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Recent successes in reinforcement learning (RL)

In RL, an agent learns by interacting with an environment.

RL holds great promise in the next era of artificial intelligence.
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Challenges of RL

• explore or exploit: unknown or changing environments

• credit assignment problem: delayed rewards or feedback

• enormous state and action space

• nonconcavity in value maximization
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Sample efficiency

Collecting data samples might be expensive or time-consuming

clinical trials autonomous driving online ads

Calls for design of sample-efficient RL algorithms!
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Computational efficiency

Running RL algorithms might take a long time and space

many CPUs / GPUs / TPUs + computing hours

Calls for computationally efficient RL algorithms!
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From asymptotic to non-asymptotic analyses
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Non-asymptotic analyses are key to understand sample and
computational efficiency in modern RL.
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This talk: non-asymptotic analysis of RL

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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2Lagrangian

Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)

Duality 6-2
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Model-based
approach:
Offline RL

Does reinforcement learning learn the optimal policy, optimally?

7



This talk: non-asymptotic analysis of RL

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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!

t1+3Ê
cover
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Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require a sample size of at least tmix|S|2|A|2!
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Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)
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Model-based
approach:
Offline RL

Does reinforcement learning learn the optimal policy, optimally?

7



Backgrounds: Markov decision processes



Markov decision process (MDP)

• S: state space • A: action space

• r(s, a) ∈ [0, 1]: immediate reward

• π(·|s): policy (or action selection rule)

• P (·|s, a): transition probabilities
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Value function

Value function of policy π:

∀s ∈ S : V π(s) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s

]

• γ ∈ [0, 1) is the discount factor; 1
1−γ is effective horizon

• Expectation is w.r.t. the sampled trajectory under π
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Value function of policy π:

∀s ∈ S : V π(s) := E

[ ∞∑
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γtrt
∣∣ s0 = s

]

• γ ∈ [0, 1) is the discount factor; 1
1−γ is effective horizon

• Expectation is w.r.t. the sampled trajectory under π
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Q-function

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E

[ ∞∑

t=0

γtr(st, at)
∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): generated under policy π
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Searching for the optimal policy

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

P, r

Goal: find the optimal policy π? that maximize V π(s)

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

• optimal policy π?(s) = argmaxa∈AQ
?(s, a)
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Bellman’s optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

γ-contraction of Bellman operator:

‖T (Q1)− T (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard

Bellman
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Is Q-learning minimax-optimal?



RL with a generative model / simulator

— Kearns and Singh, 1999

Query any state-action pair (s, a), collect sample transition

(s, a, s′)

Question: How many samples are necessary and sufficient to solve
the RL problem without worrying about exploration?
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Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro, 1951

for solving the Bellman equation

Q = T (Q)

where

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]
.
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Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation Q = T (Q)

Qt+1(s, a) = (1− ηt)Qt(s, a) + ηtTt(Qt)(s, a)︸ ︷︷ ︸
draw the transition (s,a,s′) for all (s,a)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max
a′

Q(s′, a′)
]
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Prior art: achievability

Question: How many samples are needed for ‖Q̂−Q?‖∞ ≤ ε?

paper sample complexity

Even-Dar & Mansour ’03 2
1

1−γ |S||A|
(1−γ)4ε2

Beck & Srikant ’12
|S|2|A|2

(1−γ)5ε2

Wainwright ’19
|S||A|

(1−γ)5ε2

Chen et al. ’20
|S||A|

(1−γ)5ε2

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require sample size of at least |S||A|
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
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Prior art: achievability
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require sample size of at least |S||A|
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?

18



Prior art: achievability

Question: How many samples are needed for ‖Q̂−Q?‖∞ ≤ ε?
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19/ 28

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

1

1� �
<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>

|S|
|A|

(1
� �

)5
"
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1� �)3"
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>

pri
or 

up
pe

r b
ou

nd

minimax lower bound

Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
�

t1+3�
cover

(1≠“)4Á2

� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
�

t1+3�
cover

(1≠“)4Á2

� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
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All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

1

1� �
<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>

|S||A|

(1�
�)

4 �2

<latexit sha1_base64="lPnFN4OWaCFB2yI6g650iGCas40="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit>

|S|
|A|

(1
� �

)5
�
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1� �)3�
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>

(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message
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All prior results require sample size of at least |S||A|
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
18



A sharpened sample complexity of Q-learning

Theorem (Li, Cai, Chen, Gu, Wei, Chi, 2021)

For any 0 < ε ≤ 1, Q-learning yields

‖Q̂−Q?‖∞ ≤ ε

with sample complexity at most

Õ

( |S||A|
(1− γ)4ε2

)
.

• Improves dependency on effective horizon 1
1−γ

• Allows both constant and rescaled linear learning rate:

1

1 + c1(1−γ)T
log2 T

≤ ηt ≤
1

1 + c2(1−γ)t
log2 T

19



A sharpened sample complexity of Q-learning

Theorem (Li, Cai, Chen, Gu, Wei, Chi, 2021)

For any 0 < ε ≤ 1, Q-learning yields

‖Q̂−Q?‖∞ ≤ ε

with sample complexity at most

Õ
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A curious numerical example

Numerical evidence: |S||A|
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p =
4γ − 1

3γ

r(0, 1) = 0, r(1, 1) = r(1, 2) = 1

20



Q-learning is not minimax optimal

Theorem (Li, Cai, Chen, Gu, Wei, Chi, 2021)

For any 0 < ε ≤ 1, there exists an MDP such that to achieve
‖Q̂−Q?‖∞ ≤ ε, Q-learning needs at least a sample complexity of

Ω̃

( |S||A|
(1− γ)4ε2

)
.

• Tight algorithm-dependent lower bound

• Holds for both constant and rescaled linear learning rates

s = 0
<latexit sha1_base64="U6WXQblKGh85jddFNvqN2w7OFQo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklrj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8feHGNwg==</latexit>

s = 1
<latexit sha1_base64="M12rUwvsKTCSWc8Hzyng+LaS4Og=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklnj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fefWNww==</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

1� p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

a = 1 a = 2

1

a = 1 a = 2

1

1� p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

a = 1 a = 2 s = 2

1

1� p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

⌘
(T )
0  1

75
3

1

21



Where we stand now

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1
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(1≠“)4Á2 linear: 1
t
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!

t1+3Ê
cover
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" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)

10/ 11

Q-learning requires a sample size of |S||A|
(1−γ)4ε2 .

Q-learning is not minimax optimal!
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— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
�

t1+3�
cover

(1≠“)4Á2

� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning requires a sample size of |S||A|
(1−γ)4ε2 .

Q-learning is not minimax optimal!

22



Why is Q-learning sub-optimal?

Over-estimation of Q-functions (Thrun and Schwartz, 1993; Hasselt, 2010):

• maxa∈A EX(a) tends to be
over-estimated (high positive
bias) when EX(a) is replaced
by its empirical estimates using
a small sample size;

• often gets worse with a large
number of actions (Hasselt,

Guez, Silver, 2015).

23



TD-learning: when the action space is a singleton

Richard Sutton

Stochastic approximation for solving Bellman equation V = T (V )

Vt+1(s) = (1− ηt)Vt(s) + ηtTt(Vt)(s)
= Vt(s) + ηt

[
r(s) + γVt(s

′)− Vt(s)
]

︸ ︷︷ ︸
temporal difference

, t ≥ 0

Tt(V )(s) = r(s) + γV (s′)

T (V )(s) = r(s) + γ E
s′∼P (·|s)

V (s′)

24



A sharpened sample complexity of TD-learning

Theorem (Li, Cai, Chen, Gu, Wei, Chi, 2021)

For any 0 < ε ≤ 1, TD-learning yields

‖V̂ − V ?‖∞ ≤ ε

with sample complexity at most

Õ

( |S|
(1− γ)3ε2

)
.

• Near minimax-optimal without the need of averaging or
variance reduction.

• Allows both constant and rescaled linear learning rate.
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How to accelerate the convergence of policy
gradient methods?



Policy optimization

maximizeθ value(policy(θ))

• directly optimize the policy, which is the quantity of interest;

• allow flexible differentiable parameterizations of the policy;

• work with both continuous and discrete problems.

hidden layer input layer output layer
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Theoretical challenges: non-concavity

Little understanding on the global convergence of policy gradient
methods until very recently, e.g. (Fazel et al., 2018; Bhandari and Russo,

2019; Agarwal et al., 2019; Mei et al. 2020), and many many more.

Can we understand and accelerate the global convergence of
policy gradient methods?

28



Policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

softmax parameterization:

πθ(a|s) ∝ exp(θ(s, a))

maximizeθ V πθ(ρ) := Es∼ρ [V πθ(s)]

Policy gradient method (Sutton et al., 2000)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η∇θV π

(t)
θ (ρ)

where η is the learning rate.

— we’ll assume exact gradient evaluation
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Global convergence of the PG method?

• (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.

• (Mei et al., 2020) Softmax PG converges to global opt in

c
(
|S|, |A|, 1

1−γ , · · ·
)

O
(
1
ε

)
iterations.

Is the rate of PG good, bad or ugly?
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A negative message

Theorem (Li, Wei, Chi, Gu, Chen, 2021)

Starting from a uniform initial state distribution, there exists an
MDP s.t. it takes softmax PG at least

1

η
|S|2

Θ( 1
1−γ )

iterations to achieve ‖V (t) − V ?‖∞ ≤ 0.15.

• Softmax PG can take (super)-exponential time to converge
(in problems w/ large state space & long effective horizon)!

• Also hold for average sub-opt gap 1
|S|
∑

s∈S
[
V (t)(s)− V ?(s)

]
.
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What is happening in our constructed MDP?

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0
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⇡(t)(a1 | 1) ⇡(t)(a1 | 3) ⇡(t)(a1 | 5)

1

Does policy gradient (PG) method converge?
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0.675
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0.55 0

-0.050.5
-0.1

• (Agarwal et al. ’19) Softmax PG converges as t æ Œ
• (Mei et al. ’20) Softmax PG converges to global solution in

c
!|S|, |A|, 1

1≠“ , · · ·
"
O

!1
Á

"
iterations

However, “asymptotic convergence” might mean “takes forever”
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We constructed a chain-structured MDP where the convergence
time for state s grows geometrically as s increases

convergence-time(s) &
(
convergence-time(s− 2)

)1.5
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What is happening in our constructed MDP?
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Booster #1: natural policy gradient

=)Natural Gradient

Natural policy gradient (NPG) method (Kakade, 2002)

For t = 0, 1, · · ·

θ(t+1) = θ(t) + η(Fθρ )†∇θV π
(t)
θ (ρ)

where η is the learning rate and Fθρ is the Fisher information matrix:

Fθρ := E
[(
∇θ log πθ(a|s)

)(
∇θ log πθ(a|s)

)>]
.

In fact, popular heuristic TRPO (Schulman et al., 2015) = NPG + line search.
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Booster #2: entropy regularization
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To encourage exploration, promote the stochasticity of the policy
using the “soft” value function (Williams and Peng, 1991):

∀s ∈ S : V π
τ (s) := E

[ ∞∑

t=0

γt
(
rt + τH(π(·|st)

) ∣∣ s0 = s

]

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

maximizeθ V πθ
τ (ρ) := Es∼ρ [V πθ

τ (s)]
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Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.
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Can we justify the efficacy of entropy-regularized NPG?
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Entropy-regularized NPG in the tabular setting

Entropy-regularized NPG (Tabular setting)

For t = 0, 1, · · · , the policy is updated via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

1− ητ
1−γ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ητ
1−γ

where Q
(t)
τ := Qπ

(t)

τ is the soft Q-function of π(t), and 0 < η ≤ 1−γ
τ .

• invariant with the choice of ρ

• Reduces to soft policy iteration (SPI) when η = 1−γ
τ .
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Linear convergence with exact gradient

Theorem (Cen, Cheng, Chen, Wei, Chi, 2020)

For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized
NPG needs no more than

1

ητ
log

(
C1γ

ε

)

iterations to reach ‖Q?τ −Q(t+1)
τ ‖∞ ≤ ε.

• Soft policy iteration (η = 1−γ
τ ): 1

1−γ log

(
‖Q?τ−Q

(0)
τ ‖∞γ
ε

)
.

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A|!
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Entropy helps

Regularized NPG Vanilla NPG
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Ours (Agarwal et al. 2019)

Entropy regularization enables fast convergence!
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A key operator: soft Bellman operator

Soft Bellman operator

Tτ (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
π(·|s′)

E
a′∼π(·|s′)

[
Q(s′, a′)︸ ︷︷ ︸

next state’s value

− τ log π(a′|s′)︸ ︷︷ ︸
entropy

]]

Soft Bellman equation: Q?τ is unique solution to

Tτ (Q?τ ) = Q?τ

γ-contraction of soft Bellman operator:

‖Tτ (Q1)− Tτ (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard

Bellman
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Analysis of soft policy iteration (η = 1−γ
τ )

Policy iteration
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Offline RL: learning without exploration



Offline RL / Batch RL

• Sometimes we can not explore or generate new data

• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Can we learn a good policy based solely on historical data
without active exploration?
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Can we learn a good policy based solely on historical data
without active exploration?
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A simplified model of history data from behavior policy

Transition kernel

<latexit sha1_base64="fIFnyjcRLKNFu5kmKHhWAcw6RHw=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJBINfVW9OKxgmkLbSib7aZdutmE3Y1QSn+DFw+KePUHefPfuG0jqOiDgcd7M8zMC1POlHacD2tpeWV1bb2wUdzc2t7ZLe3tN1WSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo+uZ37qnUrFE3OlxSoMYDwSLGMHaSH5FneKTXqns2J5Xu6y6yLGdOQxxz12vVkVurpQhR6NXeu/2E5LFVGjCsVId10l1MMFSM8LptNjNFE0xGeEB7RgqcExVMJkfO0XHRumjKJGmhEZz9fvEBMdKjePQdMZYD9Vvbyb+5XUyHdWCCRNppqkgi0VRxpFO0Oxz1GeSEs3HhmAimbkVkSGWmGiTT9GE8PUp+p80z2z3wnZuq+X6VR5HAQ7hCCrgggd1uIEG+ECAwQM8wbMlrEfrxXpdtC5Z+cwB/ID19gkhV45A</latexit>

(s, a)
<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)

initial distribution

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

No longer 
arbitrary!

Goal of offline RL: given history data D := {(si, ai, s′i)}Ni=1, find
an ε-optimal policy π̂ obeying

V ?(ρ)− V π̂(ρ) ≤ ε

— in a sample-efficient manner
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A simplified model of history data from behavior policy

Transition kernel

<latexit sha1_base64="64ZJ6JBAGhFC0NUgH0HFJdafGXw=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFRKppu6KblxWsA9oQplMJ+3QeYSZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPnDKqjed9OKWV1bX1jfJmZWt7Z3evun/Q0TJTmLSxZFL1YqQJo4K0DTWM9FJFEI8Z6caT67nfvSdKUynuzDQlEUcjQROKkbFSqGGoKYehGks4qNY8Nwgal3Ufeq63gCX+uR806tAvlBoo0BpU38OhxBknwmCGtO77XmqiHClDMSOzSphpkiI8QSPSt1QgTnSUL26ewROrDGEilS1h4EL9PpEjrvWUx7aTIzPWv725+JfXz0zSiHIq0swQgZeLkoxBI+E8ADikimDDppYgrKi9FeIxUggbG1PFhvD1KfyfdM5c/8L1buu15lURRxkcgWNwCnwQgCa4AS3QBhik4AE8gWcncx6dF+d12VpyiplD8APO2yd11ZFS</latexit>s ⇠ ⇢
<latexit sha1_base64="e9jcrucCK3qAwYCxkh8MBVsQ9rI=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahbkIi1dRd0Y3LCvYBTSiT6aQdOnkwMxFKDLjxV9y4UMStP+HOv3GaRlDRAxcO59zLvfd4MaNCmuaHVlpYXFpeKa9W1tY3Nrf07Z2OiBKOSRtHLOI9DwnCaEjakkpGejEnKPAY6XqTi5nfvSFc0Ci8ltOYuAEahdSnGEklDfQ9J6aD1AmQHAs/9bKs5uBhJG+hOBroVdOw7cZZ3YKmYeZQxDqx7EYdWoVSBQVaA/3dGUY4CUgoMUNC9C0zlm6KuKSYkaziJILECE/QiPQVDVFAhJvmP2TwUClD6EdcVShhrn6fSFEgxDTwVGd+7G9vJv7l9RPpN9yUhnEiSYjni/yEQRnBWSBwSDnBkk0VQZhTdSvEY8QRliq2igrh61P4P+kcG9apYV7Vq83zIo4y2AcHoAYsYIMmuAQt0AYY3IEH8ASetXvtUXvRXuetJa2Y2QU/oL19ApBvmB0=</latexit>

⇡b(·|s)

Behavior policy

<latexit sha1_base64="fIFnyjcRLKNFu5kmKHhWAcw6RHw=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJBINfVW9OKxgmkLbSib7aZdutmE3Y1QSn+DFw+KePUHefPfuG0jqOiDgcd7M8zMC1POlHacD2tpeWV1bb2wUdzc2t7ZLe3tN1WSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo+uZ37qnUrFE3OlxSoMYDwSLGMHaSH5FneKTXqns2J5Xu6y6yLGdOQxxz12vVkVurpQhR6NXeu/2E5LFVGjCsVId10l1MMFSM8LptNjNFE0xGeEB7RgqcExVMJkfO0XHRumjKJGmhEZz9fvEBMdKjePQdMZYD9Vvbyb+5XUyHdWCCRNppqkgi0VRxpFO0Oxz1GeSEs3HhmAimbkVkSGWmGiTT9GE8PUp+p80z2z3wnZuq+X6VR5HAQ7hCCrgggd1uIEG+ECAwQM8wbMlrEfrxXpdtC5Z+cwB/ID19gkhV45A</latexit>

(s, a)
<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)

initial distribution

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

No longer 
arbitrary!

Goal of offline RL: given history data D := {(si, ai, s′i)}Ni=1, find
an ε-optimal policy π̂ obeying

V ?(ρ)− V π̂(ρ) ≤ ε

— in a sample-efficient manner

44



A simplified model of history data from behavior policy

Transition kernel

<latexit sha1_base64="64ZJ6JBAGhFC0NUgH0HFJdafGXw=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFRKppu6KblxWsA9oQplMJ+3QeYSZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPnDKqjed9OKWV1bX1jfJmZWt7Z3evun/Q0TJTmLSxZFL1YqQJo4K0DTWM9FJFEI8Z6caT67nfvSdKUynuzDQlEUcjQROKkbFSqGGoKYehGks4qNY8Nwgal3Ufeq63gCX+uR806tAvlBoo0BpU38OhxBknwmCGtO77XmqiHClDMSOzSphpkiI8QSPSt1QgTnSUL26ewROrDGEilS1h4EL9PpEjrvWUx7aTIzPWv725+JfXz0zSiHIq0swQgZeLkoxBI+E8ADikimDDppYgrKi9FeIxUggbG1PFhvD1KfyfdM5c/8L1buu15lURRxkcgWNwCnwQgCa4AS3QBhik4AE8gWcncx6dF+d12VpyiplD8APO2yd11ZFS</latexit>s ⇠ ⇢
<latexit sha1_base64="e9jcrucCK3qAwYCxkh8MBVsQ9rI=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBahbkIi1dRd0Y3LCvYBTSiT6aQdOnkwMxFKDLjxV9y4UMStP+HOv3GaRlDRAxcO59zLvfd4MaNCmuaHVlpYXFpeKa9W1tY3Nrf07Z2OiBKOSRtHLOI9DwnCaEjakkpGejEnKPAY6XqTi5nfvSFc0Ci8ltOYuAEahdSnGEklDfQ9J6aD1AmQHAs/9bKs5uBhJG+hOBroVdOw7cZZ3YKmYeZQxDqx7EYdWoVSBQVaA/3dGUY4CUgoMUNC9C0zlm6KuKSYkaziJILECE/QiPQVDVFAhJvmP2TwUClD6EdcVShhrn6fSFEgxDTwVGd+7G9vJv7l9RPpN9yUhnEiSYjni/yEQRnBWSBwSDnBkk0VQZhTdSvEY8QRliq2igrh61P4P+kcG9apYV7Vq83zIo4y2AcHoAYsYIMmuAQt0AYY3IEH8ASetXvtUXvRXuetJa2Y2QU/oL19ApBvmB0=</latexit>

⇡b(·|s)

Behavior policy

<latexit sha1_base64="fIFnyjcRLKNFu5kmKHhWAcw6RHw=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJBINfVW9OKxgmkLbSib7aZdutmE3Y1QSn+DFw+KePUHefPfuG0jqOiDgcd7M8zMC1POlHacD2tpeWV1bb2wUdzc2t7ZLe3tN1WSSUJ9kvBEtkOsKGeC+pppTtuppDgOOW2Fo+uZ37qnUrFE3OlxSoMYDwSLGMHaSH5FneKTXqns2J5Xu6y6yLGdOQxxz12vVkVurpQhR6NXeu/2E5LFVGjCsVId10l1MMFSM8LptNjNFE0xGeEB7RgqcExVMJkfO0XHRumjKJGmhEZz9fvEBMdKjePQdMZYD9Vvbyb+5XUyHdWCCRNppqkgi0VRxpFO0Oxz1GeSEs3HhmAimbkVkSGWmGiTT9GE8PUp+p80z2z3wnZuq+X6VR5HAQ7hCCrgggd1uIEG+ECAwQM8wbMlrEfrxXpdtC5Z+cwB/ID19gkhV45A</latexit>

(s, a)
<latexit sha1_base64="59NEgnJZrlYzsbMxVRpLcgi/YuQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSJUkGFGqlN3RTcuK9gHtGPJZNI2NJMMSUYpY//DjQtF3Pov7vwb03YEFT1w4XDOvdx7TxAzqrTjfFi5hcWl5ZX8amFtfWNzq7i901QikZg0sGBCtgOkCKOcNDTVjLRjSVAUMNIKRhdTv3VLpKKCX+txTPwIDTjtU4y0kW7q5S4OhYb3UB2hw16x5NieVz2ruNCxnRkMcU9cr1qBbqaUQIZ6r/jeDQVOIsI1ZkipjuvE2k+R1BQzMil0E0VihEdoQDqGchQR5aezqyfwwCgh7Atpims4U79PpChSahwFpjNCeqh+e1PxL6+T6H7VTymPE004ni/qJwxqAacRwJBKgjUbG4KwpOZWiIdIIqxNUAUTwten8H/SPLbdU9u5qpRq51kcebAH9kEZuMADNXAJ6qABMJDgATyBZ+vOerRerNd5a87KZnbBD1hvnzCDkaw=</latexit>

P (·|s, a)

initial distribution

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0

No longer 
arbitrary!

Goal of offline RL: given history data D := {(si, ai, s′i)}Ni=1, find
an ε-optimal policy π̂ obeying

V ?(ρ)− V π̂(ρ) ≤ ε

— in a sample-efficient manner
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Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1

Distribution shift:

distribution(D) 6= target distribution under π?
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Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset ideally

Practically,

1

Distribution shift:

distribution(D) 6= target distribution under π?
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Challenges of offline RL

Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset ideally

Practically,

1

Distribution shift:

distribution(D) 6= target distribution under π?
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How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)
≥ 1

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage

• Behavior cloning C? = 1

⇡?
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)
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How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)
≥ 1

where dπ(s, a) is the state-action occupation density of policy π.

• captures distribution shift

• allows for partial coverage

• Behavior cloning C? = 1

⇡?
<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)
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A “plug-in” model-based approach

— (Azar et al. ’13, Agarwal et al. ’19, Li et al. ’20)

Planning (e.g., value iteration) based on the the empirical MDP P̂ :

Q̂(s, a) ← r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉
, V̂ (s) = max

a
Q̂(s, a).

Issue: poor value estimates under partial and poor coverage.
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Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited

— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).
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Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited

— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?

Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).
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Pessimism in the face of uncertainty

Penalize value estimate of (s, a) pairs that were poorly visited

— (Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21)

with 
pessimism

without 
pessimism

<latexit sha1_base64="clEpvpjXNn45YUOxzlInii5j6qI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7xmkul+tuXV3DrJKvILUoECzX/3qDRKWxVwhk9SYruemGORUo2CSTyu9zPCUsjEd8q6lisbcBPn82Ck5s8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWktOMXMMf+B8/gDzMo7H</latexit>?
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Value iteration with lower confidence bound (VI-LCB):

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸
uncertainty penalty

, 0
}
,

where V̂ (s) = maxa Q̂(s, a).
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Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı
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Can we close the gap with the minimax lower bound?
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All prior results require a sample size of at least tmix|S|2|A|2!
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Can we close the gap with the minimax lower bound?
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Minimax optimality of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any 0 < ε ≤ 1
1−γ , the policy π̂ returned by VI-LCB using a

Bernstein-style penalty term achieves

V ?(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC?

(1− γ)3ε2

)
.

• matches minimax lower bound: Ω̃
(

SC?

(1−γ)3ε2
)

• depends on distribution shift (as reflected by C?)

• full ε-range (no burn-in cost)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

SC?

1� �

SC?

(1� �)3
SC?

(1� �)5

1

SC?

1� �

SC?

(1� �)3
SC?

(1� �)5

1

SC?

1� �

SC?

(1� �)3
SC?

(1� �)5

1

SC ?1�
�

SC ?

(1�
�) 3

SC ?

(1�
�) 5

"
=

1�
�

1

La
gr

an
gia

n

Xi
e e

t a
l.

Sh
i e

t a
l.

Ra
sh

idi
ne

jad
et

al.
Ya

n e
t a

l.

sta
nd

ar
d

fo
rm

pr
ob

lem
(n

ot
ne

ce
ssa

rily
co

nv
ex

)

mi
nim

ize
f 0

(x
)

su
bje

ct
to

f i
(x

) Æ
0,

i
=

1,
. .
. ,
m

h i
(x

) =
0,

i
=

1,
. .
. ,
p

va
ria

ble
x

œ
R
n , d

om
ain
D,

op
tim

al
va

lue
p

ı

La
gr

an
gia

n:
L

: R
n
◊

R
m

◊
R
p
æ

R,
wi

th
do

m(
L
) =
D

◊
R
m

◊
R
p ,

L
(x
, ⁄
, ‹

) =
f 0

(x
) +

mÿ
i=

1
⁄ i
f i
(x

) +
pÿ

i=
1

‹ i
h i

(x
)

Du
ali

ty

6-
2

La
gr

an
gia

n

Xi
e e

t a
l.

Sh
i e

t a
l.

Ra
sh

idi
ne

jad
et

al.
Ya

n e
t a

l.

sta
nd

ar
d

fo
rm

pr
ob

lem
(n

ot
ne

ce
ssa

rily
co

nv
ex

)

mi
nim

ize
f 0

(x
)

su
bje

ct
to

f i
(x

) Æ
0,

i
=

1,
. .
. ,
m

h i
(x

) =
0,

i
=

1,
. .
. ,
p

va
ria

ble
x

œ
R
n , d

om
ain
D,

op
tim

al
va

lue
p

ı

La
gr

an
gia

n:
L

: R
n
◊

R
m

◊
R
p
æ

R,
wi

th
do

m(
L
) =
D

◊
R
m

◊
R
p ,

L
(x
, ⁄
, ‹

) =
f 0

(x
) +

mÿ
i=

1
⁄ i
f i
(x

) +
pÿ

i=
1

‹ i
h i

(x
)

Du
ali

ty

6-
2Lagrangian

Xie et al. Shi et al.

Rashidinejad et al. Yan et al.

standard form problem (not necessarily convex)

minimize f0(x)
subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı

Lagrangian: L : Rn ◊ Rm ◊ Rp æ R, with dom(L) = D ◊ Rm ◊ Rp,

L(x, ⁄, ‹) = f0(x) +
mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)

Duality 6-2

1

"2

1

SC
?

1�
�

SC
?

(1
� �

)3

SC
?

(1
� �

)5

" =
1�

�

H
2 SC

?

H
4 SC

?

H
6 SC

?

H
9 SC

?

SC
?

(1
� �

)3 "
2

SC
?

(1
� �

)5 "
2

H
4 SC

?

"
2

H
6 SC

?

"
2

" =
H

" =

1
H

" =

1

H
2.
5

1

La
gr

an
gia

n

Xie
et

al.
Sh

i e
t a

l.

Ra
shi

din
eja

d e
t a

l.
Ya

n e
t a

l.

ou
r r

esu
lts

S
C

ı
(1

≠
“)

5 Á
2

sta
nd

ard
for

m
pr

ob
lem

(no
t n

ece
ssa

rily
co

nv
ex)

mi
nim

ize
f 0

(x
)

sub
jec

t t
o

f i
(x

) Æ
0,

i =
1,
. .
. ,
m

h i
(x

) =
0,

i =
1,
. .
. ,
p

var
iab

le
x

œ R
n , d

om
ain
D,

op
tim

al
va

lue
p

ı

La
gr

an
gia

n:
L

: R
n ◊

R
m
◊

R
p æ

R,
wi

th
do

m(
L
) =
D

◊
R
m
◊

R
p ,

L
(x
, ⁄
, ‹

) =
f 0

(x
) +

mÿ
i=

1
⁄ i
f i
(x

) +
pÿ

i=
1

‹ i
h i

(x
)

Du
ali

ty

6-2

Opt
im

al
`1

-b
as

ed
sa

mple
co

mple
xit

y

The
or

em
(L

i,
W

ei,
Chi,

Gu,
Che

n ’20
)

Fo
r an

y 0 <
" 

1

1�
�
, th

e op
tim

al
po

lic
y b⇡

?
p
of

pe
rtu

rb
ed

em
pir

ica
l M

DP

ac
hie

ve
s

kV
b⇡?p �

V
? k1
 "

with
hig

h pro
b.,

with
sa

mple
co

mple
xit

y at
mos

t

eO
✓ |S||A

|

(1
� �

)3 "
2

◆

• matc
he

s mini
max

low
er

bo
un

d:
e⌦(

|S||A
|

(1
��

)3
"
2
)

[A
za

r et
al.

, 20
13

]

• ful
l "

-ra
ng

e:
" 2
� 0,

1

1�
�
]
�!

no
bu

rn-
in

co
st

• est
ab

lish
ed

up
on

more
refi

ne
d lea

ve
-on

e-a
na

lys
is

an
aly

sis
an

d a

pe
rtu

rba
tio

n arg
um

en
t Li

et
al.

’20
Li

et
al.

’22

41
/ 53

Model-based RL is minimax optimal with no burn-in cost!
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agent environment st at st+1 rt+1 reward next state action

1

Understanding non-asymptotic performances of RL algorithms
sheds light to their empirical successes (and failures)!

Future directions:

• function approximation

• multi-agent RL

• robust RL

• many more...
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Thank you!

https://users.ece.cmu.edu/~yuejiec/
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