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Abstract

Standard multi-agent reinforcement learning (MARL) algorithms are vulnerable to sim-to-real gaps.
To address this, distributionally robust Markov games (RMGs) have been proposed to enhance robust-
ness in MARL by optimizing the worst-case performance when game dynamics shift within a prescribed
uncertainty set. Solving RMGs remains under-explored, from problem formulation to the development
of sample-efficient algorithms. A notorious yet open challenge is if RMGs can escape the curse of multi-
agency, where the sample complexity scales exponentially with the number of agents. In this work, we
propose a natural class of RMGs where the uncertainty set of each agent is shaped by both the envi-
ronment and other agents’ strategies in a best-response manner. We first establish the well-posedness
of these RMGs by proving the existence of game-theoretic solutions such as robust Nash equilibria and
coarse correlated equilibria (CCE). Assuming access to a generative model, we then introduce a sample-
efficient algorithm for learning the CCE whose sample complexity scales polynomially with all relevant
parameters. To the best of our knowledge, this is the first algorithm to break the curse of multiagency
for RMGs.
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1 Introduction

A flurry of problems naturally involve decision-making among multiple players with strategic objectives.
Multi-agent reinforcement learning (MARL) serves as a powerful framework to address these challenges,
demonstrating potential in various applications such as social dilemmas (Baker, 2020; Leibo et al., 2017;
Zhang et al., 2024), autonomous driving (Lillicrap et al., 2015), robotics (Kober et al., 2013; Rusu et al.,
2017), and games (Mnih et al., 2015; Vinyals et al., 2019). Despite the recent success of standard MARL, its
transition from prototypes to reliable production is hindered by robustness concerns due to the complexity
and variability of both the real-world environment and human behaviors. Specifically, environmental un-
certainty can arise from sim-to-real gaps (Tobin et al., 2017), unexpected disturbance (Pinto et al., 2017),
system noise, and adversarial attacks (Mahmood et al., 2018); agents’ behaviors are subject to unknown
bounded rationality and variability (Tversky and Kahneman, 1974). The solution learned at training time
can fail catastrophically when faced with a slightly shifted MARL problem during testing, resulting in a
significant drop in overall outcomes and each agent’s individual payoff (Balaji et al., 2019; Shi et al., 2024;
Slumbers et al., 2023; Yeh et al., 2021; Zeng et al., 2022; Zhang et al., 2020a).

To address robustness challenges, a promising framework is (distributionally) robust Markov games
(RMGs) (Littman, 1994; Shapley, 1953). It is a robust counterpart to the common playground of stan-
dard MARL problems — Markov games (MGs) (Kardes et al., 2011; Zhang et al., 2020c). In standard
MGs, agents consider (competitive) personal objectives and simultaneously interact with each other within
a shared unknown environment. The goal is to learn some solution concepts called equilibria, which are
joint strategies/policies of agents that all of them stick with rationally with other agents fixed; for instance,
Nash equilibria (NE) (Nash, 1951; Shapley, 1953), correlated equilibria (CE), and coarse correlated equilibria
(CCE) (Aumann, 1987; Moulin and Vial, 1978). To promote robustness, RMGs differ from standard MGs
by defining each agent’s payoff (objective) as its worst-case performance when the dynamics of the game
shift within a prescribed uncertainty set centered around a nominal environment.

1.1 The curse of multiagency in robust MARL

Sample efficiency is a crucial metric for MARL due to the limited availability of data relative to the high
dimensionality of the problem. In MARL, agents strive to learn a rationally optimal solution (equilibrium)
through interactions with an unknown environment (Achiam et al., 2023; Silver et al., 2016; Vinyals et al.,
2019). In contemporary applications, the environment is often extremely large-scale, while data acquisition
can be prohibitively limited by high costs and stakes. As such, a notable challenge in terms of scalability
for sample efficiency in MARL is known as the curse of multiagency — the sample complexity requirement
scales exponentially with the number of agents (induced by the exponentially growing size of the joint action
space). This issue has been recognized and studied in extensive MARL problems, but remains open for
robust MARL. We concentrate on learning finite-horizon multi-player general-sum Markov games with a



generative model (Kearns and Singh, 1999), where the number of agents is n, the episode length is H, the
size of the state space is S, and the size of the i-th agent’s action space is A;, for 1 < i < n.

e Breaking the curse of multiagency in standard MARL. A line of pioneering work (Bai and Jin, 2020;
Jin et al., 2021; Li et al., 2023; Song et al., 2021) has recently introduced a new suite of algorithms
using adaptive sampling that provably break the curse of multiagency in standard MGs. In particular,
to find an e-approximate CCE, Li et al. (2023) requires a sample complexity no more than
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up to logarithmic factors, which depends only on the sum of individual actions, rather than the number
of joint actions.

e The persistent curse of multiagency in robust MARL. The development of provable sample-efficient
algorithms for RMGs is largely underexplored, with only a few recent studies (Blanchet et al., 2023;
Kardes et al., 2011; Ma et al., 2023; Shi et al., 2024; Zhang et al., 2020c). Focusing on a class of RMGs
with uncertainty sets satisfying the (s, a)-rectangularity condition, existing works all suffer from the
curse of multiagency, significantly limiting their scalability. For example, using the total variation
(TV) distance as the divergence function, the state-of-the-art (Shi et al., 2024), using non-adaptive
sampling, finds an e-approximate robust CCE with a sample complexity no more than
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up to logarithmic factors, where o; € [0,1) is the uncertainty level for the i-th agent. As a result, the
sample size requirement becomes prohibitive when the number of agents is large.

Consequently, there is a significant desire to explore paths that could break through the curse of multia-
gency in RMGs, which is much more involved than its standard counterpart due to complicated non-linearity
introduced by planning for worst-case performances. Nevertheless, the family of RMGs is a much richer class
of problems because of the flexibility in choosing the uncertainty sets to capture different robust design con-
siderations. While convenient, the (s, a)-rectangularity condition prevalent in current approaches can be
overly restricted in practice, as each agent’s uncertainty set is assumed to be independent of other agents’
strategies and can be decoupled into independent subsets for each state-joint action pair (s, a), suggesting it
might be challenging to break the curse of multiagency in the existing framework. Given these limitations,
we are motivated to develop new classes of RMGs that can provide robust solutions applicable to more
realistic MARL problems with sample-efficient algorithms. This raises an open question:

Can we design RMGs with practically-meaningful uncertainty sets that come with sample complezity
guarantees breaking the curse of multiagency?

1.2 Contributions

We propose a new class of RMGs with a fictitious uncertainty set that explicitly captures uncertainties in
the environment in view of other agents’ strategies, making it suitable for complex real-world scenarios. We
begin by verifying the game-theoretic properties of the proposed class of RMGs to ensure the existence of
robust variants of well-known standard equilibria notions, robust NE and robust CCE. Next, due to the
general intractability of learning NE, we focus on designing algorithms that can provably overcome the curse
of multiagency in learning an approximate robust CCE, referring to a joint policy where no agent can improve
their benefit by more than € through rational deviations.. Specifically, for sampling mechanisms to explore
the unknown environment, we assume access to a generative model that can only draw samples from the
nominal environment (Shi et al., 2024). The main contributions are summarized as follows.

e We introduce a new class of robust Markov games using fictitious uncertainty sets with policy-induced
(s, a;)-rectangularity condition (see Section 2.2 for details), which is a natural adaptation from robust



Algorithm Uncertainty set Equilibria Sample complexity
P2MPO

(Blanchet et al., 2024) (s, @)-rectangularity robust NE S* (T Ai)3 H* /e
DR-NVI . SHOTI?., As .
(Shi et al., 2024) (s, a)-rectangularity | robust NE/CE/CCE | =——3=— min {H, m}
Robust-Q-FTRL fictitious SHOS _.oo As . L
(this work) (s, a;)-rectangularity robust CCE I {H’ ming <i<n cn-}

Table 1: Comparisons between our results and prior art for finding an e-approximate equilibrium in finite-
horizon multi-agent general-sum robust Markov games. We omit all logarithmic factors in the sample
complexities here. Our result is the only computationally tractable algorithm that provably breaks the curse
of multiagency.

single-agent RL to robust MARL. The uncertainty set for each agent ¢ can be decomposed into inde-
pendent subsets over each state and its own action tuple (s, a;), where each subset is a “ball” around
the expected nominal transition determined by other agents’ policies and the nominal transition kernel,
a distance function p, and the radius/uncertainty level o;. We verify several essential facts of this class
of RMGs: the existence of the desired equilibrium — robust NE and robust CCE for this new class of
RMGs using game-theoretical tools such as fixed-point theorem; the existence of best-response policies
and robust Bellman equations.

e We consider the total variation (TV) distance as the distance metric p for uncertainty sets due to its
popularity in both theory (Blanchet et al., 2023; Panaganti and Kalathil, 2022; Shi et al., 2023, 2024)
and practice (Lee et al., 2021; Pan et al., 2023; Szita et al., 2003). We propose Robust-Q-FTRL that
can provably find e-approximate robust CCE with high probability, as long as the sample size exceeds
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up to logarithmic factors, where o; € (0, 1] is the uncertainty level for the i-th agent. To the best of our
knowledge, this is the first algorithm to break the curse of multiagency in sample complexity of RMGs.
It provably finds an e-approximate robust CCE using a sample size that is polynomial to all salient
parameters. Table 1 provides a detailed comparison to prior works in robust MARL, where our results
significantly improve upon prior art (2) (Shi et al., 2024) by reducing the exponential dependency
on the size of each agent’s action space to a linear dependency. To achieve this, we utilize adaptive
sampling and online adversarial learning tools, coupled by a tailored design and analysis for robust
MARL due to the nonlinearity of the robust value function, which contrasts with the linear payoff
functions in standard MARL with respect to the transition kernel.

Notation. In this paper, we denote [T] := {1,2,...,T} for any positive integer T' > 0. We define A(S)
as the simplex over a set S. For any policy 7 and function Q(-) defined over a domain B, the variance of Q
under 7 is given by Var,(Q) == Y .5 7(a)[Q(a) — Ex[Q]]>. We define z = [z(s,a)](5,a)e5x4 € R as any
vector that represents values for each state-action pair, and = = [x(s, a;)](s,a,)esx.A; € R54i as any vector
representing agent-wise state-action values. Similarly, we denote @ = [z(s)]ses as any vector representing
values for each state. For X = (S,{A;}icin), H, {0 i), 1, §), let f(X) = O(g(X)) denote that there exists
a universal constant C; > 0 such that f < Cjg. Furthermore, the notation O(-) is defined similarly to O(-)
but hides logarithmic factors.

1.3 Related work

Breaking curse of multiagency for standard Markov games. Breaking the curse of multiagency is
a major and prevalent challenge in sequential games. In standard multi-agent general-sum MGs, it has been



shown that learning a Nash equilibrium requires an exponential sample complexity (Bai and Jin, 2020; Rubin-
stein, 2017; Song et al., 2021). However, for other types of equilibria, such as CE and CCE, many works have
successfully broken the curse of multiagency. Specifically, for finite-horizon general-sum MGs in the tabular
setting with finite state and action spaces, Jin et al. (2021) developed the V-learning algorithm for learning CE
and CCE with the sample complexity of O(HSS (max;ep,) A;)?/€?) and O(HSS max; e[, Ai/€?), respectively;
Daskalakis et al. (2023) achieved a sample complexity of 6(H 11.8% max;e(n) Ai/€?) for learning a CCE. Beyond
tabular settings, Wang et al. (2023) and Cui et al. (2023) extended these results to linear function approx-
imation, achieving sample complexities of O(d*H® (max;ep, A7) /€?) and O(Hd* log (max;epn) A;) /€*),
respectively, where d is the dimension of the linear features. For Markov potential games, a subclass of
MGs, Song et al. (2021) provided a centralized algorithm that learns a NE with a sample complexity of

O(H452 maxie[n] Ai/G?’).

Finite-sample analysis for distributionally robust Markov games. Robust Markov games under
environmental uncertainty are largely underexplored, with only a few provable algorithms (Blanchet et al.,
2023; Kardes et al., 2011; Ma et al., 2023; Shi et al., 2024; Zhang et al., 2020a). Existing sample complexity
analyses all suffer from the daunting curse of multiagency issues, or impose an extremely restricted uncer-
tainty level that can fail to deliver the desired robustness (Blanchet et al., 2024; Ma et al., 2023; Shi et al.,
2024). Specifically, they all consider a class of RMGs with the (s, a)-rectangularity condition, where the
uncertainty sets for each agent can be decomposed into independent sets over each (s,a) pair. Shi et al.
(2024) considered the generative model with an uncertainty set measured by the TV distance, Blanchet et al.
(2023) treated a different sampling mechanism with offline data for both the TV distance and KL divergence.
In addition, Ma et al. (2023) required the uncertainty level be much smaller than the accuracy-level and an
instance-dependent parameter (i.e., o; < max{ g, Py} for all i € [n]). This can thus fail to maintain the
desired robustness, especially when the accuracy requirement is high (i.e., ¢ — 0) or the RMG has small
minimal positive transition probabilities (i.e., pmin — 0).

Robust MARL. Standard MARL algorithms may overfit the training environment and could fail dra-
matically due to the perturbations and variability of both agents’ behaviors and the shared environment,
leading to performance drop and large deviation from the equilibrium. To address this, this work considers
a robust variant of MARL adopting the distributionally robust optimization (DRO) framework that has pri-
marily been investigated in supervised learning (Bertsimas et al., 2018; Blanchet and Murthy, 2019; Duchi
and Namkoong, 2018; Gao, 2020; Rahimian and Mehrotra, 2019) and has attracted a lot of attention in pro-
moting robustness in single-agent RL (Badrinath and Kalathil, 2021; Iyengar, 2005; Nilim and El Ghaoui,
2005; Shi and Chi, 2024; Shi et al., 2023; Wang et al., 2024; Zhou et al., 2021). Beyond the RMG framework
considered in this work, recent research has advanced the robustness of MARL algorithms from various
perspectives, including resilience to uncertainties or attacks on states (Han et al., 2022; Zhou and Liu, 2023),
the type of agents (Zhang et al., 2021), other agents’ policies (Kannan et al., 2023; Li et al., 2019), offline
data poisoning (McMahan et al., 2024; Wu et al., 2024), and nonstationary environment (Szita et al., 2003).
A recent review can be found in Vial et al. (2022).

2 Preliminaries

In this section, we begin with some background on multi-agent general-sum standard Markov games (MGs)
in finite-horizon settings, followed by a general framework of a robust variant of standard MGs —- distribu-
tionally robust Markov games.

2.1 Standard Markov games
A finite-horizon multi-agent general-sum Markov game (MQ) is characterized by the tuple
Mg = {87 {AZ}1§Z§n7 P7 T, H}

This setup features n agents each striving to maximize their individual long-term cumulative rewards within a
shared environment. At each time step, all agents observe the same state over the state space S = {1,---, S}



within the shared environment. For each agent i (i € [n]), A = {1,---,A;} denotes its action space
containing A; possible actions. The joint action space for all agents (resp. the subset excluding the i-th
agent) is defined as A = Ay x --- x A, (resp. A_; =[], A; for any i € [n]). We use the notation
a € A (resp. a_; € A_;) to denote a joint action profile involving all agents (resp. all except the i-th
agent). In addition, the probability transition kernel P = {Py}i<n<m, with each Py : S x A — A(S),
describes the dynamics of the game: Py(s'|s,a) is the probability of transitioning from state s € S to
state s’ € S at time step h when agents choose the joint action profile @ € A. The reward function of the
game is 7 = {r; p1<i<ni<h<m, With each r;;, : & X A + [0, 1] normalized to the unit interval. For any
(1,h,s,a) € [n] x [H] x 8 x A, r; (s, a) represents the immediate reward received by the i-th agent in state
s when the joint action profile a is taken. Last but not least, H > 0 represents the horizon length.

Markov policies and value functions. In this work, we concentrate on Markov policies that the action
selection rule depends only on the current state s, independent from previous trajectory. Namely, the i-th
(i € [n]) agent chooses actions according to m; = {m;p, : S — A(A;) bi<n<m. Here, m; p(a|s) represents the
probability of selecting action a € A; in state s at time step h. As such, the joint Markov policy of all agents
can be denoted as m = (7,...,m,) : S x [H] — A(A), i.e., given any s € S and h € [H], the joint action
profile a € A of all agents is chosen following the distribution 7 (- |s) = (71,1, T2h - .-, Tnn) (- | 5) € A(A).

To continue, for any given joint policy m and transition kernel P of a MG, the i-th agent’s long-term
cumulative reward can be characterized by the value function Vf};’P : S — R (resp. Q-function Qf’hP :SXA—
R) as below: for all (h,s,a) € [H] x S x A, 7 7

H H
‘/i?fzp(s) =Erp Zri,t(staat) | sn=s]|, QZ’hp(&a) =Erp Zri,t (St,at) | sn=san=a|. (4)
t=h t=h

In this context, the expectation is calculated over the trajectory {(s;, a:)}n<i<m produced by following the
joint policy 7 under the transition kernel P.

2.2 Distributionally robust Markov games
A general distributionally robust Markov game (RMG) is represented by the tuple

RMG = {57 {Aiti<i<n, {U,f” (PO)}lgign,T,H}-

Here, S, {Ai}1<i<n, 7, H are defined in the same manner as those in standard MGs (see Section 2.1). RMGs
differ from standard MGs: for each agent i (1 <14 < n), the transition kernel is not fixed but can vary within
its own prescribed uncertainty set UJ*(P) centered around some nominal kernel P° : 8 x A+~ A(S) that
represents a reference (such as the training environment). The shape and the size of the uncertainty set
{Ugi(Po)}i el A€ further specified by a divergence function p and the uncertainty levels {¢;};c[,), serving
as the “distance” metric and the radius respectively.

Various choices of the divergence function have been considered in the literature of robust RL, including
but not limited to f-divergence (such as total variation, x? divergence, and Kullback-Leibler (KL) divergence)
(Lu et al., 2024; Shi and Chi, 2024; Wang et al., 2024; Yang et al., 2022; Zhou et al., 2021) and Wasserstein
distance (Xu et al., 2023). Adopting uncertainty sets with different structures leads to distinct RMGs, as
they address distinct types of uncertainty and game-theoretical solutions. This paper focuses on variability
in environmental dynamics (transition kernels), though uncertainty in agents’ reward functions could also
be considered similarly but is omitted for brevity.

Robust value functions and best-response policies. For any RMG, each agent seeks to maximize its
worst-case performance in the presence of other agents’ behaviors despite perturbations in the environment
dynamics, as long as the kernel transitions remain within its prescribed uncertainty set ¢y (PY). Mathemat-
ically, given any joint policy 7 : S x [H] — A(A), the worst-case performance of any agent 7 is characterized
by the robust value function Vifr,f" and the robust Q-function QZ’h‘”: for all (i, h,s,a;) € [n] X [H] x § x A;,

Vm%i(s) = inf V5 T(s and ™ (s,a;) =  inf =P(s,a;). 5
ih ( ) PGZ/{;i(PU) ih ( ) Qz,h ( ) Peugi(PD) Qz,h ( ) ( )



Note that different from (4), here the Q-function for any i-th agent is defined only over its own action a; € A;
rather than the joint action a € A.

To continue, we denote 7_; as the policy for all agents except for the i-th agent. By optimizing the i-th
agent’s policy 7} : S x [H] — A(A;) (independent from 7_;), we define the maximum of the robust value
function as

*, T _;,04 o 7r£><ﬂ',i,ai _ . 7r£><7r,i,P
Vi ()= i Sx HI S ACA) Vin 8) = i SxHI S AGA) Pez,};l’lif(PO) Vi (5) (6)

for all (i,h,s) € [n] x [H] x 8. The policy that achieves the maximum of the robust value function for all
(i,h,s) € [n] x [H] x S is called a robust best-response policy.

Solution concepts for robust Markov games. In view of the conflicting objectives between agents,
establishing equilibrium becomes the goal of solving RMGs. As such, we introduce two kinds of solution
concepts — robust NE and robust CCE — robust variants of standard NE and CCE (usually considered in
standard MGs) specified to the form of RMGs.

e Robust NE. A product policy 7 = X mg X - -+ x 7, : S X [H] = []"_; A(A;) is said to be a robust NE
if

VT (s) = Vi (s), Y(si) € S x ], (7)

Given the strategies of the other agents 7m_;, when each agent wants to optimize its worst-case per-

formance when the environment and other agents’ policy stay within its own uncertainty set U (PY),
robust NE means that no player can benefit by unilaterally diverging from its present strategy.

e Robust CCE. A distribution over the joint product policy & := {&n}nein) @ [H] = A(S = Hie[n] A(A))
is said to be a robust CCF if it holds that

Enne [V (5)] 2 Erne [V "7 ()], W(i,s) € [n] x &. (8)

Considering all agents follow the policy drawn from the distribution &, i.e., m, ~ &, for all h € [H],
when the distribution of all agents but the i-th agent’s policy is fixed as the marginal distribution of
&, robust CCE indicates that no agent can benefit from deviating from its current policy.

Note that, for standard MGs, CCE is defined as a possibly correlated joint policy 7¢F : S x [H] — A(A)
(Aumann, 1987; Moulin and Vial, 1978) if it holds that
CCE p 7! xwCCE p

. > L - ) .
VI 2 eV (s),  W(s,i) €S x[n] (9)

This correlated policy 7“E can also be viewed as a distribution ¢ over the product policy space since each
joint action a can be seen as a deterministic product policy. Careful readers may note that the definition
(9) of CCE in standard MGs is in a different form from the one (8) in RMGs, as the latter does not include
the expectation operator E . ¢[-] with respect to the policy distribution (§) over the value function. We
emphasize that the definition with the expectation operator outside of the value (or cost) function with
respect to a distribution of product pure strategies in (8) is a natural formulation originating from game
theory (Moulin et al., 2014; Moulin and Vial, 1978). In standard MARL and previous robust MARL studies,
the definition in (9) is typically used because (9) and (8) are identical in those situations, as the expectation
operator and the corresponding value functions are linear with respect to the joint policy, allowing them to
be interchanged (Li et al., 2023; Shi et al., 2024).

3 Robust Markov Games with Fictitious Uncertainty Sets

Given the definition of general RMGs, a natural question arises: what kinds of uncertainty sets should we
consider to achieve the desired robustness in our solutions? To address this, we focus on a specific class of
RMGs characterized by a type of natural yet powerful uncertainty sets.



3.1 A novel uncertainty set definition in RMGs

We propose a new class of uncertainty sets, named fictitious uncertainty sets, which count in the uncertainty
induced by both the environment and agents’ behaviors in a correlated manner. Before introducing the
uncertainty sets, we provide some auxiliary notations as below. We denote a vector of any transition kernel
P:Sx A A(S) or P°: S x A A(S) respectively as

V(s,a) ES X A: Phyqi=Dy(|s,a) RS P)_:=P)(|s a) R (10)
For any (possibly correlated) joint Markov policy (defined in section 2.1) 7 : S x [H] — A(A), we define
the expected nominal transition kernel conditioned on the situation that the i-th agent chooses some action

a; € A; and other agents play according to the conditional policy (i.e., a—; ~ 7 (- | $,a;)) given s € S and
a; as below: for each time step h € [H],

mh(ai,a_i|s)
V(h,s,ai) S [H] X S X .A,' : Ph,s,ai = ]EGNﬂh(.H’ai) [Pf?,&a] = Z #alls) [Pi(z),s,a] : (11)
a_ €A, 7, )

Armed with the above definitions, now we are in a position to define the fictitious uncertainty sets,
denoted as {Ugi (PY, )} which satisfy a policy-induced (s, a;)-rectangularity condition.

Definition 1. For any joint policy m : S x [H] — A(A), divergence function p : A(S) x A(S) — Rt and
accessible uncertainty levels o; > 0 for all i € [n], the fictitious uncertainty sets {Z/lgi (PO, 7r)} satisfy the

i€[n]’

i€[n]
policy-induced (s, a;)-rectangularity condition:

h,s,a;

Vien]: UT(P,m)=oU (Pmi ) ;

h,s,a; h,s,a;

st V(hys,a;) € [H) x S x A+ U (P”*i ) = {P eAS):p (P, P ) < 0} (12)
where ® represents the Cartesian product.

In words, conditioned on a fixed joint policy m, the uncertainty set U7 (P ) for each i-th agent can
be decomposed into a Cartesian product of subsets over each state and agent-action pair (s,a;). Each
uncertainty subset U] (P;Lr oa,) over (s, a;) is defined as a “ball” around a reference — the expected nominal
transition kernel P}:i ;iai conditioned on both transition kernel and agents’ behavior .

Further discussions of fictitious uncertainty sets. It is in order to remark on the proposed type of
uncertainty sets, in comparison with prior works.

e A natural adaptation from single-agent robust RL. When agents follow some joint policy 7 : S x [H| —
A(A), fixing other agents’ policy m_;, from the perspective of each individual agent i, RMGs with
our policy-induced (s, a;)-rectangularity condition will degrade to a single-agent robust RL problem
with the widely used (s, a;)-rectangularity condition in the single-agent literature (Iyengar, 2005; Zhou
et al., 2021). Namely, from any agent i’s viewpoint, in a RMG, it has an "overall environment" player
that can not only manipulate the environmental dynamics but also other players’ policy 7_;.

e Allowing uncertainty from both the environment and agents’ behaviors in a correlated manner. One
essential feature of our proposed uncertainty set is that it is shaped by both the environment and
agents’ strategies in a (possibly) correlated manner. Specifically, for any agent 7 and a given policy ,

any uncertainty subset UJ¢ ( Py " ) (over any (h,s,a;)) is constructed as a neighborhood around a

nominal center P, ;iat (see (11)) that depends on both the nominal environment P° and other agents’
conditional strategies 7, (- | s, a;).

e Comparisons to prior works. Prior works on provable sample-efficient algorithms have focused on a
different type of uncertainty sets with (s, a)-rectangularity condition (Blanchet et al., 2023; Ma et al.,
2023; Shi et al., 2024). This class of uncertainty sets decouples the uncertainty into independent
subsets for each state-joint action pair (s,a), accounting for the uncertainty of the environment and
agents’ strategies independently. In comparison, the proposed uncertainty set lifts this independence
assumption across subsets over different (s, a;,a_;) for any a_; € A;, enabling the environment and
agents’ strategies to shape the uncertainty set in a correlated manner.



3.2 Properties of RMGs with fictitious rectangular uncertainty set

Throughout the paper, we focus on the class of RMGs with the above proposed fictitious uncertainty sets,
represented as

RMGr = {S, {Aihr<i<n, {UJ (P°, )} ici<n, m H }

and abbreviated as fictitious RMGs in the remaining of the paper. In this section, we present key facts about
fictitious RMGs related to best-response policies, equilibria, and the corresponding one-step lookahead robust
Bellman equations. The proofs are postponed to Appendix B.

First, we introduce the following lemma, which verifies the existence of a robust best-response policy that
achieves the maximum robust value function (cf. (6)).

Lemma 1. For anyi € [n], given n_; : SX[H]| — A(A;), there exists at least one policy T; : Sx[H] — A(A;)
for the i-th agent that can simultaneously attain Vf}ixm“‘” (s) = Vl*hﬂ’lal(s) foralls € S and h € [H]. We
refer this policy as the robust best-response policy.

Existence of robust NE and robust CCE. fictitious RMGs can be viewed as hierarchical games with
n+nS> ", A; agents. This includes the original n agents and n additional sets of S >, A; independent
adversaries, each determining the worst-case transitions for one agent over a state plus agent-wise-action
pair. Considering the solution concepts — robust NE and robust CCE — introduced in Section 2.2, the
following theorem verifies the existence of them for any fictitious RMGs using Kakutani’s fixed-point theorem
(Kakutani, 1941), focusing on robust NE firstly.

Theorem 1 (Existence of robust NE). For any RMGr = {S,{Ai}1<i<n, {UT (P°, ) }1<i<n, r H} with an
uncertainty set defined in Definition 1, there exists at least one robust NE.

Analogous to standard Markov games, since {robust NE} C {robust CCE}, Theorem 1 indicates the
existence of robust CCEs directly.

Robust Bellman equations. Fortunately, the class of fictitious RMGs feature a robust counterpart of
the Bellman equation — robust Bellman equation. Specifically, for any joint policy 7 : S X [H] — A(A), the
robust value function can be expressed as

H

ri(se,a) [ sp = s
t=h

ViRTi(s)= _inf E

U (PO = ]Ea""'ﬂ'h(s) [ri,h(sa a)} + EaiNﬁ,h(S) inf PV;,};J}Ll .

o ™

ugt (P,

(13)

It can be verified directly by definition. The robust Bellman equation described above is intrinsically linked
to the policy-induced (s, a;)-rectangularity condition (cf. (12)) of the uncertainty set. This condition leads
to a well-posed and computationally-tractable class of RMGs by allowing the decomposition from an overall
uncertainty set to independent subsets across different agents, time steps, and each state-action pair (s, a;).

Note that the specified robust Bellman equation is different for a joint correlated policy and a joint
product policy, induced by different expected nominal transition kernels. In particular, for any joint product
policy 7 : § X [H] = [[,;¢, A(Ai), the expected nominal transition kernel conditioned on the i-th agent’s
action a; € A;, current state s € S, and the policy 7 can be expressed by

T—i 0 _ 0
Ph,s,ai = ]Ea"‘ﬂ'h(' |s,ai) [Ph,s,a] = Ea—i"‘ﬂ'—i,h(‘ |'s) [Ph,s,(ai,aﬂ')} (14)

for any (i, h, s,a;) € [n] x [H] x S x A;, where the last equality holds since the policy 7 is a product policy,
and the distribution of a_; is independent of a;. It is observed that the expected nominal transition kernel
P;; ;j’ai for a product policy 7 is independent of the i-th agent’s policy given (s, a;). This differs from (11)
for a possibly correlated policy, where (11) can generally depend on the i-th agent’s policy.

The robust Bellman equation described above is intrinsically linked to the policy-induced (s,a;)-
rectangularity condition (cf. (12)) of the uncertainty set. This condition leads to a well-posed and
computationally-tractable class of RMGs by allowing the decomposition from an overall uncertainty set
to independent subsets across different agents, time steps, and each state-action pair (s, a;).



4 Sample-Efficient Learning: Algorithm and Theory

In this section, we focus on designing sample-efficient algorithms for solving fictitious RMGs when agents
need to collect data by interacting with the unknown shared environment in order to learn the equilibria.
To proceed, we shall first specify the data collection mechanism and the divergence function for the uncer-
tainty set. Then we propose a sample-efficient algorithm Robust-Q-FTRL that leverages a carefully-designed
adaptive sampling strategy to break the curse of multiagency.

4.1 Problem setting and goal

Recall that the uncertainty sets are constructed by specifying a divergence function p and the uncertainty
level to control its shape and size. In this work, we focus on using the TV distance as the divergence function
p for the uncertainty set, following Lee et al. (2021); Pan et al. (2023); Shi et al. (2023, 2024); Szita et al.
(2003), defined by

1
VPP EAWS): prv (P P) =g [P Py (15)

For convenience, throughout the paper, we abbreviate U?:(-) := U (-) when there is no ambiguity.

Data collection mechanism: a generative model. We assume the agents interact with the environment
through a generative model (simulator) (Kearns and Singh, 1999), which is a widely used sampling mechanism
in both single-agent RL and MARL (Li et al., 2022; Zhang et al., 2020b). Specifically, at any time step h, we
can collect an arbitrary number of independent samples from any state and joint action tuple (s,a) € S x A,
generated based on the true nominal transition kernel P°:

Shoa P sa),  i=1,2,... (16)

Goal. Consider any fictitious RMGs RMG, = {S, {Aihr<i<n, {UT (PO)}lgign,r,H}. While learning
exact robust equilibria is computationally challenging and may not be necessary in practice, instead in
this work, we focus on finding an approximate robust CCE (defined in (8)). Namely, a distribution £ =
{&ntnem : [H] = A(S = TLiep A(A)) is said to be an e-robust CCE if

gapcce(§) = max  {Eg.¢ [Vifiﬂ_“ai(s)] —Erne [Vzﬂld ()]} <e. (17)

s€8,1<i<n

Armed with a generative model of the nominal environment, the goal is to learn a robust CCE using as few
samples as possible.

4.2 Algorithm design

With the sampling mechanism over a generative model in hand, we propose an algorithm called Robust-Q-
FTRL to learn an e-robust CCE in a sample-efficient manner, summarized in Algorithm 2 in the appendix.
Robust-Q-FTRL draws inspiration from Q-FTRL developed in the standard MG literature (Li et al., 2022),
but empowers tailored designs for learning in fictitious RMGs to achieve a robust equilibrium and to tackle
statistical challenges arising from agents’ nonlinear objectives. Overall, Robust-Q-FTRL takes a single pass
to learn recursively from the final time step h = H to h = 1. At each time step h € [H], an online learning
process with K iterations will be executed. Before introducing the algorithm, we first concentrate on two
essential steps customized for learning in fictitious RMGs.

Constructing the empirical model via N-sample estimation. For each time step h, we denote wf h
as the current learning policy of the i-th agent before the beginning of the k-th iteration for any k € [K].
And we denote the joint product policy as 77,’3 = (th, e 77Tfl’h). During each iteration k, for each agent
1 € [n], we require to generate N independent samples from the generative model over each (s,a;) € S x A;
to obtain an empirical model, detailed in Algorithm 1. It includes an empirical reward function represented
by rif , € R94i and transition kernels denoted by PF, € R94:*5. Note that different from standard MGs, we
need to generate N samples instead of 1 sample per iteration to handle the additional statistical challenges
induced by the non-linear objective of agents (N will be specified momentarily).

10



Algorithm 1: N-sample estimation(wh = {ﬂj)h}je[n],i,h).

1 Initialization: the reward 7 = 0 € RS4i and the transition model P = 0 € RSAi xS,
2 for (s,a;) € S x A; do

3 fort=1to N do
4

Sample a’(s, a;) = [a;(s, a;)]1<j<n constructed by independent actions drawn from policy:
ind. . .
a;(s,a;) ~ mwip(-|s) (j#1) and ai(s,a;) = a;. (18)
5 Sample from the generative model:
rf’h(&ai) =r;n(s, a'(s,a;)), s';’ai ~ Ph( - |s,a'(s, ai)). (19)
6 | Set7(s ,a;)= N (v (s, i) and ﬁ(s’|s,ai) =5 e Hsba =5}

7 Return: empirical model (?, 16)

Estimating robust Q-function of the current policy ﬂﬁ. We denote ‘A/M € RY as the estimation of
the i-th agent’s robust value function at time step h. For any agent i, with the empirical reward function rﬁ s

empirical kernel Pi’fh, and the estimated robust value function ‘/}i’h+1 at the next step in hand, the robust
Q-function {qf nt of current policy WZ can be estimated as:

V(i,h, s,a;) € [n] x [H] x S x A; = ¢5),(s,a:) =15, (s,a:) + inf PVini1. (20)
’ ’ Peui(PF

Jhys,a;

Unlike the linear function w.r.t. PF, in standard MGs, (20) lacks a closed form and introduces an additional
inner optimization problem. Solving (20) directly is computationally challenging due to the need to optimize
over an S-dimensional probability simplex, with complexity growing exponentially with the state space size
S. Fortunately, by applying strong duality, we can solve (20) equivalently via its dual problem with tractable
computation (Iyengar, 2005):

~ ~

ain(s,a;) =18 (s,a;) + _ max ) {Pfh [Vi’hﬂ}a -0 (a - min [%7h+1} . (s')) }, (21)

a€lming Vi i (s),maxs Vinga (s

where [V], denotes the clipped version of any vector V € R determined by some level o > 0, namely,

V]a(s) = {a, if V(s) > a, (22)

V(s), otherwise.

The above modules are key components of Robust-Q-FTRL, serving for constructing nonlinear robust
objectives in the online learning process and ensuring the desired statistical accuracy.

Overall pipeline of Robust-Q-FTRL. With these technical modules in place, we introduce Robust-Q-
FTRL, which follows a similar online learning procedure as Q-FTRL for standard MGs (Li et al., 2022).
The complete procedure is summarized in Algorithm 2. We denote Qf’h € RS54 as the estimated robust
Q-function of the equilibrium for the i-th agent at the k-th iteration of time step h. To begin with, Robust-
Q-FTRL initialize the robust value function, robust Q-function V; 11(s) = QR;L(S,%) = 0, and the policy
7 p(ai|s) = 1/A; for all i € [n]. Then subsequently from the final time step h = H to h = 1, for each step
h, a K iterations online learning process will be executed. At each k-th iteration, given current policy Wfb,
as described above, an empirical model ({7"{C hticn) and {Pi]fh}ie[n]) is constructed by N-sample estimation
(cf. algorithm 1). Then the robust Q-function {¢f, };c[n) of the current policy 7 is estimated by (21).
Now we are ready to specify the loss objective and proceed the online learning procedure. With the
current one-step update {qﬁh}, we update the Q-estimate as Qf’h =(1- ak)Qﬁgl + akql’fh. Here, {a }relx)
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is a series of rescaled linear learning rates with some ¢, > 24,

cq log K

Vk € [K] : —_ CaOBR
€l = TR K

and oap = (23)

0 akH?:kH(l—ai), ifo<k<n<K
ap, ifk=n '

Let the Q-estimate be the online learning loss objective at this moment, we apply the Follow-the-Regularized-

Leader strategy (Li et al., 2022; Shalev-Shwartz, 2012) to update the corresponding policy as below:

exp (Wk+1Qi-€7h(8, ai))
> €xp (k1QF ) (s, a))

This is a widely used adaptive sampling and learning procedure for MARL problems.
After completing K iterations for time step h, we finalize the robust value function estimation by setting
it to its confidence upper bound, incorporating carefully designed optimistic bonus terms {8; ;} as: for all

(i,h,s) € [n] X [H] x S,

log K
OzkH ’

Wfﬁl(ai |s) = with 741 = k=12,...

log? (K52 A I )
Bin(s) = c > af {Vary (1) (aFa(s,) + HY, (24)
k=1

where ¢, denotes some absolute constant, § € (0,1) is the high probability threshold, Finally, after the
recursive learning process ends for all time steps h = H, H — 1,--- ,1, we output a distribution of product

policy 5 {fh}he[H over all the policies {7} = (Wf pX e X 7rn h)}he H],ke[k] occurs during the process that
defined as

V(h,k) € [H] x [K]: &un(nf) == ay. (25)

4.3 Theoretical guarantees

In this section, we provide the theoretical guarantees for the sample complexity of our proposed algorithm
Robust-Q-FTRL, shown as below:

Theorem 2 (Upper bound). Using the TV uncertainty set defined in (15). Consider any 6 € (0,1) and any
fictitious RMGs RMGr = {S, {Ai}1<i<n, {UT(P°,") }i<i<n,r, H} with o; € (0,1] for all i € [n]. For any

e < \/min {H, m}, Algorithm 2 can output an e-robust CCE é\, i.e.,

gapcce(€) == _max {Ewwg Vi ()] —E, e [Vii7 (s )}} <e

s€8,1<i<n

with probability at least 1 — §, as long as

H? 1 H3
N2012 min{,,H}, K> 9f (27)

€ mMing <;<n 0; 62

Here Cy is some universal large enough constant. Namely, it is sufficient if the total number of samples
acquired in the learning process obeys

(C1)2H6521§i§n Ai 1
1 mln{H, 7}
9 minj<;<n 0;

Nay:=HENS Y A; >

1<i<n

Before we jump into more discussions of the above theorem, in addition, we introduce the information-
theoretic minimax lower bound for this problem as well.
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Algorithm 2: Robust-Q-FTRL

1 Input: learning rates {a} and {nr+1}, number of iterations K per time step, and number of
samples N per iteration.

2 Initialization: Vi mr11(s) = QY 1, (s,a:) = 0 and 7}, (a; | s) = 1/A; for all i € [n] and then all
(h7s7ai) € [H] xS x A;.
// start recursive learning process.

3 forh=H,H—1,---,1do

4 for k=1,2,--- K do

5 fori=1,2,--- ,ndo
// construct empirical models and estimate current robust Q-function
6 (rf)h, Pfh) < N-sample estimation (ﬂ’}j = {Wf’h}je[n],i, h) (Algorithm 1)
7 Estimate the robust Q-function qtk p, of current wﬁ according to (21).
// Online learning procedure
8 Update the Q-estimate Qﬁh =(1- ak)Qf’;l + oquf’h and apply FTRL:
V(s,a;) € S x A; : ﬂ'f;}tl(ai |5) = —% (1 @2 (e.00)

S0 oxp (me1QF, (s,07))

// set the final robust value estimate at time step h.

9 fori=1,2,--- ,ndo
10 For all s € S: set §; 1(s) to be the optimistic bonus term in (24) and
K
Vin(s) = min { Z apf (wf (- 15), ain(s,-)) + Bin(s), H—h+ 1}7 (26)
k=1
11 Output: a set of policies {n} = (ﬂ'lfyh X oo X ”fi,h)}ke[K},he[H] and a distribution EA: {gh}he[H} over

them. For any time step h, Eh is the distribution over {w’,j}ke[K] so that Eh(w’g) =af.

Lower bound for learning in fictitious RMGs. Considering the instances of fictitious RMGs that the
action space for all the agents except the i-th agent contains only a single action, i.e., A; =1 for all j # i.
As such, all the agents j # ¢ will take a fixed action and the game reduces to a single-agent robust MDP
with (s, a)-rectangularity condition (Zhou et al., 2021). So the goal of finding the robust equilibrium —
robust NE/CCE also degrades to finding the optimal policy of the i-th agent. Invoking the results from Shi
et al. (2024, Theorem 2), the lower bound for the class of fictitious RMGs is achieved directly: consider any
tuple {S, {Aiti<i<n, {oit1<i<n, H} obeying o; € (0,1 —co] with 0 < ¢g < % being any small enough positive
constant, and H > 16log2. Let

<[5 o< -
|1 otherwise

for any ¢; < %. We can construct a set of fictitious RMGs M = {RMG;};c|p), such that for any dataset
generated from the nominal environment with in total IV, independent samples over all state-action pairs,
we have

~ 1
inf max {P ;(gap > } > -, 29
CelHI o AG T, A MOeM MG; (g cce(§) ) 3 (29)

provided that

Nai < (30)

CoSH® maxi<i<n A; . 1
== min {H, 7}

g2 minlgign ag;

Here, the infimum is taken over all estimators EA, Pz mg, denotes the probability when the game is MG; for
all MG, € M, and C5 is some small enough constant.
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Armed with both the upper bound (Theorem 2) and lower bound in (30), we are now ready to discuss
the implications of our sample complexity results.

Breaking the curse of multiagency in the sample complexity for RMGs. Theorem 2 demonstrates
that for any fictitious RMGs, Robust-Q-FTRL algorithm finds an e-robust CCE when the total number of

samples exceeds
~ (SHS A
O (ZTK" min {H v }) . (31)
€

minlgign g;

To the best of our knowledge, Robust-Q-FTRL with the above sample complexity in (31) is the first algo-
rithm for RMGs breaking the curse of multiagency, regardless of the types of uncertainty sets. Our sample
complexity depends linearly on the sum of each agent’s actions Y .- ; A; rather than their product []}_, A,—
making the algorithm highly scalable as the number of agents increases. Nonetheless, there still exist gaps
between our upper bound and the lower bound—especially in terms o the dependency on the horizon length
H and the accuracy level e—an interesting direction to investigate in the future.

Comparisons with prior works. All prior works focus on learning equilibria for a different kind of
robust MGs with (s, a)-rectangular uncertainty sets (Blanchet et al., 2023; Ma et al., 2023; Shi et al., 2024).
However, the state-of-the-art sample complexity O (SHSE# min{H , m}) (Shi et al., 2024)
still suffers from the curse of multiagency with an exponential dependency on the number of agents when
all agents have equal action spaces, which uses nonadaptive sampling. Our work circumvents the curse of
multiagency by resorting to a tailored adaptive sampling and online learning procedure, together with the

introduction of a new class of fictitious RMGs, providing a fresh perspective to learning RMGs.

Technical insights. For sample complexity analysis, while previous works have addressed the curse of
multiagency in sequential games like standard Markov games (MGs) and Markov potential games, these
methods are not directly applicable to RMGs. Prior approaches assume a linear relationship between the
value function and the transition kernel, allowing statistical errors across K iterations to cancel out. However,
in RMGs, the robust value function, due to its distributionally robust requirement, is highly nonlinear and
often lacks a closed form, making it impossible to linearly aggregate statistical errors. To tackle the nonlinear
challenges in RMGs, we design a variance-style bonus term through non-trivial decomposition and control
of auxiliary statistical errors caused by nonlinearity, resulting in a tight upper bound on regret during the
online learning process.

5 Conclusion

Robustness in MARL presents greater challenges than in single-agent RL due to the strategic interactions
between agents in a game-theoretic setting. This work proposes a new class of RMGs with fictitious
uncertainty sets that naturally extends from robust single-agent RL and addresses more realistic scenarios
where each agent’s uncertainty is influenced by both the environment and the behavior of others. We then
propose Robust-Q-FTRL, the first algorithm to break the curse of multiagency in robust Markov games
regardless of the uncertainty set definitions, with sample complexity scaling polynomially with all key
parameters. This opens up new research directions in MARL, such as uncertainty set selection, equilibrium
refinement, and sample-efficient algorithm design.
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A Preliminaries

Denoting the vectors = = [2;]1<i<n and ¥ = [y;]1<i<n, We use the notation z <y (or « > y) to signify that
x; <y; (or x; > y;) for every 1 < i < n. The Hadamard product of two vectors z and y in R* is denoted as
zoy = [x(s)- y(s)]ses. In addition, for any series of vectors {x;};c|s, diag(w1,22, - ,75) denote a block
diagonal matrix by placing each given vector z; along the diagonal, with zeros filling the off-diagonal blocks.0
(or 1) represents the all-zero (or all-one) vector, while e; € R® denotes a basis vector of dimension S with 1
in the i-th position and 0 elsewhere.

A.1 Additional matrix and vector notation

Before continuing, we introduce or recall some matrix and vector notation that will be used throughout the
paper. In particular, for any joint policy 7 : & x [H] — A(A) and any (i, h) € [n] x [H]:

Matrices for policy. We introduce three matrices associated with , i.e., II} € RS*S Tl A HZ_"’ €
RSz 43 and I e R5*S4: “which are defined as block diagonal matrices that adhere to the following
properties:
e The matrix II7 is given by diag (mx(1)",7x(2)",...,m, (S)), where m(s) = [mn(als)],cq € A(A) for
each s € S represents the joint policy vectors across all agents.

e The matrix II;* can be expressed as diag (ﬂ_i,h(l)—r,w_ah(Q)T,...,Wjiyh(S)), where 7_; p(s) =
[Th(a—i|8)lq_ca_, € A(A-;) for all s € S denotes the joint policy vectors from all agents except
agent 1.

e The matrix II}’ is defined as diag (mﬁ(l)T,m,h@)T, e ,th(S)), where 7 (s) = [min(ai|s)], ca €
A(A;) for each s € S represents the policy of the i-th agent.

Reward vectors. We recall the definition of 7; ;, and introduce the reward vectors r77;, and rz,f as follows:

o Let vy = [14,1n(5,a)](s,a)esx4 € RS ILi=1 4i represent the reward function for the i-th player at time step
h, where S is the state space and A is the action space.

e The reward vector r7, € R¥ corresponds to the joint policy m = {7h}hepm at time step h. Specifically,
for each s € S, 17, (s) = Eawunr,(s)[ri,n(s,a)], where the expectation is taken over the actions a drawn
from policy 7, in state s.

—1

e The reward vector rfh € RS54 corresponds to the joint policy m_; = {7 _intnem) at time step h,
excluding agent i. Specifically, for all s € S and a; € A;, r:;i(s, a;i) = Eq_,on_, . (s)[ri,n(s,a)], where the
expectation is over the actions a_; drawn from the joint policy m_; j for all agents except agent 4.

Matrices for transition variants. We first introduce the following notations related to transitions asso-
ciated with the nominal transition kernel and the policy 7:

e Define P}? € RSILiZ1 AiXS the matrix representing the nominal transition kernel at time step h. Specif-
ically, for any (s,a) € S x A, P}?,s,a € RS9 represents the row corresponding to the state-action pair
(s,a).

e Define P}TLr ~t € RS4:%5  the matrix representing the nominal transition kernel at time step h, associated
with the joint policy m_;. Specifically, for all s,s’ € S and a; € A;, P,:r;"ai (8") =Ea_,om_in(s) [P}?,s,a(s/)]‘
Here, P,;T;iai € R'*S represents the row corresponding to the state-action pair (s, a;).

o Let P, " € RS4iXS denote the empirical transition kernel matrix at time step h, associated with the joint

policy m_; and agent i. Similarly, 13; ;iai € RS represents the row corresponding to the state-action
pair (s, a;).

e Define P} € RS*5 as PJ := 1T P, where IIT is the policy matrix at time step h under joint policy 7.

e Define Ejh € RS%5 as Ejh = H;{iﬁ:ﬁi, where IT}* denotes the policy matrix at time step h under
policy ;.
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We introduce matrix notations for transitions that are associated not only with the nominal transition
and policy 7, but also with value functions:

e For time step h € [H], joint policy 7, and a value vector V € R®, we define Pf}:i’v € R94ixXS a5 the
matrix representing the worst-case transition probability kernel within the uncertainty set for agent 4,

centered around the nominal kernel. The row corresponding to the state-action pair (s, a;) in Pf}: i’v,

T,V S . . .
denoted as P; %), € R, is given by:
TV argming,  ei proi PV (32a)
bhsias = ABMp ey (pIT )T

We also define the transition matrices for specific value vectors as:

™ ™o
T—i,V. T—i, V. "

104 5
T,V . i h+1 ™,V o ih41 :
Pi,h = Pz‘,h and Pi,h,s,ai = Pi,h,s,ai = argmin

Peu;’i(P,f;iai)PV;flfl' (32b)

; : m,V SXS so. PTV . 7™ pT-i)V
Finally, we define square matrices Bi,h eR as: Ei,h = H,;PM .

e By replacing the nominal transition kernel with the empirical transition kernel, we similarly define ﬁiﬂg nV

as the worst-case probability transition kernel within the uncertainty set for agent 4, centered around
the empirical kernel P;rg ‘. The row corresponding to the state-action pair (s,a;) in P;r,; V" is denoted

as PV € RS and is defined as:

i,h,s,a;

ATl'fi,V
i,h,s,a_;

PV. (32¢)

= argmmpeu,‘ﬁ(ﬁ?’*i )

ih,s,a;
... . SeV .
7T % v :
The transition matrices P;;" for specific value vectors are defined as
vy

SnV =m_, V% Srv =m_;, V% .
PR =P, " and  PTY =P P = argmin

i,h,s,a; i,h,s,a;

peugi iyt PVard  (32d)

ih,s,a;

14

Additionally, we define square matrices Ejh

Sx8 a. POV . qpm pr-iV
eER>as: Py, =10 P 0.
Variance. We now introduce notations for variance corresponding to a specific probability distribution.
For a probability vector P € R'*S and a vector V € R®, we denote the variance of V with respect to P as
Varp(V), defined as:

Varp(V):= P(Vo V) — (PV)o (PV), (33)

Additionally, for a transition kernel P™¢ € R94:*5 and a vector V € R?, we define Varp~—; (V') € R94i as
a vector of variances. The entry corresponding to (s,a;) in Varp~—; (V') is given by:

Varpmf, (S, CLi) = Vaquw;i (V), (34)

where Ps ./ denotes the row of the transition matrix corresponding to state s and action a;.

A.2 Preliminary facts about FTRL

Our proposed algorithm (see Algorithm 2) is inspired by online adversarial learning. In this section, we
introduce the formulation of online learning and review key aspects of a widely-used algorithm, the Follow-
the-Regularized-Leader (FTRL) algorithm.

Problem setting: online learning for weighted average loss. We consider an online learning problem
over K steps, commonly found in adversarial learning settings (Lattimore and Szepesvari, 2020). The learner
is presented with an action set A, and loss functions fi,..., fx : A = R>¢ are provided for each step. At
each time step k, the learner selects a distribution over the action set, mp € A(A), and observes the loss
function fi (7). The goal of the learner is to minimize the weighted average loss over the K steps, which is

20



defined as: L* = 215:1 af fr(mr). To evaluate the learner’s performance, the regret for the online learning
process is defined as:

K K
RE = Zoszfk(ﬂk) — [ min Zakak(w)] . (35)
k=1

TEA(A) =1

FTRL and its regret bound. A widely-used method for solving the online learning problem described
above is the Follow-the-Regularized-Leader (FTRL) algorithm, introduced by Shalev-Shwartz (2007); Shalev-
Shwartz and Singer (2007). At each step k + 1, the learner selects a soft-greedy action by solving:

k

T4l = arg min

. k=1,2,..., (36)
TEA(A)

af fi(m) + Fi(m)

1=

where Fj(7) represents a convex regularization function. The following theorem provides a refined regret
bound for the FTRL algorithm when the loss function is linear with respect to the policy.

Theorem 3 (Theorem 3 in Li et al. (2022)). For all k € [K] and policy 7, the loss function is defined as
fe(m) = (mg, lk), where l € RIAl represents a loss vector. The learner’s choice mp1 in episode k 4 1 is
updated according to the FTRL algorithm:

exp (= nur1Li(a))

Tr+1(a) = arg min {{m, L) + Fr(7m)} = , foralla€e A, 37
+1(a) ﬁeA(A)K ) (m)} S exp (= s Ln(@)) (37)
where the regularization function is given by Fy(m) = Y, c 4 ﬁﬂ'(a) log(m(a)). Suppose 0 < ay <1 and
m =mn2(l —ay), and for all k > 2, assume 0 < ap <1 and 0 < ny1(1 — o) < ng. Define:
~ 72, ifk=1,
= 38
T {11";%, ifk>1. (38)
Then, the regret of the FTRL algorithm is bounded by:
K K
< K _ K
R, < gleaj( Zak (g, L) Zak lk(a)]
k=1 k=1
5= e log A L . 1
< 32 abanVare, (1) + <22 3 Y aftad T (Mol > 3)- (39)
k=1 nt k=1

B Proof for Section 3

B.1 Proof of Theorem 1

Step 1: preliminaries. First, we introduce some useful definition and existing facts that are standard in
real analysis and game theory literature.

Definition 2 (Upper semi-continuous). A point-to-set mapping x € X — ¢(x) € Y is upper semi-continuous
if limy, o0 2™ = 20, Y™ € d(2™),lim, 00 y" = yo imply that y° € ¢(z0).

Theorem 4 (Kakutani’s fixed point Theorem (Kakutani, 1941)). If X is a closed, bounded, and convex set
i a Euclidean space, and ¢ is a upper semi-continuous correspondence mapping X into the family of all
closed convex subsets of X, then there exists © € X so that x € ¢(x).
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Step 2: constructing an auxiliary single-step game. Focusing on finite-horizon RMG MG, =
{S, {Aithi<i<n, {Z/Igf‘ (P} <i<n, T, H}, we shall verify the theorem by firstly consider a one-step game and
then apply the results recursively to the sequential Markov games.

Without loss of generality, we focus on any of the steps h € [H] and construct an auxiliary one-step
game. Towards this, we first introduce a fixed value function V; 41 € RS with 0 < Vint1 < H for the i-th
agent, representing the possible value function obtained at the next time step h + 1. Focusing on time step
h, for any joint product policy 7 : & — [];c(,; A(Ai), we abuse the notation defined in (14) to denote the
expected nominal transition kernel over each (s,a;) as:

T4 0 0
Ph,s,ai = Eﬂ'(a—i |'s,a;) [Ph,s,(ai,a,i):| = Eﬂ'—q‘,(fl—i |'s) [Ph,s,(ai,a,i)jl : (40)

Armed with this, for any joint product policy 7 : S — [] A(A;), we can define the payoffs to maximize

for the players as below:

1€ [n]

Vs € S : fi,s(”Ti(S); 71—71'(8); V;,thl) - ]an-rr(s) [Ti,h(sv a)] + Eaiw'rr,y(s) inf ) P‘/i,h+1 9 (41)

uei (P:’l

which is defined analogous to the robust Bellman equation (cf. (13)) by replacing a real robust value function
vector (associated with some policy) to some fixed vector V; p41.
Now we are ready to introduce the following useful mapping: for any 7 : S Hie[n] A(A),

o(r) = {uuils) € argmaxyeaca fis(71(3), 7-i(5); Vinin), V(i s) € [n] x S} (42)

Step 3: the existence of NE of the auxiliary game. To apply Theorem 4, there are three required
conditions. First, we know that the space of product policy is X = {7 : S — H A(A;)} is a closed,
bounded and convex set in Euclidean space.

1€[n]

e Verifying that ¢(7) is an upper semi-continuous correspondence. Before starting, we introduce
the following two useful lemmas with the proof postponed to Appendix B.2.2 and B.2.3.

Lemma 2. The set of function {f;s(m;(s), 7—i(5); Vint1),0 < Vips1) < H} is equicontinuous with
respect to wi(s), m—;(s) for all (i,s) € [n] x S.

Lemma 3. For any i € [n] and then x_; : S = [[;4; jc A(A;), the functions
VseS:  gis(x—i(s), Ving1) = maxwen(s) fis(mi(s), 2-i(5); Vint1) (43)
are continuous with respect to x_;(s) and the set {g; s(-, V)|V € R%,0 <V < H} is equicontinuous.

Armed with above lemmas, we are in the position to prove this condition. We suppose there are
two sequence lim,, o, 2" = 20,y € ¢(2"),lim,, oo y™ = y°. Recall the definition of a upper semi-
continuous correspondence (cf. Definition 2), we are supposed to show that y° € ¢(20), i.e.,

V(i s) € [n] x S fis(yi(),2%5(5); Vint1) = maxpen(s) fis(mi(s),22(s); Vinia).  (44)
Towards this, we have
|fis (3 (8),225(8); Ving1) — gi.s(22(5), Vingr)|
< fis (Wi (5), 22(5); Vi) — fis (Wi (5), 2™ (8); Ving)|
+ ‘fz s(yz ( ) T—Lz( ); ‘/i,h-O-l) - gi,s(x(li(s)7‘/;,h+1)|
Q1 fis (2(5), 2% 4(8); Vinsr) — Fius (0 (), 2™ 5(8); Vis)| + 19i.s(@1(), Vinan) = gins(@4(5), Vi)
—0 as  n — oo, (45)

where the first inequality follows from the triangle inequality, (i) holds by the assumption y™ € ¢(z™) so
that f; s(yl(s), z™,(s); Vint1) = maX,’cA(s) fis(mi(s),z™;(8); Vi n+1), and the last line can be verified
by the continuity implied by Lemma 2 and Lemma 3.
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e Verifying ¢(w) is convex for any 7 € X. Finally, we gonna work on the convexity of ¢(r) for any
7 € X. To begin with, by the definition of ¢(w) in (42), we know that ¢(7) C X and the maximum of
the continuous function f; s(m;(s), m—;(s); Vi,n+1) (cf. Lemma 2) on a compact set exists, i.e., ¢(z) # 0.

Suppose there exists two Nash equilibrium z : S = [ ;¢ () A(Ai), v+ S = [[igp) A(Ai) and z,v € ¢(m).
Then we have that for any (i, s) € [n] x S,

fi,s(zi(s)vﬂ ( ) zh+1) fz s(vz( ) ( )QVi,h-&-l) fl 5( Z( ) ( )Evi,h—s—l)- (46)

[ (S)GA(

To continue, for any 0 < A < 1, one has

max fi,s(ui(s)a'ﬂ_—i(s); Vz‘,h+1) = Afi,s(zi(s)vﬂ—i(s); Vi,h-s-l) + (1 - /\)fi,s(vi(s)>ﬂ—i(3); Vi,h+1)

ui(s)EA(A;)
= )‘<Eai~zi(s) {r:;(s, az)} + ]Ea,-,wzq-,(s) [ inﬂf P%,h+1:|>
uvz( h :la
+ (1 - )\) <Ea¢~vi(s) [r;ﬁi(,g, az)} + }Eaifvvi(s) |: lIlf P‘/i,h+1:|> (47)
uei (P
= Ko~ [Azi(s)+(1—N)v; (5)] [TZEi(Sv az‘)} + Eaim[rzs ()4 (1= Mvi(s)] [ inf PVz‘,h+1]
Uuei (Ph gla

= fi.s(Azi(s) + (L = Mvi(s), 7-i(5): Vi,nt1)- (48)

where we denote 77 ,°(s,ai) = Eq_,~r_,(s) [Tin(5; (ai;@—;))]. Hence, we show that Az(s) + (1 —

a
Mvi(s) € ¢(r) for all (i, s) € [n] x S and 0 < A < 1, thus verify that ¢(7) is convex for any 7 € X.

Step 4: the existence of robust NE in RMGs. Armed with above results, now we consider a general
form to show that there exists a policy 7 : [H] x 8 = [];¢},,) A(A;) that satisfies

Viihos) € ] x [H) x S © VE7(s) = Vi7" (o) (49)
We shall prove this by induction.
e The base case. Starting with the final step h = H, we recall that by definition,

Viis) € [n] xSt Vi (s) = 0. (50)

To apply the results in the one-step game constructed in Step 2, we consider the one-step game at
h = H and using the payoff function (cf. (41))

VseS:  fis(mils),mi(s); Vi {1) = Barn(s)[rin(s, a)]. (51)
We know that there exists a policy 7 so that
V(i,s) € [n] xSt V'(s) = Vz*;’lm (s) (52)

by setting g as the NE of the one-step game.

e Induction. Assuming that there exists a policy 7 so that for subsequent steps h +1,--- , H,
V(i,h,s) €n] x{h+1,--- H} x8§: V:hc“ (s) = I/i:‘}’lﬂ‘i’gi (s), (53)
which are achieved by determining certain policies for {71, Tht2, -+ , 7 }. We are supposed to prove

that at time step h, we can ensure our policy 7 satisfying

(i s) € [n] x S VRT(s) = VT (s) (54)
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by choosing a proper policy 7, at the time step h.
Towards this, it is observed that

T 4,0 TIXT_i,04
TN (g) = max Vo s
ih (5) 7S [HIsA(A) 0P (5)

= ]ECLNTr' s)xm_; n(s)LTe 3 +]Ea-~7-r' s inf PVﬂF:’,Xﬂ'fmC"i
s B a ay Barmin o) Fin(5, )]+ Bagr ){peuaililp“_m ) ]

hys,a;

= (rsr)lgﬁmb)an;,h(s)xw_i,h(s)[Ti,h(&a)]
ih i

. o
+  max  Egp (g max { inf PV ‘71}
! ()EA(A;) VS A A Lpeye (P )"

h,s,a;

= a. E, . ) . ,a +E inf PV*,W,,',,@
Wgyh(IsI)lei(Ai) a wiyh(s)X‘frﬂ,h(s)[""z,h(S )] ai~ml o, (s) peuajlélp’f—i ) i i1

h,s,a;

(55)

where we denote ht = {h + 1,h +2,--- ,H} as the set that includes all the time steps after h until
the end of the episode, and the last equality follows from the fact

max inf  PyTTeoi| inf P max YX i
T XA Ly (BT iht1 wrs (P} s S AT A Ghtl
: *,M—i,04
= lnff_i P‘/i:hil 7 ’ (56)
Ui (Ph,s,ai

which holds by the definition of Vi*;;’f’ai. Now invoking the results in the auxiliary one-step game

with V; py1 = Y/i*;Ll’l'i’oi, one has that there exists a policy with 7, that satisfies

. s 5T —i,04

V(i,s) € [n] x St V77 (s) = VT 7 (s). (57)

Combining the results in the base case and induction, we complete the proof by recursively choosing
S Hie[n] A(A;) for h=H,H —1,---,1 as the NE of the corresponding one-step game at time step
h and arrive at

V(i s) €[] x S VT (s) = Vi (s). (58)

B.2 Proof of auxiliary facts
B.2.1 Proof of Lemma 1

The proof is obtained by recursively showing that for each (h,s), there exist a policy. Then the product
policy of them will be that final policy

Without loss of generality, we consider any 4 € [n] with the other agents’ policy m; : S x [H] — A(A;)
fixed. We shall prove this lemma by induction.

e The base case. Consider the base case h = H. Conditioned on the other agents’ policy ; : S x [H]| —

A(A_;), the maximum of the robust value function of the i-th agent can be expressed by
v S : V*,Tr_i,o'i _ V‘ITZ XT_;,04
ENS i H (5) w;:Sx[%]EE)(A(Ai) i, H (5)

E i~m! (s Ea,-wﬂ,- s)Ll ’
WQ:SX[IE]EEEA(AJ @i~ (5) [ ! a )[T 7H(8 a)]]

= o (ISE)Z(AY)EMNW;,H(S) I:Ea—i"‘ﬂ'—i,H(S) [Ti,H(Sva)]] . (59)
i, H\$ i
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Since the maximum of the continuous function Eq,~x/  (s) [Ea_iwﬂ_w(s) [rim(s, a)H on a compact set
A(A;) exists, by setting

VseS: miu(s)= argmaxﬂéﬂ(S)NA(Ai)EaiNW;H(S) [Ea_ww_,;,H(s)[Ti,H(&0«)]] , (60)
we arrive at
VseS: VT (s) = Vi T ), (61)
This complete the proof for the base case.
e Induction. Assuming that for t =h+1,h+2,--- , H, we have
VseS: VTT(s) = VT (s). (62)

Then, we want to prove for the step h, where the maximum of the robust value function of the i-th
agent can be expressed as: for all s € S,

VT (s)

7! XT_;,04
. max Vi (s)
i Sx[H]—A(A;)

= i acag Bornmta® Baimnc lanls Ol Eovrinco ug (il?;ff” o™

(1) . ﬁiXﬂ'_i,Ji

- ﬂ;:SX[III;]a:)(A(.Ai)EaiN”Lh(S) [Ea*i"""?i,h(s) [Tivh(57a)]] + EaiNﬂ'i,h(S) us (1;?;1 ‘ P‘/i7h+1

= , jmax - anﬂ;,h,(s) [Eafwﬂfi,h(s)[ri’h(s,a)]] +Eai"’ﬂ'i,h(3) v inﬂf ‘ P‘/;}ii’l"—iaﬂ'i . (63)
(I (R,

where (i) holds by the induction assumption in (62). Similarly to the base case, the maximum of the

T XT_i,04
)PV . 7 on

continuous function anﬂéﬁh(s) [Ea—i"’ﬂ'—i,h(s) [ri,h(s,a)H +Ea;mmin(s) infugi< i hel

pri

h,s,a;

a compact set A(A;) exists. So without conflict, for all s € S, we can set
7~r¢7h(s)

. T XT—i,04
inf PVZ-W}H&T 7
ugi (P

h,s,a;

= argmaxy (gna(anBainr () [Baimr_ (@ rin (s, @)]] + Bapn, ()
(64)

T XT—i,04 : T XT_i,04 . 3
Ui (P:_i ) PVZ-)thl and especially VMJr1 are independent from the policy
,5,0.7'

in the first h steps ({%i,t(s)}sé57t6[h]).

since the function inf

Consequently, (64) directly implies that
VseS: VT (s) = VT (s). (65)
Combining the results in base case and the induction, we complete the proof by showing that

V(h,s) € [H] x St VIXT1%(s) = VT (s). (66)
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B.2.2 Proof of Lemma 2

First, we define the distance between any two policy m, 7’ € X = {m: S [[,¢,) A(4i)} as below:

d , ! = la; ——— i . 67
(m,7") max omax |mi(a;|s) —mi(ai|s)] (67)

To prove the continuity, given any e > 0, we want to show that there exists d(e) > 0 such that if
d(m, ') < d(e), (68)
then
| fis(mi(s), m—i(8); Vipna1) = fis(mi(s), 3(5); Vi) | <€ (69)
for any fixed {V; ni1}iep) with 0 < Vjpy1 < H for all i € [n]. Towards this, we observe that
| fi,s(mi(8), m—i(8); Viong1) = fis(mi(8), 75(5); Vi)

]Ea~7r(s) [ri,h(sa CL)] + ]Eairvm(s) |: inf P‘/i,h+1:|
uei (P

h,s,a;

/

Ui (Pﬂ*i )

h,s,a;

< |Ea~7r(s) [Ti,h(sa a)] - ]F‘CLNTI'/(S) [Ti,h(sa a)} |

Ea,;~7ri(s)|: lnfi PVi,h+1:| _]Ea,;~7r£(s)|: inf PVi,h+1:| .
uri (P, uei (P70

- EaNﬂ"(s) [ri,h(sa a‘)] + Eaiwﬂ';(s) |: inf P‘/i,h+1:|

+

h,s,a;
The first term can be bounded by
|Eamr(s) i1 (8, )] = Bqunr(s)[rin(s, a)]|

< Z H mi(ai|s) — l—[[] mi(ai|s)

max 7;5(s, Q)

acA'ig[n) (s,0)€5xA
< > | I mitails) = T mitails)|, (71)
acA'ie[n] i€[n]

where the last inequality holds by the definition of reward function max(s q)esx.Aa7in(s,a) < 1 for all
(i,h) € [n] x [H]. To continue, we first define the difference between 6;(s,a;) = wi(a;|s) — mi(a;|s).
Therefore, we have

H mi(ai|s) — H mi(a; | s)
i€[n]

i€[n]

T ) - H<m<ais>+6i<s7az—>>]

i€[n]

<H51 S, a; ) . (H 7ri(al-|s)> ’
|y|>1 YCin] \i€Y SR
<H 5;(s, a; ) : <H mi(a; |s)> ’ < (2" - 1)d(e),  (72)

ey ISR

> YCn

where the last inequality holds by (68). Plugging (72) back to (71) indicates that

‘]anﬂ'(s) [ri7h(87 a)} - IEa~7r’(s) T, h S, a H A ) (73)

i€[n]
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For the second term in (70), we observe that

’

peusi (P L)) peu=i (P, )

h,s,a;

Eq,mmi(s) [ inf PVi,thl] —Ea;nmi(s) [ inf Pvi,h+1]

<

Eaiwm(s) |: inf P‘/vi,h+1:| - EaiNm(s) l: inf P‘/vi,h+1:|

peusi (P, PeuUi ( P )

h,s,a;

+

anm(s){ inf PVi,h+1:| - Eaiwg(s)[ inf PVi,h+1]
peu=i (P, i)

pes (5

hys,a;

(i)
< Egjmmi(s { max Er_i(a_ils) |:P}(L)7s,(ai,a,i):| Vint1l,

) a€[ming Vi p41(s),maxs Vi ny1(s)]

} Z |7l (a; | s) — mi(a; | s)| inf ~ PVipu
a;€A; PelUi (P;:’."’ )

o
()

_ Eﬂﬁi(afi | s) {Pi?,s,(ai,a,i):l [ i, h+1

>

(11)

Hﬂ'J (aj|s) Hwé(aﬂs)

C"—zEAL Jj#i Jj#i
(111)
<H [ 4@ " -1de)+HAAE) <2H [ 42" -1)-d(e), (74)
j#i,j€n) i€[n]

where the first inequality holds by the triangle inequality, and (i) follows from applying the dual form of TV
distance

inf PV = PV] —o; (a—min[V] () 75
77611]%1' (P) a€[ming Vrg?,)r(naxs V(s)] { [ }O‘ 7 (OZ HBH[ ]a (S )> } ( )

and the maximum operator is 1-Lipschitz, (ii) arises from the fact that ||V; pt1llec < H, and (iii) can be
verified by following the same pipeline of (72). Combining (73) and (74), one has

| fivs (i), m=i(3); Vinsr) = fus (mi(s), 7i(s); Vi) | < 3H ] Ai(2" = 1) - 6(e). (76)
1€[n]

Consequently, letting d;(¢) = SHHmi[n{Z’?(}é”fl)’ we have when d(m, 7’) < 01(¢),
i€[n B

| fis(mi(s), m_i(s); Vingr) = fis(mi(s), 7 ;(5); Vingr)| < e

B.2.3 Proof of Lemma 3

Without loss of generality, we consider any i € [n]. Consider z_; : & = [];; je(n A(A;) and y—; : S —
IT).2: jepn) A(A;). Before continuing, for all s € S, we denote

*

up o = argmax e a(s) fi,s(mi(s), £-i(8); Ving1),
v s = argmax e n(s) fi,s(mi(8), y—i(8); Visntr)- (77)

Then we have for any s € S,
Gi,s(x—i(5), Vint1) — 9i,s(y—i(8), Vins1)
= maxen(s) fis(15(5), 2-i(8); Vine1) — maxoen(s) fis(mi(s), y—i(s); Viny1)
fzs( 7,57 z( ) 'Lh+1) fzs( 1say7i(s);v;i,h+1)
< fis(uf g, 2—i(8); Viny1) — fis(uf 5, y—i(8); Vinyr) — 0 as y_i(s) = x_i(s), (78)
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where the last line holds by Lemma (2) which shows that the function f; s is continuous. Similarly, one has

gi,s(ﬁﬂ—i(s), Vi,h+1) - gi,s(y—i(3)7 Vz‘,h-s-l)
> fis(Vi g 2-i(8); Vint1) = fis(ui 5, y—i(8); Viny1)  — 0 as y_i(s) = x_i(s). (79)

We complete the proof by showing that

|9i,s(x—i(8), Vint1) = 9i,s(y—i(8), Ving1)l = 0 as y_i(s) = x_i(s). (80)

C Proof of Theorem 2

We will present the proof of Theorem 2 by first outlining the proof structure, followed by a step-by-step
explanation of the key components. Auxiliary proofs will be provided at the end of this section.

C.1 Proof pipeline
To proof Theorem 2, recall the goal is to show that

V(i,s) €n]xS: E A[V;l’w‘i’gi(s)] —E_:[Vi77(s)] <e, (81)

m~€ T~E —

where & = {Eh}he[H] is the output distribution over the set of policies {7} = (Tffh X e X Fﬁ,h)}kE[K],hG[H]

from Algorithm 2. Namely, m ~ Z means
Vhe[H|: m,~&, where &, (nf)=ak. (82)

We first introduce the best-response policy for player i:

= [%;h]he[H] = ag ﬂ(:Sx[%]ai(A(Ai)]Eﬂwg [fo,mi} )

Recall that value function E__z {th(’} satisfies the following Bellman equation for all (i, s, h) € [n] xS x [H]:

E, ¢ [V =0,

E.e {Vf};"i (s)} =E__¢ m(al| s)rin(s,a) + Eqor, if  PE_ [vfhil} ,
acA Peul (Ph;‘ai)
K K
=3 Y ol mh@lralsa) + D ol By, | b PR |[VER ]
k=1lacA k=1 'Peu;’i (Plj,;ia-)

k
™_ .
where P, " is defined as:

ﬂ,k

Ph’;jai - Ea*i’vwii,h,("s) [P}?’Sx(aixafi)} - Z Trﬁ@h(a_i | S) {P}?,S’(ai,a—i)} '
a_;€A_;

We decompose the error in the value functions as follows:

B, | Vi | = Epng [V

<E ¢ [Vifﬁmi} - Emg [7:}17{_] ‘HEWNg {V:;_} - Eﬂwg [VZh] +E7r~§ [th] —E A[ zﬂh] : (83)

T~E €

A B C
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We define the following auxiliary value functions for all s € S:

K K
E’TNE { } Za E‘““E n(s) [ ", h(S al + Zak ai~ml () infk PEWNE {Vz h+1} s
k=1 p) Peusi (Ph, ...,
(84a)
K L
Eﬂ'NE |: - i| Zak a;~T h(s [ ,L h(S GJ;)] + Z OékK]EaiNﬁ';)h(s) inf ,PEﬂ_Ng I:Vl77h7+1_11| s
k=1 PeUi (PLkh s,a;
(84b)
E, ¢ [Vin ()] = max Y aff |rf),(s,0) + inf  PE,_¢|Vinn] || (84c)
“E T PeuU’i (PF, | al)

where for all s € S, we also have

o P T

E & [Vi,HH(S)] =E ¢ [7i,}}+1i(5)} =E ¢ [Vi,’Hﬁl(s)} =0

Here, we use the fact that Bz [V:;;"} >E, ¢ |:7:_r1h77—(8):| Using the error decomposition in (83), we

will now individually bound the three terms, A, B, and C, in the following sections.

C.2 Controlling B: adversarial online learning
C.2.1 Step 1: showing that XA/M is an entry-wise upper bound on EﬂNg [V:;LL’]

The following lemma demonstrates that the value estimate ‘A/i,h for the i player serves as an optimistic

yTT—i

estimate of the auxiliary value E_ {VZ,;' }, as defined in (84).

~€
Lemma 4. With probability at least 1 — 9§, it holds that
Vin>E__¢ {Vj;;”} . for all (i,h) € [n] x [H].

Proof. See Appendix C.4.1 O

The following lemma demonstrates that the value estimate ‘A/Zv,h for the it player serves as an optimistic
TR,

estimate of the auxiliary value E__ = [Vi’h }, as defined in (84).

Lemma 5. For value vector 17;’;1 and E__ ¢ [Vzh], it holds that

Vin 2B, ¢[Via],  forall (i,h) € o] x [H].

€

Proof. See Appendix C.4.2 O

C.2.2 Step 2: constructing recursion

To begin with, according to the definition of IA/”L(S) and E__# {Vzh(s)}, we have

=min{ Y af By or |8 (s,a) + inf PVinir| + Bin(s), H—h+1
k=1 o Peui (szh s,a;
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K k . —T
> af By [rh(siar) + inf PE, ¢ {Vi,h +1}
k=1 | Peui ( i,h,s, al)
K
<Y Al By | (s ) + inf PVins1| + Bin(s)
k=1 o Peui (‘P'ik,h,s,ai
K
K k . vdd
_ Z ap anﬂfh rin(s,ai) + inf PE,_ ¢ [Vi,h_H}
k=1 ' Peui (PL h,s,a; )
K K
. g . 77
=3 aFE, inf PUinit| +Bin(s) = Y of By s, inf PE, ¢ [V . H}
k=1 T | Peui (szh s,a; k=1 Peui (P; hys,a
(85)
To simplify the notations, we define transition kernel associated estimated value function similarly as (32).
For all k € [K], we define matrix notations P vV and P
~ e ~xk 7‘75 B E'?ﬁi L U
P V Pzﬂi:l e and P'LTrh sva = Piﬂ—hls a‘Y} = argmln rk ,Pvg,h-ﬁ-l)
; s, Peus: (Pufl a1>
— k T k T
SRV A7r—7’]E7r~A|:Vi, ] ] v ’\“—ivEﬂmf[Vq‘,, ) ] by
P Pz h : " and ‘Pzﬂ-h s,a; *— i hsa; ) = argmin ( wle )’PETFNE {Vi,h—&-l} :
Peuy" ( P, Jhys,a;
PR R k"’} PV koagh
Additionally, we deﬁne square matrices ch € R5*S and B;T,h € RS*S as: BZh = I Pf,; " and
k
~rkV vV . .
BZh = I}’ PZ }:1 . We rewrite the result of (85) in a vector form, we can obtain that
=5 57
Vi,h - Efmg [Vi,h}
K K
K i : > K i : SV
< Z ap I} Hifwk -~ PVintr | + Bin — Zak IT; Hifw,c PVint
k=1 peu (P10, k=1 peur (P,
K -
KT Vs KD —T
= Z ap Py Vi + Bin — Zak Pz h E,wg [Vi,hﬂ}
k=1 k=1
K -
KPT o =5 =T
< Z ap P (Vi,h+1 -E ¢ {Vi,hﬂb + Bih-
k=1
To continue, we first introduce an lemma of the upper bound for bonus vector j; 5.
Lemma 6. The bonus vector [3;, is bounded by the following inequality:
5y A
log? (===
Bin < 3Cb\/ KH5 H- -1+ Za Val’;wf; sz ht1
Proof. See Appendix C.4.3 O

To proceed, we introduce some notations for convenience. Let e, denote the S-dimensional standard
basis vector, with support on the s-th element. Additionally, we define:

J—1

b =e; and b =e] [H <Za Ajj)]’ Vi=h+1,...,H. (86)
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Armed with above notations and fact, for any s € S, we have

H
Vin() =B,z [Vins)| = (o Vin =B g [Via| ) = D (b B )
j=h
H 3, KS> " 3, KSY "
; log (771 log®( A it 14 b
<> <b§1,3ch\/ I > + ZZak <b;,3cb\/ =i Var i o Vi
j=h j=h k=1 —nd
H3 log? (152 A log3(K5Tim Asy H K 4 R
:30.,\/ = 0 + 3cp KH(S ZZ <b§1,Varﬁz§,m,j+1>. (87)

With elementary inequality \/Varp(V 4+ V') < /Varp(V) + /Varp(V’) for any transition kernel P € RS
and vector V, V' € R¥, we further decompose (87) as

Vin(s) —E,_ ¢ [V:rh(s)}

175 0B (KS T A log® A H K ' R
< SCb\/ g (‘K 5 ) + 3¢ g ( KHTs Zzaf <bi7varﬁﬁk‘0%’j+1>
j=h k=1 —d

H3logd(KS2in A logh (K8 Xin Aiy K H , ~ »
< 3Cb\/ (K 5 ) + 3¢p ( K}Ig ) ZakK Z <bi7varﬁ7ﬁk}‘7 (Vi,jJrl — EWNE [Vi,j+1]>>
k=1 J=h i
log?’(w) K .
i 3%\/ (RS pY <b5“ Vargero (Brng [Vin]) >
— = .
H3log? KS39, A log® KSYm Ay H K _ ~ _
< 3Cb\/ (K 5 ) + 3¢ ( KH(S ) Zzaf <b%7varﬁ’,'k,"7 (Vz}j+1 — ]:Eﬂ"\‘g [Vi,j+1])>
j=h k=1 i
Dy
log?’(w) H K . - »
e S L e R ) B CRN 0
j=h k=1 i B
Da
\/bgs(mz?_w) HoK |
3 2 K bJVA~f(E A[V’F, D .
Ds

We now control the three terms Dy, Dy, D3 separately.

Controlling D;. We can directly obtain the following upper bound on D;:

10g3 KS3 7', A
Dl = 3Cb\/ ( KI—I(S Z

i,h

ay <b€,,Varﬁ,k v (‘Z,j+1 - Eﬂwg {sz+1})>

K
j=h k=1
IOgB(KS S A K =R -
< ool S Sl (1 [Vorgn o (B B [PEL])| 1)
j=h k=1 oo
log® (K== i) 25’?:1 B IELIRES ~ —r 2
< 3Cb\/ H ; ; ay < i1 —E g {Vi,j-&-l} Hm : 1>
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(i) Hlogd(KSZ?ZI Ai) H K . . —
o ST TN L N

j=h k=1
H3log (M) . _
< 3¢ K hrgnjagXH‘ Vi1 —Bo g [V"’Hl} Hoo (88)

where (i) follows from the elementary upper bound ‘
H.

Before deriving the upper bounds for the terms Dy and D3, we first introduce the following auxiliary
lemmas, which will be instrumental in the subsequent derivation.

Viger| <8, |
oo

E, ¢ {VZM} HOO <Hforallh<j<

Lemma 7. For all (i, h) € [n] x [H], the estimated robust value function E__¢ [V?,h} satisfies the following
inequality:

Uy TC

r;leach 5[7i7h(s)} - ISHEI‘IS}E E[Vi,h(s)} < min{ali,H— h+ 1}.

Proof. See Appendix C.4.4. O

With Lemma 7, we have the following lemma on variance base on different transition probability in the
same uncertainty set, and we leave the proof to Appendix C.4.5.

Lemma 8. For a transition kernel P' € R® and any P € RS such that P € U (P"), the following bound
holds for all (i,h,) € [n] x [H]:
= —n 1
‘Varp/ (]EWNE [VhD ~ Var (]EWNE [Vth} ) ’ < min {U H—h+ 1} . (89a)

Controlling D;.  We can directly apply Lemma 8 and arrive at

T

Vot gen.s (B¢ [Vinsn]) ~ Vorgons (Bng [PEia])

—i,h

T

< ot (B [P = Vo (Bene [P

Lin Lin

+W%%@QML®—W%T@Mﬁ%dM

1
SQmin{,H}.
o

We insert (90) back to the expression of Da, and we can obtain that

oy 3Cb\/ K527 LA ) i iakK <biL,VarA,rk o (EﬂNg [V?JHD - Varﬁ,rk)v (EWNE [VLHD>
j=hk=1

Es
KSZ
1 KS> i Ai
< 3cb\/ Og 5 Z <bgl’2m1n{ ! } 1>

j=h

Hl KSZ'L 1 1
_6cb\/ o8’ )min{,H}. (90)
g
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Controlling D3;. We first apply Lemma 12, and we can directly deduce that

logg(KSZé?:lAi) H K . 4 s
Do = 3| et S0 Y alf (Ve (. [0

—i,j

log3(KS X, Aiy H ‘ _
= 3cb\/ = K}%fS ) ; <bi’varz§1a1<ﬁ.ﬂ"ﬁv (Eva [Vi,j+1D>

k =—i,j

We now introduce the following lemma on Zf: h <bfl7 Var ik ylEﬂNg {V? j +1} >, which is an empirical-

i akKEi,j
transition version of Lemma 16.

Lemma 9. Let§ € (0,1). With probability at least 1—0, the following condition holds for all (h,3) € [H]x[n]:

i <b{L,Varsz=1 BT (]EWNE [VLHD> <3H (magEmg {V;h(s)} ~minE__; [VZ,L(S)D . (91)

- s€E seS
j=h
Proof. See Appendix C.4.6. O

Therefore, we can further achieve the following upper bound of D3 by applying Lemma 9:

10g3(7KSZ(€:1Ai) LNy —n
D3 < 3¢y KH Z <bfl, Var o K BT (Eﬂ,wg |:Vi,j+1} )>

i=h k=1 % L5
Hlog?’(w) . ' _
= (a2, [V20)] - i e V2000
(i) Hloed (K52, Ai 1
< 9cb\/ og ( e 2 )min{gi,H} (92)
where (i) holds due to Lemma 8.
C.2.3 Step 3: summing up the result
We combine the result of (88), (90), (92), yielding
. o s logs(iKS 2o A )
‘/ti,h - Eﬂ,Ng |:V’Lh:| S SCb K 0 1 + Dl + D2 —+ D3

Hl 3 KSZ?:lAi 1
<Cb\/ og (T =) <3H+15min{7H}>1
K 0;

H3 10g3( KS Z(g:l A ) R _
+ 3¢ K hglj,%XH Vijr1i —E, ¢ [Vi,jJrl] HOO L.

Moreover, Lemma 5 implies that ‘th -E. .z {Vzh] =

‘Z‘,h - En~§ [th} ’, which indicates that

max ‘
he[H]

H10g3(KSZ;L=1Ai) ) 1
< ¢p 3H +15min¢ —, H
K 0

H31log® KSY o, Ai
+ 3cb\/ g ( J ) max
K h<j<H

Vin = =B, e [V

~

Ve = Eog [Vl
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~

. KSY " | A;
D s, \/H3log3(zg )

S s e[

=18 K ol BVl
H3 log? (K5 i A

336%\/ (K 5 )

where (i) holds by taking K > 12¢2H® log?’(%)7 and involving the basic facts that YAQHH =

EWNE [Vz} H +1] = 0. Eventually, we can achieve the following upper bound of term B:

o . H3log3(Ko9aia A
E g [Vi,’hd} -E e {Vi,h} < 360b\/ o (K m— (93)

C.3 Controlling terms A and C

In this section, we derive an upper bound for the difference between the true value function and the estimated

. . . . . o . /\k
value function. We consider a more general case involving a given set of policies {wh}( hok)E[H] x (K]’ where

either 7} = my for all (h, k) € [H] x [K], or 7 = &} x «* , for all (h, k) € [H] x [K]. Additionally, we define
a distribution over the set of policies ¢ == {Cn}ne(m), With G : [H] = A(S = [[,¢p A(Ai)), where G, (7F) =

ol for all (h, k) € [H]x [K]. Our objective is to derive an upper bound for [E, [th(s)} —Erne [Vzh(s)}

)

where for all s € S, Er¢ [VZh(S)} is defined as

K K
Erng [V:,h(s)} =3 ak Eq,uzt, () [FEn(5,00)] + ZakKanﬁgh(s) inf PEr~c¢ [VZthl} ;

k=1 k=1 PeUi (ﬁ”*i

ihys,a;

—T e . . 7, 57,
with Er¢ |:Vi’H+1(S)} = 0. Here, rﬁh(&ai) represents the empirical estimation of r, ,*(s, a;), and P/, @
~k
denotes the empirical estimation of P:;iai for all (h,s,a;, k) € [H] x S x A; x [K]. For notational clarity,
we define the empirical reward vector ?Zﬁ’; € RS, such that ?f}; (s) =Eq, 25, (s [rﬁh(s, a;)] for all s € S.
We first introduce the following two lemmas in terms of estimation error of transition model and reward
function:

Lemma 10. Let § € (0,1) and consider any (h,i,k) € [H] X [n] x [K]. With a probability of at least 1 — 0,
for any fived value vector V€ RS, where 0 < V(s) < H for all s € S, the following inequality holds:

- kv K . log (185 > AiNHK) log (185 E?:gAiNHK)
P, V=PV <2) af ¥ Var e (V) + ~ 1
k=1 h
H2log (183 Z;":}SAiNKH)

<3 1
— N )

where Var .. () is as defined in (34).

Pt
Proof. See Appendix C.4.7. O

Lemma 11. There exists a constant c, such that for any fized pair (h,i) € [H] x [n], with probability at
least 1 — 8, the following inequality holds:

K K KS

K, 7" K-—#* log (T)
E QT = E ap T, — 21,
k=1 k=1

<ecr
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Proof. See Appendix C.4.8. O

For clarity of presentation, we extend the definitions in (32) and introduce additional notations related
to transitions associated with the estimated value function. With a slight abuse of notation, we define the

matrix notations ﬁfzv and ISZ%: V" as follows for all (i,h, k) € [n] x [H] x [K]:

~k 77 #* E [V’.‘ ] ~k 77 7z E [V’.’ } .
TV pTeiEm Vit [ —ibm~ G| Vi ng1] . T
Piyh T Pi,h and Pi,h,s,ai T Pi,h,s,ai - argmlnpeuﬂi (P%’jl )PEwNC I:Vi’thl] 5
2 h,s,a;
~=k 77 A7 B [V ] ~=k 77 7 B [V ] —
7oV T -t~ Vi k41 TV —ilm~C Vi h1] . ™
Pi,h T Pi,h and i,h,s,a; *T T d,h,s,a - argmlnpeuai (ﬁ*’ii )PEWN{ [V@h-‘rl} :
P i,h,s,a;

~RF T -
Additionally, we define the square matrices BZh € R5*S and pPT h,v € R5*9 as:

At any time step h € [H], we have

Erng [Vih] = Ernnc {V;r,h}

K K
i) K, = K %\i'c,h . s
= agrip+ oy 1T, 1ank PE ¢ [I/i7h+1]
2R | )
X K—zk = Kifin . 7
=S ol - ey inf | P [V
k=1 k=1 Peuci <13h;fai>

~7FV [fﬂ } (94)

K K K
(i) K, 7* K p7*.v K7k K
= Z o rip Tt Zak EZh Er~c¢ [V;,rhﬂ] - Z T — Zak Py Erne |Ving

k=1 k=1 k=1 k=1
where (i) holds by the robust Bellman equation in (13) with matrix notation in (32), (ii) arises from

=~k
the definition in (84). Moreover, through simple observation, we directly have B;Th’VEmg {th +1} <

BiZ’VEWNC {V’fhﬂ} for all (h,k) € [H] x [K]. Thus, we further control (94) as

3

K k K K 7k Vv
_ K 7" K prt, v ™ K==k Kpr e bvad
= E o Tyt E ap Py Ere [Vi,thJ - E o Typ — E ap Py Erec [Vi,hﬂ}
- k=1

k=1
SIS v m 57V

+ Zak {7‘1 h th‘ + ‘Pz B Erxnc [Vz‘,hﬂ} Pin Ernc |:Vz h+1] } (95)
k=1
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Applying (95) recursively leads to

H 7j—1 K
Ernc [Vih] = Ennc {Vzh} < Z lH (Z KB?, V)] ai{j, (96)

j=h Lr=h \k=1

where the inequality holds by adopting the following notations:

rﬂl (fj afP?,’Z’Vﬂ -1,

r=h \k=1
j-1 / K K L K L K L

K pal vV o K pnt,V K prt,V K pnt,V
H E a P = E . By, : E :ak LN R E o By )
r=h \k=1 k=1 k=1 k=1

Next, similar to (95), we can achieve that

K K e — K K
i) K7k K5tV K #* K pat, v
= Z T+ Z ap Py Ereg [ i h+1} Z aprip = Z g BZh Er~c¢ [thﬂ]
k=1 k=1 k=1 k=1
= K| (=7* 7k STV ™ Tr v
= Zak (Ti,h - ri,h) + | Bin Ernc [Vi,hﬂ} Py Erne [Vz h+1}
k=1

TrV

7 ’Pfh VEnnc [Vigsr| = Pia Brnc |Ving]

=~k
iy
Tih

+I§a£{[ ],

where (i) holds due to robust Bellman equation, and (ii) holds due to the direct observation that

Ei:’VIE,TNC {V?,hﬂ] < Bi;‘vEﬂwc {V?’h“] Then following the routine of achieving (96), we can obtain
that

H

Ernc [V?,h} ~Enec V] <

j=h

j=h

['H (Z afP?ii’Vﬂ aj;. (97)

r=h \k=1

Summing up (97) and (96), one has

Ennc [Vin| = Ennc [V ‘ < max {Ennc (V3] = Eanc [Vin] Ennc [Vi] = Ennc Vi3] }
<o (Sot 2 ) o, 32T (ot ) o f
j=h Lr=h \k= j=h Lr=h

(98)

where the max operator is taken entry-wise for vectors. To continue, we apply Lemma 10 and Lemma 11,
and we can obtain the following upper bound on ac for all (i,7) € [n] x [H]:

K
Ch = ZakK [
k=1

~zk

~k ~k ~k 77 __ " __
T =7 T,V ™ s T
Tin — ri,h‘ + ’Pi,h Ernc |:Vi,h+1} - Bi,h Ernc [Vi,h+1:|
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K log (185 ZyzléA,;KNnH) —
<23 af ¥ Varppr (Bonc Vi)
k=1
18S3°™ | A;KNnH
e e W )
N Cr K )

holds with probability at least 1 — 4.

C.3.1 Controlling the first term in (98)

To simplify notation, let us introduce some additional symbols. Recall that es represents the standard basis
vector in S-dimensional space associated with the s-th component. We define

j-1 / K
di =e, and d] =ef [H (ZafPii’v> forj=h+1,...,H. (99)
r=h \k=1
With these notations in place, for any s € S, we consider
H
Enn [VI(8)] = Eang [Vin(9)] = (eorBanc [Vin] = Enng [Vin]) = D {diaf, ).
j=h

Applying Lemma 10, we obtain

Ernc [V75(5)] ~ Ennc [V7(5)]

H _ K B log(l&S‘Z;‘:%AiKNH) —
<S (23 af - W (Brnc [V150])

j=h k=1
18§, AJKNH
()
N o K
188" . A;KNH
Hlog (Z%) H2log (K%nH)
< +e\|
N K

188> . A, KNH
K log ( i

S {5 i N v L))
j=h k

=1

By applying the triangle inequality, we can further decompose the term of interest as follows:
=
Ern¢ [ iT,rh(S)] —Er~c¢ [Vi,h(s)}

Hlog(wsz;;%AiKNH) 12 log (KSnH
I g (H54)

<
= N Cr K
H | K log (W) —
+ Z d,2 Z alf N \/VarP?k“V (IE”NC |:Vi7j+1:|)
i=h k=1 i
By
H K log (w) ‘ — —

#3023 af 5 B[ [Vorzgs o (Bomc [T]) = Vorgge (Bene [7501))| )

j=h k=1 :

B2
(101)



We then analyze the bounds for the terms B, and Bs separately.

Controlling B;. First, we introduce the following lemma and corresponding inequality to establish control

over the term Y1, af \/Var kT (Eﬁwg {VZJ’HD:

Lemma 12. For any transition kernels Py, ..., P, € RS, and any weight ay, . .., a,, € [0,1] with a; + ...+
am =1, one has

where V' denote any fized value vector V€ RS with 0 <V (s) < H for all s € S.

Proof. Initially, since f(z) = /x is a concave function, we have

Moreover, according to the definition of variance in (33), we obtain that

m m m m
> aiVarp, (V)= a;(Ep, (VoV) = (EpVoEpV)) <> a;Ep, (VoV) (Z a;Ep, v> o (Z a;Ep, V) :
=1 =1

i=1 i=1
where the last inequality holds due to the elementary fact that f(x) = 22 is a convex function. Therefore,

we have proven the result of the lemma. O]

With Lemma 12, we can further control B; with

log (185’ >, A,iKNnH)

=3 (423 of o e (e 7))

j=h !

log (185 >, AiKNnH) H
o =T
< L (M e (e [T]))
log (185 >y AiKNnH)
é —
<2 < HZ <d§L,Var2K LT (EWNC [Vi}j+1})>. (102)

j=h
The last inequality holds due to Cauchy-Schwartz inequality. To further achieve the upper bound of By, we
introduce the following lemma of Z] —n <d{b, Vaer ) kKP,rk v (IEWNC [ijH] ) >:

Lemma 13. Consider any 6 € (0,1). With probability at least 1 — 0, one has

V(h,4) € [H] x [n] : ij<d{L,Var . KPW;@V(]E,WC [V;+1D>

k=1 % L=
j=h v

- - log(msz LAnKNH )
<3H (I?eagc]Eﬂwg {Vi’hﬂ(s)} - mElgIEﬂNg [Vi’hﬂ(s)}) 1+2H N

(103)
Proof. See Appendix C.4.9. O
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Lemma 14. For all (i,h) € [n] x [H], the estimated robust value function Er¢ {V?’h} satisfies the following
inequality:

— . —m . 1
Igleaé(Eﬂwg [VM(S)] - rsnelgEﬂNC {VLh(s)} < min {Ui,H —h+ 1} .

Proof. The proof of Lemma 14 closely parallels that of Lemma 7. Therefore, we omit the details here for
brevity and clarity.

O
Apply Lemma 13 to (102), we arrive at
log (188 zglzléAiKNnH) I ‘ —
Bi <2 N th <d;l’varz§1 ol PTEV (Ew~c {Vi,j+1D>
=
< \/3H2 <1§1€a§<Ew~< [Vi,h+1(5)} - IgleigETrNC [Vi,h-&-l(s)})
log (185 Z:EL=1éAiKN”H) log( 18830, AinKNH)
) | 1+2H 8
N N
185" | AinKNnH n n
O ( K ) SH2mind ~ H—h+1b [1 2H\/ ] e —")
< N min U—i, + + N
H2min{1/0;, H} log (—185 ZLI(;‘“KN"H)
<6 . , (104)

where (i) holds by applying Lemma 7 and Lemma 14, and the final inequality follows by taking N >
4H?log (M)
5 )

Controlling Bs. Initially, with similar analysis as Lemma 8, we have the following lemma:

Lemma 15. For transition kernel P’ € RS and any P € RS such that P € U (P"), the following bounds
are established for all (i,h) € [n] x [H]:

Narp: (Eovc [V]) = Varp (Boe [V1])| < min { o1 = s 1.

K3

With Lemma 15, we observe that

Varggs (Bemc [VE01]) = Voron o (Envc [Vi1])

7 (Vr e (e [P ] ) = Voo (e {v;j+4))|

VarPf’gl (]Efmg [VZjHD = Var v (EWNg {V?’jHD

@5

®

(i)

IN

1

o0

1
Smin{,H—h—!—l} 1, (105)
0i

where (i) and (ii) follows from the definition of matrix notations II7 (cf A.1) and B?k,ﬂf; v (cf A1), and
k ~ ~k 5
the last inequality holds by applying Lemma 15 with P’ = P, ¢ | P = PFV for all (s,a;) € S x A;.

2,8,a4” 1,7,5,Q4i
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Plugging back (105) to (101), it can be verified that

log (185’ Zz‘zléAiKNnH) 4 — —
(o [V (B [T ]) Vo (Bee [P0 ])

log (185’ >, A;KNnH

N

. ) _ )
aff Né <ng, min{ai,H}1>
H2 mm } log (188 E;L:lgAiKNnH)
N

2
I
M=
[\
M=
=

<
Il
>
£
Il
—

IN

M=

3

.
>
i
=

(106)
Consequently, combining (104) and (106), (101) can be bounded by

Erc [th(s)] —Erng [Vgh(s)]
Hlog (w> 17 g (K501
= N N

Hlog (1852 LA KNnH) 72 log(KS[s"H) 2 mm{ 1 H} log (185’2;;16AiKNnH)

< 2 eV s
< N +c K + 8 N

H2min{$,H}log (W)

i

+ B + B,

H?2 log( KS:SnH) 1o

1
K N ; (107)

<e,

where the last inequality holds by taking N > 4H? log <w)

C.3.2 Controlling the second term in (98)

To do so, similar to (99), we define

i-1 / K
wy =e; and w] =e] [H (ZakKPfiv>1 Vi=h+1,--- H. (108)

r=h \k=1

With the above notations in mind, following the routine of (100) gives: for any s € S,

B [V ()] = B [Vi(5)]

log ( 185> | A,;KNnH)

< Z <wh, 5 Z ol = \/VarP?k (Bne [VI,11])

j=h

log ( 185 EizléA,;KNnH )

+ 1+e¢,

N K
Hlog (1852 1 Ag KNnH) 72 log(K%nH)
N o K
188", A;KNnH
i s .
w], 2y af = Varper (Ennc [Vign]) )- (109)

<
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Furthermore, following the routine established in (101), we can decompose the expression as follows:

Ernc [V()] = Ennc [Vin(s)]

185> A;KNnH
g (SE) o
= N o K

185> ™ . A, KNnH
10g< i n

+ i <w£,2§:af N5 ) \/VarP?k (Eﬂwg I:VZ]'+1]>>

j k=1
) 185", AiKNnH -
(<1) Hlog (—5 ) e H2 10&%)
- N K
" . K . log (185’ Z?zléA,iKNnH>
+Z<wi,22ak N \/Varpil;,v (E,,NC [VZ’TJH])>
j=h k=1
Bs
o K log (ISS >, AJ(NnH)
; )
+2 <w 2) o ¥ ¢ Var poi (B [V41]) = Varpor v (Een [%%DD
j=h k=1 i

By

185" A; KNnH
0/ & [og (ST A =
j=h k=1 '

Bs

where (i) holds due to the triangle inequality and the fundamental inequality /Varp(V + V) < /Varp(V)+
\/Varp(V") for any transition kernel P € R® and vectors V, V'’ € R,
Next, we will control the three main terms Bs, B4, Bs in (110) separately as outlined below:

Controlling Bs. Initially, we apply Lemma 12, and we can obtain the following upper bound of Bs:

H K log ( 185 ZLIJAiKNnH>
j=h k=1 Y

log (M) .
6 .
<2 N Z <w;u \/Var K KPfr’f,v (Eﬂ-,\,c [‘/;7,3+1])> )

o
- k=1 % L5
j=h

We further apply Cauchy-Schwartz inequality, and we can obtain that

188> ™ . A;KNnH
log( Doy n

H
6 .
By <2 N ) ) <wfw \/Varsz:laKP’.?kva (Brne [Vifrj+1])>
j=h

k =—i,j

log (w) i
=

In addition, to further bound the term of interest, we introduce the following lemma and inequalities for

Zf:h <w{L,VarE§1 afgi?" (EMC [Vi7,3‘+1]>>-
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Lemma 16. For any joint policy 7, we have for all (h,i) € [H] X [n]:
H .
Z <wi,Var K| oKty v (Enne [ lfrj+1})> <3H (I?EagEWNC [th(s)] — grtéigEﬂ~¢ [th(s)]> . (111)
j=h

Proof. See Appendix C.4.10. O

Lemma 17. For all (i,h) € [n] x [H], the estimated robust value function E . [ fh} satisfies the following
inequality:

. - .1
magi]E,rNc Vi (s)] — IglelélEﬂNC [V, (s)] < min {

ok}

H-nrl.

Proof. The proof of Lemma 17 closely parallels that of Lemma 7. Therefore, we omit the details here for
brevity and clarity. O

Then applying Lemma 16 and Lemma 17 yields

log (w) o
Bs <2 N Z <wh,Var anptY (Ernc [V;’rjﬂ])>
-, log (w) - o o
: N (measx e (VI )] — min B | (s))]
H2wmin {1/0;, H } log (125Xl AN
- N ’ (112)

where the last inequality follows from Lemma 17.

Controlling B, and Bs With similar analysis as Lemma 8, we have the following lemma:

Lemma 18. For any joint policy =, transition kernel P' € RS, and any P € RS such that P € U (P,
the following bounds are established for all (i,h) € [n] x [H]:

1
Varp: (Bnnc [Vi3]) = Varp (Enee [V])] < min {J_, H—h+t 1} .

We apply Lemma 18, and we can directly obtain the following upper bound of By:

I log (185’ ZgzléAlKNnH)
By Z <w}m220‘k N \/‘Varp’fk (Emc [V;Trj-i-l]) Varp?r’“ v (]Emc [‘/173+1D’>

j=h

log (188 > A,-KNnH)

H
<Z<wh,22ak st min{gli,H}l>

H2min{1/0;, H}log (M)
N

(113)

Then the remainder of the proof shall focus on Bs. Recalling the definition in (110), one has

I K log (185’ >, AiKNnH)
. 5 —Tr
<wi, 2 aff N Var pzx (Ew% {Vi,j+1} —Ernc [V;,TjJrl])>
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log (185’ >, AiKNnH

<5 (oo S o B )

1 n A;KNnH
10g< 88> ™, n

<9 N5 ) i:: <wh’

H2log (185’ Zi'zléAiKNnH>
<2 max
N h<j<H

FNC |: 2]+1:| _EWNC [‘/;?:]Jrl} Hoo 1>

Ennc |Vig1] = Eane Wil | _- (114)
Summing up (112), (113), and (114) and inserting back to (110), we conclude

Ervg V()] — Ennc [Vin(s)]

) Hlog(wSZ‘ 15A KNnH I 1og(K55nH . . .
< N K + D3 + Dby + D5

3 Hlog (18521 185 2imy AKNRH KN”H 172 1Og (Ksni) H2min{1/o;, H} log <w>
< = -
2 log (M)
4 g A -
2 N P || {Vi,m_ — Ennc [ViT41] HOO (115)

C.3.3 Summing up the results: upper bound for term A and C
Inserting (107) and (115) back into (98), we observe that

]EW~C [Vf,rh} - Efwc {th”

< max {Eﬁwg [ fh] —Erng [V:Th} Ernce [V;h] —Ernc [Vzwh]}

H2 log (KS(SnH) 2 mm{ H} log (ISS Z?:léAiKNnH) H log (183 Zf’zléAiKNnH)
< — % 1412 1 1
max | C, e + N ; N
18537 , A, KNnH
H?log (E%) . _ H2log (£8nil)
- ) i e [P] e ] B,
. 1 185" | AyKNnH
s H?min{ -, H}log (%) .
N Y
which indicates that
Ere [V7,] = Ene [V? } H 116
pax [Eanc Vi) < Vinl| (116)
2 log(KS"H) H2 min { } log (1852 LA KNnH) Hlog (188 Z;'ZléA,;KNnH>
<eop|| ———— + 12 -
K N N
H2log (185’ Z;‘ZléAiKNnH) -
oo T o [P - B 10




) | H2log(KSni) H2 mln{ }1Og (M)
< 0 o

o\ ——mM—= + 12
<c K + N
185", A;KNnH
s (BEREERE) [Bac [750] ~ Eune [V
ma T~ i - L~ i
N Q}LE[I?I(] < bh ¢ LVin S
L, 2 ]Og(KSénH) " H2 mm{ H} log (1852 LA KNnH) 2H log (185’ Zzl:l(sAiKNnH)
= e K + N + N

(117)

where (i) holds when N > 4H?log (M>, and invoking the basic fact that E .. {V;HH} =
Ernc [V

/L7

* T *%;777—1,
EWNE [‘/;h } _Ew~§[ ih }

H+1] = 0. With (117), we can achieve the following upper bound on term A and term C":

2 log(KSé”H) H2 min { H} log (1852 1 As KNnH) 2H log (188 Z[;L:léAiKN7LH)
<2\ ——————1+24 z 1 1
< 2c i74 + N + N
(118)
Ewwg [Vlh:| - En~§[ ZTh]
H2 log( KS(;LH) H2 min { H} log (1852 1 As KNnH) 2H log (188 Z[;L:léAiKN7LH)
<2\ ——————1+24 z 1 1
< 2c i + N + N
(119)

C.3.4 Summing up the results
Summing up the results in (118), (93), (119), we can achieve the upper bound of our target:

1.

) H3 logB(M) g2 log(KS”H)
*, T4 5 5
E. ¢ Vi ] - E. g vin < 360b\/ I 1+ 4e, #1
4H log (w) Joe min{i’ H} log (M)
1448 z
+ N + ¥

Therefore, there exists a constant C', such that when N and K satisfies:
1 1855 A, KNnH\ 1

N >CH?’min{ —— H } log 2zt n —,
ming <;<n 0; 1) €2

we achieve max;en B¢ [Vl*lﬂ’} -E, ¢ [V[ﬂ < €1 with probability at least 1 — . Therefore, the total
number of samples we need is at least

KSS A.H
K > CH?log® <SZ%—1 : >1

5 =

n

Nay=HSY KN = o(smaXKK"AH min{ 1 H})

i—1 64 ming <;<n 0;

Thus, we finish the proof of Theorem 2.

C.4 Proof of auxiliary lemmas
C.4.1 Proof of Lemma 4

Before proving Lemma 4, we first introduce the following lemma regarding the properties of the learning
rate.
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Lemma 19 (Li et al. (2023, Lemma 1)). For any k > 1, one has

k
ap =1 Zak =1 max af < M. (120a)
’ k ’ 1<i<k k

In addition, if k > colog K + 1 and ¢, > 24, then one has

1
< — 120b
121311(/205’ K6° (120b)

We will now prove the lemma with induction argument. Initially, the base step H 41 trivially holds true,
since we have

T7 T75T—i
Vigy1=E__¢ {Vi,l7;+l} =0.
Next, we assume that the lemma holds for step h + 1, namely
17 T —i
Vinyr 2 B¢ [Vi,ZH]

and attempt to justify the validity of Lemma 4 for step h. Let [ denote [, = —qf,h(s7 -),Vk > 1, then the
update rule of Algorithm 2 can be viewed as the FTRL algorithm applied to the loss vectors {Ix}re[x]
According to the definition of {1y }rex) and {au }re[x], We have

2
Nk ag k—24cylogK k—1 9
_ _ > —1- 1— ag)?. 121
<nk+1> a1 k—ltcalogK ~ k—1+calogk o > (1 —ax) (121)

This property (121) permits us to invoke Theorem 3 to obtain

K

maX Zak Qz h S, al Zak z,h?qzk,h(& )>

where 7, 5, is defined as

5 a 1
n,hzgafn2||q;huio+{z e Y L AN 3)}+3a1n2||qmu (122

k

According to the definition of {a}< | and {n;}_,, we have the following fact:

Jlog K 1 1 .
l—ap=1- Co log K > {1 - lj-caO?)gK — T+ca logK 2 2¢q log K if k> 2, (123a)
- o K ]. s
k—14cqlogk K/g+coflog1< K+20a10gK T ifk>K/2+1,

log K log K g log K 2¢q, 1og K
T 123b
Tk = \/ w1 H apH Ak ( )

K K .
Therefore, we can re-control maxq, e 4; Y p—y @K g, (s,a;) — > oy ol <7r2’?h, ak (s, )> with

K

K
max > oy ql (s, a:) Z (TEns din(s,)) (124)
k=1 k=1

a; €A,

45



5 N log A
K TIECk k i

\% rrrk s (Qi S, ) Ti.h
3 ]; 2ak 1 i a n(s) ,,h( ) 1

M 52 (2c0) Pl0g? K
<3 oy Varge )(qzh( ))
3= vVkH '
Cy
20 K K [ Ca log2 K k log A;
T3 Z W\ g Varzs (s) (Qi,h(sa )) + + Tih (125)
k=K/2+1 &f_l/ \c;/
Co
Now we separately control the four terms Cy,Co,C3 in (125).
e For term C;, we have
K/2 K/2
>0 M K o (abn(s.0) <0 A K var ) (dhats)
k=2 kH o ’ = K° " 7
K/2 372702 - K/2
<3 el = TR
AN SR R
2H5/2log K 2H3/?log? K
ST'\/K/QST, (126)

where the third inequality holds due to the elementary bound qu n(8,9) HOO <H.

log A; H 2¢o H log? A,
OB og Ay | oK <y [T 08 S (127)
NK+1 log K

where the first equality holds due to the definition of ng 1.

e For term Cy, we have

e For term Cs, we initially have

ZCalog
8c3 H1 K
Tl < Y H = T log. (128)
QCalogK

Clearly, the right-hand side of (128) is upper bounded by 1/3 for all k obeying k > coH? log* % for some
large enough constant cg > 0. Consequently, one can derive

5 1
Ti,h=304{<772”q1'1,h||io+{ Z nkak 2“ zhH 1<1nkak H h” 3)}+3a1 772quh||
k=
c 210g45
logK 2¢q log K o ’ 3 logK
< 2K —( 5K $s S el b+ s B,
k=2

24c3 log* K 3
<My )
24(:3H310g K 1

< 6 < =1

(129)

where the second line comes from (123) and the fact that K/2 > coH log* % .
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Combining previous three items, we can obtain that

K
k
(gleaz 1;710% q;, n(s,ai) E 0% z,h?qi,h(sv ')>

K 2
5(204)'° 2H3/?10g? K 20 [cqlog? K X L 2c,Hlog? A; 1
S 3 . K5 + ? 7KH k_KZ/2+1 Olk Varﬂ.;c,h(s) (qi,h(s’ )) —+ K + K4

Co, log caHlog3(KAi)
S 10 T Zak Var k (s) (q1 h( )) + 2 ?, (130)

According to the definition of qz’f »(8,a;) in the update rule of Algorithm 2, we have

K |k y y
max o |rin(s,a) + inf PV; o Bonk (s S, a; inf PV;
aiEAig k [ 7h( ) PEUUi(th \s,a; e Z k i~ #(®) [ ( ) ’PEZ/I"z(th s,a; e

K
K
_anleaxqzaquhsa’b Zak <7T’Lh7q’Lh >
calog® (K A;) caHlog? (K A;)
<10 T KH Zak Var, L (s) (qz n (s, )) +2 - Kk Bin(s)

Moreover, according to the induction hypothesis, we have for all s € S

K
=k, —k, T,
E A{vrh 1(5)} = max S of |rF,(s,a)+  inf  PE A[V-’h ;}
e aiEA"’; v PeUTi (P, . ..) et S
K
K |,k >
< max o | (s, a;) + inf PV ha1
T a;€A; ; k Z’h( ) @i) PeUi(Pk, . .. Lt

IN

K
Zo‘fanwiﬁh(s) [rﬁh(s,ai) + inf P‘/}Lhﬁl’»] + Bin(s)

o; ( Pk
Pt PeUi(PE, )

< Vin(s).

Thus, we finished the proof of the lemma.

C.4.2 Proof of Lemma 5

We will prove the lemma with induction argument. Initially, the base step H + 1 trivially holds true, since
we have

Vi,H+1 =E_ - {VZHH} =0.

ik

Next, we assume that the lemma holds for step h + 1, namely
Viht1 = E,wg [V?,hﬂ] .

According to the definition of \A/Lh and E__ = [Vzh], we have

E,.¢|Vin(s)] =iaflEaM £0(9) [ o)t ol PR [V;ﬁhﬂﬂ
k=1 sva
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PeUi (Pk

ish,s,a;

K
< Z Oéi,{Ea,;wﬂ'fyh(s) [Tﬁh(57 ai) + inf ,P‘/i,h—i-l
k=

Peui (PF + Bin(s).

ivh,s,a;

K
<D Bt ) [riih(&ai) + inf PV

Since, we also trivially have E__ ~ [V:h(s)] < H — h+1, we can deduce that for all s € §
E, ¢ [Vzh(s)}

K

: K k ; %

< min {Z ay Eg, ok, (s) lri}h(s, a;) + - MleI}’f; PVint1
1 & 1,( H

ihys,a;

+ Bi,h(s), H—-h+ 1} = ‘//\Yiﬁ(s).
Thus, we finished the proof of the lemma.

C.4.3 Proof of Lemma 6
Recall that for all s € S, bonus term f3; ,(s) is defined as

1 3 KSZ;L:lAi
Bi.n(s) :Cb\/ %8 Kf; )

M=

ok {Varﬂf,ms) (aFn(s,) + H} (131)
k=1

For any k € [K], we have the following inequality for Var .« (|, (qf L (8, ))
Var"";c,h('|s) (qzk,h(sa ))

< 2Var (4 (s,7)) +2V SO | 8 Wi ()
s OB RENACE arzk, (]s) ih 8 18 )Vint1($

2
(i) ~nk T ~ ~ ~pk ~
<242 Y whylai| )P (s ) (V’%h+1 o %,h+1) - < > abuai [ )P Svaz‘)Vi,hH)

a; EA; a;€EA;

= 2+2<€S,Varﬁwk‘\7‘//\;‘,h+1> . (132)
=—i,h
where es denotes an S-dimensional standard basis supported on the s-th element, and (i) holds due to the

P v
elementary fact that < 1 and ‘P:gi (s' | s,a;)

rﬁh(s,ai) <1 for all 5,5’ € S,a; € A;. We insert the

result of (132) back to (131), and rewrite the result in vector form, we can achieve that

log? (K5t "
Bi.n < 3cp KH6 (H -1+ Varﬁzl;,oVi,hﬂ)

C.4.4 Proof of Lemma 7

To prove Lemma 7, we start by analyzing the value function of policy m under uncertainty set o;. We first
establish bounds on minges E__ ¢ [th(s)] :

minE,_¢ [V7,(5)]
K
= gg}slz ap an‘,’\‘ﬂf‘h,(s) [rﬁh(S, ai)] + Eaiwgh(s) » inf PE, . ¢ {Vi,hﬂ(s)}
k=1 'PEL{“z <P7‘,k,h,,s,ai>

> glelg ]Eﬂwg [Vi,thl (5)} .
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This follows from the robust Bellman equation (13).

Next, we examine maxses B¢ [th(s)}

maxE_ - [V:h(s)}

seS T £
K
= maxZakK Eai“’”kh(s) [Tﬁh(s’ai)] +Ea¢,~ﬂ"."h(s) inf PEﬂNg [Vi,h-&-l(s)}
sES Pt ih i, Pelci (Pik,h,,s,ai>
K
<1+Y of  max inf  PE A{V? s } . 133
kz::l k (5,a:)ESXA; | peyyos (P::lal) w~E z,h-‘rl( ) ( )

We now construct an auxiliary distribution vector P}’L’S’ai € R by strictly reducing some elements of
P’ such that:

h,s,a;
/ k k / / ! / k
0< Ph7s,ai < Pi,h,s,ai and Z I)i,h,s,ai (S ) - Ph,s,ai (S ) = HPh,s,ai - Pi,h,s7ai 1= Oi- (134)
s’eS
Let esr, denote the standard basis vector supported on s7,. We can show:
1 / T k 1 / k 1 T
9 ‘ thsyai +0; [651%} - Pi,h,S,az‘ < 9 ||Ph>5»a1i - Pl}h,S,ai 1 + D) gi {esf,h} < i, (135)
1 1

where the first inequality follows from the triangle inequality of the total variation distance.
From (135), we conclude that:

inf  PE, ¢ Vi
Peui (P'Lk,h,,s,ai

T —
< (Pi/z,s,ai + 0 |:es;h:| ) IE-,‘—NE I:Vi7h+1:|

(136)
< ||P}/L,S,ai 1 ‘ E g [V:,h-&-l} HOO +olk ¢ [V;T,hﬂ(sf,hﬂ)}
<(1-o0y) Iglea;(Eﬂwg [Vi,hﬂ(s)} +0; gi‘rleﬂwg [Vi,hﬂ(s)} .
Substituting (136) into (133) yields:
maxE,_ [Vi,h(s)} <1+(1-0)maxE,_ ¢ [Vi,hﬂ(s)} +oiminE,_¢ [Vi,hﬂ(s)} . (137)
Combining (133) and (137) gives:
maxE, ¢ [Vin(s)] - minE, ¢ [Via(s)]
<1+ (1-o0y) (Igleagc ]E,wg |:Vi,h+1(5)} - Tsrgg E,,Ng {Vi,thl(s)})
<1+ (1—-0y) [1 +(1—o0y) (Iglea‘;(]Eﬂ,Ng {V;h+2(5):| - 1;%1‘181 E. g [V;T,h+2(5)] )]
1—(1—g)=" 1
S...S%_fl (138)

0; 0;
Combining this with the basic fact that max;es E__¢ [VZh(S)} —minges B¢ [V:h(s)} <H-h+1, we
complete the proof.
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C.4.5 Proof for Lemma 8
We introduce the following notation for the value function at time h:

span

Vhe [H], V;,

= ETK‘NE |:Vzh

(s)} — glelg Eﬂwg [V;h(s')] , (139)

which normalizes the value function VZ n- This definition leads to the following bound:

span

“‘/1 h

1
Smin{,H—h—Fl}, (140)
o g;

a result derived using Lemma 7. With this notation established, we now consider any transition kernel
P’ € R¥ and any P € R® such that P € Y7 (P’). For all (i, h) € [n] x [H], we analyze the variance difference
between the value functions under these kernels:

Varp: (B, ¢ [VIa]) = Vars (B, [V7a]) | = Vare: (V") = Vars (V) |

span

<P, v

2
1
<o (min{,H—h+1}) gmin{,H—h—i—l}.
0 0

(141)

C.4.6 Proof of Lemma 9
Analogous to Appendix C.4.9, we introduce some auxiliary values and reward functions to control

H

; —Tr

3 <b§l,Var ot (B, {VMHD>

]:h k=1
as below for any time step h and agent i.
Definition 3. For any time step h € [H] and the i-th agent, we denote Vzﬂn =mingesE__& {V:h(s)} as
the minimum value of all the entries in vector B __# {V?h} . We further define V;l =E ¢ [V;T,h} -V, as
the truncated value function. Eventually for reward function, we define 7‘?’,11“ = Zi;l O‘k:KEaa,Nﬂﬁih Tﬁh(-, a;) +

(sz_nl Vh ) 1 as the truncated reward function..

Then applying the robust Bellman’s consistency equation in (13) gives

v, -E, ¢[77] - VI S oK, ety a3 ol P E [v;ihﬂ} vy
k=1 k=1

K
Z Bojmmt, 73, Pn(sai) + (VZ:I:; mm) I+ Z af P h h+1 (142)
_ =min + KPTr Vv/ 143
=Tih 0% o5 n h+1- (143)

The above fact leads to

Var K xprh ¥ (Ew~§ [Vz}thlD

=—i,h

0
= VAl xprh T (V’” 1)
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K — K K
~7k )V Aw V— A7r V—y
= ZakKB (Vh+1 ° Vh+1) - (Z KPPy Vi) o (Z KPPy Vi)
k=1 k=1 k=1
where (i) follows from the fact that Var «pt v(V —=bl) = Var «p v (V) for any value vector
Zk 1 k —7 sh Zk 1 k —1 sh

V € R® and scalar b. According to (143) and (13), we have

Aﬂ- V 7n11n 02
ag P, (Vh+1 o Vh+1> (Vh Tih )

Mw

Varg s et (Boe [Vina]) =
Ek 1of P WY T~ bht1

=—i,h

k=1

kv [ — _
E (Vh+1 ° Vh+1) —V9poVy,+2V, o — ri“ﬁ“ ° r;nilzn

G

i
I

IA
=
o
=%
I~3)
=03
<

— — —/ =/ =2
(Vh+1 ° Vh+1) = V5oV +2[[Vy e,

=
Il

1

where the last inequality arises from 7% < Y7 oFE, vk, (- a;) < 1 since Vi, — VM < 0 by
definition.

Consequently, combining (155) and the definition of b{b in (99), we arrive at

M=

<b{L,Vaer LakKPTY (Eﬂ~§ [VZjHD >
() (ZO‘ B (Ve Vi) =V, +2|V’h||oo1>
[( ) (Z akKﬁzThv ( j+1° V_]-‘rl) —V; OV;)

where (i) and the last inequality hold by the fact HV;LH > HV;LHH > > ‘ v,
to basic calculus, we have - *

h

<.
Il

I
Mm

h

J

—~
=
=

M=

2K HW
oo

h

J

. Further according
oo

M=

(gt (ec[7)

5 '(b;flf (Vs oTh) - )7 (75075)] 20 |7
|

h
0 Vi o Vi | 227
oo o

<.
Il

IN

IN

3H ‘ v, (144)

C.4.7 Proof of Lemma 10

. S . 7E LV SRRV . .
To prove the inequality involving PZT,; 7V oand P;Th‘ V', we start by analyzing the absolute difference
between these terms:

Ak

PV - Hh;’aV’= inf PV — inf PV
=k ok
PeU (Ph;jai) ’peual< i )
g Ea 7k ax [ph%ki .[V]a — 0y (Oz — min[V]a(s/D}
i~ h a€[ming V( 5),maxs V(s)] Ly S,

o1



~zk
-E - max [Pi,h;ai Ve — i (a - m'}n[V]a(sl))] ‘

uiNﬂ"k’h’ a€[ming V(s),maxs V (s)]
7k ~zk
< ]Eai,w%.' max h,s,ai[ ]04 - i,h,é,ai [V}Oé ) (145)

k
“h a€ming V(s),maxs V(s)]

where (i) follows from applying the robust Bellman equation (13), and the last inequality uses the fact that
the maximum operator is 1-Lipschitz.

~k k.
Next, we apply Bernstein’s inequality to bound the difference between P;LT v, [V]a and P:,;; o, [V]a for
fixed a, k, and (s, a;). With probability at least 1 — &, we have:

Pl WV]e—Po V]l <

h,s,a; i,h,s,a;

(146)

To extend this bound to all (s, a;), we use a uniform bound over an e1-net for a. The net size | N, | < %
allows us to apply the union bound:

~k =~k =~k ~k

PistaVlo = Bla Vla| < mac \PLC, Vi = Bl V]| +21
[0 e1
2log (2327:1f;i|N€1\Kn) 2H log (252;1:1131.“\[5”[(")
< Ve—
) N arPZE,’;.( )" 3N +er
2log (M) Hlog (w)
< N Var :Ea (V) + ~ ’ (147)
H log (25Xl AN
where the last steps use that ¢; = —~ and |N..| < 9N.

Inserting this back into (145) gives:

L 210 (25D AN Hlog (222imANIn)
P —i vV — P. —i’ Vi< Var #k \%4 + 1
i T ‘_ ~ Phg-( ) N
2 log (25 ZimAKn)
<3 L.

- N
This completes the proof by showing that the bound holds uniformly over all (s,a;) € S x A;.

C.4.8 Proof of Lemma 11

Before proving Lemma 11, we first state a modified version of the Freedman inequality for martingales, which
is crucial for our analysis.

Theorem 5. Suppose Y, = > }_, Xj, € R, where {X}} is a real-valued scalar sequence such that
| Xk <R and EXy | {X;}j<k] =0 forallk>1
for some constant R > 0. Define

W= B [X7],
k=1

where E_; denotes the conditional expectation given {X;};<r. For any k > 0, with probability at least 1 -9,

the following holds:
3 3 2 3
Y| < \/8W, log% +5Rlog§ < KW, + (H +5R) log 7” (148)
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Proof. Suppose deterministically that W,, < o2 for some o2. According to Li et al. (2024), with probability

at least 1 — 9, we have
2 2K 4 2K
Y, < \/Smax {Wn, ;’K} log =5 + 3 Rlog =

for any positive integer K > 1. Utilizing the trivial bound W,, < nR?, set 02 = nR? and K = log, n. Then:

4logon 4 4logyn
——+ -RI
5 Taftle;

< \/SWnlog?? + \/SRzlog?? + %Rlogg—n

3 0
<4/ 8W, log 5 +5Rlog 5

where we used 4log, n < 3n for any integer n > 1. This establishes the first inequality in (148). The second
inequality follows from the elementary inequality 2ab < a? + b2. O

[Y,| < \/8 max {W,,, R?} log

To prove Lemma 11, we apply Lemma 5. Define

2¢cq log K
= e of (REu(6) o) < { s off s [RE )bl | < 22225
where the first line uses Lemma 19. We further define
K
Wi =Y (af )?Vary sy ((7F(s). 751 (s.)))
k=1
K
K ~k k
< {;ﬁg?j}é Qg } {; ay Varp k-1 (<7Ti,h(5)77"i,h(5, )>)}
K
2¢y log K
< Tg ZakKVarh,k—l(Tﬁh(S)%

k=1

where we use variance operator Vary, ,_1[-] to denote the variance conditional on what happens before the
beginning of the k-th round of data collection for step h. Applying Freedman’s inequality (Lemma 5) with
K log(K/d), we obtain

log3 (5) K 1 10cq log K 3K
< 2¢, T‘; kz::akaarh,k—l (rfh(s)) +(2 Klog () + % log (5>

log” (& us log (3K
<2, MZQ?Varh,k,l (rf’h(s))+4 %7

with probability at least 1 — §. Taking a union bound over all s € S, there exists an absolute constant c,
such that

log(KS/0)
S Cr Tl

Zak

zh
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C.4.9 Proof of Lemma 13
In this section, we want to take the accessible range of the robust value function E..¢ [V;T j +1} into consid-

AV
Zklk;’r

eration when controlling Zf:h <d{l,Var v (EﬂNC [sz +1D>. Towards this, we introduce some
auxiliary values and reward functions as below.

Definition 4. For any time step h € [H| and the i-th agent, we denote Vr,?in = minges Erc¢ {V? (s)} as
the minimum value of all the entries in vector Ey¢ [V?h} We further define Vh =Er¢ [V } V" as
the truncated value function. Eventually for reward function, we define 7" = Ek LR E,, R, fh( ,a;) +

i,h

(Vzlfl V;Ln ) 1 as the truncated reward function..

With above notation, we introduce the following fact of V;I:

V), =B [V ] vty

=Y af By ae rh Zak zh’ Ern¢ [Vf,hﬂ] Vi
k=1
K

=3 Of By, il +zaz‘zﬂ VEen [TEi]
k=1 "

K
K K pn*,V ey —min

+<Zak f1h Zak Elh ) T~ {Vi,hﬂ] Vi 1

K
:ZakK]EaLNﬂ'k Tfh( i)+ (Vh+1 Vh)

k=1
K . K Sy K L
K p7 Vi Kpro K pn",V Evdd
+ Z o Py Vi + (Z a Py — Z o Py, )EwNC [Vi,h+1]
—1 k=1 k=1
K . K V K .
—min K pno, V17 K ~7* K prt,V 77
=Tin T Z ap Py Vi + ( o P - Z a Py, )]vaq [Vi,h+1:| ) (149)
k=1 k=1 k=1

where (i) holds by the robust Bellman’s consistency equation of Er ¢ [V } With the above fact in hand,

we control VarZK WK PR (E,WC [Vi,h—s-lD as follows:
k=1

k—zh

Varss g prt? (EN {V@hHD

®
DVarg e pet (V,M) (150)
- K pr®V (17 k7 - K p7t v a K p7t Vi
=) o By (Vh+1 o Vh+1) Z Ly, Vh+1) (Z Ay BTy Vi),
k=1 k=1 k=1
where (i) follows from the fact that Varc, . = v(V —bl) = Var o v (V) for any value vector
=1 g £y il e PYy

V € R® and scalar b, Additionally according to (149), we have
ngy e (B[]
K

K K
7k —min ~7FV kv p—— 02
Z Pz h Y (Vh+1 °© Vh+1) - ( —Tin — (Zaffz ho T Z afﬂuh V)]Ev'r»\«( [Vi,hﬂ} )

k=1 k=1 k=1

54



i B:hv (Vh+1 OVh—H) —V;L OV;L JrQV;l o (?f}l,n + (ia : ZozK]yr V) Tl {V:le} )

k=1 k=1
—min =z K K pr* vV Ly °2
- (ri,h + (Zak Za r;, ) LS [Vz‘,hﬂ} )
k=1

Furthermore, we have

Varss aperh ¥ (Banc [Vin])
o K pat vV - T T min 7" WV < K prtV byl
:Z szh (Vh+1°Vh+1>_VhOVh+2Vh ( Tih +<Za Py _Zakﬂi,h )Eﬂ% [Vi,thl})
k=1 k=1
K V K 02
_ w7 o
(7“1 h (Z akKH h Z Ak Pz h )EWNC |:Vz h+1} )
=1 k=1
1) K =k —/ — —/ K ~7k K —
< Zafﬂzhv (Vh—H °© Vh+1) —VyoVy+ 2||Vh||oo(1 + ‘(Za b h’ - Z KPZT}LV)]EWNC [Vi,h+1} D
k=1 k=1 k=1
(151)
K . H2log (185 ZLIJAMHNK)
K o7tV (v —/ —/ = —/ ,
<> ol PLY (Vi 0 Vi) = Vi o Vi + 2 Vall 1+ 61V oo L (152)

L N )
k=1
holds with probability at least 1 — &, where (i) arises from r%" < SR al anﬂk rip(ai) <1 since
Vmit — Vpmin < 0 by definition, and the last inequality holds by Lemma 10. Finally, combining (152) and
the definition of dJ, in (99), the term of interest can be controlled as
H

3 <d{1, Varg e petv (Ennc [V7 ] )>

j=h

H?log (M)

H

7k Vv —/ =/ —/ —/
ST Z oA BTV (Vs 0V ) = V5 0 V5 4 207 ool + 6117 o 1
j=h

Pt N

i

5 o (Eotes” (o) 7,07

j=h =

—
=

—
+ 2H[|Vlloo

= log (M)
2
+GH[V oo

N

where (i) holds by the fact [V}, ]loo > [Viiilloo >

<> ||VIHHC>O With further basic calculus, we can finally
obtain that

H

3 (hVorsg s (5[0

i=h

log ( 188 Zf’zléAmHNK)

i (T (Vi o Vi) = )T (V5 075) | 4+ 20V loe + 612V o

N

lo

— — —/ —/ o
<, [T 0 Vo] + 2817l + 6577 1

N
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188" AinHNK
log( Zl:l(; “ )

—/ —/
§3H||Vh||oo+6H2||VhHoo N

log (18SZ LA nHNK)

—
=3H||V,|leo | 1 +2H ,

[Ville | 14 -
C.4.10 Proof of Lemma 16

Analogous to Appendix C.4.9, we introduce some auxiliary values and reward functions to control

H

> (wh Vorgy ppot (Brnc [V)) )

j=h
as below: for any time step h and the i-th agent
Definition 5. For any time step h € [H| and the i-th agent, we denote V™ := minses Ernc {Vlfh(s)] as
the minimum value of all the entries in vector By [ ”} We further define V; = Cly — Vminl as the

k
truncated value function. FEventually for reward function, we define rmm = Zk 1 ozk a1Nﬂ.k 7‘1 wiGhaq) +

(V,:"j_”f Vimin) 1 as the truncated reward function..

Then applying the robust Bellman’s consistency equation in (13) gives
K . K .
Vi = B [V = v = 3 ofo T4 3ol P B [15] - v
K ~k
= > ol el + (V] - Vi) 1+ Z of PV (153)
k=1

~k
= e Z af PTG (154)

The above fact leads to

m,04
K axphY (E’WC [VMHD

/
= Var K pr (Vh+1)
k=1

K K K
_ 7V K pat, v K prk, v
= Bz h (Vh+1 ° Vh+1 Z kL Vh+1 °© (Z KLy Vh+1)

k=1 k=1 k=1
(i) i K p7* v / / / in) ©2
P k) min
= Z Qg Bi,h (Vh+1 o Vh+1) - (Vh —Tin )

k=1

K min min min
aszh Y (Vigr 0 Viar) = Vi o Vil + 2V o r — rii2 o ity

M

<3 ol PV (Vi o Vi) = Vi o Vil + 2 Vi, (155)

b
Il
—

where (i) follows from the fact that Var V —bl) = Var i prtv (V) for any value vector

ZkK 1 KPZVIZ V( Zk 1 ¥ —i,h X
V € R and scalar b, (ii) holds by (154) and (13), and the last inequality arises from it <l < 1 since
ymin — ymin < ( by definition.
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Consequently, combining (155) and the definition of wfl in (108), we arrive at

M=

(uh Vary gt Eeve [V55D))

<.
Il

AT
M=

h k=1

ECH
Il

K
(“’i)—r (Z OékKEi,j’V (Vj/+1 ° Vj/+1) —VioV/ + 2|V}{||001>

~
=
=

e

+2H[[V, [l
h

K
. %k
[(wi)T (} ol PV (Vi o V) = Vo V)
k=1

J

|
<Mm

~
Il
=

[l ™) (Ve Vian) = )T (v 0 V)] + 2 Vi

||w£1+1||1 HV1£I+1 0 V1£1+1 Hoo + 2HHVh/Hoo
3H ||V oo, (156)

where (i) and the last inequality hold by the fact [|V]loc > [V} 1lloc = -+ > |Vl and basic calculus.
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