of a generative
model can be concisely stated: given data samples drawn from an unknown distribution of interest pgata in
R?, we wish to generate new samples whose distributions closely resemble pgata-

2.1 Diffusion generative models

Towards achieving the above goal, a diffusion generative model typically encompasses two Markov processes:
a forward process and a reverse process, as described below.

The forward process. In the forward chain, one progressively injects noise into the data samples to
diffuse and obscure the data. The distributions of the injected noise are often hand-picked, with the standard
Gaussian distribution receiving widespread adoption. More specifically, the forward Markov process produces
a sequence of d-dimensional random vectors X; — Xy — -+ — X7 as follows:

Xo ~ Pdata; (43’)
X =1 =B Xo1 + /B W, 1<t<T, (4b)

where {W;}1<i<r indicates a sequence of independent noise vectors drawn from W, e (0,14). The
hyper-parameters {3; € (0,1)} represent prescribed learning rate schedules that control the variance of the
noise injected in each step. If we define

t
ay = 1— By, ay ZZHOCka 1<t<T, (5)
k=1



then it can be straightforwardly verified that for every 1 <t < T,
X, =vVaXo+V1—a, W, for some Wy ~ N(0, I). (6)

Clearly, if the covariance of X is also equal to I;, then the covariance of X; is preserved throughout the
forward process; for this reason, this forward process (4) is sometimes referred to as variance-preserving (Song
et al., 2021b). Throughout this paper, we employ the notation

g = Iaw(Xt) (7)

to denote the distribution of X;. As long as @p is vanishingly small, one has the following property for a
general family of data distributions:

qgr =~ N(0,1,). (8)

The reverse process. The reverse chain Yy — Yr_; — ... — Y7 is designed to (approximately) revert
the forward process, allowing one to transform pure noise into new samples with matching distributions as
the original data. To be more precise, by initializing it as

YT ~ N(O, Id), (9&)

we seek to design a reverse-time Markov process with nearly identical marginals as the forward process,
namely,

(goal) Y, A X, t=T.T—1,-- 1. (9b)
Throughout the paper, we shall often employ the following notation to indicate the distribution of Y;:
pr = law(Y3). (10)

2.2 Deterministic vs. stochastic samplers: a continuous-time interpretation

Evidently, the most crucial step of the diffusion model lies in effective design of the reverse process. Two
mainstream approaches stand out:

e Deterministic samplers. Starting from Yr ~ N(0,1;), this approach selects a set of functions
{®:(-)}1<t<r and computes:
Yie1 = ®(Y2), t="T,-- 1. (11)

Clearly, the sampling process is fully deterministic except for the initialization Y7 .

e Stochastic samplers. Initialized again at Y7 ~ N(0, I), this approach computes another collection of
functions {¥,(-, ) }1<i<r and performs the updates:

1/Ifflz\j[lt(yvt7zt>7 t:T7 71a (12)

where the Z;’s are independent noise vectors obeying Z; L N(0,1y).

In order to elucidate the feasibility of the above two approaches, we find it helpful to look at the continuum
limit through the lens of SDEs and ODEs. It is worth emphasizing, however, that the development of our
main theory does not rely on any knowledge of SDEs and ODEs.

e The forward process. A continuous-time analog of the forward diffusion process can be modeled as
dXy = f(Xy, t)dt +g(t)dW, (0<t<T), Xo ~ Pdata (13)

for some functions f(-,-) and g(-) (denoting respectively the drift and diffusion coefficient), where W;
denotes a d-dimensional standard Brownian motion. As a special example, the continuum limit of (4)
takes the following form? (Song et al., 2021b)

dX, = —%B(t)Xtdt FVBDAW, (0<t<T),  Xo~ pee (14)

for some function B(t). As before, we denote by g; the distribution of X; in (13).

2To see its connection with (4), it suffices to derive from (4) that X: — X;_qr = V1 — Bt Xi—ar — Xe—ar + VBiWr =
—1B:Xi—ar + VB Wh.



e The reverse process. As it turns out, the following two reverse processes are both capable of reconstructing
the distribution of the forward process, motivating the design of two distinctive samplers. Here and
throughout, we use Vlog ¢:(X) to abbreviate V x log ¢;(X) for notational simplicity.

— One feasible approach is to resort to the so-called probability flow ODE (Song et al., 2021b)

1
AYPoe = (= (VT — 1) + 59(T =) Viogqr—o(Y7*) )dt (0<¢<T), Y™ ~ar,
(15)
which exhibits matching distributions as follows:
vede Ly, 0<t<T.

The deterministic nature of this approach often enables faster sampling. It has been shown that
this family of deterministic samplers is closely related to the DDIM sampler (Karras et al., 2022;
Song et al., 2021b).

— In view of the classical results Anderson (1982); Haussmann and Pardoux (1986), one can also
construct a “reverse-time” SDE

dy;de = ( — f(Yee, T —t) +g(T — t)QVIquT_t(dee))dt +g9(T—t)dz% (0<t<T) (16)
with Y ~ g7 and Z;9 being a standard Brownian motion. Strikingly, this process also satisfies
veee, L X, 0<t<T.

The popular DDPM sampler (Ho et al., 2020; Nichol and Dhariwal, 2021) falls under this category.

Interestingly, in addition to the functions f and g that define the forward process, construction of both (15)
and (16) relies only upon the knowledge of the gradient of the log density Vlogg:(-) of the intermediate
steps of the forward diffusion process — often referred to as the (Stein) score function. Consequently, a key
enabler of the above paradigms lies in reliable learning of the score function, and hence the name score-based
generative modeling.

3 Algorithms and main results

In this section, we analyze a couple of diffusion generative models, including both deterministic and stochastic
samplers. While the proofs for our main theory are all postponed to the appendix, it is worth emphasizing
upfront that our analysis framework directly tackles the discrete-time processes without resorting to any
toolbox of SDEs and ODEs tailored to the continuous-time limits. This elementary approach might potentially
be versatile for analyzing a broad class of variations of these samplers. For instance, prior ODE-based theory
(e.g., Chen et al. (2023b,c)) encountered certain technical challenges when analyzing the deterministic sampler
directly, and our elementary approach is able to shed new light on the convergence of this important sampler.

3.1 Assumptions and learning rates

Before proceeding, we impose some assumptions on the score estimates and the target data distributions, and
specify the hypter-parameters {c;} that shall be adopted throughout all cases.

Score estimates. Given that the score functions are an essential component in score-based generative
modeling, we assume access to faithful estimates of the score functions Vlogg¢:(-) across all intermediate
steps t, thus disentangling the score learning phase and the data generation phase. Towards this end, let us
first formally introduce the true score function as follows.

Definition 1 (Score function). The score function, denoted by s; : R — R? (1 <t <T), is defined as

si(X)=Vlogq(X), 1<t<T. (17)



As has been pointed out by previous works concerning score matching (e.g., Hyvérinen (2005); Vincent
(2011); Chen et al. (2022b)), the score function s} admits an alternative form as follows (owing to properties
of Gaussian distributions):

1
S(EXO + \/1—atW) + ﬁw

which takes the form of the minimum mean square error estimator for — \/11_7@W given /o, Xo + V1 — oW

s; = arg min E
s:RI=RE WAN(0,1a), Xo~Pdata

2
], (18)

2

and is often more amenable to training.
With Definition 1 in place, we can readily introduce the following assumptions that capture the quality of
the score estimate {s;}1<;<7 we have available.

Assumption 1. Suppose that the score function estimate {s;}1<i<1 obeys

T
1 . 2
T2, [se(X) = 57 (X)5] < e (19)
Assumption 2. For each 1 <t < T, assume that s;(-) is continuously differentiable, and denote by Jsr = %

and Js, = % the Jacobian matrices of sy(-) and s¢(-), respectively. Assume that the score function estimate

{sthi<i<r obeys

= E 140 = 2 (O] < o (20)

t=1

In a nutshell, Assumption 1 reflects the 5 score estimation error, whereas Assumption 2 is concerned with
the estimation error in terms of the corresponding Jacobian matrix (so as to ensure certain continuity of the
score estimator). Both assumptions consider the average estimation errors over all T steps. As we shall see
momentarily, our theory for the deterministic sampler relies on both Assumptions 1 and 2, while the theory
for the stochastic sampler requires only Assumption 1. We shall discuss in Section 3.2.1 the insufficiency of
Assumption 1 alone for the deterministic sampler.

Target data distributions. Our goal is to uncover the effectiveness of diffusion models in generating a
broad family of data distributions. Throughout this paper, the only assumptions we need to impose on the
target data distribution pgaia are the following:

e X is an absolutely continuous random vector, and
P([|[Xoll2 < R =T | Xo ~ pgata) = 1 (21)
for some arbitrarily large constant cg > 0.
This assumption allows the radius of the support of pgata to be exceedingly large (given that the exponent cg

can be arbitrarily large).

Learning rate schedule. Let us also take a moment to specify the learning rates to be used for our
theory and analyses. For some large enough numerical constants cg,c; > 0, we set

1
ﬁlzl—alzﬁ; (22a)
logT log T\t
ﬁtzl—at:cl 08 min 51<1+Cl o8 >71 . (22b)
T T
Remark 1. As will be seen in the analysis, in general the discretization error depends crucially on the
quantity tgz , whereas the initialization error relies on &y and @r. Our learning rates (22) are designed to
make % as small as possible, while guaranteeing & (resp. ar) is close to 1 (resp. 0); see the properties

in (39). In addition, note that our theoretical framework can readily accommodate much broader choices of
learning rates, although the resultant convergence rates might vary.



3.2 Deterministic samplers

We begin by analyzing a deterministic sampler: a discrete-time version of the probability flow ODE.

3.2.1 An ODE-based deterministic sampler

Armed with the score estimates {s;}1<i<r, a discrete-time version of the probability flow ODE approach
(cf. (15)) adopts the following update rule:

Yr ~ N(0, 1), Vi1 =®(Y,) fort=T,--- 1, (23a)

where ®;(-) is taken to be

By(e) = —— (2 + %)), (23b)
=5

This approach, based on the probability flow ODE (15), often achieves faster sampling compared to the
stochastic counterpart (Song et al., 2021b). Despite the empirical advances, however, the theoretical
understanding of this type of deterministic samplers remained far from mature.

We first derive non-asymptotic convergence guarantees — measured by the total variation distance between
the forward and the reverse processes — for the above deterministic sampler (23). The proof of this result is
postponed to Section 5.2.

Theorem 1. Suppose that (21) holds true. Assume that the score estimates si(-) (1 < ¢t < T) satisfy
Assumptions 1 and 2. Then the sampling process (23) with the learning rate schedule (22) satisfies

d*log' T d®log’ T
TV (a1, p1) < C1—2— + C1 22— + 1/ d10g" Teseore + C1(108 )z soco (24)

for some universal constants C1 > 0, where we recall that p1 (resp. q1) represents the distribution of Y1
(resp. X1 ).

Remark 2. Note that our theory is concerned with convergence to qi (the first step of the forward process).
Given that X1 ~ q1 and Xy ~ qo are exceedingly close due to the choice of ay, focusing on the convergence
w.r.t. q1 instead of qy remains practically relevant.

Let us remark on the main implications of Theorem 1, as well as several points worth discussing. Before
proceeding, we shall note that our theory is concerned with convergence to ¢;. Given that X; ~ ¢; and
Xy ~ qop are very close due to the choice of aq, focusing on the convergence w.r.t. ¢; instead of gy remains
practically relevant.

Iteration complexity. Counsider first the scenario that has access to perfect score estimates (i.e., €score = 0).
In order to achieve e-accuracy (in the sense that TV(q1,p1) < €), the number of steps 7" only needs to exceed®

5(‘? + j;) (25)

Stability. Turning to the more general case with imperfect score estimates (i.e., €score > 0), the deterministic
sampler (23) yields a distribution whose distance to the target distribution (measured again by the TV
distance) scales proportionally with escore and €jacopi- It is noteworthy that in addition to the ¢y score
estimation errors, we are in need of an assumption on the stability of the associated Jacobian matrices, which
plays a pivotal in ensuring that the reverse-time deterministic process does not deviate considerably from the
desired process.

3As a technical note, the suboptimal d-dependency in our theory for the deterministic sampler comes mainly from Lemma 4;
the main difficulty to improve Lemma 4 lies in obtaining tighter control of some quantities regarding the conditional distribution
of xg given z; (e.g., the Jacobian matrix of st).



Insufficiency of the score estimation error assumption alone. The careful reader might wonder why
we are in need of additional assumptions beyond the ¢5 score error stated in Assumption 1. To answer this
question, we find it helpful to look at a simple example below.

e Example. Consider the case where Xy ~ A(0,1), and hence X; ~ N (0,1). Suppose that the reverse
process for time ¢ = 2 can lead to the desired distribution if exact score function is employed, namely,

1
Y/ =— (Y —
e (n
Now, suppose that the score estimate s2(-) we have available obeys
2, /2 y* . 1 1-— (6]
s2(y2) = s3(y2) + 1 ~ {yf - L {Ll with y = Jas \ T 5 s2(32)

for some L > 0, where |z] is the greatest integer not exceeding z. It follows that

500) ) ~ N,

1-— (65 Yl*
Y1 =Y 5(Ye) —so(Yo)| =L | — .
1 1+2\/a—2[32( 2) — s2(Y2)] LLJ
Clearly, the score estimation error Ex, . (0,1)[[52(X2) — s3(X2)|?] can be made arbitrarily small by
taking L to be sufficiently small. However, the discrete nature of Y7 forces the TV distance to be

TV(Yy, X1) = 1.

The above example demonstrates that, for the deterministic sampler, the TV distance between Y; and X;
might not improve as the score error decreases. As we shall see in Section 3.3.1, this is in stark contrast to
the stochastic sampler. If we wish to eliminate the need of imposing Assumption 2, one potential way is to
resort to other metrics (e.g., the Wasserstein distance) instead of the TV distance between Y7 and X;.

Relaxing the boundedness assumption on X;. As it turns out, the assumption (21) can also be relaxed.
Supposing that P([|Xoll2 < B | Xo ~ pdata) = 1 for some quantity B > 0 (which is allowed to grow faster
than a polynomial in T'), we can readily extend our analysis to obtain

d*log* T'log® B c d%1og® T'log® B
1

TV (ql>p1) S C11 T + T2 + Cl \/ dlog3 TlOg Bascore + Cl d(log T)SJacobiA

Importantly, the convergence rate depends only logarithmically in B.

Comparisons to previous works. Next, let us compare our results with past works. To the best of our
knowledge, the only non-asymptotic analysis for the discretized probability flow ODE approach in prior
literature was derived by a very recent work Chen et al. (2023c), which established the first non-asymptotic
convergence guarantees that exhibit polynomial dependency in both d and 1/¢ (see, e.g., Chen et al. (2023c,
Theorem 4.1)). However, it fell short of providing concrete polynomial dependency in d and 1/¢, suffered
from exponential dependency in the Lipschitz constant of the score function, and relied on exact score
estimates. In contrast, our result in Theorem 1 uncovers a concrete d?/e scaling (ignoring lower-order
and logarithmic terms) without imposing any smoothness assumption on the target data distribution, and
makes explicit the effect of /5 score estimation errors, both of which were previously unavailable for such
discrete-time deterministic samplers. Another recent work Benton et al. (2023b) studied the convergence of
the probability flow ODE approach without accounting for the discretization error; the result therein also
exhibited exponential dependency on a certain Lipschitz constant w.r.t. the forward flow and a regularity
parameter (denoted by A therein, which might scale with the dimension d). Finally, while we were wrapping
up the current paper, we became aware of the independent work Chen et al. (2023b) establishing improved
polynomial dependency for two variants of the probability flow ODE. By inserting an additional stochastic
corrector step — based on overdamped (resp. underdamped) Langevin diffusion — in each iteration of the
probability flow ODE (so strictly speaking, these variations are no longer deterministic samplers), Chen et al.
(2023b) showed that O(L3d/<2) (resp. O(L?V/d/¢)) steps are sufficient, where L denotes the Lipschitz constant
of the score function. In comparison, our result demonstrates for the first time that the plain probability flow
ODE already achieves the 1/e scaling without requiring either a corrector step; one limitation of our result,
however, is the sub-optimal d-dependency compared to the variants studied in Chen et al. (2023b).



3.2.2 An accelerated deterministic sampler

Thus far, we have demonstrated that the iteration complexity of the deterministic sampler (23) is proportional
to 1/e (for small enough €). A natural question is whether this convergence rate can be further improved.

As it turns out, if we have access to perfect estimates of two additional quantities in addition to exact
score estimates, then a modified version of the sampler (23) is able to achieve much improved convergence
guarantees. These estimates are made precise in the following assumption.

Assumption 3. Suppose that we have access to the estimates wy : R — R (1 <t < T) defined as follows:

w=arg min E [Hnwug( W st (X)) + WW s (X) = w(X) D (26)

1
V1—ay
where Xy = /ay Xo + /1 —a;W. Here, the expectation is with respect to W ~ N (0,1;) and Xo ~ Pdata-

Armed with the score estimate in Assumption 1 and the additional estimates in Assumption 3, we are
ready to introduce an accelerated variant of (23) as follows:

Yr ~ N(0, 1), Y 1 :<I>t(Yt) fort=1T,---,1, (27a)

where the mapping ®,(+) is chosen to be

— O —O[tz —Oét2
wir) = (o (2 e st @) i D+ ). (@)

Notably, this new variant (27) is closely related to the original sampler (23); in fact, they both move along the
direction specified by the score estimate s;, except that the accelerated variant includes a proper correction
term chosen based on higher-order expansion.

Encouragingly, our non-asymptotic analysis framework can be extended to derive enhanced convergence
guarantees for the sampler (27), assuming access to exact score functions. The proof of our convergence
result below is postponed to Section D.1.

Theorem 2. Suppose that (21) holds true and that the score estimates are perfect (i.e., sy = st ). Equipped

with the estimates in Assumptions 3 and the learning rate schedule (22), the sampling process (27) obeys

(28)

for some universal constants C1 > 0, where p1 (resp. q1) is the distribution of Y1 (resp. X1 ).

Theorem 2 reveals that: in order to achieve TV(q1,p1) < ¢, the accelerated deterministic sampler (27)
only requires the number of steps T' to be on the order of

~( d3
ol — 29
(ﬁ ) 29
thus improving the dependency on ¢ from O(1/¢) (cf. (25)) to O(1/+/€) for small enough e. Consequently,

the improved convergence result underscores the crucial role of bias correction when selecting the search
direction.

3.3 Stochastic samplers
3.3.1 A DDPM-type stochastic sampler

Armed with the score estimates {s;}, we can readily introduce the following stochastic sampler that operates
in discrete time, motivated by the reverse-time SDE (16):

YTNN(O7I(1)7 )/t—l :\I/t(}/tvzt) fOI‘t:T,"' 71 (303’)
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where Z;, "K' (0, 1), and

1
(y +(1- at)st(y)) + o2 with o7 = o 1. (30b)

1
\I/t (ya Z) \/OTt
The key difference between this sampler and the deterministic sampler (23) is that: (i) there exists an
additional pre-factor of 1/2 on s; in the deterministic sampler; and (ii) the stochastic sampler injects
additional noise Z; in each step.

In contrast to deterministic samplers, the stochastic samplers have received more theoretical attention,
with the state-of-the-art results established by Chen et al. (2022b,a) as well as a very recent paper Benton et al.
(2023a). The elementary approach developed in the current paper is also applicable towards understanding
this type of samplers, leading to the following non-asymptotic theory.

Theorem 3. Suppose that (21) holds true. Equipped with the estimates in Assumption 1 and the learning
rate schedule (22), the stochastic sampler (30) achieves

1 d?log® T )
TV(C]17P1) < iKL(q1 ” pl) < 017 + Cl\/ggscore log™ T (31)

or some universal constants Cy > 0, provided that T > Cad*log® T for some large enough constant Co > 0.
2

Theorem 3 establishes non-asymptotic convergence guarantees for the stochastic sampler (30). As asserted
by the theorem, if we have access to perfect score estimates, then the number of steps needed to attain
e-accuracy (measured by the TV distance between p; and ¢;) is proportional to 1/£2, matching the state-
of-the-art e-dependency derived in Chen et al. (2022a), albeit exhibiting a worse dimensional dependency.
In addition, in the presence of score estimation error, the sampler achieves a TV distance proportional to
Escore, again consistent with prior results. Our analysis follows a completely different path compared with the
SDE-based approach in Chen et al. (2022a), thus offering complementary interpretations for this important
sampler. In order to further illustrate the versatility of our analysis approach, we shall demonstrate how it
can be applied to study an accelerated version in the next subsection.

3.3.2 An accelerated stochastic sampler

In this subsection, we come up with a potential strategy to speed up the stochastic sampler (30), assuming
access to reliable estimates of additional objects as described below.

Assumption 4. Suppose that we have access to the estimates vy : R? x RY — R4 (1 <t < T) as follows:
2
v, :=arg min E [HWWTZ —o(VaX +VI—aW,2) H } 1<t<T, (32)
v:R4XRI R4 2
where X, W, Z are independently generated obeying X ~ pgata, W ~ N(0,1;), and Z ~ N(0,1;).

With perfect score estimates as well as the additional estimates in Assumption 1 and Assumption 4 in
place, we are positioned to introduce the proposed accelerated sampler as follows:

YTNN(Ovjd)v Y1 :lI/t(Y;th) fOI‘t:T,-‘- 7]-7 (333)

where we choose the mapping W,(-,-) as follows

1 1-— (673 _ T
U, (y, z) = —( 1-— ) Ry E—— 1-— — , 33b
(:5) = = (1 (= o) + o {2 = =2 [+ (=)o) =~ )] | (330
with
2o 1 (33¢)
oy = — — 1. C
t T
Clearly, the modified update mapping (33b) is still mainly a linear combination of the score estimate s;_1
and the additive noise Z;, except that a correction term v; (learned by solving (32)) needs to be included for
acceleration purposes.
We now apply our analysis strategy to establish performance guarantees for the above stochastic sampler.
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Theorem 4. Suppose that (21) holds true and that the score estimates are exact (i.e., sy = s ). Equipped
with the estimates in Assumption 1, 4 and the learning rate schedule (22), the sampling process (33) satisfies

d®log*® T

1
TV(QhPl) < iKL(Ch | p1) < Ch T

(34)

for some universal constants Cy > 0, provided that T > Cyd®log®® T’ for some large enough constant Cy > 0.

The proof of this result is provided in Section E.1. In comparison to the stochastic sampler (30), Theorem 4
asserts that the iteration complexity of the sampler (33) is at most

6(d:>7 (35)

thus significantly reducing the scaling O(1/2) for the original sampler (30) to O(1/¢) regarding the e-
dependency. All in all, our theory reveals that having information about a small number of additional objects
might substantially speed up the data generation process.

4 Other related works

Convergence theory for diffusion models. FEarly theoretical efforts in understanding the convergence of
score-based stochastic samplers suffered from being either not quantitative (De Bortoli et al., 2021; Liu et al.,
2022; Pidstrigach, 2022), or the curse of dimensionality (e.g., exponential dependencies in the convergence
guarantees) (Block et al., 2020; De Bortoli, 2022). The recent work Lee et al. (2022) provided the first
polynomial convergence guarantee in the presence of Lo-accurate score estimates, for any smooth distribution
satisfying the log-Sobelev inequality. Chen et al. (2022b); Lee et al. (2023); Chen et al. (2022a) subsequently
lifted such a stringent data distribution assumption. More concretely, Chen et al. (2022b) accommodated a
broad family of data distributions under the premise that the score functions over the entire trajectory of
the forward process are Lipschitz; Lee et al. (2023) only required certain smoothness assumptions but came
with worse dependence on the problem parameters; and more recent results in Chen et al. (2022a) applied to
literally any data distribution with bounded second-order moment. In addition, Wibisono and Yang (2022)
also established a convergence theory for score-based generative models, assuming that the error of the score
estimator has a bounded moment generating function and that the data distribution satisfies the log-Sobelev
inequality. Turning attention to samplers based on the probability flow ODE, Chen et al. (2023c) derived
the first non-asymptotic bounds for this type of samplers. Improved convergence guarantees have recently
been provided by a concurrent work Chen et al. (2023b), with the assistance of additional corrector steps
inerspersed in each iteration of the probability flow ODE. It is worth noting that the corrector steps proposed
therein are based on Langevin-type diffusion and inject additive noise, and hence the resulting sampling
processes are not deterministic. Additionally, theoretical justifications for DDPM in the context of image
in-painting have been developed by Rout et al. (2023). Moreover, convergence results based on the Wasserstein
distance have recently been derived as well (e.g., Tang (2023); Benton et al. (2023b)), although these results
typically exhibit exponential dependency on the Lipschitz constants of the score functions. Theoretical
guarantees have also recently been extended to accommodate other popular methods like consistency models
(Song et al., 2023; Li et al., 2024b) and diffusion guidance (Ho and Salimans, 2022; Wu et al., 2024).

Score matching. Hyvérinen (2005) showed that the score function can be estimated via integration by
parts, a result that was further extended in Hyvérinen (2007). Song et al. (2020b) proposed sliced score
matching to tame the computational complexity in high dimension. The consistency of the score matching
estimator was studied in Hyvérinen (2005), with asymptotic normality established in Forbes and Lauritzen
(2015). Optimizing the score matching loss has been shown to be intimately connected to minimizing upper
bounds on the Kullback-Leibler divergence (Song et al., 2021a) and Wasserstein distance (Kwon et al., 2022)
between the generated distribution and the target data distribution. Furthermore, the recent work Koehler
et al. (2023) studied the statistical efficiency of score matching by connecting it with the isoperimetric
properties of the target data distribution.

12



Other theory for diffusion models. Oko et al. (2023) studied the approximation and generalization
capabilities of diffusion modeling for distribution estimation. Assuming that the data are supported on a
low-dimensional linear subspace, Chen et al. (2023a) developed a sample complexity bound for diffusion
models. Moreover, Ghimire et al. (2023) adopted a geometric perspective and showed that the forward and
backward processes of diffusion models are essentially Wasserstein gradient flows operating in the space of
probability measures. Recently, the idea of stochastic localization, which is closely related to diffusion models,
is adopted to sample from posterior distributions (Montanari and Wu, 2023; El Alaoui et al., 2022), which
has been implemented using the approximate message passing algorithm (Donoho et al. (2009); Li and Wei
(2022)).

5 Analysis

In this section, we describe our non-asymptotic proof strategies for two simpler samplers (i.e., (23) and (30)).
The analyses for the two accelerated variants follow similar arguments as their non-accelerated counterparts,
and are hence postponed to the appendices.

5.1 Preliminary facts

Before proceeding, we gather a couple of facts that will be useful for the proof, with most proofs postponed
to Appendix A.

Properties related to the score function. First of all, in view of the alternative expression (18) for the
score function and the property of the minimum mean square error (MMSE) estimator (e.g., Hajek (2015,
Section 3.3.1)), we know that the true score function s} is given by the conditional expectation

_ 1 /gc (z — Vaizo)px, | x, (zo | 2)dwo. -

1—ay

1
1—-o

E[\/a:th—x‘\/a:th—l-vl—atW:x]

=: g¢(x)

Let us also introduce the Jacobian matrix associated with ¢;(-) as follows:

_ Jgt ()
ox ’

Ji(x) :

which can be equivalently rewritten as

1 T
Tw) = It = {E[Xt — VEXo | Xi = a] (B[X: - V&Ko | Xi = a])

— Qi

~E[(X: — V@ Xo) (X, - vaiXo) " | X, :x}} (38)

Properties about the learning rates. Next, we isolate a few useful properties about the learning rates
as specified by {a;} in (22):

atz1—cllogTzé, 1<t<T (39a)
1g%g1+%, 2<t<T (39¢)
@TS%, (39d)
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provided that T is large enough. Here, ¢; is defined in (22), and ¢ > 1000 is some large numerical constant.
In addition, if M < 1, then one has

G e e o(PGIR) ) w

The proof of these properties is postponed to Appendix A.2.

Properties of the forward process. Additionally, recall that the forward process satisfies X 4 var Xo+
V1 —a,W with W ~ N(0, I;). We have the following tail bound concerning the random vector X conditional
on X;, whose proof can be found in Appendix A.3.

Lemma 1. Suppose that there exists some numerical constant cg > 0 obeying

P(HX0||2 <R)=1 and R =T°. (40)
Consider any y € R, and let
—log px, (v)
= —_— 41
0(y) max{ dlog T ,Co (41)

for some large enough constant cg > 2cr + co. Then for any quantity cs > 2, conditioned on Xy =y one has
[VaiXo —yl|, < 5e5v/0(y)d(1 —a)log T (42)
with probability at least 1 — exp ( — c20(y)dlog T). In addition, it holds that

E[|[VaiXo —yl|,| Xe =y] < 12\/9 d(1 —a;)logT, (43a)
E|[V&Xo - lly ] X = y| < 1200()d(1 ~ @) 1og T, (43b)
E[[|VaXo - ylly | X = y| < 1040(8(y)d(1 — @) log )", (43¢)
E[IVaXo -yl | X =] < 10080(0(y)d(1 — @) logT). (43d)

In order to interpret Lemma 1, let us look at the case with 6(y) = cg, corresponding to the scenario where
px,(y) > exp(—cedlogT) (so that px,(y) is not exceedingly small). In this case, Lemma 1 implies that
conditional on X; = y taking on a “typical” value, the vector v/a;Xo — X; = /1 — a; W (see (6)) might
still follow a sub-Gaussian tail, whose expected norm remains on the same order of that of an unconditional
Gaussian vector N (0, (1 — @;)Iq).

The next lemma singles out another useful fact that controls the tail of px, of the forward process; the
proof is postponed to Appendix A.4.

Lemma 2. Consider any two points x;,x;_1 € R obeying

Tt
Tp—1 — —F—

1
—logpx, (z1) < 5eedlog T, and =

< c3v/d(l —ay)logT (44)
2

for some large constants cg,c3 > 0. If we define x4(7y) = yxi—1 + (1 — v)x¢/\/ar for any v € [0,1], then
—logpx,_, (2:(7)) < codlogT, Yy € [0,1]. (45)

In other words, if x; falls within a typical range of X; and if the point z;_; is not too far away from
x¢/\/a, then x;_; is also a typical value of the previous point X;_;. As an immediate consequence, combining
Lemma 2 with Lemma 1 reveals that: if the assumption (44) holds, then conditional on X;_1 = () for any
v € [0,1], one has

||\/at 1X0—.13t H2 _5C5\/Cﬁd 1—Oét 1)10gT (463)
o ’ < (5es 4 e3)\/ced(1 —@;_1)log T (46b)

H\/ﬁXo— % ’ < Va1 Xo =zl + =)= 75|,

with probability exceeding 1 — exp ( — c2cgdlog T), where the last inequality invokes the property (39b).
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Distance between pr and ¢r. We now record a simple result that demonstrates the proximity between
pr and g7, whose proof is provided in Appendix A.5.
Lemma 3. For any large enough T, it holds that

1
KL | 9ve) S oo (47)

| —

(TV(oxy | pv2))” <

Additional notation about score errors. For any vector z € R% and any 1 <t < T, let us define

Escore,t(T) = Hst(ac) - s?(m)”2 and € Jacobi,t (Z) = HJSt () = Jar ()| (48)
with J,, and J,; the Jacobian matrices of s¢(-) and s;(-), respectively. Under Assumption 1, we have
L T 1 T , 1/2
T ; E X, [Escoret(X)] < (T ; Exrg, [Escoret(X)?] ) < Escore. (492)
Also, Assumption 2 says that
1 T
T Z E X ~q; [€Jacobirt (X)] < €Jacobi- (49Db)
t=1

5.2 Analysis for the sampler based on probability flow ODE (Theorem 1)

We now present the proof for our main result (i.e., Theorem 1) tailored to the deterministic sampler (23)
based on the probability flow ODE. Given that the total variation distance is always bounded above by 1, it
suffices to assume

T > C1d*log* T + /C1d®log® T (50a)
1
Escore < —————— 50b
score = Cl\/alogQT ( )
1
€ Jacobi & ——5— 50c
Jacob Cydlog® T (50c)

throughout the proof; otherwise the claimed result (24) becomes trivial.

Preparation. Before proceeding, we find it convenient to introduce a function

@) =+ 25w == g [ (@ Vo), v, o | ) (51a)
¢mm=x+1;%&u% (51b)

where the first line follows from (36). The update rule (23) can then be expressed as follows:
Vit = 0,(Y)) = ——u(Y3). (52)

NG
Moreover, for any point yr € R? (resp. Yy € R?), let us define the corresponding deterministic sequence
1 1
Vai Ve
In other words, {yr—1,...,y1} (vesp. {v_1,--.,y1}) is the (reverse-time) sequence generated by the probabil-
ity flow ODE (cf. (52)) when initialized to Y7 = yr (resp. Y = y/). We also define the following quantities

Yi—1 = ¢t(yt)7 y£,1 = (bt(yé)a t:TaT_ 17 (53)

for any point yr € R? and its associated sequence {yr_1,...,y1}:
logT
ft (yT) = T (dEJacobht(yt) + leg TEscoreJ(yt)); (543)
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Z &(yr), fort>2, and Si(yr) =0. (54b)
1<k<t

In words, for any given starting point yr, & (y;) captures the (properly weighted) score error incurred in the
t-th iteration, whereas S;(yr) quantifies the aggregate weighted score error up to the ¢-th iteration.
With the above notation in place, we can readily proceed to our proof, which consists of several steps.

Step 1: bounding the density ratios of interest. To begin with, we note that for any vectors y;_1
and y;, elementary properties about transformation of probability distributions give

Py, (Wi—1) Py (Vouye-1)
pXt—l(yt—l) p\/OTtXt—1(Vatyt—1)

_ Py (Vay-1) (P\/axtl(\/@yt—l))_l v (ye)

Py, (Yt) px, (Yt) px, (Ye)’ (55)

thus converting the density ratio of interest into the product of three other density ratios. Noteworthily, this
observation (55) connects the target density ratio 10;71 at the (¢ — 1)-th step with its counterpart ;ﬁ at the
1

t-th step, motivating us to look at the density changes within adjacent steps in both the forward and the
reverse processes (i.e., px,_, vs. px, and py,_, vs. py,). In light of this expression, we develop a key lemma
related to some of these density ratios, which plays a central role in establishing Theorem 1. The proof of
this lemma is postponed to Appendix B.1.

Lemma 4. For any v € RY, let

0¢(z) = max{ - w,%} (56)

for some large enough constant cg > 2cg + co, and suppose that w < /0, . Then one has

pyaix. (¢4(2)) < 2exp ((5ssco,et )V/0:(z)dlog T + 606, (z)d log T) o ) (57)

px, () ap — ay

If, in addition, we have C1ig u(z)dlog” T+€5°°'” (2)y/0:(w)dlog? T
)
then it holds that

< 1 for some large enough constant Cyy > 0,

p\/axt—l (¢t(x))

px, (%)
— 2 — 2
a1~y (=00l (o= VEm)px, x, (oo | 2)daol |} = [ |2 = ol 3o, x, (o0 | 2)koo)
=1+ — + — —
2(0[,5 — O[t) 2(0[,5 — O[t)(]. — O[t)
1—ap\2 1—a
2 12 t 2 t
+ O<9t(x) d (at - at) 10g2 T + £scoret () Qt(x)dlogT(at - at)). (58a)
Moreover, for any random vector Y, one has
Po.(v)(¢e(x))
py (z)
— 2 — 2
d1—ay) (- at)(H J (@ = Vazo)px, | x, (xo |2)dzo ||, — [ [|o — V@wol|,px, | x, (20 fﬂ)dwo)
=1+ —= + — —
2(ay — @) 2(ar —ay)(1 — @)
1— oy \2 o \3
2 12 t 2 6 t _ _
—|—O<9t(w) d (at _at) log? T + 0, (z)3d® log® T(at _at) +(1 at)dgmb,,t(x)) (58b)

d? log® T+de jacobi,t (z) log T
T

provided that C1y <1 for some large enough constant C11 > 0.
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0:(x)dlog® T+escore,t (2)/ 0+ (x)d log® T
Lt <1

Remark 3. Combining Lemma 4 with Lemma 1 and (39), gives: if Cyo
and if 0:(x) S 1, then (58a) tells us that

p\/DTtXt—l((bt(x)) < 4cld10gT + 010 {d2 10g4T ds 10g6T + 6score,t(x) Vv d10g3 T} (59)

]
k(@) ST T2 T3 T

under our sample size assumption (50), where C1o > 0 is some large enough constant. Here, we have made
use of the fact that the second-to-last term in (58a) is non-positive due to Jensen’s inequality.

Step 2: decomposing the TV distance based on “typical” points. To bound the TV distance of
interest, it is helpful to isolate the following sets

£ = {y :q1(y) > max {p1(y), exp (— codlog T)}}a (60)

where cg > 0 is some large enough universal constant introduced in Lemma 4. In words, this set £ contains
all y that can be viewed as “typical” values under the distribution ¢; (meaning that ¢;(y) is not exceedingly
small), while at the same time obeying ¢1(y) > p1(y).

In view of the basic properties about the TV distance, we can derive

TV(Ql,pl) :/ ((h(y) *Pl(y))dy
y:q1(y)>p1(y)

- [ @ -mw)ay+ [ () -p@)dy. (6]
yee y:p1(y)<q1(y)<exp(—cedlog T)
In order to bound the second term on the right-hand side of (61), we make note of a basic fact: since
X, @ @ Xo + VT @W with W ~ N0, 1) and P(|[Xo|l2 < T°%) = 1, it holds that
P{||X¢ll2 > T2} <P{||W]}2 > T?} < exp (—cedlog T) (62)

under our assumption (50) on 7', thereby indicating that
/ aly)dy < exp (~codlogT). (63)
yillyll22ToR*2

This basic fact in turn reveals that

(01(y) — p1(9))dy < / a1 (y)dy

y:q1(y)<exp(—cedlog T')

< exp(—cgdlogT) / dy + exp (—cedlogT)

yillylla<ToRT?

/y:pl (y)<q1(y)<exp(—ci2dlogT)

< exp(—cgdlogT) (2TCR+2)d + exp (—cedlog T)
< exp ( — 0.5¢gd log T),

provided that cg > 4(cg + 2). Substitution into (61) then yields

Y;
TV(q1,p1) < Eyymp, [(ql( ) 1) 1{v; € 5}} +exp ( — cgdlogT), (64)
p1(Y1)
with the proviso that c¢g > 4(cgr + 2).
To proceed, let us isolate the following set
I, = {yT | Sr(yr) < C14} (65)

for some small enough constant ¢y4 > 0. In words, Z; is composed of a set of points whose aggregate score
error along the backward trajectory is well-controlled; in fact, these are points that exhibit “typical” behavior
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under the assumptions (50b) and (50c). As a result, we can decompose the first term of (64) into the influence
of “typical” points and that of the remaining points as follows:

JE [(‘“(YI) _1)11{1/1 eg}} = E {(‘“(Yl) —1) 1{v; € 5}}

pl(Yl) Yr~pr pl(Yl)
_ a1 (Y1) a1 (Y1)
= E [(pi(Yi) - 1) 1{Y1 €& Yre Il}} B [pi(Yi) 1{Y1 €& Yy ¢ L}}, (66)

where the first identity holds since Y; is determined purely by Yr via deterministic update rules. The
decomposition (66) leaves us with two terms to control, which we accomplish in the next two steps.

Step 3: controlling the first term on the right-hand side of (66). This step analyzes the first term
on the right-hand side of (66). We would like to make the analysis in this step slightly more general than
needed, given that it will be useful for the subsequent analysis as well.

To begin with, let us introduce the following quantity:

T(yr) = max{2 <t<T+1:8-1(yr) < 014}, (67)

meaning that the score errors exhibit “typical” behavior up to the (T(yT) — 1)—th iteration. As can be clearly
seen from the definition (65) of 7,

T(yr) =T +1, Vyr € I;. (68)
In the sequel, we first single out the following lemma, whose proof is deferred to Appendix B.2.

Lemma 5. Consider any yr and its associated sequence {yr—1,--- ,y1} (see (53)). If —logq1(y1) < cgdlog T,
then one has

—log i (yk) < 2cedlog T (69)
for any 1 <k < 7(yr) (cf. (67)), provided that cg > 3cy.

As a consequence of Lemma 5, we are able to control the density ratio ¢;/p: up to the (T(yT) — 1)—th
iteration, as stated in the following lemma. The proof can be found in Appendix B.3.

Lemma 6. Consider any yr, along with the deterministic sequence {yr—_1,---,y1} (cf- (563))), and set
T =7(yr) (cf. (67)). Then one has
q1(y1) d? log4 T  d° 10g6 T Gr—1(Yr—1)
—{1+0 + + S 1y dr-1\r-1) 70a
pi(y1) { ( T T* 1) Pr-1(yr-1) (702)
and W) @) pal) (70b)
2pk(yk) — p(y1) — pr(yk)

Now let us look at the set Z;. Taking 7(yr) =T + 1 (cf. (68)) in Lemma 6 yields

5 {(Zigi; 1) 1{ricEyre Il}]

d?log* T dS1og® T Y
- E ({1+o< o8 L 4208 +ST(yT)>}qT( T)—1>]1{Y165,YT6L}

Yr~pr

d?log* T d®log®T
:/{<1+O< 3‘? + ;‘i +ST(yT)>>qT(yT)—pT(yT)}ll{ylGE,yTEL}dyT

dlog*T  dSlog® T
< /IqT(yT) —pT(yT)!dyT+O< f + Tf )/QT(yT)dyT+O (\/dlog3 TEscore+(d10gT)EJacobi>
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d?log* T d®log® T :
5 ’]? + T% +14/d 10g3 Tescore + (d log T)EJaCObi' (71)

Here, the last line holds since TV(pr, qr) < T~ (according to Lemma 4), and the penultimate line follows
from the observation below:

/ST(yT)QT(yT) 1{y1 € & yr € T} dyr

_logT
= & Z/ deJacobl (yt) + Vdlog Tescore t(ﬁUt)) ar (yT) L {yl €&yre Il} dur
4logT
< ﬁ ;/ (ngacobi,t(yt) + dlongscor@t(yt)) %?T@T) 1{y1 € &,yr € Litdyr
Alog T & a:(%1)
) . +(Ye
=7 ZEYTNpT {(dEJacobl (Y1) + legTascme’t(Yt)) pt(K&)]
4 log T

Y;
ZEYtNPt [ de yacobi,t (Y1) 4 v/ d10g T'escore t(Yt)) il t):|

4logT

ZEY"NQ" [d5J3c0b| t th + leg Tgscore,t(n)}
(legT € Jacobi T \V leg Tescore,
where the first inequality is due to (70), and the last relation comes from (49).
Step 4: controlling the second term on the right-hand side of (66). In this step, we find it helpful

to introduce the following sets (in addition to Z; defined in (65)), where we again abbreviate 7 = 7(yr) as
long as it is clear from the context:

I = {yT te1q < 8;(yr) < 2014}, (72a)
< 8‘]7-(97-) }7 (72b)

. 8ar(yr) } (72¢)

I3 = {yT 0 Sro1(yr) < s & (yr) > cua

Iy = {yT :S-—1(yr) < cas & (yr) = e

It follows immediately from the definition that 7; UZo UZs UZy = R?. In words, for any point yr in 2o,
the resulting score error remains well-controlled in the 7-th iteration; in comparison, the points in Z3 and
74 might incur large score errors in the 7-th iteration. The difference between Z3 and Z, then lies in the
comparison between the density ratios ¢;/p; in the (7 — 1)-th and the 7-th iteration.

We shall tackle each of these sets separately, with the combined result summarized in the lemma below.

Lemma 7. It holds that

Y; 2log*T dlog®T ST
Y, ZiEYi; 1 {Yl e&EYrelyUIsU I4} S j% + T% + legS Tescore + (dlog T)gJacobi-
T~pT
(73)

See Appendix B.4 for the proof of this lemma.

Step 5: putting all pieces together. Recall that Z; UZ, U T3 UZ, = R Taking (193), (66), (71) and
(73) collectively, we conclude that

a(V1)
TV(p17Q1) < YT]EpT |:<p1(Y1) 1) 1 {Yl e& Yre Il}
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Y:
+ E |:q ( ) ]l{Yl e&EYrelyUT; UI4}:| —|—eXp(—Cﬁd10gT)

YT ~pr [ P1 (Yl)
dlog*T  dSlog®T
< 3% + ;% + 1/ dlog® Tegore + de jacobi l0g T

as claimed.

5.3 Analysis for the DDPM-type sampler (Theorem 3)

Turning attention to the DDPM-type stochastic sampler (30), we now present the main steps for the proof of
Theorem 3.

Preparation. Let us first introduce the following mapping

. . 1 . _ 1 1— oy —
i (@) = \/OTt(xt + (1= au)s} (xt)) = Ja T Jai—a) /OE0 Pxo | x, (To | ) (20 — Vawo)dwo, (74a)
1
peler) = = (act (- at)st(xt)), (74D)

where the first line relies on the expression (36). For any ¢, let us also introduce an auxiliary vector

Y= o= (Yt (= a)si() + o, (75)

1
VAT
which applies the DDPM update rule from Y; using the true score function s;. From the update rule (30)
and (75), we can write

1
Py, v, (T | @) = WQXP < - ﬁ”xt—l - ﬂt(It)H;) (76a)
1 a
pyr v, (Te—1 @) = 7(2 — )d/2 exp ( T 3i—ay jat) l|lwe—1 — u?(%)!li) (76Db)
T t

for any two points ¢, z;_; € R?. For notational simplicity, we shall also use the following notation throughout:

fft = Ty (77)

Armed with this set of notation, we are ready to present the proof of Theorem 3, which consists of several
steps below.

Step 1: decomposition of the KL divergence. The celebrated Pinsker inequality (see, e.g., Tsybakov
(2009, Lemma 2.5)) tells us that

1
TV(leval) S iKL(p)ﬁ || pY1)7 (78)

and hence it suffices to work with the KL divergence. Recall that X; — --- — Xp and Y — --- — Y] are
both Markov chains (so are their reverse processes). In order to compute the KL divergence between px, and
Dy, , we make note of the following elementary relations:

T
KL(le S XT || Pyy,.. ) KL le || le + Z
t

=2
= KL(px, || pvi) + i E KL (pxeix G L) vy 1))
=7

. {KL(th\xt,l(' | 2) [y v | x))]

T —

~+
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where we recall that ¢; (resp. p;) denotes the distribution of X; (resp. Y;). This combined with the non-
negativity of the KL divergence indicates that

T
KL(px, || pv) < KL, ov) + 3 B (KL (pxy 1 G 2) oy (- 2). (79)

t=2

This allows us to focus attention on the transition probabilities at each time instance ¢. On the right-hand
side of (79), the term that is the easiest to bound is KL(px, || py;). It has been shown in Lemma 3 that

1
KL(px, [l pyr) S T200°

Thus, it suffices to focus attention on bounding KL(px, ,|x,(- | @) | Py, ,|v,(- | 2)) for each 1 < ¢ < T,
which forms the main content of the subsequent proof.

Step 2: controlling the conditional distributions pyx, ,|x, and py: |vy,. In order to compute the
KL divergence of interest in (79), one needs to calculate the two conditional distributions py,_, | x, and
Py,_, | v;» which we study in this step. To do so, we find it helpful to first introduce the following set

1 ~
£ = {(a:t,xt_l) | —logpx, (z:) < §C6d10gT7 i1 — Ze]|2 < e3/d(1 — at)logT}, (80)

where the two numerical constants cs, cg > 0 are introduced in Lemma 2. Informally, £ encompasses a typical
range of the values of (X;, X;_1), and our analysis shall often proceed by studying the points in £ and those
outside £ separately.

The first result below quantifies the conditional density px,_, | x, (71| 2¢) for those points residing within
&, which plays a central role in comparing px,_,|x, against py, , |y, (see (76a)). The proof can be found in
Appendix C.1.

Lemma 8. There exists some large enough numerical constant cc > 0 such that: for every (zy,xzi—1) € &,

2
_ aslwe—1 = pi (o)l
Pxi 1| X, (It—l |CCt) = Wexp (— 2(1 —Ctt) +Ct(ast_1,xt) (81)
holds for some residual term (i(zi—1,x¢) obeying
1—
|Ce(@im1,20)| < ced? (at> log® T. (82)
Qp — O

Here, we recall the definition of ) (xy) in (74b).

By comparing Lemma 8 with expression (76a), we see that when restricted to the set £, the two conditional
distributions px, ,|x,(z¢—1|2¢) and py, ||y, (2i—1|2¢) (i.e., informally, the time-reversed transition kernels)
are fairly close to each other, a crucial observation that suggests the validity of the diffusion generative model.

Furthermore, we are also in need of bounding the ratio of the two conditional distributions when going
beyond the set £. As it turns out, it suffices to develop a crude bound on the logarithm of such ratios (which
are used in defining the KL divergence), as stated in the following lemma.

Lemma 9. For all (zs,z¢_1) € R? x RY, it holds that

Px, 1| X, (1| 2t)

Py |vi (w1 |24)

log < 2T ooy — Bll3 + el +T°°7) . (83)

The proof of Lemma 9 is provided in Appendix C.2.
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Step 3: bounding the KL divergence between px, ,|x, and Pyy , |v,- Equipped with the above two
lemmas, we are positioned to first control the KL divergence between px, | x, and DY ||y by doing so we
are neglecting the impact of the score estimation error for the moment (see the definition (75) of Y;* ;). It is
first seen from Lemma 8 and (76a) that: for any (z;,z:—1) € &,

Px, o x (@] w) exp (O<d2<1_70f) log? T)) =1+ O(d2<1_at> log? T)

Pyy |y, (xtfl |$t) o — Qg oy — Oy
log> T 1
—14+0(a? [7,2], 84
+o(e BT e[ (34)

where the last line results from (39b) and the assumption that T > cjd? log® T for some large enough
constant c¢1g > 0. We can then calculate

B [KL (P, 1301 20) Dy, )]

DX,y | X, (Te—1 | Tt)
= (/ +/ )PXt (ze)px, o | x, (Te—1 | 2¢) log — X dry_1dwy,
e Jee Pyy v (@1 | @)

i
= / px, (%) {PX” |x, (@1 @) =y | v (@1 [ @)
I

2
Py v (@e—1|@
+PXt1|Xt(It—1|$t)'0<< v ¥ (@ |7 —1) >}d$t—1d$t

Px, 1| x, (Te—1 [ @)

Px, 1| X (xtfl |xt)

Py v, (Te—1 | @)

=

+/ Px, (xt)pxt,l | X¢ (-1 |2¢)log dxy_1day

ii 1—ap\2
= /pxt (xt){pth 1 x, (-1 | @) = pyr v (@e—1 | @) +px, ) x, (T2 |$t)0(d4<t> log* T> }dxt—ldxt
£

Qp — O
+/ px, ()X, | x, (T1-1 |$t){2T(||$t||§ + i1 — T3 + TQCR)}d";t—ldxt' (85)
50
Here, (i) results from the elementary fact that: if |§ ;Eg — 1’ < %, then the Taylor expansion gives

px(z) py(z) — px(z)
px (@) log > (o) = “Px(@)log (14 B2 ECE P (@X )

= px(z) — py (x) +px(@“>0((§;(m) B 1)2);

regarding (ii), we invoke (84) and Lemma 9.
To continue, let us bound each term on the right-hand side of (85) separately. From the definition of the
set € (cf. (80)), direct calculations yield

P((Xhthl) ¢ 5) = / pxt,l(ﬂ&tfl)pxt |Xt_1(«75t | -thl)dxtfldmt
(zt,xe—1)¢E
1 Tt — /1|2
:/ pXt—l(xtfl)—d/g exp ( _ || t 5 tL¢ 1||2>d$t1d$t
(w¢,e-1)¢E (27T(1 - Ozt)) (1—a)
< exp ( — c3dlog T), (86)

and similarly,

/ P, (@0px, . x, @ [20) (2T (o3 + ey = Bl + T2%) ) day-1day < exp (— csdlogT).
(Te—1,21)¢E
(87)

22



In addition, for every (z;,x:—1) obeying ||zi(—1 — z¢/\/atll2 > c3y/d(1 —ay)logT and —logpx,(z) <
2cedlog T, one can use the definition (74b) of i} (+) to obtain

N 1 l—« —
e = i)l = ey = =~ = s [ — VX0 | X, = ] 2 (88)
1 1—Oét —
> |2y — —71@[ —VaXo|, | X; = }
Z || Tt—1 \/oTtxt . Val—a) th o 0H2| t= Tt

_ 1—ay
> e3y/d(1 — oy) log T — 65— /dlog T
\/Oét(l —at)

= - 6ﬂ —a¢)lo & —a¢)lo
= <c3 6 5m>\/d(1 ) log T > 5 V(1 ¢+)logT, (89)

where the third line results from (43a) in Lemma 1, and the last line applies (39) and holds true as long as c3 is

large enough. In turn, this combined with (76a) indicates that: for any x; obeying —log px, (#) < 3cedlog T,

C3
pyy 1 ve (@1 | @)dae—1 < exp ( — —dlog T). (90)
/:rt1:|:ct1zt/\/at|2>53\/d(1o¢t)logT ! 2

As a result, (86) and (90) taken collectively demonstrate that

‘/ DX, (-'L't){pXt_l | x, (Te—1 | 28) = pyy | v, (Te—1 |$t>}d$t71dl’t
£

1—P((X¢, Xe—1) ¢ E) — /

, )gngt (Jﬂt){l — Py 1vi (@1 \xt)}dl‘t—ldxt
Tt,Tt—1

cs
< - — .
< 2exp ( 5 dlog T) (91)
Substituting (87) and (91) into (85) yields: for each ¢t > 2,

1—a; \2 c3 d*log® T
B KUl e el | S af (T30 ) 108! Tt s - Slog T) 5 ===
(92)

where the last inequality utilizes the properties (39) of the learning rates.

Step 4: quantifying the effect of score estimation errors. Thus far, we have quantified the KL
divergence between px, ,|x, and pyx |y, Given that Y;* ; is obtained from Y; using the true score function,
we still need to control the effect of the score estimation error, which is accomplished by means of the following
lemma. The proof of this lemma can be found in Appendix C.3.

Lemma 10. For any 1 <t <T, one has

E [KL(pxos ixClae) [ pvea v Clan) | = B [KL(pxy ) [ pye, i)

Te~qt Te~qt

3
M E [Sscore,t(Xt)z] (93)

< exp ( — coodlog T) + T«
t™~qt

for some universal constant cog > 0.

Step 5: putting all this together. To finish up, substitute (92), (179) and (179) into the decomposi-
tion (79) to obtain

T-1
KL(px, [|p) S KL [ov) + 30 B [KU(pxy L) ove i)
t=1 T
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+Z{ KL (b, x, ) v v Clao)| = B [KL(px, L) |pmm<~|xt>)}}

Tt~Vqt Tt~qt
d*1og® T a
/S KL(pXT || pYT) =+ Z T% dl og T Z 5scoret Xt) }
2<t<T :2
_d*log®T

T + d Escore IOg T

where the last relation applies the bound on KL(px,. || pys) as in (122). This establishes Theorem 3.

6 Discussion

In this paper, we have developed a new suite of non-asymptotic theory for establishing the convergence
and faithfulness of diffusion generative modeling, assuming access to reliable estimates of the (Stein) score
functions. Our analysis framework seeks to track the dynamics of the reverse process directly using elementary
tools, which eliminates the need to look at the continuous-time limit and invoke the SDE and ODE toolboxes.
Only very minimal assumptions on the target data distribution are imposed. In addition to demonstrating the
non-asymptotic iteration complexities of two mainstream discrete-time samplers — a deterministic sampler
based on the probability flow ODE, and a DDPM-type stochastic sampler — we have discovered potential
strategies to further accelerate the sampling processes, taking advantage of estimates of a small number of
additional objects. The analysis framework laid out in the current paper might shed light on how to analyze
other variants of score-based generative models as well.

Moving forward, there are plenty of questions that require in-depth theoretical understanding. For
instance, the dimension dependency in our convergence results remains sub-optimal; can we further refine our
theory in order to reveal tight dependency in this regard? Can we establish sharp convergence results in
terms of the Wasserstein distance, which could sometimes be “closer” to how humans differentiate pictures
and might potentially help relax Assumption 2 in the case of deterministic samplers? To what extent can we
further accelerate the sampling process, without requiring much more information than the score functions?
Ideally, one would hope to achieve accleration with the aid of the score functions only. It would also be of
paramount interest to establish end-to-end performance guarantees that take into account both the score
learning phase and the sampling phase.

Acknowledgements

Y. Wei is supported in part by the the NSF grants DMS-2147546,/2015447, CAREER award DMS-2143215,
CCF-2106778, and the Google Research Scholar Award. Y. Chen is supported in part by the Alfred P. Sloan
Research Fellowship, the Google Research Scholar Award, the AFOSR, grant FA9550-22-1-0198, the ONR
grant N00014-22-1-2354, and the NSF grants CCF-2221009 and CCF-1907661. Y. Chi are supported in part
by the grants ONR N00014-19-1-2404, NSF CCF-2106778, DMS-2134080 and CNS-2148212.

A Proof for several preliminary facts
A.1 Proof of properties (38)

Elementary calculations reveal that: the (4, j)-th entry of J;(x) is given by

[Jt(x)]i’j =1{i=j}+ 1_1%{(/06 Pxo | x, (o | @) (i — @fo,i)dfo) (/w Pxo| x. (o | 2) (25 — \/a»t@"w)dzo)

— / pX0|Xt (1'0 | (L’) (Zl — \/a»tl’oyi) (ZL’j — \/atl'oyj)dfﬂo}. (94)

This immediately establishes the matrix expression (38).
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A.2 Proof of properties (39) regarding the learning rates
Proof of property (39a). From the choice of §; in (22), we have

1 T
Oétzl—ﬂtzl—q °8

t>2.

1\3\»—\

The case with ¢ = 1 holds trivially since 81 = 1/T for some large enough constant ¢y > 0.

Proof of properties (39b) and (39c). We start by proving (39b). Let 7 be an integer obeying

log T\ " log T\
ﬁl(l—l—cl;g) S1</31<1-|-c1 = ) ; (95)

T

and we divide into two cases based on 7.

e Consider any t satisfying ¢ < 7. In this case, it suffices to prove that

_ 1 c1logT K
1—a_1> = 1 . 96
a1 2> 3,31< t—7 (96)
Clearly, if (96) is valid, then any ¢ < 7 obeys
l—ay Be < = l;gTﬂ (1 + = logT) ~ 3eylogT
1—aq 1—a1 — %Bl(lJle;gT) T

as claimed. Towards proving (96), first note that the base case with ¢ = 2 holds true trivially since
l-a1=1-a1=0p1>5 (1 + %)2/3. Next, let tog > 2 be the first time that Condition (96) fails
to hold and suppose that tqg < 7. It then follows that

to to—1
_ Qpy—1 c1logT 1 clogT 1
l—@y 2=1- <l-a 1 <=1 =, (97
Qy—2 P Qgy—1 < ﬁ1< + T ) < 251 + T <3 (97)

where the last inequality result from (95) and the assumption to < 7. This taken together with the
assumptions (96) and ¢ty < 7 implies that

log T log T\ to—1 1
(1 —Oét071>at071 > = Og ﬁl mln{(1+ a og ) ,1} . (1 — 5) B c1 I;gTﬁ (1+ c1 logT)to 1 B e IOgT

— > — -
L B2 561 (14 et 1;“)“ B (1 + g Ty T
As a result, we can further derive

L—@—1=1— 1012 =1—Q—2 + (1 — ay—1) 0,2

= (1 G at°_1)at°_2>(1 )

1- Aty—2

c1logT c1logT 1 crlogT\"™t
>(1+ T )(1_at0 2) 2 <1+ T : 551 1+ —
1 crlog T\ ™
= - 1
361< + T ) 3

where the penultimate line holds since (96) is first violated at t = to; this, however, contradicts with
the definition of t5. Consequently, one must have ¢ty > 7, meaning that (96) holds for all ¢t < 7.

e We then turn attention to those ¢ obeying ¢ > 7. In this case, it suffices to make the observation that

T c1 lo T+1
_ _ 1 ¢ logT 181 (1 4 cioel) 1
l—ma >l > -1+ 8280 > -
Q-1 > Or1 2> 351( t—= |+ culosT = (98)
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where the second and the third inequalities come from (96). Therefore, one obtains

1— oy - % - 4cq logT
l—a, = 1/a = T

The above arguments taken together establish property (39b).
In addition, it comes immediately from (39b) that
1—675 Q1 — Oy @t_l(l—ozt) <1+ 401 logT

1< —— =14+ —"— " =1
—1—a Jr1—at_1 + 1—ap_1  — T

thereby justifying property (39¢).

Proof of property (39d). Turning attention to the second claim (39d), we note that for any ¢ obeying

T T
tzgzm,onehas

logT log T\t logT
1—0¢t:01;g min{ﬂ1(1+61;g ),1} Cl;g )

This in turn allows one to deduce that

log T\ T/2 1
ar< ] atg(l—q;g ) <
Lt >T)2

for an arbitrarily large constant co > 0.

Proof of property (39e). Finally, it is easily seen from the Taylor expansion that the learning rates {ay}

satisfy
_ /2
)
O — O Qi — Qg

provided that 1=at) <1.
g —0ig

A.3 Proof of Lemma 1
To establish this lemma, we first make the following claim, whose proof is deferred to the end of this subsection.

Claim 1. Consider any cs > 2 and suppose that cg > 2cr. There exists some xo € R? such that

IVaizo —yllz < e51/0(y)d(1 — ;) log T and (99a)
€ \¢ ‘ 1

hold simultaneously, where cy is defined in (22).

With the above claim in place, we are ready to prove Lemma 1. For notational simplicity, we let X
represent a random vector whose distribution px(-) obeys

px(z) = Px,| X, (z|y). (100)

Consider the point xg in Claim 1, and let us look at a set:

= {:c VA ||lz — xolla > 4es/0(y)d(1 —at)logT},
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where ¢5 > 2 (see Claim 1). Combining this with property (99a) about z( results in

P(IVaX ~ yllo > 55 /B(y)d(1 — @) log T) < P(X € &). (101)

Consequently, everything boils down to bounding P(X € £). Towards this, we first invoke the Bayes rule
Pxo | x. (@ |y) o< pxo (#)px, | x, (¥ | @) to derive

P(Xo € £| X, = y) = I}eg pxo(x)pxt\xo(y|$)d3«"
= PXo (x)pthXo(y |z)dz
Joee Pxo(@)Px, | x, (y | 7)dw
fmszMhSe Pxo (T)Px, | x,(y | z)dz
SUP,ce Px, | Xo (Y| ) . P(Xo € &)
T infe e wola<e Px, | X0 (Y [2) P([Xo — zoll2 <€)

(102)

To further bound this quantity, note that: in view of the definition of £ and expression (99a), one has

Sup px, | X, (y|z) = sup Px,| Xo (y]x)
z€e€

z:||Vaz—/amol|2>4c54/0(y)d(1—a;) log T

< sup Px, | X, (¥ 2)
z:||Varz—yll2>3c54/0(y)d(1—a;) log T

1 2 log T
< ( )d/2 exp ( B 9659(y;d og )
27'('(1 —at)

and

_ 1 . ly — \/07th3)
mf r)> — mf eX —_—
e e X0 12) 2 (2 (1 — )72 wlemolaze ( 2(1 —a)
1 nf exp (_ ly — Vaizol3 Ve — \/at$0||§)
T (2m(1 — @) Y2 wlewollaze 1-a, 1—a
1 _ /A 2 2
> - (_ ly \/OExolb e )
(2n(1 — @) 1 - 1 -0
1 ( ) 11
> ———————exp| —c0(y)dlogT — — — >
(2 (1 — @) Teo1—a,
1

Z W exp ( — 2C§0(y)d10g T),
s — O

where the second line is due to the elementary inequality |la + b[|3 < 2||al|3 + 2||b||3, the penultimate line
relies on (99), and the last line holds true since 1 —@; > 1—ay = 1/T° (see (22)). Substitution of the above
two displays into (102), we arrive at

1
(I Xo = zoll2 <€)

d
< exp (— 2.5¢20dlogT) - (T29(y)+co/2>
<exp (— (2.5¢20(y) — 20(y) — co/2)dlogT), (103)

P(Xo € €| Xy =y) < exp (—2.5¢20(y)dlogT) - P

where the second inequality invokes (99b). Substituting this into (101) and recalling the distribution (100) of
X, we arrive at

P(H\/aix — ylla > 5e51/0(y)d(1 — @) log T) < exp (= (25¢20(y) — 20(y) — co/2)dlog T)
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<exp (— c20(y)dlogT),

with the proviso that ¢5 > 2 and ¢g > ¢o (so that 0(y) > ¢ > ¢p). This concludes the proof of the advertised
result (42) when ¢5 > 2 and ¢g > 2¢g + o, as long as Claim 1 can be justified.
With the above result in place, it then follows that

E ||z = vVaXol, | Xi = 2]
< 5e51/0(y)d(1 —a;)log T+ E |:H1't — Va Xo[, L {llze — V@ Xoll2 > 5e51/6(y)d(1 — @) log T'} ‘Xt = xt}

o0

< 5es/0(y)d(1 —at)logT+/ P(llz: — Vazollz > 7| X¢ = x4)dr
5c54/0(y)d(1—ay) log T

o) 7_2
< b5es/0(y)d(1 — @ logT—!—/ exp(—)dr
VO 2 5cs/0(y)d(1—as) log T 25(1 — @)
< 5e5/0(y)d(1 —@;)log T + exp (= c20(y)dlog T)
< 6e51/0(y)d(1 —ay)logT,

as claimed in (43a) by taking cs = 2. The proofs for (43b), (43c) and (43d) follow from similar aguments and
are hence omitted for the sake of brevity.

Proof of Claim 1. We prove this claim by contradiction. Specifically, suppose instead that: for every x
obeying ||vVazz — yll2 < ¢51/0(y)d(1 — @) log T, we have

d
€ . 1
P(HXO — .%‘”2 S 6) S (W) with € = W. (104)

Clearly, the choice of € ensures that € < %\/d(l —ay)logT. In the following, we would like to show that this
assumption leads to contradiction.
First of all, let us look at px,, which obeys

px,(y) = / Pxo (¥)px, | x, (v | )d

Pxo(T)px, | x, (Y | z)da

/96: IVarz—yll2>c54/0(y)d(1—ay) log T

+ / P (@)px, | 0 (4 | 2)de. (105)
o ||[Varr—yl|l2a<cs/0(y)d(1—ay) log T

To further control (105), we make two observations:

1) The first term on the right-hand side of (105) can be bounded by

Px,(%)px, | Xo (y|z)dz

/ac: IV@z—yll2>c54/0(y)d(1—a;) log T
1

< sup — 5 exp (— 7”'2“% )
< — 1z
w 2lla sy /B —mToa T (2m(1 — )" 2(1 —a)

< %exp (—0(y)dlogT), (106)

provided that ¢5 > 2 and ¢ > 0 is large enough (note that 6(y) > ¢). Here, we have used X; ©

VarXo + 1 —aW with W ~ N(0,1;) as well as standard properties about Gaussian distributions.

2) Regarding the second term on the right-hand side of (105), let us construct an epsilon-net A, = {z;}
for the following set

{z: V@ —yll2 < esv/0(y)d(1 — @) log T and |2 < R},

28



so that for each x in this set, one can find a vector z; € N. such that ||z — z;||2 < e. Clearly, we can
choose N, so that its cardinality obeys [N;| < (2R/e)¢. Define B; == {x | ||z — zi||2 < €} for each
z; € N.. Armed with these sets, we can derive

[NV

_ —d/2
/ Pxo (@), | xo (v | 2}z < (2n(1 - @) ™2 Y P(X, € By)
z:||Varz—ylla<cs\/0(y)d(1—a;) log T i=1

d d
d/2 € 2R
(2r(1 —a))~ (2T29<y>R> <6>

exp (— 0(y)dlogT),

IN

1
2
where the penultimate step comes from the assumption (104).
The above results taken collectively lead to

px,(y) < exp (—0(y)dlogT), (107)

thus contradicting the definition (41) of 6(y).
Consequently, we have proven the existence of  obeying ||v/aix — y|l2 < ¢51/0(y)d(1 — a;)log T and

d d
€ €
P([| Xo —zl2 < €) > <2T‘9(?!)R> > <T29(y)> )

provided that 6(y) > ¢g > 2cg. This completes the proof of Claim 1.

A.4 Proof of Lemma 2

For notational convenience, let us denote Ty = x;/,/a; throughout the proof. As a key step of the proof, we
note that for any = € R?,

pxo.(z) = / Pxo(20)Px, 1 | x0 (% | 70)dzo
o

PX,_y | X0 (T ] 0)
Px,| X, (xt | xO)
Px, 1| Xo (z]z0)
pXt|X0(xt | 20)

=/ Px,o (T0)Px, | x, (Tt | 20) - dzg
Zo

= px, (xt)/ Pxo | x, (To | 2t) - dzo, (108)
xo

thus establishing a link between px, ,(z) and px,(x:). Consequently, in order to control px, ,(z), it is
Px,_q | Xo(@|z0)
Px, | xo (@t |20) ?

Recall that X, 4 vaXo++v1T—aW with W ~ N (0, I;). In what follows, let us consider any x;, zg € R?
and any z obeying

helpful to first look at the density ratio which we accomplish in the sequel.

1Z: — 2|2 < es54/d(1 — ay) logT (109)
for some constant c3 > 0. The density ratio of interest satisfies

Px, 1| X, (T |T0) < 1—a )d/2 exp (th ~ \/@Tonz = — Vatlxo”i)

Px, | xo(Tt|mo)  \1—a_1 B

21 — @) 2(1 —@—1)

d(1 - ay) + ||Be — @y + 2] — x|,z — Vo], | (1 - ad)]e: — Vo],
< exp ( 21 — 1) + (1 —@1)? - (110)

where the last inequality follows from the two relations below:

1—a o1 (1 — 1-—
log 770% =log |1+ 1 — o) < 70%
1—-a;_ 1—-a;_ 1—-a;_
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e~ vawolly _ lz — vaizoll

and 201 — ) 21 —a,_1)
Nl = va@olly 13— =l + 17 — vE_iwoll; — 2(&: — 2,8 — VA _1z0)
a 2(1 —ay) 2(1 —a_1)
|7 - =l e = el [|7 — vamfl, (-l - Vaol;
- 2(1 — at_l) 1-— Qg1 20@(1 — at)(l - at_l)
_ 3= 2 + 2|7 - all, 13 - VE T, L (e - ﬁton?
- 2(1 — @) (1 —ay_q1)?

Next, let us define the following set given x:
£ = {xo : th — \/&7on2 < cg/d(1 - at)logT} (111)

for some large enough numerical constant ¢4 > 0, and we shall look at £ and &° separately. Towards this, we
make the following observations:

e For any zy € £, one can utilize (111) and (109) to deduce that

a1 = ) + 8 = a3+ 2~ e~ VEEoll, | (1 e~ Vol

2(1 —ap—1) (1 —q@—q)?
dl—oap)  d(1—ay)logT +d\/(1 —a;)(1—ay)logT (1 —ay)?d(1 —a;)logT
< + - + —
1—a; 1-a (1—a—1)
2
].—Oét 1—Oét ].-th ].—O[t
< (dlogT
S (dlog ){1—at—1+\/1—at 1\/1—Oét1 l_at—1>}
<[220 o (112)

where the last inequality makes use of the facts % <1 (cf. (39b)) and

l—at 1—0&,5 oy — O 1—Oét
= = <2 113
l-a; 1 1-a;,4 + 1-9;1 1-a; oS (113)

Moreover, the properties (39) of the stepsizes tell us that

1—
dy| 77% logT <
-t

for some small enough constant 1o > 0, as long as T > ¢11d? log® T for some sufficiently large constant
c11 > 0. Taking this together with (110) and (112) reveals that

1—
PXi1 | X0 (% | %0) = 1+O(d 10gT> (114)
Px, | Xo (Tt | T0) 1_0‘t 1

with the proviso that (109) holds and z, € &.

< cio

e Instead, if zg ¢ g , then one can obtain

a1 — a0) + 2~ ol 27—l e~ VAo, | (1~ 00— Vo]
2(1 — @) (1—@_1)?
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O d(l = o)+ (L+ 1223 = al, + 222 floe = VAo lly (1 a0 — v

2(1—a, 1) (I —a.)?
(2) d(1 —ay) +c3(1+ ll’_a;l)d(l —ay)logT N 2(1 — o) ||y — @xo||§
- 2(1 — 1) (1 —a;_q)2
(m) 03d(1 —ap+1—a ) logT | — \/ajxonz N 2(1 — o) ||y — \/ajxonz
1—ay_q C4d(1 — Q1) logT (1—@—q)?
sey |l = Vol 8ex o — ol T
S o l-a, T(1—a:-1)
9 (2 aber) VBl _ s ]
- Cq T 1—ay T ey 1—ay

where (i) comes from the Cauchy-Schwarz inequality, (ii) is valid due to the assumption on ||Z; — z|2,
(i) follows from the definition of £, and (iv) is a consequence of (113). Substitution into (110) leads to

pxtl)w@”1”><exp(8@”xt VF'MM2> (115)

Px.| X, (¢ |20) Cq 1—ay
provided that (109) holds and z ¢ &.

In light of the above calculations, we can invoke (116) to demonstrate that: for any = obeying (109),
(S PACIED
pro@) =) ([ 4 [ Yowixlaola e 0 g,
zo€EE z0gE pthxO(‘Tt |:C0)

1—
= px, (a:t)/ B (1 + O(d1 / 17 logT))pXo | x, (w0 | ¢)dg
zo€EE — Q-1

8cs ||T vV ogx
+ px, (:L‘t)/ 0 (exp < 3 H L OH2>> Pxo | X, (To | z¢)dxo. (116)
ioég

Cq 1—oy
By virtue of Lemma 1, if —logpx, (z:) < %cﬁdlogT for some large constant cg > 0, then it holds that

]P’{H\/ETXO — th2 > 5es/d(l —ay)logT | X = xt} < exp(—c2cgdlogT) (117)

for any c5 > 2. Some elementary calculation then reveals that

8¢ || — Vol 1
/mggexp ( cyq 1—ay Pxo| X, (@o | Z)dzo S Teo (118)

with ¢g defined in (22), provided that ¢4 /c3 is sufficiently large. Hence, substituting it into (116) demonstrates
that, for any = satisfying (109),

px,(z) = (1 + O(d Az logT>> (1— o(1))px, (z0) + O(Tlc(]>pxt (z) (119)

1—-a;_

- ( \/Il gTﬁLT,l))pXt(It)
- (1 +O \/Zlogﬂ)pxt (1) (120)

5w ox. (o) (121)

m

2
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where the penultimate inequality holds since (according to (22))

1-— cylogT
(| ——— > V11— v B
1—a;_q = Tcot+l’

and the last inequality holds due to (39b) and the condition that T'/(d?log® T') is sufficiently large. In other
words, (121) reveals that pyx, , () is sufficiently close to px, (z).
We are now ready to establish our claim. In view of the assumption (44), we have

th thQ = HVII‘ 1+ (1 —7)7 IfHQ 7||xt—1 - §t||2 < esVd(l —oy)logT,
Therefore, taking z to be z;(7) in (121) tells us that: if —logpx, (z;) < 2cedlog T, then

—logpx,_, (z:(7)) < —logpx, (x1) +log 2 < cedlog T

as claimed.

A.5 Proof of Lemma 3

Recognizing that Yr ~ N (0, I;) and that Xrp 4 JarXo+ I —ar W, with W; ~ N(0,1;) (independent
from Xj), one has

KL(pxr || pyr) = / pxr(z)log ];Zéz)) dz

0 Sorlwlls<varrer Pyvarx, WP i—rw, (* — y)dy
= | pxa(@)log dx
! Pve (@)
< /px Supy lylla<varTeR Pyi=ar W, (@ y)da:
R Pys (@)
xr — 2 x 2
yillyll2<VETTeR (1—ap)

S /pXT( )( d/2log(1 —@r) + ||z|l2 sup llyll2 )dac

yillyll<varTer 1 — 01

< —d/2log(l —ar) + 2\(/16751;) [ X7ll2]
iii)
(5 ard + Q(T ) (FTCR +\f) ~ Tzoo’ (122)

where (i) arises from the assumption that || Xo||2 < 77, (ii) applies the Cauchy-Schwarz inequality, (iii) holds
true since

E[|Xrl2] < Var|Xollzs +E [[Wello] < VarTer + JE[[W,|3] < VarTe + V4,
and (iv) makes use of (39d) given that ¢z > 1000. The proof is thus completed by invoking the Pinsker
inequality (Tsybakov, 2009, Lemma 2.5).

B Proof of auxiliary lemmas for the ODE-based sampler

B.1 Proof of Lemma 4
B.1.1 Proof of relations (57) and (58a)

Recall the definition of ¢; and ¢} in (51), and introduce the following vector:
wi=x = ¢i(x) = 2 — ¢; () + ¢7 (x) — du(2)
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1—04,5

T 21-@) /1-0 (z = Va@xo)px, | x, (w0 | ¥)dzo — ! _2% (5¢(x) — s7(2)). (123)

The proof is composed of the following steps.

Step 1: decomposing p /zx, , (qﬁt(x))/pxt (z). Recognizing that

X, L VaXo+Vi—amW  with W~ N(0,I,) (124)

and making use of the Bayes rule, we can express the conditional distribution px, | x, (gbt(as)) as

P, (20) 1 |l = Vol

Pxo (o) ox
px, () (27r(1 _ at))d/2 p ( 2(1 —ay)

pXo|Xt<x0|$> = pxt(x) pXt|Xo(m|$0) =

(125)

N—

Moreover, it follows from (124) that

Vo X 4 Var (Va1 Xo+ /1 - W) = VarXo + Vo —ay W. (126)

These taken together allow one to rewrite p /z;x,_, such that:

pymx (0@) @ 1 ! o llowt@) = v,
px,(2)  px,(2) /.rg P, (o) (2m(ay —ay))™? P ( 2o — @) )dxo

w 1 1 e = VAl
- px, (@) /zo Pxy(@o) (2m( ))"”2 P < 2(1 — @) )

o [ (1—0&)“3?—\/@7960“; lull3 = 2uT (2 = Vago) .
P ( 2w —ap) (1 — @) 2oy —ay) )d 0

Git) /1 —a \ /2
0 (LT [ o)
o

e (e vawoly  fullf - 20" (2 — VEo) )
Xp( 2aw —a) (1 —a) 2oy — @) )d 0

?lmamm oG
[ pessentaren (- Lt - MRl Y,

(127)
Here, identity (i) holds due to (126) and hence
Pyarx,_, (¥) = / Pxo(20)Pya=z,w (¥ — V@io)dzo;
o
identity (ii) follows from (123) and elementary algebra; relation (iii) is a consequence of the Bayes rule (125);
and relation (iv) results from (39e).
Step 2: controlling the integral in the decomposition (127). In order to further control the right-hand
side of expression (127), we need to evaluate the integral in (127). To this end, we make a few observations.

e To begin with, Lemma 1 tells us that

IP(H\/ETXO - xH2 > 5e54/0(x)d(1 — @) log T | X; = x) < exp (— c20;(2)dlog T) (128a)

for any quantity c; > 2, provided that cg > 2cg + co-
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e A little algebra based on this relation allows one to bound u (cf. (123)) as follows:

l-«a 1-—
Jull < =5 evcore(® )+72(1 [IV&@Xo — =], | X; = 2]
l1—« 6(1 —
= Ttsscore t(z (1 \/ot 1 - at) IOg T7 (128b)
where the last inequality arises from Lemma 1.
Next, let us define
ghvical — {xo e - \/aton2 < 5¢/0;(x)d(1 — @) log T} (129)

for any quantity ¢ > 0. Then for any zo € EYPi@! it is clearly seen from (128) and (39) that

(1- ozt)Hx - \/itxonz < 25¢2 (1 — oy )0y (w0 )dlogT 100¢;¢?0, (x)d log? T

130
2(O[t — at)(l — at) - 2 o — Q¢ T ’ ( a)
[ull3 (1—o)? > 36(1 — o)
< . 0:(x)dlogT 130b
2o =) = a0 T oy )
2ctlog” T 2304¢2
= %Escore,t (93)2 + T2 L 0y (Jc)dlog?’ T,
T (@~ Vao) | _ ullalle ~ Vol
ap — Q¢ - o — Q¢
5¢(1 — o) — 30¢(1 — )b (x)dlog T
P L 7 0,(x)d(1 — ;) log T 130
= 2(at O[f)gsco e, t \/ t at) ogl + o — T ( C)
20cc 240cc, 0, (z)dlog® T
< Tlescore7t(a:)\/9t(x)d(1 —a)log® T + ! t(T) LI (130d)
As a consequence, for any z¢ € EYP! for ¢ > 2, we have seen from (130d) and (39) that
— 2 — —
(L=ai)|e = vawoll, — Jul3 | u"(e—VEw) _u' (- Vawo)
— — — — + — < =
Q(OCt — Oét)(l — Oét) 2(0[,5 — O[t) O — Qg ap — O
5¢(1 — o) — 30c(1 — )0 (x)dlog T
< —= score, 0 1 - 1 T — 131
= 2o = at)E ()04 ar) log T + P (131)
2 24
< %sxore,t(‘r) 0,(x)dlog® T + 0601 0y(x)dlog? T < cf;(z)d, (132)

provided that

3
4 score 1 2 T
0C15 éfx) 0og S 0t($)d and T 2 48061 10g2 T.

Step 2(a): proof of relation (57). Substituting (131) into (127) and making use of (39) under our
assumption on 7" yield

Pyaix,_i (¢e(x)) 5c(1 — o) 30c(1 — o) /
e L2 ——— Escore 0:(x)dlog T + 79 dlogT d
ey < 2o (G (o) VAIORT + 2 o (@1onT ) [, (a0 | )
1-— 1—
< 2exp (Mssco,e,t(x) O¢(x)dlog T + M@g (z)dlog T>,
2(Oét — Oét) Qr — O
thus establishing (57) by taking ¢ = 2.
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Step 2(b): proof of relation (58a). Suppose now that

0,(x)d10g* T + score,(2)1/ 0y (z)dlog® T
Cho— Tt ! <1 (133)

holds for some large enough constant Cy > 0. Under this additional condition, it can be easily verified that

|_ (0 —anlle —v@roll,  Julf w7 (r~ Vo)

2(O[t —Et)(l —at) 2(at —at) ap — Qi

< ci1o (Ht(x)dlogT + Escore,t () /01 (x)d log T) — (134)

ar — Qg

for any z € EYP (with ¢ = 2), where ¢19 > 0 is some sufficiently small constant. Therefore, the Taylor
expansion e =% = 1 — 2z + O(2?) (for all |z| < 1) gives

exp(— (1—at)"$_@xo|‘z ||u§—2u—r(m—\/07tx0))

2(C¥t *at)(l *at) Q(C)ét —@t)
-1 padle s Ve o) {5 )

for any zo € EYP® which invokes (134) and (130b) (under the assumption (133)). Combine (135) and (132)
to show that

(1—a) Hm—\FxOHE [ull3 = 2u’ (z — Vaiw)
/ pXO'Xt(“'“)eXp( Ne—m(—m) 2er—a) )d“"]

</ro€52 /I0¢52> Pxo|x. (70| ) exp ( . _(aft—!’zt)_(fjto)HQ B Ju _22(1;1(_:80;)\/02%) )dxo

(1- — T(. /=
:/ pX0|Xt($0 |x)< Q) HCL‘ \/7‘%0”2 U (CU @x@)dx
zo€E2

Q(Olt *Oét)(l *Olt) oy — Q¢

4 o((at@:)%ﬂ 1082 T + xcore,  (2) %0, (x)d log T) (at —CZ) ) +0 <Z / e PRl (20 @) exp (chr()d) dxo>
c=3 7/ To€&c\Ec—1

Uz a) (o Pxo xi (w0 | 2) o - Va@ao|[ydze — || [, px, | x, (20| 2) (2 = Fwo)dao|)

2(0% —@)(1 —at)
—l—O(@t(Q;)?d?(;_Oz)2]0g2T—|—€scoret( /0, (2)dlog T )dlogT — ) +0(exp Gt(a:)dlogT))
(1= a)( [, Pxo1x, (20| 2) |2 — Vol |3dzo — ||fxopXo|Xt (0| 2) (z — v/Frwo)dzo ;)

Q(Olt —Oét)(l —Olt)

1— 2 1-—
+o<et<x>2d2(aojj) log” T + ecore,1(2) /B (@)dTog T (-— )>, (136)
t — Ot

ar — Qi

=1-

where the penultimate relation holds since, according to (128a),
o0

Z/ Pxo | x, (%o | ) exp (cby(x)d) day < Zexp ?0,(z)dlog T) exp (cby(z)d)
c—3 J@o€ENE—1

1
< Zexp <—2029t($)d10g T) < exp (— Oy(x)dlogT),
c=3
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and the last line in (136) again utilizes (39) and the fact that 6;(z) > ¢¢ for some large enough constant
cg > 0.
Putting (136) and (127) together yields

Pysixe (G(@) | d0—ai)
@ a—m)
(1= ae) ([, Pxa x. (@0 | @)l = Vo[l ydwo = | [, pxo . (@0 | ) (& = Vo) o)

2(ar —ay)(1 — @)

ap — Qg

1— 2 1—
+0<9f( ) dZ(ﬁ) 108 T + €score.t (7) Gt(x)dlogT( a ))

as claimed.

B.1.2 Proof of relation (58b)

Consider any random vector Y. To understand the density ratio py, (v (¢:(z))/py (z), we make note of the
transformation

Oy (x)\ 1
Po.(v) (9e(2)) = det( 59(5 )) py (), (137a)
9¢; ()~
Pa; (v (61 (x)) = det( P ) pri), (137D)
« -1
where a%ty) and a%y) denote the Jacobian matrices. It thus suffices to control the quantity det(%f))

To begin with, recall from (51) and (36) that

].*O[t

¢:(I):$*m

gi ().

As a result, one can use (37) and (38) to derive

0¢; (x — oy — oy — — T
I— ¢a£ ) _ 2(117@)57,5(93): 2(1104t){1+ 11at{E[Xt_\/OTtXO|Xt:$] (E[Xt—\/CTtXMXt:x])

s )

. 1-— Qg 1
— 2(1at){1+ 1%3}. (138)
This allows one to show that
O (x)\ _ d(1 — o)
Tr(l oz ) “oi—a
(1= (| oy Py (0 | ) (= = VAwo) ol = [, Py oo | ) = VEiaollydwo) 0
21 — )2 ‘

Moreover, the matrix B defined in (138) satisfies
— = T — 12
1Ble < [E[ (X - vEXo) (X — vEX0) | X = al|| < / Pl x, (w0 | 2)[2 = /ol 34z
Zo

due to Jensen’s inequality. Taking this together with (138) and Lemma 1 reveals that

Haqbt IH Hé)gbt B H sl (\f oy Pxo 1, (20| 2) |2 — @x0’|§dx0>
- ~ 11—y 1—ay
< 0 (z)d(1 — at)logT. (139b)

1 -0y
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Additionally, the Taylor expansion guarantees that for any A and A,

det(I + A+ A) =1+ Tr(4) + O((Tr(A))* + |A|IE + || A|* + d||A]) (140a)
det(I+ A+ A)’1 =1-Tr(A) + O((Tr(A))* + |A|IE + || A|* + d|A]) (140b)

hold as long as d||A|| + d||A]| < ¢11 for some small enough constant c¢1; > 0. The above properties taken
collectively with (51) and (48) allow us to demonstrate that

pm(;)/({it)(x)) _ det(adgg(f))fl _ (det(%giﬂf) L1 —20% [JSt (@) = Js (a:)D>_1

_ (det (1 + a%x) ol ;O‘t [J (@) — Jos (x)} ) > -

* _ 2 _ 3
—1- Tr(‘%t (z) _ 1) ) <9t(3:)2d2 (liaj) log? T + 63d° log? T(ﬂ) r(1- at)dsJacobi,t(m)>

ox o — 0y Qp — Qg
— 2 — 2
- d(1 — ay) N (1—oy) (H fwo Pxo | x, (o | @) (z — \/OTtIO)dIo||2 - fxo Pxo | x, (T | )| — \/OTtIoHdeo)
o 2(at —@t) 2(0(15 —at)(]. —at)
1— 2 1— 3
+0 <0t(x)2d2( CE ) log? T + 62d% log® T(%) +(1- Oét)de_]acobi’t(x)>7 (141)
O — Qg ap — Qg
with the proviso that
d*(1 - ay)logT _ 8cyd?log® T de jacobit () log T
( oztl og < 8a og <o and (1 — ) de saconin () < c1de yacobit (2) log < e
Qp — O T T
for some sufficiently small constant c12 > 0 (see (39)).
B.2 Proof of Lemma 5
In view of the definition (67), one has
Sk(yr) < c1a, for any k < 7(yr). (142)

Suppose instead that (69) does not hold true, namely, — log gx (yx) > 2csdlog T for some k < 7(yr), and we
would like to show that this leads to contradiction.
Towards this, let 1 <t < k be the smallest time step obeying

lo
0:(ye) = maX{ - dglztg(gf),%} > 2c6 = 201 (1), (143)

where the last identity holds since —log ¢1(y1) < cedlogT and hence 6;(y;) = max { — %, 6} = Co.

We claim that ¢ necessarily obeys
2c6 < O1(yr) < 4ce. (144)
Assuming the validity of Claim (144) for the moment, it necessarily satisfies
01(y1), 02(y2), -+, 0¢(ye) € [ce,4cq].
According to the relations (59) and (142), we derive

—log q:(y:) +log q1(y1)

loth(yt) 0 (y )

¢ = b1(1) Set(gt)_gl(yl):_m 1) < dlogT
1 t—1
N dlogT ; (log q;(y;) —log gjt1(yjr1))
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dlog®T  Sriyr)—
§201+Clo{ o8 (wr) 1(yT)}<301

T dlogT

under our sample size condition. This, however, cannot possibly hold if ¢g > 3¢y as assumed for Lemma 5.

To finish up, it suffices to justify Claim (144). In order to see this, suppose instead that 6;(y:) > 4ce.
Given relation (142) that Sk(yr) < c14, it can be readily seen from (57), (142) as well as the learning rate
properties (39) that

Or—1(ye—1) = Oc(ye) + Or—1(ye—1) — Oe(yr)

lo log pr—1(y¢—1) — lo
— 0uy) + B () + gpe(ye) o p () — 08P 1(ye—1) — log pi(ye)

dlogT ~— ' dlogT
4cy (5Escore,t(yt) 0:(y:)dlog T + 600;(y;)d log T) log 2
2 04(ye) = dT " dlogT
e (52 core. () VTR T + 60d1og ) log 2
> 0:(ye) — aT 0:(ye) — dlog T

1
> iet(yt) > 266,

which is contradictory with the assumption that ¢ is the smallest step obeying 6;(y:) > 2¢¢. Thus, we complete
the proof of relation (69) as required.
B.3 Proof of Lemma 6

Next, consider any yr, with {yr_1,---,y1} being the associated deterministic sequence (cf. (53))). As an
immediate consequence of Lemma 5 and the definition (56) of 6:(-), one has

0:(yt) < 2cq, vt < 71(yr) (145)

We then intend to invoke Lemma 4 to control the term of interest. To do so, note that Lemma 1, (39) and
the definition (67) of 7(yr) taken together reveal that: for all ¢ < 7(yr) one has
1-— logT
d( Oﬁ) Sdog —o(1),
2(0% - Oét) T

1—a; \2 1
7:) 10g2 T + Escore,t (yt) 915 (yt)d IOg T(a
t

O — (it

— oy

1—Oét
ap — oy

00 () —at) + 0 ()

d2 10g4 T d6 10g6 T 55core,t (yt) V d10g3 T ngacobi,t (yt) IOg T o
5 + + - 0(1)7
T2 T3 T T

3
) 10g3 T+ (1 - Oét)df‘:Jacobi,t(yt)

and
(1- at)(” JE[X, — VaXo| X; = ] ||§ - [E[||X: - \/@»tX0||§|Xt = Z/t])
(o —a)(1 —aw)

(1— o) [E[[[ X — varXo[; | X = ui]
(o —ay)(1 —a)

1—ay)dlogT _ dlog?T
S( at) Og < Ojg_‘ :0(1)

ap — Q¢
With these bounds in mind, applying relations (58a) and (58b) in Lemma 4 leads to

Pyarvi (0e(yr)) (P\/aT,XH (¢t(yt))>_1 _ Do, (vo) (0:(y1)) (metl(@(’yt)))_l

Py, (yt) px, (yt) Py, (ye) px, (Yt)
-1 + 0 d2 10g4 T d6 10g6 T + Escore,t (yt) V d 10g3 T + deJacobi,t(yt) 1Og T
N T2 T3 T T
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for all t < 7(yr). Using the fact that y;—1 = \/%qbt(yt) and invoking the relation (55), we arrive at

Pr-1 (1) {1+O<fm¢T dﬂ%wr+&wm@n¢m%Wr+&hmumM%T>}m@a

Gt—1(Ye—1) T2 T3 T T qt(ye)

for any ¢ < 7(yr). By abbreviating 7 = 7(yr) for notational simplicity, we reach

2log* T dSlog®T 1 (yr—
a1(y1) _ {1+O<d og +d og +ST—1(:UT—1)>} Gr—1(Yr=1)

T T2 pT*l(y'rfl)

pT—l(yT—l) 2p7'—1(y7'—1)
€ ) 146a
{2(171(1171) qr—1(yr—1) ( )
and similarly,
aelye) o) ol gy (146b)
2pk(yk) ~ pi(y1) = pr(yk)

B.4 Proof of Lemma 7

In the following, we shall tackle Z5, Z3 and Z, separately. Throughout this proof, we shall abbreviate 7 = 7(Y7)
(cf. (67)) whenever it is clear from the context.

The sub-collection in Z;. By virtue of the definition (72a) of Z,, we make the observation that

g Y 5-(Y:
1 g&YTeIQ}} WE L(QEYBHYI es,YTezz}c(MT)]
T~pT

[Ch (Y1)
Yr~pr [ P1 (Yl )

(i) log T’ <

[(J1(Y1)
cuT = vr~pr [ p1(Y1)
) 210gT ¢ [Mm
—  cuuT = 2YT~:DT pt(y;f)

1 {Yi S 57 YT S I2} (dEJacobi,t (Y;f) + leg TEscore,t(}/t)) :|

1 {Yl S 57 YT c IQ} (dEJacobi,t(Y;f) + leg Tgscore,t(}/t)) :|

2logT (Yr)
= AT Z Z YT~pT [ ) 1{V1 €&, Yr €} (deJacobi,t(Yt) + dlogTescore’t(Yt)>]

t=2i€ly,7>1

210gT a:(Yy) (
< de yacobi,t (Y 4108 Tescore 1Y )
- oouT t—2 YTIEPT [Pt(Y;:) sacobit (V1) + 08 Tescore, (Y1)
T
2logT Y,
= cl4gT 2 YtIEpt {ZiEYE; (déJacobi,t(Yt) + v/ dlog Tgscore,t(y;f)):|
T
2logT
= lefr ; YtEZIt [dEJacobi,t(Y;t) + leg Tgscore,t(y;f)]
(iv)
S (dsJacobi + leg TEscore) log T. (147)

Here, (i) follows since S, (yr) > c14 in Z (see (72a)); (ii) comes from the definition of S;(-) (see (54)); (iii)
holds since (by repeating the same proof arguments as for (70) as long as 2¢14 is small enough)

2py (yt)
at(ye)

b1 (y1)
a1 (y1)

< vVt <15

and (iv) arises from (49).
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The sub-collection in Z;. With regards to Zz (cf. (72b)), we can derive the following bound in a way
similar to (147):

a1 (Y1) } ) [QI(Y) & (Yr )]
1{Y, €& Yr eI < E 1{y, €&, Yr € T.
W [ Ehimeeyen)| 2 p (Mg ce vy ez ST
logT {ql(Yl) ]
= 1{Yy; € gaY €z de acobi, Y’T ++/dlo T'escore,r YT
c14T Yr~pr pl(}/l) { ! T 3} ( Jacobi, ( ) & ’ ( ))

(;)2logT E {qT 1(Yr—1)

1{Y; Y, T acobi,r (Y7 log T'escore,r (Yr
L) 1 (V) € €.¥r € T} (Aot (V) + /108 T (1))

c14T YT""pT

2log T (Y

_ 2log [qm(m)]1{1/1e&YTeI3}(deJacobi,t(Y;)+ dlongsco,e7t(}/t)) 11{7275}] (148)
c14T i— Yr~pT [Pi—1 (Yic1)

(iil) 16 logT qT(YT)

S 1{Y; Y. 7. d cobi, T Y‘r dl T ore, T YT

= T Yoepr [pT(YT) {(Yieé Yre 3}( € Jacobi,r (Y7) + 08 T'escore,r ( ))
16log T q:(Yy)

< de yacobi,t (Vi dlog Tescoret (Y

et 2k, [y () + VT T 1)

_ 16logT . {qt(m

d acobi Y —+ dl T score Y )
c1aT i Yt~pe pt(Y}) ( 2 b’t( t) ogle ,t( t) ]
161og T

_ e o (V2) + \/A108 Tescore 1 (V7)]
el t:ZQYtIE‘h [ € Jacobiyt (Yz) + 08 Tescore,t (Y1)

A

(ngacobi + d log Tsscore) log T. (149)

Here, (i) comes from (72b), (ii) arises from (70b), whereas (iii) is a consequence of (72b).

The sub-collection in Z,. We now turn attention to Zy (cf. (72¢)), towards which we find it helpful to
define

Jit = {yT ca(yr) < 614} (150a)
_ ) . q-1(ye-1) _ 8a:(yr)

Jop = {yT & (yr) = e, P P < ) } (150b)
o ) c Gi—1(ye—1) _ Saqi(ye) .

T3, = {yT & (yr) > e, e > e () } (150¢)

for each 2 <t < T. Equipped with the above definitions, we first make the observation that

E Q1(Y) qr— 1(1/1
Yr~pr pl(Y) DPr— 1(Y1

)
)

d 1—1(Yi—1
S [
(
(

1{Y; €€, YTeI4}} <2 E [
Yr~pr

Il{leEg YTEI4}:|

) 1{V, e, YreZy}1{r = t}}
—a Yr~pr (Y- 1)
T Y1)
1(Ye—1

<2 E 1{Y; €&, Yr € T } 151

tZYTpr [Pt 1(Yi—1) 1 r 30l (151)
where the first inequality follows from (70b), and the last line comes from the definition of Z, (cf. (72¢)) and
Js.¢ (cf. (150c)). For notational simplicity, let us define, for 2 <t < T,
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In view of the second inequality in (150c), one has h;_1 > 8h, as long as yr € J3 . Consequently,

T
Z hi—11{Yr € T3}

t=2

<th 1 1{Yr € T34} + = th 1 1{Yr € T34} — = thn{YTeJM}

t=2

3| oo

((htl — e I{¥r € T =l 1{Yr € Foa} ) = (b =~ b1 {Vr € Tii} = hi 1 {¥7 € Jz,t})>

- 10

~| oo

t

||
N

T
8
(he = hea) 1{Yr € 10U Tos} + - ; (hee1 — hy).

Here, the second line holds true since, for all ¢, one has (i) J1,: U J2: U T3¢ = R4, and (ii) J1.4, Jo.e and J34
are disjoint. Substituting this into (151), we arrive at

Yr~pr

@ (Y1)
E [ (Y)]I{YleﬁYTejst}}<2Z E [h-11{Yr € J3.:}]

=9 TNPT
8
? 2 (YT~pT ht 1{Yr e J1, U J2,t}] - YTI"E-‘pT [ht—l 1{Yr e J1,U jQ,t}])
g L
72 (5, Il = B, ) (152

In order to further bound (152), we make note of a few basic facts. Firstly, the identity below holds:

qt(Yt):| {%(YE)}
E |h|= E { = E =1, 2<t<T.
Yr~pr [ t} Yr~pr pt(Y;‘/) Yi~pt ptoft)

Secondly, by defining the set

& = {y:qt(y) >exp(—06dlogT)}7 2<t<T, (153)
we can show that
T T (YD) T
S E mi{vi¢aYrend] <Y E { n{ma} S E [ ¢ &)
— Yr~pr —a Yr~pr | Dt (Y;t) —2 Yi~pe
T T
= Prag (Vi €&} =) Px,ng, {Xi ¢ &}
t=2 t=2
T T
< ZPXtNQt {Xi ¢ & and || Xyl < T>7H2} + ZPXth, {I1X¢e|l2 > T?m+2}
t=2 t=2
T

<

< / qt(z¢)dzs + T exp ( — cgd log T)
) cia(@)<exp(—codlog T,z lla< TR+

< T(2T263+2)dexp(—c6dlogT) + Texp (— cedlogT) < exp ( — %dlogT),

where the penultimate line comes from (62), and the last inequality holds true as long as cg is large enough.
Plugging the preceding two results into (152), we reach

[ q1(Y1)
Yr~pr | P1 (Yl)

~J| co

T
1{Y; €&, Yr 614}} < ZY E [(ht —h—)1{y, € &, Y € J1,t}]
T~pT

t=2
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\1\00
!

Z [ {Yr € T} +exp ( - %GdlogT). (154)

:2

As it turns out, the sum w.r.t. the set J1; and the sum w.r.t. the set Jo; in (154) can be controlled
respectively using the same arguments as for Z; and Zs3 to derive

dlog*T  dlog®T /. o
Z E ht—l) 1 {yt S gta YT S jl,t}] ,S & + % + d10g3 Tsscore + (dlog T)sJacobia
YTNPT T T
T
Z Yo ht 1 {YT S jQ,t}] ,S \/ d10g3 Tescore + (d 1Og T)gJacobH
t=2

we omit the arguments here for the sake of brevity. Therefore, we have proven that

Y d?log* T d®log®T f
LE [ZiEY; 1{Yi €&, Yr e 14}} 1? + T% +y/dlog® Tecore + (d10g T)esacoi-  (155)

Putting all this together. Taking (147), (149) and (155) together, we establish the advertised result.

C Proofs of auxiliary lemmas for the DDPM-type sampler
C.1 Proof of Lemma 8

For notational simplicity, we find it helpful to define, for any constant v € [0, 1],

xp(7y) = ywp_1 + (1 — ¥)T and Ty = Tg. (156)

Step 1: decomposing the target distribution px, ,|x,(z;—1|2;). With this piece of notation in mind,
we can recall the forward process (4) and calculate: for any z;_1,z; € RY,

Px, 1| X, (:Etfl |xt)

1 1
= metfl,Xt (Tt—1,2¢) = m exp (logpxt,l(xt—l) + log px, |Xt,1(33t | xt—l))
1 . ! T .
= o (o, @)+ [ [Thownsi s (0)] (oo = 8y +logp, i (orl 1))
Px, (J:t) 0

\Y%
pXt 1<xt) P ( S xt / / e xt( ) |IO)pXO(IO)dﬂUO + 1ngXt |Xt—1(l‘t \ xt—l))y
px, (@) px,_, (ze(7))

(157)

where the penultimate line comes from the fundamental theorem of calculus. In particular, the exponent in
(157) consists of a term that satisfies

/ / Vpx,_y 1 xo (2e(7) | 20) px, (0)
(Tt—1 —T¢) dzo

Px, 4 (33t )

Vox, 1 x0(@e(7) [ 20
(-1 — ) / / 41X (2:(7) | )pXo\Xt,1($O|It(7))dx0
z0 PX,_1 |Xo ‘rt('}/) ‘ )

X a X
—(24—1 — T) / / ol =1 Opxo|xt71($o|$t(7))d$0

1*0[,5

I S / g (20(7)) s (158)

1—ap 0
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where the second line holds since px, | x, , (zo | z:(7))px,_, (:(7)) = Px, 1 | xo (z:(7) | T0)Px, (20), and we
remind the reader of the definition of g:(-) in (36).

To continue, it is then seen from the fundamental theorem of calculus that

1
g1 (@10) = 91 (8) + [ ia (1= 1)+ () () — B}
0
where J;_ (2) = 29517) ¢ Rdxd j5 the associated Jacobian matrix. As a consequence, we can show that

LU -7 vat 1] Xo th( )|x0)pX0(xO) "
S Y R o o

= 1_%1{(@ 1= %) g1 (Th) + (w1 — Bt) / / Ji 1 1—7-)xt—|—7'3:t( ))(wt(v)—@)dev}
1

e e B @) e / / v (0= 1 7 ())araa | (aic = 7).

1—-a;
(159)

Combining (157) and (159) allows us to rewrite the target quantity px, ,|x,(z¢—1|2¢) as:

Px,_1| X (:Et,1 “rt)

\V4 Ty |x
_ bxi o\ 2t) (@) exp ( Te_1 — By) / / DXy | Xo(Te | 20)Pxo (%0 )do:o+logpxtlxt1($t|$t—1)>

bx, (xt) Px,_ 1(3715)

B px,_, (Tt) b ( (w1 — JSt) gt— 1(3775) + (-1 — T4) [fol fol Yi-1 ((1 —T)T + Tﬂ?t(’Y))deW} (mt—l - i“\t)
)

B pXt(It 1 — Q1

L agllze =33 d _
21 —a) 5 1og (2n(1—a)) |, (160)

where we have also used the fact that conditional on Xy | Xy 1 = xp_1 ~ N(v@ x—1, (1 — at)ld). Note that

the pre-factor ptiéif)t) in the above display is independent from the specific value of z;_1.
X, G

Step 2: controlling the exponent in (160). Consider now any (x4, x:—1) € & (cf. (80)). In order to
further simplify the exponent in the display (160), we make the following claims:

(a) for any x that can be written as = way—1 + (1 — w)a/\/ar for some w € [0, 1], the Jacobian matrix
Ji—1(x) = 739%;(1) obeys

| Je—1(z) = I|| < dlog T; (161a)
(b) in addition, one has
1 - - dlog® T
=3, (Te—1 = Te) ge(21) — Vo (21 — xt)gt(xt)HQ < % (161b)
Gr—1(Z) gt(xe) < dlogT \3/2
- 1- ) 161
‘ 1_at—1 1_at QN( at)(at—at) ( C)

Assuming the validity of these claims (which will be established in Appendix C.1.1) and recalling the definition
of p(+) in (74b), we can use (160) together with a little algebra to obtain

ok 2
Px, 1| X, (Te-1 | 2e) = fo(ze) exp < - atthQ(ll _/;ttgxt)HQ + Ct(ﬁﬁthxt)) (162)
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for some function fo(-) and some residual term (;(z;—1, 2¢) obeying

Ge(@e1, @) S |21 — @H; sup | Je=1 ()|
z: Jwe(0,1] s.t. z=(1—w)Ti+wzi—1

Joo Pxo 1 X, (20 | Z) (T — Va—1zo)dzo [, pxy | x, (@0 | 2e) (e — Vaiao)dao

- {lze-1 =2

1—at_1 1—at 5
d(1 — a;)log T)dlog T dlog T\ /?
§(< o) log T)dlog —i-\/d(l—ozt)logT(l—at)( °g>
1 -0 1 Qp — Oy

~

Pt —ay)d?log® T +d2< 1—ay >3/2 log? T = (1 —ay)d?log*T

— — — )
1—a;_q ap — Oy

ap — Q¢
where the penultimate line makes use of the assumption (z;,z;—1) € £ (cf. (80)), and the last inequality holds

since ay > 1/2 (cf. (22)).

Step 3: approximating the function fy(z;). To finish up, it remains to quantify the function fy(-) in
(162). Note that for any x; obeying px,(z;) > exp ( — scedlogT), it is easily seen that

do . — Jeriwr e vyge PXe 1 Xy (@ | Te-1)px, (we-1)dwes
Px, 1| X, (i—1|@)day—1 =
Ti—1:(zt,0t—1)¢E pPx, (xt)
1 llze—v&as—1]13
< Cr=a)? fmt_lz(zt,xt_1)¢5 exp ((— 2(1—ta:) H2)dwy

exp ( — %cedlog T)
exp ( — c3dlog T)
~ exp ( — %cﬁdlogT)

1
< exp ( — i%dlog T)7
provided that cg > 3cg/4. This means that

1
1> / Px, | X, (Te—1 | we)drs g > 1 —exp (—CGdlogT> ) (163)
Ti—1:(xe,xr—1)EE 4

Moreover, for any (¢, z;—1) € £, one has

* N 1 —« _
\/OTtth—l e (mt)Hz = Va||Te-1 — Tt — mﬂ‘:[a% —VaXo | Xi = mt}
2
1 — Qi

e t)E[na:t —VE@Xo||, | Xo = w]
> cs/aq - /d(1 — ay)log T — 1 —
e3/d(1 —ay)logT,

where the first identity comes from the definition (74b) of u} (), the penultimate line makes use of the result

(43a) in Lemma 1, and the last inequality is valid as long as c3 is sufficiently large. This in turn allows one to
derive

2 65 \/d(1 — @) log T
Qi

>

DO =

1 agllai — M?(MII%)
_ exp| — dri_1 > 1—exp(—c3dlogT). 164
(27(%)(”2 /xtl:(xhxtl)eg ( 2(1 - at) =t ( ’ s ) ( )

In addition, by virtue of (162), the integral in (163) can be respectively bounded from above and from
below as follows:

/ Px, | X, (Te—1 | we)dws g
Ti—1:(xe,xr—1)EE
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1) fr,wrsmenyee @0 =z llwems = mi @[3 + Glaimr, @) ) dary
(2r 5ot ) ™2 [ exp (= g llees — i (@0l dwe

Ot 2
_ fo(xt) fﬁt—ll(mhft—l)eg exp ( — m”.’l}tfl - M;(:Ct)HQ + Ct($t717xt))dxt71

(271—%)76”2 fwt—l?(mtﬁvtfl)eg exp ( B ﬁ”xt71 N M;(xt)|‘§)dl’t71
1—
S (fft)—d/z exp {O (255 e7) }
QWTtt) t t
and

/ Px, 1| X (Te—1 | @)dae 1
T—1:(Tt,24-1)EE

Qg 2
10@0) fry om0 =z ey = mi @) + Glaimr, ) ) dary

(271—1;%)70”2 fwtfli(ajmwt—l)eg exXp ( N ﬁ th_l B 'u;(mt)H;)dmt_l

1—
> (1 — exp (—C3d10g T) ) (Qﬂ_lfg(off))_d/z exXp { -0 <d2 (Fogt) 10g2 T) }

These taken collectively with (163) allow one to demonstrate that
It 1—a¢ —d/2 1— 1—
max fo(@1) 75 ( & ) = exp O(dz(at) log? T) =1+ O(d2(at> log? T)7
(2”%)7 / fo(x) Qp — Qy Qp — Qy
with the proviso that d?( 1¢ &t ) log”> T < 1.

Combining this with (162) concludes the proof of Lemma 8, as long as the two claims in (161) are valid
(to be justified in Appendix C.1.1).

> (1 —exp(—csdlogT))

C.1.1 Proof of auxiliary claims (161) in Lemma 8
Proof of relation (161a). Recall from (38) that
1

Jerlw) =T = g {x—\/ﬁxoug 1_33} (E[;:;—@XMXHZQCDT
E|(e - VaiXo)(z—/a

1

.
T 1 X, X_:}.
1_%1 t—1 0) | t—1 =T

Recognizing that
|E[227] - EIZ[E(2]"|| = ||E[ (2 - E2]) (2 - EI2)) || < |[E[227]| <E[||227||] = E[I 23]

for any random vector Z, we can readily obtain

[ Jio1 (@) — 1| < [Hx ~VaaXolly | Xia =4 (165)
When (24, z;—1) € £, it follows from Lemma 2 that

—logpx,_,(x) < cgdlogT (166)

for any « lying in the line segment connecting x;_1 and Z;. With this result in place, taking (165) together
with the bound (43b) in Lemma 1 immediately leads to

1

s %

| -1 () A{d(1 —a_1)logT} < dlogT

for any x lying within the line segment between x;_1 and x;/\/ay, as claimed.
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Proof of relation (161b). To prove this result, we observe that

(41 — Et)—'—gt(mt) < 1—oy ||xe—1 — ,fftHQE[”xt —VaXol2 | Xe = xt]
l—at 71+‘/Oét 1—at
dlog>T
T3/2 °

(1= Var)

< logT
~ T

Vd(1 = ay)logT - /d(1 —a;)logT <

where the last line comes from Lemma 1 as well as the basic property (39a) about the learning rates.

Proof of relation (161c). To begin with, the triangle inequality together with the fact @; = HZ:I oy gives

fzo Pxo| X1 (T0 | T¢)(Te — v/@r—_120)dxg fxo Pxo | x: (To | Te) (2t — Vaswo)dag
1—a;4 1—aoy
Joo Pxo 1 X, (0 | Z) (20 — Vawo)dao — [, pxo| x, (X0 | 24) (20 — Va@wo)dwo
A/ O (1 — Oétfl)

1
H - — ) / Pxo | x: (To | 2e) (2 — Vaswo)dag
Zo

1—Olt 1) ].—O[t

2

< ‘

(167)

2

Let us first consider the last term in (167). According to Lemma 1, given that —logpx, (z¢) < icgdlog T
for some constant cg > 0, one has

/ Pxo| x: (%o | 70) ||z — VAo ||, dzo Sv/d(1 —ay) log T (168)
Zo

This in turn reveals that

H( - ) /xopxoxt(ﬂfoxt)(xt — Vaxo)dzg

1—O[t 1) ].—Olt

2
1

~ \/0715(1—515—1) A
_ (= a) (1 +a1/ap) T
S m - woi -y Vet

1-— (677
= 773/2\/ leg 1—’7 (169)

(o — i)

d(l1 —ay)logT

where the last inequality makes use of the properties (39).
Next, we turn attention to the first term in (167), which relies on the following claim.

Claim 2. Consider any point x; obeying —logpx, (x¢) < cgdlogT for some large constant cg > 0. One has

prs @ = (10 0( UL ) o), (1700)

1—-a;
In addition, by defining the following set
& = ||z, — VAl < can/d(1 — @) log T}

for some large enough constant c4 > 0, we have

T d(1 — az)log T
P X (@]20) O(th)og) if 7o € &1, (170D)
pthXU(xt|xO) 1 — g1
~ — 2
DX, 1 | X, (Tt | 7o) 16¢1 ||z — v/@io ||, log T ‘
S ex ; if zo ¢ &1 170¢
Px, | xo (Tt T0) T P (1—ay)T f xo & &1 (170c)
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As an immediate consequence of this claim, one has

PXo| Xeoa (0| Z0) _ Pxo 1 X0 (@e]20)  px () L4+ of W =a)logT Px, 1 | Xo (@t | w0)
)

Pxo| x: (To | T¢) px, | xo (@t |20)  px,_, (T 11— Px, | xo (Tt | 7o)
=1+0(d<11—%% if 20 € &
a1 ’ )
a2 ) (171)
< exp (1601||It(1v_g§1q”210%T), if o ¢ &1.

In turn, this allows one to deduce that

H / Pxo | X (@0 | Tt) (me — Vaxo)dao — / Pxo | x. (o | @) (@ — Vamo)dag
Zo

Zo

2

< / Px01 x4 (%0 | T0) = x| x, (20 | @) | - ||2e — Vo |,dzo
xro€EE,

+/ Px01 x4 (%0 | Te) = x| x, (20 | @2)| - || — Vo ||, dzo
zo¢&1

d(1 —oay)logT
< / O<(10t[)1g>pXo | X (‘TO ‘lit)th B \/a»txOHdeO
o - t—

1601H$t - \/aaionlogT _
e ( (1~ anT P x, (w0 20) [ = Vol Ao

< O<W>E I:Hzt — \/a»thH2 ‘ Xt - .TO}

- 1—-a; 4
2
2001th — \/atonQ logT
dzg.
* /;80¢51 P < (1 - at)T pXO ‘ X (:EO ‘ xt) o

Invoking (43a) in Lemma 1 as well as similar arugments for (118) (assuming that ¢4 is sufficiently large), we
arrive at

1
Vor(l —ap-1)
_ PP —a)yT—alog®* T N 1 1
~ Var(l—a1)? Va(l—ay_y) Te
_ d®/?(1 — at)logS/QT
T (l—a@y)3?

‘ / Pxo| xo1 (To | Ty) (21 — VA xo)dag — / Pxo | X, (o | ) (@ — Vawo)dag
o 0

x

2

(172)

where ¢ is some large enough constant, and we have also made use of the properties in (39).
Substituting (169) and (172) into (167) readily concludes the proof.

Proof of Claim 2. Let us make the following observations: for any xy € &1, one has

Pxe 130 70) ([ >d/26xp (th—@xoﬂi ) II@—wt—oni)

PX, | X0 (Tt | T0) 2(1 — ) 2(1 —@-1)

a — O ) || T — Etx2
:exp{uﬂm)wm.g}exp(_u e Vil

1—ap

1 . at71 2(1 — at)(at — at)
) d(l—ap) (1= ad)|e - vl
_exp{O(l—atl * (1—a;1)(1 —a) )

x4 O d(1 — o) n d(1 — at)logT
P 1—a; 1—a;
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1
T, (173)

:1+O<d(1—at)logT>’

where the second line holds since

l-a wo1(1— @o1(1—
logiat = log (1+at11( at)):(l—ko(l))atll( at),
— 01 — 01

d(1—ay)logT

and we have also made use of (39) (so that =——

o(1) under our assumption on 7). Additionally, for
any zo ¢ &1, it follows from the argument for (110) that

N — 2
DXt | Xo (Tt | w0) < exp d(l — o) N (1 — o) ||ze — Vo[,
Px, | Xo(®t|®0) 2(1 —ay-1) (1—-a-1)2

< axp (Lm0l = vamoll, | (1= ad]e - v,
=P\ 20 —q,_1)2lg T 1—a,_.)?

- 801||xt7\/a>tx0||ZIOgT - 1601||xt7\/a>txo||zlogT
< exp A—a,T < exp a7 ,

where the last line comes from (39b) and (39¢). Taking the above bounds together and invoking the same
calculation as in (116), (118) and (121), we reach

px,_, (T¢) = (1 + O(d(l—(m)l()gT))pXt (z¢),

1—-a;_4

thus concluding the proof of Claim 2. O

C.2 Proof of Lemma 9

First, recognizing that X; follows a Gaussian distribution when conditioned on X;_1 = x;_1, we can derive

Px, |Xt,1(37t \ Tio1)PX,_, (xt—l)
px, (T4)
pX,,l(mt—l) ||$t - \/Otht—IH%
& ox, () 2(1 — ay)
(

logpx, | x,(®i—1|z¢) = log

— glog (27?(1 — ozt))
) 4 D(flers - 22 +1),

where the last inequality makes use of the properties (39) about ay (recall that Z; has been defined in (77)).
Some direct calculations then yield

”mt—l_\/at—liEOHQ
pXt,1 (l’t—l) fa:o pXO(IO) eXp (7 2(1_5t—1) 2)(1170 d 1 _at—l
log = @) 8 o —azzol13 ~gloe (17*>
px, (1) Loy o (o) exp (= L2l ) da o
< sw lze — Vawol3  llwe—1 — Va@—1o|3 + Log2
" sollwolb<ren | 201 — @) 2(1 — @) 2
|zt — Varxolls | d
< sup — — — t+;log2
wo:||lwoll2<TR 2(1 —a) 2
< sw [[4]13 + [lzoll3 n élog2
T zoiflzglo<Ter 1 2

<27 (|Jag||3 + T37)
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where the second line makes use of the properties in (39). Combining the above two relations, we arrive at
log px, 1| x (-1 | @) < 20 (||lwell3 + lwe—1 — T¢I + T7°7). (174)

We then turn attention to the conditional distribution pys |v,. First, it follows from (76b) that

1 agllzi—y — pi(z)|3 | d ( 1— at>

’ - +5log | 2m—— 175
D 21— ) 2 %\, (175)
< T (lzes = B3 + 1213 + T2%) + dlog T, (176)

with g (x;) defined in (74b). To see why the last inequality follows, we recall from (74b) that

e = g ()3 < 2llwe—1 = Tell3 + 201Te — 1 (2e) 3

2
~ l-«o _ 2
= 2”-’171571 - l‘t”% + 2(M) H / pX0|Xt<.’170 | ,Tt)(l’t - \/Oztl’())dmon
Zo
2(1 —Olt)2

sup |z — \/atxgﬂg

<2z — B3+ ——————
I || t—1 t||2 at(l_at—1)2 voillze s <TR

. 64c?log® T e
< 2err -l + UL (ol + 2o
< Bl — B3+l + T (177

where we have invoked the properties (39).
Putting everything together, we arrive at the advertised crude bound:

Px,y | X, (Te—1 | t)

Py | m(l‘t—l | )

log < 2T (Jleros — Bll3 + el +T°°7) .

C.3 Proof of Lemma 10

To begin with, we make the observation that

Evoma [KL (P s 130 C120) 2y, 3G 120) | = B [KL (P 1 L) v, v Cl20) )|
Pyy v (@1 | @)

Py, | Y2 ((Et,1 | mt)

ooy Uz = ;= s = )}z

= /pxt(%)pxt,uxt (4—1|x¢)log dzg1day

= /pxt(mt)pxt,uxt (w1 |xt)

1—at

=[x toimes oo (P e = V(11 = i) T (s2) — s 20) ) - ad,

= H;

(178)

where we have used (76a) and (76b) as well as the definition (48) of escore,t (). Everything comes down to
proving that

min{cs, cg } dlog® T

H, < exp ( - dlog T) + E.X g [Cscoret (X1)2]. (179)

Towards this end, one first notes that the first component of #; obeys

1— (6%
2
logT

TEthvqt [Escore,t(Xt)Z] ) (180)

1-— ¢
] 2
D) Escore,t(zt) daxs_1daxs

/pXt (mt)pXt,l | Xt (xt—l |It) EXth{, [Escore,t(Xt)Z]

N
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where the last inequality comes from (39). We then switch attention to the second component of H;. In view
of the distribution of Y;* ; | ¥; in (76b), we obtain

/pxt (T)px, 1 | X, (@e—1 | e) (w01 — M:(ﬂﬁt))—r(st(xt) — 57 () day_1day

= /PXt () (Pxooy | x (@1 [2e) — Py | v (@1 [2e)) (201 — i (@) (si(we) — i (@) daprday

+/ px, (T¢) {/ pye v (e ) (w1 — M:(%))detq} (se(ze) — s () day

Py v (@i—1 | @)

—~
=

/pxt(xt)pxt,uxt(xt—l l’t)(l - L= (@) (si(w) — 87 () dayyday

pX, L x (e | 2e)
Y 1Y, (Ti—1|2)
xt

Px, 1] X, (xp—1|2y)

< /gpxt(l‘t)pxt,l | X, (Te-1 |$t)(1 - 1— i ( a:t))T(st(xt) — s} (zy))dwy—1day

=K,

+/ px, (T¢) {pXt_l | Xt (w¢—1|m4) TPy Y (w¢—1|my) } thfl - Mf(xt)HQHSt(lUt) - Sg(mt)Hdetfldxta

= K2
(181)

where (i) holds since E[Y;* ; — uf(Y;) | Y] = 0. This leaves us with two terms to cope with.

e Regarding the term K7, we can bound

() d?log® T )
K1 5 Tg/pXt ()px, s | x, (@1 | @0)||Te—1 — 17 (20) || yEscore,t () dary 1 Ay
£
(i) 73 1003
< d?log” T
~ T
_ dPlog’T /p () P2 BACEED
=== [y,
T £ ' Py v (@i—1 | 2)
dlog®T
+ T EXtNQt[ Escore t(Xt)]
(i) 3 1og® T log® T\\ d(1 — o) dlog®T
< L8 1y O( )
S T (14 o(The )t oo, dop

dlog® T
T

2
/th (@)px, 1 | x, (@e—r | @) || w1 — pf () ||y dae—1 Ay + EX,~aq, [Eocore t(Xt)]
£

Pyy v (@i | @e) ||z — M:(xt)szxtfldxt

C3
EXtNQt [ score t(Xt)] + €xp ( - Zdlog T)

&) d*log*T  dlog®T
~ T T

Ethqt [Escore,t(Xt)Q]o (]_82)

Here, (i) comes from (84), (ii) is due to the elementary inequality 2ab < a? + b?, (iii) invokes the
relation (84) as well as the Gaussian distribution of Y;* ; | Y; in (76b), whereas (iv) applies (39).

e With regards to the term Ko, it follows from the Cauchy-Schwarz inequality that

Ky S VEK3Ky,

where
2
/ px, (2t) pxt_l | x, (-1 [20) + Py |y, (-1 \fﬂt)} |1 — M?(fﬂt)HQda?tqut; (183a)

2
/ Px, (@) pxt71|xt($t71 |2t) + vy v (T \l’t)} \|se(e) — st ()| das 1 day

I /\

/pXt Tt ’575 xt) - St Tt Hdet - 2EXt~qt [5score t(Xt) ] . (183b)
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Consequently, it suffices to look at the term K3. According to (88), we have

T 1| 1l—ay \° — 2
[ET——s (%)Hz S |lwe-1 — \/7047% + (M) (E[th - vOétXOHQ | Xy = ﬂftD
1 log® T .

Sl = g, T (el 2T,

where the last inequality makes use of (39) and the assumption (21). Combining this with (87) gives

2
/ px, (T)px,_, | x, (Te-1 |xt)HfEt71 - M?(%)Hdetqut

2

d$t,1dxt
2

< / P, (@)px, s x, (@t | 0)

log? T .

?2 / px, (@)px, o x, (@e—1 | 2e) (|23 + T>°7) day—yday
gc

<exp(—csdlogT).

Ti—1 — Tt

Qi

Additionally, let us decompose

* 2
/ px, (@)pys v, (w1 | @) ||ai—1 — pf ()| dw 1 day

<

2
px, (@)pys v, (@it | @e)||we—1 — pf (2) || da—1day
(w00 1), (w0)<e™05s0dlon T o ’

= K5

2
+/ pPx, (xt)thil | Y: (w41 \It)HIt—l - H:(It)||2d$t—1dwt-
(ze,xe—1)px, (ze)>e7 0964108 T |z, —F ||3>c54/d(1—ay) log T

= Ke
Substitution into (183a) yields

ICQ S \/ ICgIC4 /S \/{ exp (763d10g T) + IC5 + KG}EXtht [Escore,t(Xt)ﬂv

(184)
thus motivating us to bound K5 and Kg separately.

— Regarding Kg, we can use (89) to demonstrate that

Ko < [ oo |V - wt DIFL{IY7 ) - 0], = S VAT~ a g T} | Yi = o) da

<Sexp (—%dlog T) .

— Turning to K5, one can invoke (62) to derive
* * 2
K< [ px (B [V — ()l | ¥ = 0] da
Ti:px, (z¢)<e—0-5egdlog T

= d/ pXt('Tt)dxt
zypx, (z¢)<e 0-5c6dlog T

<d / px, (@)da, + B {[| X, ]2 > 757+
th,ipxt(371,)<€70‘566d1°gT,||$tH2STcR+2

1 .
< dexp ( - ic(;dlog T) (27" 2)4 4 exp(—cedlog T)
1
<exp < — Zq;dlogT),

provided that cg > 0 is large enough.
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Combining the above results with (184), we arrive at

Ko < \/{ exp (—%dlog T) +exp (_%ﬁdbg T) }EXtNQt [Escore,t<Xt)2]

min{cs, cg }
4

min{cs, ¢ }

<exp ( — dlog T) + exp ( — dlog T) Ex,~q, [Escore,t(Xt)Q] _ (185)

Taking the above bounds (180), (182) and (185) together with (178) immediately finishes the proof.

D Analysis for the accelerated deterministic sampler (Theorem 2)

The aim of this section is to establish Theorem 2. The proof follows similar arguments as that of Theorem 1.

D.1 Proof of Theorem 2

Auxiliary vectors and their properties. Before embarking on the proof, let us introduce several pieces
of notation:

pr(r) =7 — w (), (186a)

].—Oét 1—C¥t2 ].—O[tz
(o) = { s+ s~ sl (o)

— Ot 2 — —
+ 8((11—043)315 {(Xt —Va,Xo) (X — ‘/OTtXO)T | Xt = :v] 9:(2)
- L [ - VA (X — VK - (X)X = ] (186b)
- _{ 1 _20‘t n étl—a;)t) B (1 _8O‘t) |s;(3;)||§}st*(ac) — mE {WtW:Sz(Xt) | X =2
- ME [Hwtui (ﬂl_iaw +(1- at>s:<xt>) X, = 4 - (186¢)

Here, we recall that gy(x) = —(1—a;)s} (z) has been defined in (36) and that X, = /@ Xo++/1 —a; W, with
Wy~ N(0,14) (see (6)). In view of Assumption 3 and the fact that the MMSE estimator is the conditional
expectation (Hajek, 2015, Section 3.3.1), we have

wy(z) = E {Hwtuj (\/11—iatwt b1 at)st*(Xt)> + %WtW:st*(Xt) X, = x] ,

—a;

which taken together with (186) and (27) confirms the following equivalent expression for the sampler (27):
1 1 1

V)= —Y,— —

7w = m T

We now single out a useful property about u,(-). For any point z; € R? obeying —logpx, (z:) < cedlogT
for some large constant c¢g > 0 (see Lemma 1), one has

Y1 = ue(Yy). (187)

dlogT\1/2
fuaoll, £ 0 a0 (T255) (188a)
and one can also write
l1—«
ug () = 72(1 — att)gt(ﬂﬁt) + &) (188b)
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for some residual term &;(x;) obeying

1 T 3/2
dlog ) . (188¢)

e, 5 1 a?(§

To streamline presentation, we leave the proof of (188) to the end of this subsection.
Main steps of the proof. Akin to the proof of Theorem 1, the key idea lies in understanding the

transformation ®; (cf. (27)), or equivalently, ¢; (cf. (186)). There are several objects that play an important
role in the analysis, which we single out as follows:

1
A= = [ oo )| - Vo] oo (18%)
) 2
B; = = ’/pxﬂxt (2o | a:)(x — @xo)dxo ; (189b)
-0y 2
1 — 4
Coim s [ oo 9 = Vs (159¢)
1 _ 2
Dy = m /PXU 1 x. (%o |x)(<gt(:c), z— \/O‘>t$0>> dzo; (189d)
1 — 2 —
Bi= o / Pxo) x, (w0 | 2|2 — Vo] 2(g0(w), = — v/Frwo)dao. (189¢)

Here, we suppress the dependency on x in the above five objects to simplify notation whenever it is clear
from the context. In view of Lemma 1 and the properties (39), we have the following bounds:

1

|Be| < | A S — -d(1 —a@;)logT < dlogT; (190a)
- g
1
|G| £ ﬁdg(l —ay)?log® T = d*log® T (190b)
o
t\ L 2 — 2
Dy < (”19’(63”)22 /pxomt (o | )|z — Vo ,dzo S d?log? T (190c)
- &g
x)|2 — 13
’Et| < (ngt(ozn)zz /pXMXt(xo | x)Hw - \/Oztl'oHQd.To < d%log®T. (190d)
- ¢

As it turns out, Theorem 2 can be established in a very similar way as in the proof of Theorem 1. In
essence, the only step that needs to be changed is to replace (58) in Lemma 4 with (191) in the lemma below.

Lemma 11. Suppose that M
ap—ag

large enough constant cg > 0, we have

pyaix, . (pi(T)) . (1 —oy)(d+ By — Ay) 1—ag\3

B 1+ 20— ) + O(dg( ) log® T)
(1 — Oét)z
8(1 —@;)?

< 1. For every x € R obeying —logpx, () < cgdlogT for some

O — Qi

+ [d(d+2) + (4+2d)(B; — A) — B} + Cy + 2D, — 3E, + A, By|. (191a)

Moreover, for any random vector Y, one has

Poiv)(pe(®)) (1= ay)(d+ By — Ay) 1—a,\3
;Yi(x)—H- 31 —a) +O(d6( ) log3T>
(1—ay)?

+ NIEaE [d(d+2) + (4 +2d)(B; — Ay) — Bf + C, + 2Dy — 3E, + A, B;].  (191b)
- &

Here, the quantities Aq, ..., Ey are defined in (189).
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The proof of this lemma can be found in Appendix D.2. Crucially, the terms in (191a) and those in (191b)

coincide (except for the residual terms O(ds(%) log® T) and O(dG( Lo ) log® T)), which will cancel
each other during the subsequent proof. 4
With Lemma 11 in place, we claim that for every ¢ > 1,

P(Y; € &) >1— (T —t+1)exp(—csdlogT) (192)
for some constant cs > 0, where the set &; is defined as
Dy, (y) dSlog® T
&=y |22 1‘ <es(T—t+1) 22—
! {y pXt( C5 - ) T3

for some constant c5 > 0. We leave its proof to the end of this section.
Suppose for the moment that the above claim (192) is valid. Then taking ¢ = 1 leads to

Q1(Y1) _ 1‘ S C5d6 10g6T

Pl cé)= P( p1(Y1) T?

) >1 —Texp(—c?,dlogT)7

which also reveals that fy ¢, D1 (y)dy < Texp ( — c3dlog T). Additionally, we make the observation that

/ Ip1(y) — q1(y)|dy < / p1(y)dy + / q1(y)dy = / pi(y)dy +1— / q1(y)dy
y¢& y¢&r y¢&r y¢Er ye&L
<[ mwwri- [ pwws [ p) - el
y¢&r yeE ye&
= 2/ p1(y)dy + / Ip1(y) — a1(y)|dy.
y¢&r ye&r

The above results together with the definition of the total variation distance gives

1 1
TV(q1,m) = 5/ i a1 (y) — p1(y)|dy + 2/¢g la1(y) — p1(y)|dy
yeé Y&EEr

< / ) =y + / Ly

Yy)
:EleP1|: ql( _1‘ ]l{Yl 681}:| / pl(y)dy
(N vEEs
c5dSlog® T
< Tig + exp ( — 63d10gT)
d®log® T
This establishes the advertised result in Theorem 2, provided that Claim (192) can be verified.
Proof of properties (188). To justify the above results (188), note that Lemma 1 implies that
llge(ze)||, <E[]|Xe — VaXo|, | Xe = 2] S V/d(1—a)logT, (194a)
1 -« 1 — dlogT
1 ngt(xt)H2 S 1, Vd—@)log T = (1 - a7, (194b)
(1- (1 —ay)? 5 VdlogT
7(1 — ||gt W, < T VA ~@)logT = (1 - ) ( )3/2 (194c)
(]. — Oét)z (1 — at)Q _ 3/2 8/2
D — ———(d(1 - logT 194d
(1 )3 ”gt(l't)”Q ~ (1 _at)g ( ( at) og ) —a; ( 9 )
1—ay)? — — T (1—a) — 2
o e[l v = Vi) 1 = o], 5 5 _'L ol {n Al =]
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dlog 3/2
< _ 2
<(1-w) <1 _at> : (194e)
and

MHE[Hx —Va X ||2(x —Vaur fg(X))\X :z] '

(1 —a)? ¢ tX0]|5 (Tt tTo — ge(A¢ t e,

(1—ay)? — 3 = 2
< oagp LB e = vaxol 1 =m ||, + o, [ [llre — Va1 6= ||}
dlogT 3/2

< _ 2

S(1— o) <1 at) . (194f)
Substituting the bounds (194) into (186b) immediately establishes (188). O

Proof of the claim (192). We would like to prove this claim by induction, for which we start with the base

case with ¢ = T. Recall that X 4 varXg++/1—arB and Y 4 B with B ~ N(0, 1) independent of Xy,
and that || Xo|l2 < R with R = T°% for some constant cg > 0. For large enough T, it immediately follows
from (39d) that

P(Yr € &) > 1 — exp(—csdlogT) (195)

for some constant cg > 0 large enough.

Suppose now that the claim (192) holds for some ¢ > 2, and we wish to prove the claim for t — 1. We
would first like to claim that with probability at least 1 — (T — t) exp(—csdlogT') for some constant cg > 0,
one has

@ (Yy) > exp (— cedlogT). (196)

With (196) in place, one sees that Lemma 11 is applicable to « = Y; with high probability.
Next, consider any y obeying —logpx,(y) < cgdlogT. With these bounds (190) in mind, applying
relations (191a) and (191b) in Lemma 11 leads to

Pyarve, (0:(y)) (p\/aﬁxtl (0:(y)) > ! _ Pouv) (0:(y)) (P@X“ (¢e(v)) > -
Py, (y) px,(y) Py, (y) px,(y)

1 — 3
= 1+O<d6(aoz) log3T>.
t — Oy

Replacing y with Y; in the above display, using the fact that Y;_; = \/%qﬁt(Yt), and invoking the relation

(55), we immediately arrive at

pr—1(Yi—1) 6f 1—ar\3, 4 ¢ (Y?)

—————==11+0|(d <77> log°T | - ——=

qr—1(Yi—1) { ( Qp — Qy & qt (Y1)
with probability exceeding 1 — (T" — t) exp(—csdlog T'). This concludes the proof of Claim (192) via standard
induction arguments. O

D.2 Proof of Lemma 11

The proof of Lemma 11 is derived in a very similar way to the proof of Lemma 4, as detailed below. For
notational simplicity, we shall abbreviate

u = uy(x) and z = gi(w) (197)

whenever it is clear from the context.
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D.2.1 Proof of relation (191a)

Through direct calculations as shown in (127), we can obtain

e (1) = o) (3= )M

Qr — O
. / P 3 (@0 | 2) exp (_ (1= a)llz = Vawolly  llul3 — 2u” (= — Vaizo) )dx
xo Xo | X0 2(O[t — Et)(l — at) 2(at _ at) 0-

Moreover, similar to the analysis of Lemma 4, we focus our attention on the set given z:

£ = {xo : Hx — @xdb < 5es5+/d(1 — @) logT}, (199)

which allows us to derive, for some numerical constant cg > 0,

(198)

— 2 —
s teslmyen (- ol —VEil, -2 (e VAR,
PXo | X, W0 1) XD 20 — ) (1 — @) 2 — ) 0
2
(1= o)l — Vaiao| [ull3 —2u’ (z — Vaiw)
= O (exp(—cgcidlog T —|—/ Xo | x)ex (— z_ dz
(exp(—c: e 7)) 2o €L Pxo1 . (@0 |2} exp 2(ay —a)(1 — ) 2(ay —ny) ’
=: RHS (200)
To further control the right-hand side above, recall that the learning rates are selected such that 7t <

= =
% for 1 <t < T (see (39b)). In view of the Taylor expansion e=* =1 —z + 1% + O(2?) for z S 1/2,
we can derive

RHS = O (exp(—cscidlogT))

(1— )|z — Va2 s 2ll3 - 2u™ (z — Vo)
+ pXU\Xz(xO‘x) 1- p— — -
zo€E 2(ar —a)(1 —ar) 2(ay — @)

bt (o= VA~ (o = V) +0(#(229) g7 bara. (201

8(O[t - Olt)2(]. — Qp — O

In order to see this, we recall the property of u (cf. (188)) as

= O((l - at)“'(cl“ong/Q). (202)

— oy

1-— Qg
21 — @)

u —

As a consequence, for any zo € £ we have

(1 — ag)||z — Vaiol|: ~ oy
ol o a2 e

and

— (I—ov o
Jullf = 2u" (& = Vawo) At l2]3 — 2" (¢ — V) +o(d2(1‘“t)310g2T>

2(0[,5 — at) - 2(Oét — Oét) Qp — O

_ 2 (e Vamo) o+ O<d2 (1_7%)2 log? T)

2(Oét —at)(l — O a — O
O<d( 1- Cﬁ ) logT)7
Qp — Ot

where we have invoked the properties (39). Taking the above results together and using the following basic
properties regarding quantities Ay, ..., E; (defined in (189))

/pxo\xt(xo | I)HJU - \/gtl’oH;dl?o = (1 —a)A,
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/PXO | x, (w0 | )||z]3dzo = (1 — @) By,

11—« 1—ay)?
/pXU‘Xt(.’E0|£L')UT(Z'— \/il’o)d(ﬂo = tBt+ ( t) [Bt _Bt2+Dt —Et +AtBt],

2 8(1 —a)
/pXO\Xt(xO | CE)(HQE — \/i:bd@ —z"(z - \/57350))201&00 = (1 —a@)?[C; + D, — 2E,],

we arrive at

1—ay)(A;— B 1 — )2 Lo s
( 2(;)( ta) t) 8((1 ;))2[_B152+Ct+2Dt_3Et+AtBt]—|—O(d3<t) 1og3T>.
t — ¢ — Qi

Qp — O

(201) =1 —

Once again, we note that integrating over set £ and over all possible z( only incurs a difference at most
as large as O(exp(—cw%dlog T)) Putting all this together establishes the advertised result (191a).

D.2.2 Proof of relation (191b)

Consider any random vector Y, and let us invoke again the basic transformation

Peu(v) (pt(x)) = det(a%tf) ) 71py (z),

. , -1
where d“’ati;f) denotes the Jacobian matrix. We are then left with controlling the quantity det(d%tif)) .

Towards this, let us again recall that the determinant of a matrix satisfies
1
det(I + A) ™" = 1= Tr(A4) + S [Tr(A)* + [ All&] + O (@ A]),

provided that d||A|| < cgo for some small enough constant cgg > 0. This relation leads to

Peo(v) (pi(x)) = det(a%tg(cx) ) 71py(w)

LR R Lo MRS L)) R

where we invoke the definition in (186) that

. . (]. —Oét) (1 —Olt)2 (]. —O[t)2
ouw) = = = (G e ]
(1*0&)2 \/j \/j T d
st | pxor@l) (e - V) o - Vo) ad
+ 4= | il D)o - vl (e - Ve - 2)da,

To further control the right-hand side above of the above display, let us first make note of several identities.
Proving these identities only requires elementary calculation regarding Gaussian integration and derivatives,
which is omitted here for brevity. Specifically, one has

oz

or i (204a)
0
D 13 = el + 227 (201b)
1o} _ 5 _
52 | Pxoix (@l )|z = VAo, (z — Vaiwo)dzg
xo
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= /x Pxo | X, (T0 | x)Hx — JitxO"deOI + 2/96 Px, | X, (%0 | 2) (2 — Vauzo) (z — @xo)deo
((/I Pxo | x, (o | x)Hx - \/@7%0”;(% - \/is%)) (/x Pxo | x, (To | ) (CU - \/aitffo)déﬂo)T

1—a;
- / Pxo | x, (To | 2)||z — \/@TQCOHE(DC —Vayzy) (z — \/gtfo)TdCUo), (204c)
o
0
%/ Pxo | x, (o | 2)||z — @xo“iz = / Pxo ) x, (o | 2)||z — @xo"§d$th + 2227
xo Zo
1 T
— ((/ pXo\Xt(Z'O | CC)H?C - \/571‘0“3)22—r - Z(/ PX0|X,,(330 | $)HCU - \/EQUOH;(CC - \/gtmo)dxo) >7
1 —a To Zo
(204d)
0
%/ Py x, (20| 2) (2 = Vo) (v — Vaywo) ' 2dzg = 2|31 + 227
o
+ [ pxoixitan o) (@~ V) (o~ Vi) e
)
1
+ T = Pxo | x: (To | ) (ZT (z — Vaiwg)) (z — Vaizo) 2 dxg
o
1
~1-3 / Pxo| x: (To | ) (ZT (J: — @xo)) (x — \/ajxo) (m — @xo)deo. (204e)
— @ Sy,
Equipped with the above relations, we can easily verify that
H@H < d(1l — atllogT (205)
1-— Qg
oz 2(1 — @)
+ M(d 24, — A} + 3A4,By + 2B, — 3B} + C; + 4D, — 3E; — F), (205b)
—Qy
1 — Oét 5 (673 3 3
H H 4(1 —ay)? ’ H +O(d (at—at) log T)
_ (1 ) 2 _ s(l—-ou N3, 3

as long as dg( Lo ) logT < 1, where we recall the definition of the quantities A; to F; in (189), and

Fi(z) = H /x Pxo | x, (o |:1:)(a: — \/&7330) (w — @mo)deo“i. (205d)

1—oy

Plugging these results into inequality (203) leads to

Pouv) (e()) = py(x){l 4= a;)((ldJrOf; — A, o(d* (%)3 log* T

(1 — Oét)2

+ 8(1 — )2

[d(d+2) + (4+2d)(B; — Ay) — B} + C, + 2D, — 3E; + A, By } (205e)

We have thus completed the proof of Lemma 11.

E Analysis for the accelerated stochastic sampler (Theorems 4)

The proof of Theorem 4 follows similar structure as the proof of Theorem 3. Throughout the proof, we shall
employ the notation Z; := x;/./a; as before.
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E.1 Proof of Theorem 4

Step 1: expressing the update rule in terms of a Jacobian matrix. Let us recall the Jacobian matrix
Ji(z) = % defined in (37). In view of the expression (38) as well as (6) (i.e., Xy — vV Xo = /1 — oy W,
with W; ~ N(0,1;)), one can write
_ T _ T
Ji(x) = L4+ E[W, | X; = 2] (EWt | X, = x]) —E[W, W, | X; = 1]
=I;+ (1—a)s;(z)s;(z) — E[W,W, | X, =z, (206)

where the last line makes use of the relation (36). Additionally, recall that (i) v¢(z, z) (cf. (32)) is the MMSE
estimator for estimating W Wz given va;Xo + 1 —a: Wi =z and Z; = 2, and (ii) Z; is independent
from Xy and W;. Then this MMSE estimator admits the following expression (Hajek, 2015, Section 3.3.1):

ve(x, 2) = ]E’_WtW:Z | X; = 1:] = JEWtW: | X; = :E]z. (207)

As a result, the mapping introduced in (33b) can be alternatively expressed as:

Uy (z, 2) = \/10[7 (x + (1 - at)sﬁ(x)) + oy {z — 2(11%0%) (24 (1 —ap)st(z)s)(z) "2 — vp(w, 2)] }
= p(x) + oy <I - 2(11:O;;)Jt(x)>z, (208)

where we have also used the definition (74b) of p:(-). In comparison to the plain DDPM-type sampler
(cf. (30)), the key correction term is the second component on the right-hand side of (208), which adjusts the
covariance of the additive Gaussian noise.

Equipped with the above expression (208), we can readily express the conditional distribution of Y;_;
(cf. (33a)) given Y; such that: for any points x;, z;_1 € R?,

1
(2l m)d/?yd et (I — 5% Ji(w))|

. exp ( - ﬁ 2). (209)

Step 2: controlling the conditional distributions py, ,|x, and py, ,|y,. Akin to Step 2 in the proof
of Theorem 3, we need to look at the conditional distribution px, ,|x, when restricted to points from the
following set:

Py, 1 |Y; (xt—l |It) =

(1= gy en) (s ta0)

&= {(JﬁtJSt 1) | —logpx,(z¢) < *CGdIOgT [21—1 — Zell2 < csv/d(1 — at)lOgT}v (210)

with the numerical constants c3, cg > 0 introduced in Lemma 2. The following lemma, which is a counterpart
of Lemma 8 for the accelerated sampler, characterizes py, ,|x, in a fairly tight manner over the set £. The
proof is deferred to Appendix E.2.

Lemma 12. There ezists some large enough numerical constant cc > 0 such that: for every (xy,x4—1) € €,
1

(27r1 at)d/2|d t (I— 501 %”t).]t(act))‘

Pxi_1] X (41| 2y) =

2
(67

'eXp<_2<1—at)

holds for some residual term (i (xzi—1,x¢) obeying

(I - 2(11_O;Z)Jt($t)>_l($t—l — (1))

+<t(xt—17xt)> (211)

2

dBlog™® T
T3/2
Here, we recall the definition of u(-) (resp. Ji(+)) in (74b) (resp. (37)).

|Ce (s, 0)| < ¢ (212)
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Moving beyond the set £, we are still in need of bounding the log density ratio log Zj‘% for all pairs
t—1 t

(z¢,2¢—1) outside &, in a way similar to Lemma 9 in the proof of Theorem 3. Our crude bound towards this
end is stated as follows, whose proof is postponed to Appendix E.3.

Lemma 13. For all (z,24-1) € R4 x R?, we have

Px, 1| X, (fthl \xt)

log
Py, v, (i1 | T4)

< Teotrent? {th_l — )2 )3 + 1} , (213)

where co is defined in (22).

Step 3: bounding the KL divergence of interest. With Lemmas 12-13 in place, one can repeat the
arguments in Step 3 in the proof of Theorem 3 to arrive at

Blog*®T 2
EItNXt |:KL(pXt—1 IXt(. | It) || Py, | Yt( ‘xt)>:| /S (1—13/2)

Substitution into (79) and (78) then yields

d%log” T
T2

) L d010g® T
2TV (px,pv)? < KL(px, | pv1) S KL, | pve) + D ——5— =
t>2

where the last relation results from (122). This completes the proof of Theorem 4.

E.2 Proof of Lemma 12

Recall that an explicit expression for px, | x,(z¢—1|z¢) has already been established in Lemma 8 (see (160))
A little algebra then allows one to write

Px, | X, (Te—1|T¢) = fi(xs) exp ( — fa(we, 1) + Ct,1($t7$t—1)>’ (214)

for some function fi(-), where

ge-1(z) :/ (2 — Va—120)pxo|x,_, (To | 2)dx, (215a)

fz(mt 2 1) _ ||CUt - \/OétﬂftﬂH% T (l‘t—1 - J?t)Tgt—l(ft) " %@t—l - i'\t)—rf]t—l(ft) (l”t—l - ft)
T 2(1 - Oét) 1-— Q41 1-— 041

Tfol fol ~ [Jt_l ((1 —7T)T + Txt('y)> — Jt_l(ft)} drdy

1—a;

. (215b)

~

Ct,l(ﬂft,l‘t—l) = (It—l - l‘t)

(.’L‘t_l - 53\75), (215(3)

and we remind the readers that z;(v) = yxi—1 + (1 — v)Z; with Z, = z/ /.
In order to control (214), we single out two useful facts: for every (x, z,—1) € € (cf. (210)),

~ [ 1-—
||Jt—1(30t(’7)) - Jt—l(fﬂt)H < & 1_7@?1 log2 T, Vy € [0,1] (216)

H Jia(@) @)

1—arq 1-a;

and

< d?(1 — ay)log® T

~ (at . at)Q (217)

The proofs of these two facts are postponed to Appendix E.2.1. These facts in turn allow us to bound

~ 2
lze—1 = 2|

R 1— 3/2
sup Hthl(-Tt(’V)) - Jt—l(xt) H < d? (at> 10g3 T (218)

Ty, T <
’Ct,l( Te—1) 1—a,

T 21 —@-1) yepo
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and

(xtfl - Et)Tthl({ft) (xtfl - lx\t) _ (xtfl - ,ft)TJt(xt)(xtfl - 53\:&)

1—a 1-a;

Jt—l(@) _ Jt(ﬂ?t)

2 Bl —a;)?log® T d*(1 — ay)?log® T
< oo =215 755 = ! R e e (219)
170%_1 170% (Oét 70[,5) (170[25_1)
for any (xt,x:—1) € €. Consequently, there exists some function f3(-) such that
Px,_y | X, (Te—1 | we) = f3(2t) exp ( — falze, xem1) + Ct,z(%ﬁtq)), (220a)
where
B —w-1lR @ee1 —B) Tge1 (Te)  S(wemr — T) T (@) (w1 — T)
) = . (220b
Ja(@e, @) 2(1 — o) 1—a@ - 1—a (2200)
1—a; \*? a3 log"® T
3 t 3 g
|<t,2($t7f£t_1)| 5 d <1_atl> log T S W (220(3)
To continue, we further observe that
(w41 — ’ft)Tgtfl(ft) _ Var(ri_1 — z) " ge(x) < a3 IOgS'ST (221)
1— @ 1—a ~oors/2

which is an immediate consequence of the following two bounds (obtained using (161c), (161b) and (39b)):

(241 — ft)i—rgtfl(ifl'\t) (w1 - Etfgt(wt) < (1— a:):% g T < a3 10g3.5 T
1-— (e ] 1-— it (Oét - O[t)g T3/2
(i1 — %) T gs(z4) dlogT
_ ./ <
‘(1 Oét) 1 —ay ~ T3/2

This bound (221) allows us to replace the second term on the right-hand side of (220b) with ﬁ(m“iigz)Tgt(mt) .
It is also seen from (161a) and the properties (39) that

1— oy log T dlog®T
——t < ~dlogT = =o(1 222
ot tao)| < 2 atop < WL o) (222)
and therefore,
IR AL I dlog?T 1—ay)d?log®T _ d?log*T
(1 =y @22 Sl 22 | dlog'T o2 (- a) Plog' T dlog
2(1 — @) T 2 T T2

These combined with (220) allow us to show that: there exist some functions f5(-) and f5(-) such that

DPx, 1| X ("Etfl |xt) = fS(xt) exp ( - fG(xh -thl) + Ct,?,(l't, $t71)> (223&)
where
OétHfth - Et||% \/OTt(xtfl - /m\t)—rgt(mt) %Oét(l’t—l - C/C\t)TJt(«Tt)(xt—l - ft)
fﬁ(xt,wtfl) = — + —
2(1—0[,5) 1—Oét 1—(1,5
= Ly — @) l3 4+ Tt oy — 30 () (@i — 3) |+ Fie), (223b)
2(1 — Oét) 1-— Qi
d®log*® T
Ca(@e, z-1)| S sz (223c¢)
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To further proceed, we make note of another useful fact:

o =N 1— oy 1 1—oy

220 (o) (et omaten)
Qi ~ 1—C¥t ].-th —
< 4 - ) —_— — K — X X, =
- 1—ozt||xt 1 xt||2 ’2(1—0&)Jt(xt) Vor (1 —ay) [th Ve 0H2| o=
dlog®T logT
S AV/d(1 = az)logT - 05 ~—O§ /d(1 —a;)logT
d?log* T d?log*® T
= Vite s —Ep—

where we have made use of the crude bound (222) in conjunction with the properties (39). Taking this
observation together with (223) and (74b), we can apply a little algebra to derive

Px, | x,(Te—1|®e) = fr(ze) exp ( — fa(xe, we1) + Ct,4(mt,$t71)) (224a)

for some function f7(-), where

foCorsin) = 5y { o = o) (14 g e ) (oo = o) o (200
3 o 4.5
|Cra(ae, xi1)| S %. (224c¢)

Note, however, that the covariance matrix [ + ﬁ«h(%) still differs from the desired one (I —

A= T (24) 2. As it turns out, these two matrices are fairly close to each other. To see this, we write
2(1—a)

(1—1)

where A is a matrix obeying (see (222))

1— -2 1—
(I _ QatJt(:Ut)) =7 =+ ;t Jt(.’Et) =+ A,

2
141 5 | s el 5 S8
Consequently, we can demonstrate that
M KI - th(xt))l($t1 — pe(2)) 2
2(1 — ay) 2(1 —ay) 9

Qg

— gty { e =) (1 T ) s = wato) |+ 0 (G sl s = o))

t
Qi 1

— m(wtq - Mt(mt))T (I + 1 :;z Jt(xt)) (mtfl B Mt(mt)) + ()(dBIOgST).

T2

To see why the last line holds, note that (according to Lemma 1 and the properties (39))

s = bl < leeor = Bl + =g s B [ = VEXolly 1 X =]
S VAT aylosT + 1| 75T (1— ag) = V(T = ) log .
and hence .
Al s - )} 5 ST

62



Combining the above bound with (224), we arrive at
Py x| 20) = folwe) exp (= fro(@e, 1) + Gua( 1) ) (225)

for some function fo(-), where

-1 2
(673 1-— (673
)= - ——— -1 - 225b
fro(@e, me—1) 201 — ay) ‘( 2(1 — at)Jt(wt)> (xt 1 ut(xt)) ) (225b)
dBlog*®T
|Ct,5(-rt7xt—1)’ 5 W (2250)
To finish up, repeat Step 3 in the proof of Lemma 8 to yield
d*log"® T 1
f7(xt) = (1 + O < T§/2 )> 1—oy d/2
(27" o ) |d t(I_ 20-a )Jt(xt))|
as claimed. This combined with (225) concludes the proof.
E.2.1 Proof of auxiliary claims in Lemma 12
Proof of relation (216). For any (x¢,z:—1) € £, one necessarily has
o) — Filla < 21 — Fella < e5/dA(T — ) Tog T. (226)

Given z;, we define the set

& = {x || — A 12ll2 < ca/d(1 —@_1)log T}.

Then for any zy € £, one has

Hfﬂt(V) - \/atqonQ < maX{H@t — Vai1zoll2, |7 — $t71||2} < maX{C4\/d(1 —ay—1)logT, 03\/d(1 — at)logT}

= 04\/d(1 —ay—1)logT,

where the last inequality comes from (39b). This in turn reveals that

<||@ —Vamoly et - WH)
exp - -1

2(1 — @) 2(1 —ap—q)

Px,_ 1| Xo (3715(7) ‘950)

= -1 =
Px, 1| Xo (xt | o)

o o (1= = il )= sl )
2(1 — Oétfl)
< B =zl {12 - v 1ffo||2+th — V||,
~ 2(1 —@—1)
d 1—70% log T 1og T
|\ 11— V
where the second line follows from the elementary relation
[Ial3 = 1613| = [llall2 = 1ol - (lallz + 1612) < lla = b2 (lall2 + l1bl2)

and the last line relies on (39) and our assumption on 7. Moreover, repeating the same argument as in (116)
and (120), we arrive at

I’XH(W:HO(C[ “atlogT). (227)

px,  (T1) 11—
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Putting the above results together leads to

Pxo| X, (o | 2:(7)) _ PXi a1 X0 (z:(7) [ 20) /px,_1 (z:(7)) 14 O(d 1—oy logT).

pX0|Xt—1(‘T0|§Et) pthﬂXo(/x\t |‘T0)/pXt,—1(/z\t) — 0

Equipped with the above relation, we can demonstrate that

H /pxolxt,l (2o | @e(7)) (e(7) = V/@r—120)dao — /pX0|Xt71(x0 @) (@ — @l’o)dmoug
< O(d %IOgT) : </20X0|Xt_1(330 |ze(7))||ze(v) — MSCOHdeO)

+ H /pXO | Xoo1 (950 | {L'\t) (xt('Y) - Et)dﬁ?oHQ (228)

< \/d3(1 —ay)log® T, (229)

where the last step invokes the property (43a). Following similar arguments (which we omit for brevity), we
can also derive

H/pxﬂxt (o [ ze(7)) (ze(v) — V@—120) (ze(7) \/at—le)deo
/pXO\Xt 1 $0|It (It Vo 1170) (xt \/at—lzo)TdIOH

<A/ — o)1 — 1) log? T, (230)

where we have made use of the property (43b). Taking the above two above perturbation bounds together
with the expression (94) and making use of (43a) immediately lead to the advertised result:

1—Oét

11—

| Je=1 (e (7)) = Jee1 (@) || S @ log®T. (231)

Proof of relation (217). To establish this relation, we first apply the triangle inequality:

Jt_l(i’E\t) Jt(l‘t) 1 1
H i e wop EACOI

l—ay 7 11—
@—1(1 — ay)dlogT < (1 —ay)dlogT

(-l —a) ~ (o —)?
(232)

Jt—l(ft) - Jt(xt)
1—a;

S ‘

Let us first consider the second term
1 1
— J,
H(l—at 1 1—at> e

where the last inequality uses (161a) and the properties (39).
Next, we move on to bound the difference J;_1(Z;) — Ji(x¢). By virtue of the relation (173), one can
deduce that

N [ — 1 —
H/pxﬂxtl (z0|Ze) (B¢ — \/Ae—120)dg — — /px0|Xt (zo | @¢) (24 — Vazwo)dao
v/ Ot 2

1 . — —
Ja: ‘/PXO X (20| Z4) (20 — Vayz)dzo — -/pX0|Xt (zo | 2¢) (ze — Vayzo)dao

1 d(l — ay)logT —
< S0 (ML) [ ool e~ V]

T iYta;(i)(la ) )HJt(fﬂt)H <
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In addition, recognizing that \/% =1+ ﬁl(ffﬁ) =1+ O(1 — ay), we can further invoke the triangle
inequality and (39a) to obtain

H [ o, (w0170 G v mo)deo =[x, o o0) e~ ) deo

< d(1 — at)logT

~

2

ot oo~ Vo] o

1—ay

Repeating the same argument also reveals that

H/pxoxtl (z0 | Z¢) (Zr — /@r—120) (T4 — \/ﬂfﬂo)deO - /pXole, (o | 20) (20 = Vauzo) (w: — @xo)deo
d(l — logT
T H/pr . (z0 | @) (20 — Vawo) (0 — Vo) | dag

1—az

<

~

In view of the expression (94) for J;, combining the preceding two bounds with a little algebra yields

1 -
ﬁ”a]t—l(xt) - Jt(xt)H
1 d(1 — ay)logT

Yl -a)(l ) 1-w
| {H /pXOIXt (wo @) (e = Vo) (: - \/axo)Tda:o

< d?(1 — ay)log® T

~
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where the last line follows from Lemma 1 and the properties (39).
Putting the above bounds together immediately establishes relation (217).

E.3 Proof of Lemma 13

According to the expression (209), one has

1— 1— 2
Y 4 \ Yy =2 ~ N(Ht(xt), aat <I B & )Jt(It)) >

1-a

= %(3)

In order to quantify the density, we first bound the Jacobian matrix J;(z) defined in (37). On the one hand,
the expression (38) tells us that Ji(x) < I for any z, given that the term within the curly bracket in (38) is
a negative covariance matrix. On the other hand, Ji(x) can be lower bounded by

Je) = B[ (X~ VEX0) (X, VEXo) | | X, =2

1—Olt

IE[X— T Xoll2 | X, = } 5 2
B[l - vaXo], | X e el

1—oy - 1—oy
= =TT ([Jz]|5 + T?7) I,

where the second line applies the assumption that || Xg||2 < T°%, and the last line invokes the choice (22). As
a consequence, we have

2 — — 2
. 1— oy 1— oy l—as (1 -0+ — 1— oy 1— oy
by bt 1-— I; = I = I; = 1g; 233
@)= —, ( 2(1—0@) 17 Tha 1-a, 1Z o, ez =gl (233)
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1 —
N(E) = —— L2023, |14 4 2TIR) [y < ATV (|3, |4 + TR I, (233b)
t

With the above relations in mind, we are ready to bound the density function py, , |v,(z¢—1|z¢) for any
x, i1 € RY. Tt is seen from (209) that

! (oo @) T(EE@) N —pla)) 1 d
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where the second inequality results from (233), and the third inequality makes use of (177) and (22). Given

Px,_q1x, (Te—1| @) 1

that log log

ys We have concluded the proof.
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