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Abstract

In offline reinforcement learning (RL), the absence of active exploration calls for attention on the
model robustness to tackle the sim-to-real gap, where the discrepancy between the simulated and deployed
environments can significantly undermine the performance of the learned policy. To endow the learned
policy with robustness in a sample-efficient manner in the presence of high-dimensional state-action
space, this paper considers the sample complexity of distributionally robust linear Markov decision
processes (MDPs) with an uncertainty set characterized by the total variation distance using offline
data. We develop a pessimistic model-based algorithm and establish its sample complexity bound under
minimal data coverage assumptions, which outperforms prior art by at least O(d), where d is the feature
dimension. We further improve the performance guarantee of the proposed algorithm by incorporating a
carefully-designed variance estimator.
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1 Introduction

In reinforcement learning (RL), agents aim to learn an optimal policy that maximizes the expected total
rewards, by actively interacting with an unknown environment. However, online data collection may be
prohibitively expensive or potentially risky in many real-world applications, e.g., autonomous driving (Gu
et al., 2022), healthcare (Yu et al., 2021), and wireless security (Uprety and Rawat, 2020). This motivates the
study of offline RL, which leverages existing historical data (aka batch data) collected in the past to improve
policy learning, and has attracted growing attention (Levine et al., 2020). Nonetheless, the performance
of the learned policy invoking standard offline RL techniques could drop dramatically when the deployed
environment shifts from the one experienced by the history data even slightly, necessitating the development
of robust RL algorithms that are resilient against environmental uncertainty.

In response, recent years have witnessed a surge of interests in distributionally robust offline RL (Zhou
et al., 2021b; Yang et al., 2022; Shi and Chi, 2022; Blanchet et al., 2023). In particular, given only historical
data from a nominal environment, distributionally robust offline RL aims to learn a policy that optimizes the
worst-case performance when the environment falls into some prescribed uncertainty set around the nominal
one. Such a framework ensures that the performance of the learned policy does not fail drastically, provided
that the distribution shift between the nominal and deployment environments is not excessively large.

Nevertheless, most existing provable algorithms in distributionally robust offline RL only focus on the
tabular setting with finite state and action spaces (Zhou et al., 2021b; Yang et al., 2022; Shi and Chi, 2022),
where the sample complexity scales linearly with the size of the state-action space, which is prohibitive when
the problem is high-dimensional. To expand the reach of distributionally robust offline RL, a few latest works
(Ma et al., 2022; Blanchet et al., 2023) attempt to develop sample-efficient solutions by leveraging linear
function approximation (Bertsekas, 2012), which is widely used in both theoretic (Jin et al., 2020, 2021; Xiong
et al., 2023) and practical (Prashanth and Bhatnagar, 2010; Bellemare et al., 2019) developments of standard
RL. However, existing sample complexity is still far from satisfactory and notably larger than the counterpart
of standard offline RL (Jin et al., 2021; Xiong et al., 2023) with linear function approximation, especially in
terms of the dependency with the dimension of the feature space d. Therefore, it is natural to ask:

Can we design a provably sample-efficient algorithm for distributionally robust offline RL with
linear representations?

1.1 Main contribution

To answer this question, we focus on learning a robust variant of linear Markov decision processes in the
offline setting. Throughout this paper, we consider a class of finite-horizon distributionally robust linear
MDPs (Lin-RMDPs), where the uncertainty set is characterized by the total variation (TV) distance between
the feature representations in the latent space, motivated by its practical (Pan et al., 2024) and theoretical
appeals (Shi et al., 2023). The highlights of our contributions can be summarized as follows.

e We propose a distributionally robust variant of pessimistic least-squares value iteration, referred to as
DROP, which incorporates linear representations of the MDP model and devises a data-driven penalty



function to account for data scarcity in the offline setting. We also establish the sub-optimality bound
for DROP under the minimal offline data assumption (cf. Theorem 1).

e We introduce a clipped single-policy concentrability coefficient C, > 1 tailored to characterize the
partial feature coverage of the offline data in Lin-RMDPs, and demonstrate that DROP attains e-accuracy
(for learning the robust optimal policy) as soon as the sample complexity is above O(C*, d*H*/€?) (cf.
Corollary 1) Compared with the prior art (Blanchet et al., 2023), DROP improves the sample complexity

by at least O(d).

e We further develop a variance-weighted variant of DROP by integrating a carefully designed variance
estimator, dubbed by DROP-V. Due to tighter control of the variance, DROP-V exhibits an improved
sub-optimality gap under the full feature coverage assumption (see Section 4).

See Table 1 for a summary of our results in terms of the sub-optimality gap.

Algorithm Coverage Sub-optimality gap
Blanchet et al. (2023) partial Cl*cllj}“

DROP (this work) partial \/@

DROP (this work) arbitrary VaH Zl 1 Z}L 1 Pelgf})%())Ew Pllois; a)Lill(a,) -

d H
DROP-V (this work) full VA Y e Bre plloi(s ) Lill sy

Table 1: Our results and comparisons with prior art (up to log factors) in terms of sub-optimality gap, for
learning robust linear MDPs with an uncertainty set measured by the TV distance. Here, d is the feature
dimension, H is the horizon length, K is the number of trajectories, C7, Cr, € [1, 00) are some concentrability
coefficients (defined in Section 3.3.1) satisfying C%, < dC}. In addition, P?(P°) denotes the uncertainty
set around the nominal kernel P°, ¢;(s,a) is the i-th coordinate of the feature vector given any state-action
pair (s,a) € S x A, Aj, and X} are some sort of cumulative sample covariance matrix and variance-weighted
cumulative sample covariance matrix, satisfying HA, ' = (X5)~!

1.2 Related works

In this section, we mainly discuss works that study sample complexity of linear MDPs and robust RL, which
are closely related to this paper.

Finite-sample guarantees for linear MDPs. Considering linear function approximation in RL, a
significant body of works study linear MDPs with linear transitions and rewards. Focusing on offline settings,
Jin et al. (2021) proposed Pessimistic Value Iteration (PEVI) for offline RL with finite-horizon linear MDPs,
which incorporated linear function approximation together with the principle of pessimism (Rashidinejad
et al., 2021; Li et al., 2024; Shi et al., 2022). However, the temporally statistical dependency arising from
backward updates leads to an O(\/&) amplification in the sub-optimality gap with comparison to the lower
bound (Zanette et al., 2021). Subsequently, Min et al. (2021) and Yin et al. (2022) attempted to address this
gap. The near-optimal sample complexity in Xiong et al. (2023) is achieved by applying variance estimation
techniques, motivating us to explore variance information for robust offline RL. Beyond these works, there
are many offline RL works that investigate model-free algorithms or the infinite-horizon setting that deviates
from our focus (Zanette et al., 2021; Uehara and Sun, 2021; Xie et al., 2021). In addition to the offline setting,
linear MDPs are also widely explored in other settings such as generative model or online RL (Yang and
Wang, 2020; Jin et al., 2020; Agarwal et al., 2023; He et al., 2023).



Distributionally robust RL with tabular MDPs. To promote robustness in the face of environmental
uncertainty, a line of research known as distributionally robust RL incorporates distributionally robust
optimization tools with RL to ensure robustness in a worst-case manner (Iyengar, 2005; Xu and Mannor,
2012; Wolff et al., 2012; Kaufman and Schaefer, 2013; Ho et al., 2018; Smirnova et al., 2019; Ho et al., 2021;
Goyal and Grand-Clement, 2022; Derman and Mannor, 2020; Tamar et al., 2014; Badrinath and Kalathil,
2021; Ding et al., 2024). Recently, a surge of works focus on understanding/improving sample complexity
and computation complexity of RL algorithms in the tabular setting (Dong et al., 2022; Wang and Zou, 2021;
Yang et al., 2022; Panaganti and Kalathil, 2022; Zhou et al., 2021b; Xu et al., 2023; Wang et al., 2023a;
Blanchet et al., 2023; Liu et al., 2022; Wang et al., 2023c; Liang et al., 2023; Wang et al., 2023b; Li et al.,
2022b; Kumar et al., 2023; Li and Lan, 2023; Yang et al., 2023; Zhang et al., 2023). Among them, Zhou et al.
(2021b); Yang et al. (2022); Shi and Chi (2022); Blanchet et al. (2023) consider distributionally robust RL in
the offline setting, which are most related to us. Different from the sample complexity achieved in tabular
setting that largely depends on the size of state and action spaces, this work advances beyond the tabular
setting and develop a sample complexity guarantee that only depends on the feature dimension based on the
linear MDP model assumption.

Distributionally robust RL with linear MDPs. The prior art (Blanchet et al., 2023) studies the same
robust linear MDP (Lin-RMDP) problem as this work, while the sample complexity dependency on the
feature dimension d is still worse than that of standard linear MDPs in offline setting (Jin et al., 2021; Xiong
et al., 2023), highlighting gap for potential improvements. Besides TV distance considered herein, Ma et al.
(2022); Blanchet et al. (2023) consider the Kullback-Leibler (KL) divergence for the uncertainty set. We note
that a concurrent work (Liu and Xu, 2024) explores Lin-RMDPs with an additional structure assumption in
the online setting, which diverges from our focus on the offline context. In addition to linear representations
for robust MDPs, Badrinath and Kalathil (2021); Ramesh et al. (2023) consider other classes of function for
model approximation.

Notation. Throughout this paper, we define A(S) as the probability simplex over a set S, [H] :={1,...,H}
and [d] := {1,...,d} for some positive integer H,d > 0. We also denote 1, as the vector with appropriate
dimension, where the i-th coordinate is 1 and others are 0. We use Iy to represent the identity matrix of the
size d. For any vector z € R?, we use ||z|2 and ||z||; to represent its Iy and I; norm, respectively. In addition,
we denote Va T Az as ||z 4 given any vector x € R? and any semi-definite matrix A € R¥4. For any set
D, we use |D| to represent the carzinality (i.e., the size) of the set D. Additionally, we use min{a, b} to
denote the minimum of a and b when a,b > 0, and 0 otherwise. We also let A\pin(A) to denote the smallest
eigenvalue of any matrix A.

2 Problem Setup

In this section, we introduce the formulation of finite-horizon distributionally robust linear MDPs (Lin-
RMDPs), together with the batch data assumptions and the learning objective.

Standard linear MDPs. Consider a finite-horizon standard linear MDP M = (S, A, H, P = {P,}L | r =
{rp})), where S and A denote the state space and action space respectively, and H is the horizon length.
At each step h € [H], we denote P, : § x A — A(S) as the transition kernel and rj, : S x A — [0,1] as the

deterministic reward function, which satisfy the following assumption used in Yang and Wang (2019); Jin
et al. (2020).

Assumption 1 (Linear MDPs). A finite-horizon MDP M = (S, A, H, P,r) is called a linear MDP if given
a known feature map ¢ : S x A — R?, there exist d unknown measures u}lf = (/‘5,17 e ,uid) over the state

space S and an unknown vector 0, € R% at each step h such that
ra(s,0) = 6(5,0) 0, Puls' | 5,0) = $(s,0)TuE(s),  V(hs,as) € [H] xS x AxS. (1)

Without loss of generality, we assume ||¢(s,a)|l2 < 1 and ¢;(s,a) > 0 for any (s,a,i) € S x A x [d], and
max{fs Huﬁ(s)ﬂgds, 10rll2} < Vd for all h € [H].



In addition, we denote 7 = {m,}/_, as the policy of the agent, where 7, : S — A(A) is the action
selection probability over the action space A at time step h. Given the policy w and the transition kernel P,
the value function V' P and the Q-function QZ’P at the h-th step are defined as: for any (s,a) € S x A,

H H
ViiP(s) = Er p [Zrt(St,at) |sh=s|, Qn'(s,a)=ru(sa) +]EW7P{ > rilsear) | sh=s,an =al,
t=h t=h+1

where the expectation is taken over the randomness of the trajectory induced by the policy m and the
transition kernel P.

Lin-RMDPs: distributionally robust linear MDPs. In this work, we consider distributionally robust
linear MDPs (Lin-RMDPs), where the transition kernel can be an arbitrary one within an uncertainty set
around the nominal kernel — an ensemble of probability transition kernels, rather than a fixed transition
in standard linear MDPs (Jin et al., 2021; Yin et al., 2022; Xiong et al., 2023). Formally, we denote it by
Mop = (S, A, H,P?(P°),r), where P° represents a nominal transition kernel and then P?(P°) represents the
uncertainty set (a ball) around the nominal P° with some uncertainty level p > 0. For notational simplicity,

we denote uf) = uﬁo and according to (1), we let
V(h,s,a,8') € [H x Sx AxS: P, () =P (s |sa)=d(s,a) uy(s).

In this work, we consider the total variation (TV) distance (Tsybakov, 2008) as the divergence metric for the
uncertainty set P? and we assume that Lin-RMDPs satisfy the following d-rectangular assumption (Ma et al.,
2022; Blanchet et al., 2023).

Assumption 2 (Lin-RMDPs). In Lin-RMDPs, the uncertainty set P*(P°) is d-rectangular, i.e., pj ; € A(S)
for any (h,i) € [H] x [d] and

PP(PO) = ®[H],S,A7)p(Pf?,s,a)7 with Pp(‘Pi(L),s,a) = {¢(S, a)Tlu’h(') S € UP(M?L)} )
where U (uy) = @’ (15, ;),  with UP (i ;) = {pni : Doy (s || 15,;) < p and pni € A(S)}

Here, Doy (pn; || u?w-) represents the TV-distance between two measures over the state space, i.e.

1
Doy (i, 13, 3) = §||uh7i =il

where @q) (resp. @(m),s,4) denotes Cartesian products over [d] (resp. [H], S, and A).

Assumption 2 indicates that the uncertainty set can be decoupled into each feature dimension i € [d]
independently, so called d-rectangularity. Note that by letting d = SA and ¢;(s,a) = 1; for any (i,s,a) €
[d] x S x A, the Lin-RMDP is instantiated to the tabular RMDP and d rectangularity becomes the (s, a)-
rectangularity commonly used in prior literatures (Yang et al., 2022; Shi et al., 2023). Moreover, when the
uncertainty level p = 0, Lin-RMDPs reduce to a subclass of standard linear MDPs satisfying Assumption 1.

Robust value function and robust Bellman equations. Considering Lin-RMDPs with any given
policy 7, we define robust value function (resp. robust Q-function) to characterize the worst-case performance
induced by all possible transition kernels over the uncertainty set, denoted as

Y(h,s,a) € [H x S x A:  V7P(s) = e };}fPO) VirP(s),  Qp(s,a) = e ;;;{PO) Qn(s,a).

They satisfy the following robust Bellman consistency equations:
V(h,s,a) € [H| xSx A: Qp(s,a)= ]BZVh”jr’i(s,a), where  V,"*(s) = Equr, (1s) (@7 (5, a)], (2)
and the robust linear Bellman operator and transition operator for any function f : S — R is defined by

(B}, f1(s,a) := rn(s, a) + [P} f](s,a), 3)



PoAsa) =t [ o5, (1)

pn€UP (1Y)

Note that under Assumption 2, the robust Bellman operator inherits the linearity of the Bellman operator
in standard linear MDPs (Jin et al., 2020, Proposition 2.3), as shown in the following lemma. The proof is
postponed to Appendix A.1.

Lemma 1 (Linearity of robust Bellman operators). Suppose that the finite horizon Lin-RMDPs satisfies
Assumption 1 and 2. There exist weights w? = {wh }}L |, where wf := 6, + inf,,, cvre(u0) Js kn(s')f(s")ds" for
any h € [H], such that B, f(s,a) is linear with respect to the feature map ¢, i.e., By f(s,a) = ¢(s,a) "w}.

In addition, conditioned on some initial state distribution (, we define the induced occupancy distribution
w.r.t. any policy 7 and transition kernel P by

Y(h,s,a) € [H xS x A: dpP(s)=di " (s;0) =P(sp, = s | ¢,m, P), diF(s,a) =dp"(s)mn(a]s). (5)

To continue, we denote 7* = {7} }/L | as a deterministic optimal robust policy (Iyengar, 2005). The
resulting optimal robust value function and optimal robust Q-function are defined as:

VP (s) == V}f*’p(s) = mT;axVh””’(s), V(h,s) € [H] x S,
Q' (s,a) == QZ*’p(s,a) =max Q" (s, a), V(h,s,a) € [H] x S x A.
Accordingly, we also have the following robust Bellman optimality equation:
P(s,a) = BV (s,a), V(h,s,a) € [H] x S x A. (6)

Similar to (5), we also denote the occupancy distribution associated with the optimal robust policy 7* and
some transition kernel P by

V(h,s,a) € [HI xS x A:  dyF(s)=df T(s;¢),  dF(s,a):=df F(s)m(a]s). (7)

Offline data. Suppose that we can access a batch dataset D = {(s,, a,, 7, 8}, 1) } ne[#],re[k]> Which consists
K i.i.d. trajectories that are generated by executing some (mixed) behavior policy 7" = {7P}2_, over some
nominal linear MDP M° = (S, A, H, P°, ). Note that D contains K H transition-reward sample tuples in
total, where each sample tuple (s, aj, 77,5}, 1) represents that the agent took the action aj, at the state sj,
received the reward rj, = rj,(s}, af), and then observed the next state sj,,, ~ PP (- | sp = s}, a, = aj). To
proceed, we define
0
Dh = {(871;7 a;—w Ti:a S;Jrl)}TE[K]?

which contains all samples at the h-th step in D. For simplicity, we abuse the notation 7 € DY to denote
(8%, ap, 75, 87,41) € DY. In addition, we define the induced occupancy distribution w.r.t. the behavior policy
7" and the nominal transition kernel P° at each step h by

V(h,s,a) € [H] x Sx A: db(s):= de’PO(s;C) and db(s,a) := de’PO(s,a;C), (8)

which is conditioned on the initial distribution (.

Learning goal. Given the batch dataset D, the goal of solving the Lin-RMDP M., with a given initial
state distribution ( is to learn an e-optimal robust policy 7 such that the sub-optimality gap satisfies
SubOpt(7; ¢, PP) := VP (¢) — VP (C) < e, (9)

using as few samples as possible, where € is the targeted accuracy level and

V(0 = Boync VP (s1)], - VITP(Q) = By [V (51)].



3 Algorithm and Performance Guarantees

In this section, we propose a model-based approach referred to as Distributionally Robust Pessimistic Least-
squares Value Iteration (DROP), by constructing an empirical Bellman operator for Lin-RMDPs in an offline
fashion. Then we analyze the sub-optimality bound of the robust policy learned from DROP and discuss the
sample complexity under different historical data quality scenarios.

3.1 Empirical robust Bellman operator and strong duality

Recalling the robust Bellman operator in (3) gives that for any value function V : § — [0, H],

(BYV)(s,a) =ri(s,a) inf /¢ s,a) ! pn(sV(s')ds',

uh eur(u)

which can be equivalently rewritten as its dual form:

BYV)(s,a) = ¢(s, a)T (Hh + Vh’v), (10)
from the views of strong duality (Iyengar, 2005; Shi et al., 2023) (see the detailed proof in Appendix B.1).
Here, V,’;’V = [vp Y, I/Z;/ N V1T € RY and its i-th coordmate is defined by
if V(s) >«
PV E Vla Vla ith [V]e(s) =40 ! ' (11
Vh,i o€ [min, Vr{l),}linaxg V(s)] { SN”?W[ Ja(5) p(a—rril/n[ } with [Vla(s) V(s), otherwise. (11)

However, notice that we cannot directly apply the above robust Bellman operator and perform value iterations
since we cannot have access to the ground-truth nominal linear MDP MV (i.e., 6}, and p). Therefore, for
each time step h, we incorporate ridge regression to obtain the estimator gh € R% and ﬁh’v € R4, based on
the batch dataset DY) that contains all the samples at h-th step collected in DY. In particular, for any value

function V' : § — [0, H] and any time step h € [H], the estimator f), and the i-th coordinate of vy vV are
defined by
é\_ : TTT9_7'2 )\92_/\71 T _T\,.T
h = arg o (¢(sh,ah) )"+ ollflz = A Z o(sp,ap)ry, ) (12)
ey S
~p,V __ -V . ! .
vy = max vy (o) — p(a — min|V],(s , Vi € |d], 13
B = {5 (a) — pla = minlV]a(s)} 0 (13)

where Ay > 0 is the regularization coefficient, Dxi(a) is the i-th coordinate of 7} () defined by

7y (@) = arg min »~ (¢(sh, af) Tv = [V]a(s741))? + dollv]3 = Ahl( > ¢($Zaa2)[V]a(82+1))» (14)

veR?
TeDY, TED),

and the cumulative sample covariance matrix is denoted as

An =Y o(sq,ap)d(sh,ap) " + Aola. (15)
TED?L

Then following the linearity of the robust Bellman operator shown in Lemma 1, we construct the empirical
robust Bellman operator B} to approximate Bf, using the estimators obtained from (12) and (13): for any
value function V : § — [0, H],

(B2V)(s,a) = d(s,a) (On +72Y),  V(s,a,h) € S x A x [H]. (16)



Algorithm 1 Distributionally Robust Pessimistic Least-Squares Value Iteration (DROP)

Input: Dataset D; feature map ¢(s,a) for (s,a) € S x A; parameters g, y9 > 0.

1: Construct a temporally independent dataset Dy = Two-fold-subsampling(D) (Algorithm 2).
Initialization: Set ©H+1(', ) =0 and ‘7H+1(') =0.

2: for steph=H,H—1,---,1do

8 An =2 cpy (sh,ap)o(sq, af) " + Aola.

4: O = At (ZTeDg qb(s;,a,:)rg).
5: for feature i = 1,--- ,d do
6: Update ﬁhzz/ via (13).
7 end for
8: Ap’ 5 Ap’v
—p, d
9% Qu(-) =, > T — o Xl 1||¢i<-,->L-||A;1~
10: (, ) IH{Q;L s H h+1}
11 () =ar gmaxaeAQh(, a).
122 Vi() = Qn(-,7n ().
13: end for

Ouput: V := {‘7}{?:11, 7= {7}l .

3.2 DROP: Distributionally robust pessimistic least-squares value iteration

To compute (16) for all time steps h € [H] recursively, we propose a distributionally robust pessimistic
least-squares value iteration algorithm, referred to as DROP and summarized as Algorithm 1.

In Algorithm 1, we first construct a dataset Dy by subsampling from D by Two-fold-subsampling
(cf. Algorithm 2), inspired by Li et al. (2022a) to tackle the statistical dependency between different time steps
h € [H] in the original batch dataset D. As the space is limited, we defer the details of Two-fold-subsampling
and the corresponding statistical independence property to Section B.2. With Dy in hand and initializations
Qu+1(+,+) =0 and Viy1(-) = 0, the updates at time step h in DROP can be boiled down to the following two
steps. The first one is to construct the empirical robust Bellman operator via (12)-(16) conditioned on a
fixed ‘7h+1 from the previous iteration (see the line 3-8 in Algorithm 1). Then we can estimate the robust
Q-function from the pessimistic value iteration as below:

Qn(s,a) :I/BEZ(‘A/;L_H)(S a) VOZH@ s,a)l; HA 1, V(s,a) e Sx A,

1=1

penalty function I'j:SxA—R

where 7y > 0 is the coefficient of the penalty term.

The above pessimistic principle is widely advocated in both standard and robust offline RL (Jin et al.,
2021; Xiong et al., 2023; Shi and Chi, 2022). When dealing with the uncertainty set characterized by TV
distance, previous penalty designs tailored for standard linear MDPs (Jin et al., 2021; Xiong et al., 2023) and
robust linear MDPs specifically addressing KL divergence (Ma et al., 2022), are no longer applicable. To this
end, we carefully devise the penalty function, denoted as I'y, for Lin-RMDPs with TV distance. Compared to
the prior art (Blanchet et al., 2023) which promotes pessimism by solving an inner constrained optimization
problem, our proposed penalty function efficiently addresses the uncertainty in every feature dimension i € [d],
which plays a crucial role in improving the sub-optimality gap.

3.3 Performance guarantees of DROP

Next, we provide the theoretical guarantees for DROP, under different assumptions on the batch data quality.
We start without any coverage assumption on the batch dataset D, where the proof is postponed to Appendix
B.3.



Theorem 1. Consider any 6 € (0,1). Suppose that Assumption 1 and 2 hold. By setting

X =1, v =6~+déH, where&y =log(3HK/S),

one has with the probability at least 1 — 3§, the policy ™ generated by Algorithm 1 satisfies
B d
SubOpt (7: ¢, P*) < OVAH) -3 max Ere o [I6:(sn, an) il 1] (17)

Since we do not impose any coverage assumption on the batch data, Theorem 1 demonstrates an “instance-
dependent” sub-optimality gap, which can be controlled by some general term (the right hand side of (17)).
The sub-optimality gap largely depends on the quality of the batch data — specifically, how well it explores
the feature space within R%. Building upon the above foundational result, we proceed to examine the sample
complexity required to achieve an e-optimal policy, considering different data qualities in the subsequent
discussion.

3.3.1 The case of partial feature coverage

We first consider the partial feature coverage, which only compares the behavior policy with the optimal
policy, in terms of the ability to explore each feature dimension. To accommodate with our Lin-RMDPs, we
propose a tailored partial data coverage assumption, which depicts the worst-case dissimilarity between the
optimal robust policy 7* in any transition kernel P € P?(PY) and the behavior policy 7 in the nominal
kernel PY over every feature space dimension i € [d], as follows.

Assumption 3 (Robust single-policy clipped concentrability). The behavior policy of the batch dataset D
satisfies
T (11 2 .
U (mln{Ed’:‘P(bi (s,a),1/d} - ]lw) uoon
(u,hyi P)eRdgl[%)](x [d]xPe(PO) T T = d’ (18)
s uT (Egyl6(s, a)é(s,a)T]) u

for some finite quantity C7, € [1,00). In addition, we follow the convention 0/0 = 0.

Under Assumption 3, the following corollary provides the provable sample complexity of DROP to achieve
an e-optimal robust policy. The proof is postponed to Appendix B.4.

Corollary 1 (Partial feature coverage). With Theorem 1 and Assumption 8 hold and consider any ¢ € (0,1).
Let d;, = miny, s .{d}(s,a) : d}(s,a) > 0}. With probability exceeding 1 — 46, the policy & returned by

min
Algorithm 1 achieves

d?HAC?

rob

log(3HK /)
K

SubOpt(7; ¢, P*) < 96\/

as long as K > colog(KH/68)/d>.. for some sufficiently large universal constant co > 0. In other words, the

min
learned policy T is e-optimal if the total number of sample trajectories satisfies
~/O* d2H4
K> o(%). (19)

€

Notice that Corollary 1 implies the sub-optimality bound of DROP is comparable to that of the prior art in
standard linear MDPs (Jin et al., 2021, Corollary 4.5), in terms of the feature dimension d and the horizon
length H.

Comparisons to prior art for Lin-RMDPs. With high probability, the existing Assumption 6.2 proposed
in Blanchet et al. (2023) can be transfered into the following condition (see (66)-(68) in Appendix B.4):

ul (Ed;>’°¢§(37 a) - ]lm) U

(u.hi, PYERI X [H] X [d]x PP (PO) o/ T (Edz [6(s,a)é(s, a)T]) u

<O el,0). (20)



Thanks to the clipping operation in (18), Cy, < d- Ct for any given batch dataset D. Notice that both C}
and Cf are lower bounded by 1. The proposed algorithm in Blanchet et al. (2023) can achieve e-accuracy
provided that the total number of sample trajectories obeys
. * 74 174
K>0 (Mif)
€

It shows that the sample complexity (19) of DROP improves the one in Blanchet et al. (2023) by at least O(d).

3.3.2 The case of full feature coverage

Then, we introduce the following full feature coverage assumption that is also widely used in standard offline
linear MDPs (Jin et al., 2021; Xiong et al., 2023; Yin et al., 2022; Ma et al., 2022), which requires the behavior
policy exploring the feature space uniformly well.

Assumption 4 (Well-explored data coverage). We assume £ = minse(ar) Amin(Eqr [6(s, a)é(s, a)T]) > 0.

The following corollary provides the sample complexity guarantee of DROP under the full feature coverage,
where the proof is postponed to Appendix B.5.

Corollary 2 (Full feature coverage). With Theorem 1 and Assumption 4 hold and consider any 6 € (0,1). Let
db., = ming s o {db(s,a) : d2(s,a) > 0}. With probability at least 1 — 53, the policy @ returned by Algorithm 1

min
achieves

dH*log(3HK/9)

kK ’
as long as K > max{cjlog(2Hd/68)/k?,colog(KH/8)/dv.} for some sufficiently large universal constants c,
and ¢y. In other words, the learned policy T is e-optimal if the total number of sample trajectories satisfies

SubOpt(7; ¢, PP) < 96\/

dH4).

Ke2

K> 6( (21)

Notice that the sample complexity in (21) matches the prior arts in standard linear MDPs (Yin et al.,
2022; Xiong et al., 2023) when robustness is not considered. A careful reader may observe that (21) has
better dependency on d compared to (19). While note that the upper bound of  is 1/d (Wang et al., 2020),
the sample complexity of DROP (cf. (21)) is at least O(d>H*/e?).

4 Tightening the Sample Complexity by Leveraging Variance Esti-
mation

To tighten our results, we further explore the variance information to reweight the ridge regression in DROP
and develop its variance-aware variant called DROP-V. The key idea is to design a tighter penalty term with
the estimated variance, which is widely used in standard linear MDPs (Zhou et al., 2021a; Min et al., 2021;
Yin et al., 2022; Xiong et al., 2023) to achieve near-optimal results.

4.1 DROP-V: a variance-aware variant of DROP
We first highlight the design features of DROP-V that are different from DROP, which can boiled down to the

following two steps.

Constructing a variance estimator. First, we run the Algorithm 1 on a sub-dataset D° € D to obtain

the estimated value function {V3,}!. Then with {V},}}//1! at our hands, we design the variance estimator

o7 : S x A—[1,H?] by

3,%(5,(1) = max{[cj}(s,a)Tuh,l][O,Hz] — ([(j)(s,a)Tuh,g][o,H])Q , 1}, V(s,a,h) € S x A x [H], (22)
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where vy, 1 and vy, 2 are obtained from ridge regression as follows:

~ 2
vy = argmin > (6(sh,af) v = (Vhsa(sh0)?) + I3, (23)
T€DY
. 2
via =argmin 3= (6(s5.a7) v~ Viga(shin)) + IVl (24)
T€DY

Notice that the technique of variance estimation is also used in Xiong et al. (2023); Yin et al. (2022) for
standard linear MDPs, while we addresses the temporal dependency via a carefully designed three-fold
subsampling approach detailed in Appendix C.2.

Variance-weighted ridge regression. Incorporating with the variance estimator o7 computed on DO,
we replace the ridge regression updates (i.e. (12) and (14)) by their variance-weighted counterparts as follows:

R T T\TH _ .T)\2
7 = arg min (d)(S}QQCLh)T QT Th) + /\1”9”% — ( Z ¢ Shaah Th), (25)
OcR4 ey Jh(sh,ah) reDd sh,ah)
sT,al) v —[V]a(sT 2 sT,a7)|V]a(sy
DZ,J,V(Q) = arg min (¢( h h)/\2 - [ T] ( h+1)) +)\1||VH% _ Z;l( Z¢( hAQh)[T ] 7_( h-‘rl))’ (26)
ueRdT€D2 o (s],ap) ot a5 (s}, a})

for any value function V : § — [0, H] and h € [H|, where

T
5, = Z 0] 3h7ah)¢(5haah) s

TED[‘; J}L(Sh’ ah)

with the regularization coefficient A\; and D° is another sub-dataset of D that is independent of D°. Accordingly,
DROP-V constructs an empirical variance-aware robust Bellman operator as

By V)(s,0) = ¢(s,a) " (6F +0p"), (27)
where the i-th coordinate of ﬁh’a’v is defined as

AP,UV p,oV _  minV , . -
“h o € [ming V( ),maxs V(s)] Yh (a) p(a HBH (8 ))} ( )

Similar to DROP, we also perform the pessimistic value iterations, where the estimated @ function is
updated by

d
Qn(s,a) =B (Vi1)(s,a) — m Y [pi(s, @)Ll V(s,a,h) € S x Ax [H],

=1

penalty function I'7:SxA—R
with a fixed, estimated V1 obtained from previous iteration and some coefficient vy; > 0.

The rest of DROP-V follows the procedure described in Algorithm 1. To avoid redundancy, the detailed
implementation of DROP-V is provided in Appendix C.1.

4.2 Performance guarantees of DROP-V

Then, we are ready to present our improved results, where the proof is postponed to Appendix C.3.

Theorem 2. Suppose that Assumption 1, 2, and 4 hold and consider any § € (0,1). In DROP-V, we set

M =1/H? v = &Vd, where & = 66log(3HK/S).

11



Provided that v/d > H and K > 5(% + ) then with probability exceeding 1 — &, the robust policy

dh)in
7 learned by DROP-V satisfies
N H d
b t A; ) P) < d Efr* % ) ]]-’L ) j| ) 2
SubOpt(7; ¢, P*) < O(Vd )};;Perg%m) P | 163 (s an) Lil| )1 (29)

where the variance-weighted cumulative sample covariance matriz 3} is defined by

T T ‘r7 T\ T 1
;;, _ Z ¢(8h7ah)¢(sh ah) + 7Id; (30)

o max{1, Varpo [V, ](s, a})} ~ H?

and Varpo [V = [s P, a(sV2(s")ds' — ([s P, .(s)V(s')ds')? represents the conditional variance for
any value functzon VS0, H] and any (s,a,h) € S x Ax [H].

Compared to the instance-dependent sub-optimality bound of DROP (cf. Theorem 1), the above guarantee
for DROP-V is tighter since H 2A}:1 = (Z3)~!. The underlying reason for the improvement is the use of the
variance estimator to control the conditional variance and the tighter penalty function designed via the
Bernstein-type inequality, while that of DROP depends on the Hoeffding-type counterpart.

5 Conclusion

In this paper, we investigate the sample complexity for distributionally robust offline RL when the model
has linear representations and the uncertainty set can be characterized by TV distance. We develop a
robust variant of pessimistic value iteration with linear function approximation, called DROP. We establish the
sub-optimality guarantees for DROP under various offline data assumptions. Compared to the prior art, DROP
notably improves the sample complexity by at least O(d), under the partial feature coverage assumption. We
further incorporate DROP with variance estimation to develop an enhanced DROP, referred to as DROP-V, which
improves the sub-optimality bound of DROP. In the future, it will be of interest to consider different choices of
the uncertainty sets and establish the lower bound for the entire range of the uncertainty level.
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A Technical Lemmas

A.1 Proof of Lemma 1

For a Lin-RMDP satisfying Assumption 2, the robust linear transition operator defined in (4) obeys: for any
time step h € [H],

(B2f)(s,0) = inf /8 o(,a)  un () £ (')ds’

wrEUP (1)
d
=t S o) [ a1
1 S

un€UP (1)

1=

d
; oi(s,a) inf /.s'uh’i(s Vf(s)ds

fn, €UP (1 )

— T : / / /
= ¢(s,a) (uheﬁf(ug) /s wn(s)f(s")ds ) ,

where the penultimate equality is due to ¢;(s,a) > 0,V(i,s,a) € [d] x § x A and UP(uf)) := RgqU’ (1] ;)-
Therefore, the robust linear Bellman operator defined in (3) is linear in the feature map ¢: for (h,s,a) €
[H] x S x A,

(B}, f)(s,a) = ra(s,a) + [P, f](s, a)

— 6(s,a) On + d(s,0) " ( infﬂg)/suh(s’)f(s’)ds'>

pwn€UP(

= ¢(s,a)" (0h+ inf /S 1 (s") f(s’)ds’)

pn €EUP (1)

P——
=W,

where the second equality is due to Assumption 1.

A.2 Preliminary facts

Useful concenrtation inequalities.

Lemma 2 (Hoeffding-type inequality for self-normalized process (Abbasi-Yadkori et al., 2011)). Let {n:}$2,
be a real-valued stochastic process and let {F:}32, be a filtration such that ny is Fi-measurable. Let {x:}32,
be an Re-valued stochastic process where xy is Fy_1 measurable and xy < L. Let Ay = A\l4 + Zi:l xsxz.
Assume that conditioned on Fi_1, 1 is mean-zero and R-sub-Gaussian. Then, for any 6 > 0, with probability
at least 1 — 9, for all t > 0, we have

t
1D @anslly -+ < Ry/dlog(1+tL/X) + 21og(1/9)

s=1

Lemma 3 (Bernstein-type inequality for self-normalized process (Zhou et al., 2021a)). Let {n:}:2, be a
real-valued stochastic process and let {F1}32, be a filtration such that n: is Fe-measurable. Let {x:}32, be an
R%-valued stochastic process where x; is F;_1 measurable and x; < L. Let Ay = Mg+ Zzzl xng Assume
that

el < R, Elne Fon] =0, E[7|Fea] < 0°

Then for any § > 0, with probability at least 1 — d, for all t > 0, we have

t
tL? 412 4t?
I ZxSUSHA;l < 80\/dlog (1 + M) log(T) + 4Rlog(7).

s=1
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Lemma 4 (Lemma H.5, Min et al. (2021)). Let ¢ : Sx.A — R? be a bounded function such that ||¢(s,a)||2 < C
for all (s,a) € S x A. For any K >0 and X\ > 0, define Gx = Zszl d(sky ar)p(sk, ax) T + Ay where (sk, ax)
are i.i.d samples from some distribution v over S x A. Let G = E,[d(s,a)¢(s,a)T]. Then for any § € (0,1),
if K satisfies that

K > max{512C*||G!||*log(2d/5),4\| G|}

Then with probability at least 1 — &, it holds simultaneously for all u € R¢ that

2
e < = lhullo-+.

Lemma 5 (Lemma 5.1, Jin et al. (2021)). Under the condition that with probability at least 1 — 0, the penalty
function Ty, : S x A — R in Algorithm 1 and satisfying

(B V1) (s, @) — (BEVis1)(s,a)] < Tw(s,a), V(s,a,h) €S x Ax[H], (31)
we have

0 < ip(s,a) <2Tp(s,a), V(s,a,h) €S x Ax [H].

Useful facts.
Lemma 6. For any function fi :C CR — R and fo : C CR — R, we have
— < _ .
max f1(a) — max fa(a) < max (fi(e) - f2(a))
Proof. Let af = argmaxyec f1(a). Then,
— < )
max f1(a) —max fa(a) < fi(a]) — max fa(a)

< fila}) = fa(ad)
< max (f1(a) = f2(@)) .

O
Lemma 7. For any positive semi-definite matriz A € R*>¢ and any constant ¢ > 0, we have
LY
Tr (A(I +cA)7Y) < ; o (32)
where {\;}¢_, are the eigenvalues of A and Tr(-) denotes the trace of the given matriz.
Proof. Note that
AT+ cA) P = AT+ cA) P+ %(I +cA)7 - %(I +cA)7!
= 1I— 1(I—i—cA)’l.
c c
In addition, the eigenvalues of (I 4+ cA)~! are {ﬁ}le. Therefore,
N A
Tr (A(I +cA)™") = ; o
O

Lemma 8 (modified Lemma 4, Shi et al. (2023)). Consider any probability vector u° € A(S), any fived
uncertainty level p and the uncertainty set UP (u°) satisfying Assumption 2. For any value function V : S —
[0, H], recalling the definition of [V]4 in (11), one has

inf / wu(sHV(s')ds' = max {Evnpo[V]a(s) = plar = min[V]4 ("))} (33)
S ]

HEUP (u0) a€[ming V (s),maxs V (s) s
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B Analysis for DROP: Algorithm 1

B.1 Proof of equation (10)
Recall that for any (s,a,h) € S x A x [H], one has

(BYV)(s,a) =rh(s,a) inf /¢s a) pun(sV(s')ds'

uh ew(uh

= ¢(s,a) " Oy —|—Z¢)i (s,a) inf /[Lh’i( NV (s')ds'.
i=1

}L}lwieup(}l‘(}:”i) S

According to Lemma 8, for any value function V' : § — [0, H] and any uncertainty set Z/{p(u%’i),V(h, i) €
[H] x [d] that satisfies Assumption 2, one has

inf /,uh_’i(s’)V(s’)ds' = max {/uhl (s")ds" — p(a — mln[V} (s}

l‘h,ieup(l‘?xi) S a€[ming V (s),maxs V (s)]

Denote Vh = l/h’2 . y,’;’}{] € R?, where l/h:ZV = MaXq ¢ [min, V(s),max, V(s)] { fs tn,i(8)[V]a(s")ds' —
pla — ming [V], (s ’))} or any ¢ € [d]. Therefore,

BV )(s,a) = ¢(s, a)’ (Hh + z/,pl’v).

B.2 Two-fold subsampling method

To tackle the temporal dependency in batch dataset D, we apply the insights from the subsampling approach
inspired by Li et al. (2022a). The key idea is to utilize half of the data to establish a valid lower bound of the
number of samples, which is employed to achieve the statistical independence in the remaining half of the
dataset. The detailed implementation of the two-fold subsampling can be summarized in the Algorithm 2.

Algorithm 2 Two-fold-subsampling

Input: Batch dataset D;
1: Split Data: Split D into two haves D™ai® and D", where |D™2i%| = |DaUX| = NN}, /2. Denote N2 (s)
(resp. Ni"™*(s)) as the number of sample transitions from state s at step h in D™ (resp. D),
2: Construct the high-probability lower bound Nﬁrim( ) by D*"*: For each s € Sand 1 < h < H,
compute

NI (5) = max{ N2 (s) — 10\/N2“X(s) log %, 0}. (34)

3: Construct the almost temporally statistically independent D'™: Let D}l“ai“(s) denote the
dataset containing all transition-reward sample tuples at the current state s and step h from D™#", For
any (s,h) € S x [H], subsample min{ N{"™(s), Njain(s)} transition-reward sample tuples randomly from
Dirain(g) denoted as pmain,sub,

Ouput: DV = pmainsub,

Recall that we assume the sample trajectories in D are generated independently. Then, the following
lemma shows that (34) is a valid lower bound of N/*"(s) for any s € S and h € [H], which can be obtained
by a slight modification on Lemma 3 and Lemma 7 in Li et al. (2022a)

Lemma 9. With probability at least 1 — 25, if Ni™(s) satisfies (34) for every s € S and h € [H],
then D := Dmainsub contains temporally statistically independent samples and the following bound holds
simultaneously, 1.e.,

NiFm () < Nmain(g), V(s,h) € S x [H].
In addition, with probability at least 1 — 36, the following lower bound also holds, i.e.,

b
w - 5\/Kd2(s,a) log(g), V(s,a,h) € S x Ax [H].

Ny ™ (s,0) >
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Proof. Let Sp be the collection of all the states appearing in any batch dataset D, where |Sp| < K. By
changing the union bound over S to Sp in the proof of Li et al. (2022a, Lemma 3), the remaining proof
still holds, since Nirm(s) = Nmain(s) = 0,Vs ¢ Sp. Together with Li et al. (2022a, Lemma 7), D° contains
temporally statistically independent samples if Ni'm(s) < Nmain(s) (s, h) € S x [H]. O

B.3 Proof of Theorem 1

Notations. Before starting the proof of Theorem 1, we introduce several notations for the convenience of
the following analysis. First, we use

(s, a) =B Viyi(s,a) — Qnls,a), V(h,s,a) € [H] xS x A (35)

to represent the model evaluation error at the h-th step of DROP. In addition, we denote the estimated weight
of the transition kernel at the h-th step by

V(s,h) € Sx [H]: fin(s) =AM [ D o(sh,af)L(s74r = 5) | €RY, (36)
T€D;,
where 1(-) is the indicator function. Accordingly, it holds that Vh = [shn(s NVig1(s)]ads' € RT. We

denote the set of all the possible state occupancy distributions assomated with the optimal policy 7* and any
P e Pr(PY) as

= {[nme] L peren} = { [ emen] s peren), (37)

sES

for any time step h € [H].

B.3.1 Proof sketch for Theorem 1
We first claim that Theorem 1 holds as long as the following theorem can be established.

Theorem 3. Consider 6 € (0,1). Suppose that the dataset Dy in Algorithm 1 contains Ny, < K transition-
reward sample tuples at every h € [H]. Assume that conditional on {Ny,}nhe(m, all the sample tuples in DY
are statistically independent. Suppose that Assumption 1 and 2 hold. In DROP, we set

=1, 7 =6+vd{H, where& =log(3HK/)). (38)

Here, § € (0,1) is the confidence parameter and K is the upper bound of Ny, for any h € [H]. Then, {7n}}_,
generated by Algorithm 1, with the probability at least 1 — §, satisfies

H d
SubOpt(7; ¢, PP) < Z max, IEd* [H(bz(shaah)]l ||A

-1 h

As the construction in Algorithm 2, {Nflrim (8)}ses,nefm) is computed using D*'™ that is independent
of D°. From Lemma 14, N'™(s) is a valid sampling number for any s € S and h € [H] such that
D) = > ,cs Ni™(s) < K, and Dj can be treated as containing temporally statistically independent
samples with probability exceeding 1 — 2§. Therefore, by invoking Theorem 3 with Ny, := |D|, we have

H d
SubOpt(7; ¢, P?) ZZ max. Fa; [Il@(sh,ah)l a;2

h=11i=1

with probability exceeding 1 — 34.

B.3.2 Proof of Theorem 3

The proof of Theorem 3 can be summarized as following key steps.
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Step 1: establishing the pessimistic property. To substantiate the pessimism, we heavily depend on
the following lemma, where the proof is postponed to Appendix B.3.3.

Lemma 10. Suppose all the assumptions in Theorem 3 hold and follow all the parameters setting in (38).

Then for any (s,a,h) € S x A x [H], with probability at least 1 — 0, the value function {‘A/}hH:l generated by

DROP satisfies
d

|(Bf, Vis1) (s, @) = (B Visa)(s,0)] < Tuls,0) == 70 ) [ dils, @) il 1. (39)

i=1

In the following, we will show that the following relations hold:
Q37 (s,a) = Q7 (s,a) = Quls,a) and Vi(s) 2 VTP (s) = Va(s), W(s,a,h) € Sx Ax [H],  (40)

if the condition (39) holds. It implies that @h(s,a) and ‘A/h(s) is the pessimistic estimates of QZ’p(s,a)
and V" *(s) for any s € S, respectively. Notice that if Q}(s,a) > Qn(s,a) for all (s,a) € S x A, one
simultaneously has the following relation:

VI (s) = QP (s, 7n(s)) > Quls,7n(s)) = Vi(s),  ¥(s,h) € S x [H].
Therefore, we shall verify that
Qp*(s,a) > Qn(s,a), Y(s,a) €S x A, (41)
by induction, and Vﬁ’p (s) > Vi(s) will spontaneously hold for s € S.

e At step h = H + 1: From the initialization step in Algorithm 1, we have QH+1(S a) = @H+1(S, a) =0,
for any (s,a) € S x A, and (41) holds.

e For any step h < H: Suppose ngl(s,a) > Qni1(s,a). From (40), we have V}Z’_pl(s) > Vig(s).
Therefore, if @h(s, a) =0, QZ’p(s, a)>0= @h(s, a), for any (s,a) € S x A. Otherwise,

Qh(&a)ﬁ(@ﬁff 1)(s,a) =T'p(s,a)
= (ByVh 1><s,a>+<@z +1)(5,a) — (B} Vis1)(s, @) — (s, a)
< (B)Vir1)(s.a) + (B Vis1)(s,0) — (B) Vi) (s,a)| — Di(s, a)
< (B} Vis1)(s,a) + Tn(s, >—rh<s,a>
< (B Vis1)(s, a)
< (BLV)(s,0) = Q1" (s, ),

where the first inequality is from the definition of Qj, (s,a) (cf. Line 10 in Algorithm 1), and third
inequality is based on the condition (39).

Combining these two cases, for any h € [H + 1], we could verify the pessimistic property, i.e. the equation
(40).

Step 2: bounding the suboptimality gap. Notice that for any h € [H] and any s € S,
Vir?(s) = Vi (s) = () = Vi(s) + Vi(s) = 17 (s)
<ViP(s) = Vals), (42)

where the inequality is due to the pessimistic property in (40).
In the following, we will control the value difference, i.e., V,?(s) — Vi (s), for any (s, h) € S x [H]. First,

<

recall the definition of V}, (cf. Line 12 in Algorithm 1) and the robust Bellman consistency equation (2). For
all s € S,

Vi?(s) = Vi(s) = Q3 (s, (s)) — Qn(s, Tn(s))

20



< Q" (s, mh(s)) = Qn(s, mh(s)), (43)

where the last inequality is from 7, is the greedy policy with respect to @h (cf. Line 11 in Algorithm 1.)
From the definition of the model evaluation error (i.e., equation (35)) and the robust Bellman optimality
equation (6), we have

Qn(s,a) = (B Viy1)(s,a) — tn(s,a), V(s,a) € S x A,
Q7 (s,a) = (BRV,)(s,a) V(s,a) € S x A,

which leads to

705,74 (9)) = Qnls, i (5) = (BRVL) (5, mh(9) = Bp Vi) (5,7 (5) + nls, i (s), Vs €. (44)

Denote

P;Lni’f*(s)() = arg min /P(Sl)§h+1(5/)dsl. (45)
T POEP(P | ()
Therefore, (44) becomes
25, mh(3)) — Quls,mi(s)) < /SP;EZX;(S)(S') (Vh*fl(S’) _ 17h+1(s’)) 05 1 (5.0 (s), W(s.a) € S x A
(46)

Substituting (46) into (43), one has
Ve / PR 6 (VA = Tia () ds' + (s, (5). (47)
For any h € [H], define ﬁﬁ“sf :S§ =+ Sandf €S = Rby
Pt (s) = P;Lnff;(b)() and and (5 (s) == (s, 7%(s)), VseS. (48)

By telescoping sum, we finally obtain that for any s € S,

H [t-1
VP (s) = Vin(s) = (1, V,oF V) < (H pmf> (Vlf,’fr’l - VH+1) (s) + Z H p]inf U (s)
j=h

t=h
H t—1
_ Dinf *
= E H P; E)
t=h \j=h

where the equality is from V;I’Jfl(s) = ‘7H+1(8) =0 and (Ht ! me) (s) = 1,.

Step 3: finishing up. For any dj € Dj;, denote
t—1
ne=di | [T P | epr.
j=h

Together with (42), the sub-optimality gap defined in (9) satisfies

H
SubOPpt(7; ¢, P?) < By e Vi (51) — By mc Vi (51) Z simat U (50)- (49)
For any h € [H], we let I'} : S — R satisty
T} (s) =Th(s,m(s)), VseS. (50)
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Combining Lemma 5 together with Lemma 10 will lead to

H

SubOpt(7; ¢, P*) <2 Eaymar, Th(sn)-
h=1

Note that I} (s) = 7o Zle ||¢i(s,7r,’;(s))1i\|/\;1 for any (s,h) € S x [H]|. Following the definition (37), we
have dy,;, € D; and correspondingly,

H
SubOpt(#: ¢, P?) < 2> Eq,naz, Th(sn)
h=1

H d
<290 > llos la;
= 2’70 P dI,*Lneai})(,*l E(sh,ah)f‘“dz s Hd)l(shvah)]ll”Ahl 3

with probability exceeding 1 — 4.

B.3.3 Proof of Lemma 10

To control |(I§Z‘A/h+1)(s, a)— (IB%Z‘A/;LH)(S, a)| for any (s,a,h) € S x A x [H], we first show the following lemma,
where the proof can be found in Appendix B.3.4.

Lemma 11. Suppose Assumption 1 and 2 hold. Then, for any (s,a,h) € S x A x [H], the estimated value
function Vi1 generated by DROP satisfies

(B, Vit1)(s,a) — (B Vir1)(s, a)]

d
T T\, T i (51)
<[ VAdH+  max 1D dshsan)en (e, Varn)llar | D I0i(s, a)Lilly 1,
a€[ming Vi41(s),maxs Vi41(8)] TE'D? prt )
Ty n

where €, (a,V) = [¢ P)('|s},a})[V]a(s)ds' — [V]a(s] ) for any value function V : & — [0,H], o €
[min, V (s), max, V(s)] and 7 € DY.

We observe that the second term (i.e., T1 ) in (51) will become dominating, as long as A is sufficiently
small. In the following analysis, we will control 77 ;, via uniform concentration and the concentration of
self-normalized process.

Notice that o and V41 are coupled with each other, which makes controlling 77 j intractable. To this end,
we propose the minimal ep-covering set for «. Since XA/hH(s) € [0, H] for any s € S, we construct N (g, H) as
the minimal eg-cover of the [0, H] whose size satisfies |V (g, H)| < % In other words, for any « € [0, H],
there exists af € N(eg, H), we have

|a—ozT| < €. (52)
Then we can rewrite 77, as
o= max T 6(shiap) (e Vi) — (0, Vi) + € (af Tign) ) 13
i a€[ming Vi41(s),maxs Vi41(s)] h

0
TED),

< ozg}(?)il] 2” Z (b(s;:wa’;) (E;-L(a) Vh+1> - GZ(QT,Vh+1)) ||i;1 + 2” Z ¢(5;aa;)€£(aT7Vh+1)||i;1
' TeDY ' T€DY ’

<8I Mo +2]l Y o7, ap)eh(al, Vi) 31, (53)

0
T€D,,

T2.n
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for some af € N(ey, H), where the proof of the last inequality is postponed to Appendix B.3.5. Alternatively,

Ton < sup | Y olsf,ah)eh(a Vig)lg -+ (54)
OLGN(C(),H) TED2 h

Noted that the samples in D° are temporally statistically independent, i.e., ‘7h+1 is independent of Dg, or
to say, [in. Therefore, we can directly control T5 5, via the following lemma.

Lemma 12 (Concentration of self-normalized process). Let V : & — [0, H] be any fized vector that is
independent with i, and o € [0, H| be a fixed constant. For any fized h € [H] and any 6 € (0,1), we have

Po () $(sh, ap)eq,(a, VIR s > H? (2-1og(1/0) + d -log(1 + Ni/Ao)) | < 0.

T€DY

The proof of Lemma 12 is postponed to Appendix B.3.6. Then applying Lemma 12 and the union bound
over N (e, H), we have

Pp( sup | Y ¢(827a2)62(a,‘7h+1)||i;1 > H*(2log(H|N (eo, H)|/8) + dlog(1+ Ni/Xo)) | < /H,

OLEN(E(),H) TGDO
h

for any fixed h € [H]. According to Vershynin (2018), one has [N (e, H)| < % Taking the union bound for
any h € [H], we arrive at

= 3H? K
sup || D o(shap)eq(a Vin)I3 o < 2H? log(——) + Hdlog(1 + 1), (55)

aEN(eo,H) TGDS €0 0
with probability exceeding 1 — §, where we utilize N, < K for every h € [H] on the right-hand side.
Combining (53), (54) and (55), we have
H? K
T?, <8cAK?/\g + 4H? 1og(3—5) +2H%dlog(1 + 7)’
' €0 0

with probability at least 1 — §. Let g = H/K and Ay = 1. Then,

HK
T¢, < 8H?+4H? log(gT) + 2H?dlog(1 + K)

< 8H? +4H?log(3HK/5) + 2dH? log(2K)
Let & = log(3HK/§) > 1. Note that log(2K) < log(3HK/J) = &. Then, we have
T}, < 8H? + 4H>&, + 2dH?¢, < 16dH>&.
Therefore, with probability exceeding 1 — 4, one has
d
(B] Vi) (s, ) = (B Vasa) (s, )| < (VAH +4/dEH) Y 6i(s, )5
i=1

d

< Z ”d)i(sh?a‘h)HA;l = Fh(87 a)

i=1

where 9 = 61/déoH and the above inequality satisfies (31).

23



B.3.4 Proof of Lemma 11
It follows Lemma 1 and (16) that

(B Viy 1) (5, @) — (BLViga) (s, 0)| = [(s,a) T (@Y —wiY)]

= |6(s,a)T (é} - eh) |+ |é(s,a)T (a;;ﬁ - y;;’V) , V(s,a,h) x S x Ax [H]. (56)

(i) (ii)
We first bound the term (i), for any h € [H|. By the update (12), we have

(1) =lo(s,a) AT | D bsh.an)ry | — é(s,a) "0

TED%
= |p(s,a) ALY (An — Aol) On — B(s,a) 0y
= [Xoo(s,a) " A} O]

where the second equality is from Assumption 1 and (15). Applying the Cauchy-Schwarz inequality leads to

d
(1) < Ko l6(s, @)1 10nlla;0 < Vddo D lldils, a)Lill -1, (57)

i=1

where the last inequality is ||05| < v/d and ||A;!]| < 1/Ag such that

16y < AL I12100) < Vd/Xo, VR e [H].

Next, to bound the term (ii), we define the following notations for simplicity. Let €] (o, V) =
Js PY(s[sh, ap)[V]a(s')ds" — [V]a(shyy) for any V : & — [0,H] and « € [min, V(s), max, V(s)]. Also,

we define two auxiliary functions:
@) = [ s Phsalas)ds’ = plac — minTha]a(s)
S S
ohil0) = [ ot = plor = min[Tia o ()

With the new notations in hand, we can bound (ii) by

d ~ ~
~p.V N
Zqﬁi(&a) (”ﬁ,i — Vi )
i=1

d
< Z(ﬁi(s, a) _ max ’./g\h7i(a) - 92@(00‘
i=1

a€[ming Vi1 (s),maxs Vi 11(s)]

(ii) =

d
< Z(ﬁi(S,a) _ max
i=1

a€[ming Vi1 1(s),maxs V11 (s)]

/S (ini(s") = 19.1(5)) [Phsa]a(s))ds'

d
< E _ max R
i—1 @€[ming Vi p1(s),maxs Viy1(s)]

: (58)

6i(s,a) /S (Ana(5) — 1.4(5") [Psala(s)ds’

where the first inequality is due to (11), (13) as well as Lemma 6, and the last inequality is based on
@i(s,a) > 0 for any (s,a) € S x A from Assumption 1. Moreover,

| [ 8 Taiada(a ~ [ )Pl
S S
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- /S 10 () Phalals)ds' = 1TA [ 30 657, a7 Phsala(5hn)

TE'D%

—|17A7 A /S W) Phsala()ds' — 3 6(7, 1) Vhsala(5741)
7'€'D]0L

= 1745 | /S 1) Phialals)ds' + 3 o(sT, af) ( / BY(s'|s7. a) [Vrs ] <'>ds'—m+ﬂa<sz+l>)

L TeD)
= |17 A" AOLM%(SI)[§h+1]a(S’)dS/+ > 6(sq.af)er(a, Vi) (59)
L TeDY

where the first equality is from (36), the third one is due to (15) and we let
V) = [ PS55IV = VIalsho),
for any V : S — [0, H] and « € [min, V (s), maxs V(s)]. Then, we have

¢i(s,a) - (fini — 1) [Virila

< |¢i(s,a)1] A" /\O/S 9(s )[Vh+1 "ds" + Z (sh,ap)en (o Vh+1)
T€DY

<losts. )il | o] [T aala(s]

Lt H Z o (s, ap,)ep, (@, Vh+1)HA,1 ’ (60)

TED)

(iii)

where the last inequality holds due to the Cauchy-Schwarz inequality.
Moreover, the term (iii) in (60) can be further simplified to

(1) < AoflA; 1|\2||/uh ) harla(s)ds'| < VAoH,

since |Vip1(s)| < H for any s € S and A, 1] < 1/X0. Then we have

(i1) < [ VAoH + _ max 1" 6(sq. af)er (o, Viga) la Zn@ s,a)Lifly1. (61)

a€[ming Vi 41(s),maxs \7h+1 (s)] EDO
for any (s,a,h) € S x A x [H]. Combining (61) with (57) finally leads to (51), which completes our proof.

B.3.5 Proof of (53)
Since €], (e, V') is 2-Lipschitz with respect to a for any V : § — [0, H], i.e
le7 (a, V) — e (af, V)| <2]a — af| < 2¢.

Therefore, for any « € [0, H], one has

I~ élsiaf) (en(en V) = el V) [13

TeDY

= > 6nan) 8 005 a) (6.0, V) — 60!, V) (6 (0. V) — € (a!, V)]

T,T EDO
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S bsn,ap) A G (s] af ) - A€

7,7 €D
<43 NG [ No,
where the last inequality is based on ||¢(s,a)|| <1 and Apin(Ap) > XA for any (s,a,h) € S x A x [H] such
that
> o) AT o) = D0 (ka2 oG ol 1A TS NRNo ()
T,T/Epsi T,T’ED%
Thus,

R ADIEELY (ehten Pisr) = chlal, Vrn) ) 131 < 465NE /A0 < 4€3K2/ o,
DO

due to the fact Ny, < K for any h € [H], which completes the proof of (53).

B.3.6 Proof of Lemma 12
For any fixed h € [H] and 7 € DY, we define the o-algebra

Fnr = o({(s],al) yTiNN 1l 5 7).

As shown in Jin et al. (2021, Lemma B.2), for any 7 € DY, we have ¢(s},a}) is Fj, —1-measurable and €], (o, V)
is Fp,r—1-measurable. Hence {€],(a,V)} epo is stochastic process adapted to the filtration {F}, - },cpo. Then,
we have

oy 60 VIIF] = [ RG] — Bop [IVOT0lab sk a2 )21
= [ PRIt V] ~ By [V(sT)le] =0
Note that €}, (o, V) = [ P2(s'|s},a})[V]a — [V(s}41)]a for any V € [0, H]® and o € [0, H]. Then, we have

ler (e, V)| < H.

Hence, for the fixed h € [H| and all 7 € [H], the random variable €] (o, V') is mean-zero and H-sub-Gaussian
conditioning on Fp,_r—1. Then, we invoke the Lemma 2 with n, = €], (a, V') and z. = ¢(s],,a},). For any 6 > 0,
we have

det(A}/?)

T T\ T 2 2
Po (I3 dlshap)ei(a VI o > 2 log(5 oy

0
TeDy,

)| <o

Together with the facts that det(Ai/z) = (Mo + Np)¥? and det(\oIy)'/? = )\3/2, we can conclude the proof of
Lemma 12.

B.4 Proof of Corollary 1

Before continuing, we introduce some additional notations that will be used in the following analysis. For any
(h,i) € [H] x [d], define @} ; : S — R**% and b}, , : S — R by
hi(5) = (0i(s, mh(s) L) (¢i(s, i (5)) 1) T € R, (63)
hi(5) = (0i(s, mh(s) L) TAL (i (s, 77 (5)) 1) (64)
With these notations in hand and recalling (17) in Theorem 1, one has
H

VO - VO <30 303 s B0

h=1i=1 €D},
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h=1i= 1d*€D*
—2702 sup Z\/ sy U, 4 ( (65)
‘4z €Dy, =

where the second inequality is due to the Jensen’s inequality and concavity.
In the following, we will control the key term Zle \/Es~adz by, ;(s) for any dj, € Dj. Before continuing,
we first denote
CP ={(s,a) : d?(s,a) > 0}.

Considering any (s,a) s.t. d}(s,a) > 0 and from Lemma 9, the following lower bound holds with probability
at least 1 — 39, i.e.,

KH KdP
_5\/Kdg(s,a)1og( =) > dhl(ﬁs’“>,

K b
Np(s,a) > w

as long as

log(KH/d) . log(KH/6)
RPTY = db(s,a)

min

K > ¢
for some sufficiently large co and d°; = miny, s ,{d}(s,a) : d2(s,a) > 0}. Therefore,

Z Nh(sv a)¢(8, a)d)(s?a)—r + Id

(s,a)ecy

b
=y B s )+ 14

(s,a)eck

= T E 41005, 0)6(5,0) ]+ 1o

From Assumption 3,

d - min{E . pgzbz(s,a)7 1/d}
]Ed‘ﬁ [6(s,a)¢(s,a) ] = Pergg(}%’t)) C*

rob

1,;, Vi€ ld]

Thus, for any i € [d],

Kd - min{E s ¢? * ,1/d
Ay s I+ min{ dlgscis ,mr(s)),1/d} i (68)

rob

Here, 1; ; represents a matrix with the (¢, j)-th coordinate as 1 and all other elements as 0. Consequently,

Esd; U7i(5) = Eonay Tr(®} 5()A 1) = Tr(Esna; D5 5(s)A; )

< Eqx 97 (s, mh(s))
= 14 Kd-min{Eq: ¢7(s, 7} (s)), 1/d} /16C},,

(69)

where the second equality is because the trace is a linear mapping and the last inequality holds by Lemma 7.
We further define & jarger = {7 : Es, a)y~ds, ?(s,a) > %} Due to Assumption 1, we first claim that

|5h,|arger| < \/gv (70)

where the proof can be found at the end of this subsection.
By utilizing Assumption 3, we discuss the following three cases.

o If E(s0)md: ¢7(5,a) = 0 (i & En jarger), it is easily observed that (69) can be controlled by (dj,, b}, ;) < 0.
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e If0 < E(S,a)wdquf(s?a) < é (¢ & Ehlarger),We have

16()rob E’d*¢ (S 7Th(S)) 16 rob

< 1
o If i € & arger, 1€, é < IE(Sﬂ)Nd;L(ﬁ(s,a) <1, we have
16CT,, - Eay &7 (s, ) (s 1

K - K-
where the last inequality holds due to ¢?(s, 7} (s)) < 1.

Summing up the above three cases and (70), we have

d
Z \/ SNd* hz Z \/ SNd bhz Z \/ S"“d* hz

7fegh larger légh larger
< |£ | 16C’;(ob |d g | 160:013
= |Ch,larger K — Ch,larger Kd

< 8V C:obv %

Together with (65) and setting vy = 6v/dH+/log(3HK/J), one obtains

ViP(€) = ViP(Q) mz sup Z\/ oy U o (5
14h€D} iz
< 96dH?\/C*, /K+/log(3HK/5),

log(KH/6 .
% for some universal constant cg.

min

with probability at least 1 — 44, as long as K > ¢g

Proof of (70). Let tharge, ={i: E(sa)~a; 9i(s,0) > ﬁ}

e We first show that |gh,|arger| should be no larger than v/d by contradiction. Suppose |é:h,|arger| > Vd.
Then, there are more than v/d coordinates of E(s,a)~a; #(s,a) € R that is larger than 1/v/d. In other

words,
> Eioayed; Gils,a) > 1, (73)
iegh,larger
which is equivalent to
- ;?eangHﬂS,a)Hl > Es,a)~dz 1605, a)[l1 = E(s,0)max Z ¢i(s,a) > 1, (74)
i iegh,larger

where the last inequality is from the linearity of the expectation mapping. It contradicts to our
Assumption 2, which implies ||¢(s,a)|l1 = 1 for any (s,a) € § x A x [H].

e Then, we show that &} jarger C Enlarger: For every element ¢ € &), jarger, We have

< (]E(s,a)Nd;LQbi(Saa)) < ]E(s a)~d*¢ (S CL)

ISH

where the second inequality is due to the Jensen’s inequality. Thus, gmarge, C Ehlarger-

Combining these two arguments, we show that |Ep jarger| > V.
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B.5 Proof of Corollary 2

We first establish the following lemma to control the sub-optimality, under the full feature coverage.

Lemma 13. Consider § € (0,1). Suppose Assumption 2, Assumption 4 and all conditions in Lemma 4 hold.
For any h € [H], if N > max{512log(2Hd/5)/k?,4/k}, we have

d
2
di(s,a)1]|y1 € —, V(s,;a)eSxA
DAL T

with probability exceeding 1 — 0.

Proof. From Lemma 4 and Assumption 4, one has

2¢i(sva) .
||¢i(s,a)ILi||A;1 < W, V(i,s,a) € [d] x S x A,
as long as Nj, > max{512log(2Hd/J)/x? 4/k}. In addition,
d d
1= [ Pl = [ o) i) =3 oilsa) [ i (s =S onlsa) (75)
s s i=1 s i=1

where the last equality is implied by Assumption 2. Therefore,

d

2¢;(s,a) 2
ZHQSZ(sa]lHA 1<Z VNuE \/m

i=1
O

From (66), we have Nj, > & with probability exceeding 1 — 38, as long as K obeys (67). Together will
Lemma 13, with probability exceeding 1 — 44, one has

d
D165l < e Vo) €8 5 A < [H]

as long as K > max{cg log(2Hd/6)/k?, colog(KH/§)/d
It follows Theorem 1 that

b n} for some sufficiently large universal constant co.

SubOpt(7: ¢, P?) < 96/dH? %

which completes the proof.

C Analysis for DROP-V: Algorithm 3

C.1 The implementation of DROP-V

The implementation of DROP-V is detailed in Algorithm 3, which can be divided into three steps. First, we
carefully design Three-fold-subsampling (cf. Algorithm 4), to generate two almost temporally statistically
independent datasets, 230,1)0, which are also independent from each other. The theoretical analysis of
Three- fold subsampling is postponed to Appendix C.2. The second step is to construct a variance
estimator ah for any h € [H] via D°, which is independent of D). The key idea is to utilize the intermediate
results {Vh} he1 ! of running DROP on D° to approximate the variance as (22). With the variance estimator at
our hands, the last step is to apply the weighted ridge regression to construct the empirical variance-aware
robust Bellman operator via (25)-(28), which is slightly different from DROP.
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Algorithm 3 Distributionally Robust Pessimistic Least-Squares Value Iteration with Variance Estimation
(DROP-V)

Input: Datasets D°, DO + Three-fold-subsampling(D); feature map ¢(s,a) for (s,a) € S x A;y1, A1 > 0.
Construct the variance estimator: Obtain (V,7) < DROP(DY, ¢)
1: For every h € [H]|, compute Aj, = ZTer o(s7,a)p(sh,a})" + I and

Vh,1 = (Ah ( Z ¢ 5h7ah)vh+1(5h+1)> Vh,2 = (Ah ( Z ¢ shvah)vh+1(5h+1)>

T€DY reDy

2: Update 07 (s, a) via (22), for any (s,a) € S x A.
Initialization: Set Qg4+1(-,-) =0 and Vigy41(-) = 0.

3: forsteph=H,H—1,---,1do

4 Eh:ZTeW%*')‘lId

Uh, (Sh 7ah)

No __ *1 d(sh,ap)Th
5: gh - h (ZTGDS Eh Elshjlahg )
6: for feature ¢ = L,- ,d do
7: Update v}, 7V via (28).
8: end for
9: ’L/U\ZUV—Q}L—I—APUV

~ O’V d

0 Qul) =06 B 3 T, 60 )Ll

)
11: (,): 1n{Qh,H h—i—l}

12 @) arg max,e 4 Qn(-a).
13 Vi() = Qu(-,7n())-
14: end for

Ouput: 7 := {7, }L,

Algorithm 4 Three-fold-subsampling

Input: Batch dataset D;

1: Split Data: Split D into three haves D D™ain and DVar| where |[D2WX| = |D™main| = |Dvar| = K/3.
Denote N1 (s) (resp. N (s) or Ny (s)) as the number of sample transitions from state s at step h
in D™main (regp. DAUX or DVar),

2: Construct the high-probability lower bound N;"™(s) by D**: For each s € S and 1 < h < H,

compute
. KH
N}tl“m(s) = max{N"(s) — 6 N;"lmux(s) log 5 0} (76)

3: Construct the almost temporally statistically independent D™#"s"P and DvarsuP: Let D,‘fai“(s)
(resp. D} (s)) be the set of all transition-reward sample tuples at state s and step h from D™ (resp.
Dv**). For any (s,h) € S x [H], subsample min{N}tLrim(s),N;L“ai“(s)}v (resp. min{N}tLr'i"‘(s),N}‘L’ar(s)})
sample tuples randomly from D28 (s) (resp. D} (s)), denoted as DMainsub (pegp, pmainsuby

Ouput: Dmain,sub Dvar,sub.

C.2 Theoretical guarantee for Three-fold-subsampling

As the three-fold subsampling method presented in Appendix C.1, it is slightly different from the two-fold
variant. Thus, we establish the following lemma to show that (76) is a valid high-probability lower bound of
Nmain(g) for any s € S and h € [H|, which follows the proof of Lemma 3 in Li et al. (2022a).

Lemma 14. Consider 6 € (0,1). With probability at least 1 — 36, if Nf"™(s) satisfies (76) for every s € S
and h € [H], then the following bounds hold, i.e.,

Ny™(s) < Np#it(s),  NpP™(s) < Np¥(s),  V(s,h) € S x [H]. (77)
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In addition, with probability at least 1 — 46, the following bound also hold:

Kdb(s,a)

5 —\/6Kd2(s,a)logK;I,V(s,a,h)GSXAX[H]. (78)

N}tlrim(&a) >
Proof. We begin with proving the first claim (77). Let Spaux C S be the collection of all the states appearing
for the dataset D*"*, where |Spaux| < K/3. Without loss of generality, we assume that D" contains the
first K/3 trajectories and satisfies

Ni™(s) =Y _L(sf =s), V(s,h) €S x [H],

=
—

which can be viewed as the sum of K/3 independent Bernoulli random variables. By the union bound and
the Bernstein inequality,
> t>

P (3<s,h> € Spuwc x [H] : |[Ni™(s) ~ S (s)

> t) < > r (‘Nﬁ“’%s) - gdi(ﬂ

sE€ESpaux ,he[H]

2KH t2/2
< expl\———— 75 |
3 Vs,h —|—t/3

for any t > 0, where

K Kdb
Us,h = gVar[]l(sﬁ =s)| < %

Here, we abuse the notation Var to represent the variance of the Bernoulli distributed 1(sf = s). Then, with
probability at least 1 — 24/3, we have

K 2 KH

()~ Sa ()] < (fventon(EI) 4 2rog KA
< \/Kdz(s) 1og(¥) +log($), V(s,h) € S x [H]. (79)
Similarly, with probability at least 1 — 26/3, we have
’Nmm 5) - —db ' \/de Jog( X ) + log(KéH), V(s,h) € S x [H]. (80)
Therefore, combining (79) and (80) leads to
| NP2 (5) — N (s)| < 2\/de log(KéH) + 210g($), V(s,h) € S x [H], (81)

with probability at least 1 — 46/3. Then, we consider the following two cases
e Case 1: N™(s) < 36log . One has

. HK .
NE™(s) = max{ Nj"™(s) = 61/ Ni™(s) log ==, 0} = 0 < N} (s).

o Case 2: N™(s) > 36log . From (79), we have

KH KH
—db \/de log ) + log(T) > Ni™(s) > 361og 5

implying H
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Also from (79),

K KH KH K
N2 () > E \/de ) log( ) log(—— 5 ) > gdl}i(s)

Therefore, with probability exceeding 1 — 44/3

NP (s) = NP™(s) — 64/ N2w<(s) Jlog 2 T < N™(s) — V64 Kdb(s) )log 22 5
< NP™(s) — 24/ Kdb(s) log 5 %\/ logHéK
Naux()72HKd2( )10g77210 T

< N (s),
where the last inequality is from (81).

Following the same arguments, we also have

KH

ar aux KH
INR*(s) — Ny (s)| < 2\/Kd2(3) log(—— T)’

5 ) + 2log(

V(s,h) € S x [H]. (82)
holds, with probability at least 1 — 45/3. Therefore, we can also guarantee that N™(s) < Ny*'(s) with
probability at least 1 — 46/3, for any (s,h) € S x [H].

Putting these two results together, we prove the first claim (77).

Next, we will establish the second claim (78). To begin with, we claim the following statement holds with
probability exceeding 1 — 2§/3,

NI (s0) = N (s)rhals) — 283 ool toa o) —1ow H a0,y € 5 4, (89

conditioned on the high-probability event that the first part (77) holds. In the sequel, we discuss the following

two cases, provided that the inequality (83) holds.

o Case 1:Kd}(s,a) = Kdj(s)m}(als) > 864log . From (79), with probability exceeding 1 — 2§/3, one
has

KH K KH
N2 (5) > —db \/de log ) log(—— 5 ) > Edi;(s) > 144log
Together with the definition (76), we have

KH

N3 (s) 2 Ni™(s) = 61/ Ni(s) og =~

Therefore,
. K KH
N (s)mh als) > 1o dh(s)nh(als) = T2log =

Combining with (83), one can derive

Nmm( s, )Z h S a \/ de S a IOg( 5 ) log —— 5
Kd KH
> # - \/6Kd2(s,a)log6

with probability exceeding 1 — 46/3
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e Case 2: Kdi(s,a) < 864log £ . From (76), one has

Nﬁrlm(sva)zoz ’i(;’a)\/GKd];’L(s’a)logé

By integrating these two cases, we can claim (78) is valid with probability exceeding 1 — 46/3, as long as the
inequality (83) holds under the condition of the high-probability event described in the the first part (77).
Thus, the second claim (78) holds with probability at least 1 — 44.

Proof of inequality (83). First, we can observe that the inequality (83) holds if N™(s)nP(s,a) <
2log KTH. Thus, we focus on the other case that Ny (s)7P(s,a) > 2log %. Denote that

€ ={(s,a,h) € S x Ax [H]| Ny™(s)m, (als) > 2log($)}.

Noticed that from Algorithm 4, one has that |€| < £, Supposing that the first claim (77) holds, one has
Nm(s) = min{ NiHm (s), Nimain(s), Nyar(s)}. Therefore, N'™ (s, a) can be viewed as the sum of Ni™(s)
independent Bernoulli random variables, where each is with the mean 7} (a|s). Then, by the union bound
and the Bernstein inequality,

P (El(s,a,h) cé&: |Nirim(s,a) — ffim(s)ﬂ'z(ab)f > t)

. . 2KH t2/2
< Z P (‘N;tf“n(s,a) — ,tl“m(s)w};(a\s)’ > t) < 3exp( /) ,

(s,a,h)€E Us,h + t/3

for any t > 0, where . .
ven = NE™(s) Var[1((sy, ax) = (s,a))] < Ny (s)mp (als)

A little algebra yields that with probability at least 1 — 24/3, one can obtain

4 _ KH 2 KH
|Nitzrlm(57a) _ }tlrlm(s)ﬂ_g(ab)‘ < 21)5’;1 log(ia ) + g IOg(T)
KH

< \/2N,§rim(s)7r2(as) log(%) +log(T), V(s,h) € S x [H]. (84)

Therefore, with probability 1 — 24/3, one can obtain

. . . KH KH
Ny (s,0) > N (s)epals) — 28 (0ol tos ST — g )

for any (s, a, h) € £, conditioned on the first claim (77) holds. O

In addition, the following lemma guarantees that the samples in D54 and Dvarsub are statistically
independent with probability exceeding 1 — 36. Before continuing, we denote D' as the dataset containing
Nirim(s) independent transition-reward sample tuples for every (s, h) € S x [H], following 7} and P?.

Lemma 15 (Modified Lemma 7, Li et al. (2022a)). With probability exceeding 1 — 3§, Dmainsub gy pvarsub
generated by Algorithm 4 as well as DY have the same distributions.

C.3 Proof of Theorem 2

To show that Theorem 2 holds, we first establish the following theorem that considers the temporally
independent dataset, where the proof is deferred to the next subsection.
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Theorem 4. Consider the dataset Dy and D° used for constructing the variance estimator in DROP-V and
§ € (0,1). Suppose that both D° and D° contain Ny < K sample tuples at every h € [H]. Assume that
conditional on {Np}ne[m), the sample tuples in DY and D° are statistically independent, where

th(s a’)
24
Suppose that Assumption 1, 2, and 3 hold. In DROP-V, we set

Ny (s,a) > V(s,a,h) € S x Ax [H].

M =1/H? v =&Vd, where & = 66log(3HK/0) (85)

Then, with probability at least 1 — 78, {7n}L, generated by DROP-V satisfies

dy €Dy,

H d
SubOpt(7; ¢, P*) < O(Vd) ZZ max Egx [||¢i(sh,ah)]1i||(zz)71 ,
h=1i=1

if Vd> H and K > max{O(H*/x?),0(HSd/r)}, where 3}, is defined in (30).

As the construction in Algorithm 4, {N{"™(s)},cs ne(a) is computed using D*™ that is independent
of DY ;= pmainsub 54 PO .= pvarsub  Moreover, from Lemma 14 and Lemma 15 in the Section C.2,
{N{rim(s)} s is a valid sampling number and DY and 252 can be treated as being temporally statistically
independent samples and
> NpEm(s) > K /24
sES
KH

with probability exceeding 1 — 44, as long as K > ¢ log =5
Therefore, by invoking Theorem 3 with Nj, := >

/dP. for some sufficiently large c;.

eS8 Nmm( ), we have

H d
SubOpt(7:¢, P*) < OWVA) 3_ > maas Eay |I6i(sn,an)Uilssy 1]
h=1 =1

with probability exceeding 1 — 116, if v/d > H and K > max{O(H*/x2),0(H%d/r),O0(1/d>. )}.

C.4 Proof of Theorem 4

Before starting, we first introduce some notations that will be used in the following analysis. First, we use
LZ(Sv a’) = B}TU‘/}h—i—l(sa a) - Q\h(sa a‘)v V(57 a, h) S ‘S X A X [H]v (86)

to represent the model evaluation error at the h-th step of our proposed Algorithm 3. In addition, For any
h € [H], we let T'}7 : § — R satisfy

[%(s) =T7(s,m(s)), VseS. (87)

Also, denote VpoV/(s,a) = max{1, Varpo[V](s,a)} for any V : & — [0, H] and any (s,a,h) € S x A x [H].
Similar to Lemma 10, we have the following key lemma, where the proof can be found in Appendix C.5.

Lemma 16. Suppose all the assumptions in Theorem 4 hold and follow all the parameters setting in
(85). In addition, suppose that the number of trajectories K > max{O(H*/x?), O(H%d/k)}. Then for any
(s,a,h) € S x A x [H], with probability at least 1 — 75, one has

d
(B Vhgn)(s,0) — (BLTVisn)(s,0)| < TF(s,0) = 31 S (s, @) Ll (88)

=1

In addition,

d d
M Z 6i(s,a)Lillg -1 < 2m Z [¢i(s, @)Ll (sz)—

i=1 i=1
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Next, following the same steps in Appendix B.3.2, with probability exceeding 1 — 79, one has

SubOpt(7; ¢, P*) < 27122 max Eq; [[|¢i(sn, an) il |

h=1 i=1 4Dy

<4 Y0 Y mas B [I6:(sn an)Lilimy)-: ]
1

dy €Dy,

C.5 Proof of Lemma 16
Similar to Lemma 11, we first establish the following lemma, which proof is postponed to Appendix C.5.1.

Lemma 17. Suppose the Assumption 1 and 2 hold. Then, for any (s,a,h) € S x A x [H] and any
Vg1 : S — [0, H], we have

(B Vig1)(s,a) — (B Vi1 (s, a)]

o( sh,ah . (89)
< [ 2/ A\dH + max Z B (sT ) 7 (@ Vi)l Z”@ 5,@) Ll

a€[ming Vi41(s),maxs Vi41(s)]

=1
Of ! |aT T ’ ’_ S-,—
where € (a,V) = Ls Puts ‘S’“““f?[}v(];(i?fs Vla(of+2) for any V. : & — [0,H], any 7 € DY) and a €
t\"h'"h
[ming V (s), maxs V(s)].
Letting A\; = 1/H? in (89), then Lemma 17 becomes
|(B) " Vig1)(s,0) — (BLViga) (s, a)|
d
$7,07) ro, = (90)
< |2vd+ _ max | Me}; (o, Vg )llg—1 | Y lli(s, a)Lill g1,
a€[ming Vi41(s),maxs Vi41(s)] TED?L U(Sh7ah) h i=1 "
M,

Due to the correlation between o and ‘A/h_H, we also apply the uniform concentration with the minimal
e1-covering set N (e1, H) for o defined in (52). Similar to (53), there exists af € N(e;, H) s.t.

2

M), < 8GH?K® +2|| Y MGZ’U(O‘T, Vi) <8+ 2Map, (91)
o Uh(shaah)
T€D) Z;l

]\/[2,h

where the second inequality holds if €; < ﬁ Without the loss of generality, we let €; = ﬁ in the following
analysis. The detailed proof of (91) is postponed to Appendix C.5.2.
Next, we will focus on bound the term M ;. Before proceeding, we first define the o-algebra

74+1)AN, j i T
Fhr = U({(Smah)}( I {ris Shy1ti=1),

for any fixed h € [H] and 7 € DY. Noted that the samples in D? are temporally statistically independent,
i.e., V41 is independent of Df, for any h € [H]. In addition, {57 } e[ is constructed using an additional
dataset D°, which is also independent of D°. Thus, for any h € [H ] and 7 € DY ICHLH)

we have W

ho is

Fh,r—1-measurable and |A (h;ah | <1. Also, € ?(af, Vh+1) is Fp, r-measurable,
E[EZ’U(QT, ‘7h+1)|‘7:h77'—1] =0, |€;,U(O‘T3 ‘7h+1)| <H,
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It follows the independence between 3,21 and D?L that

Js P2(s'|% ap) [Vigala(s')ds' = [Viiala(s) (s ary = LrelVienla(si, ah)
on(sy,a}) ho=h o2 (s7,af)

Var pY

VpoViti(sh, ap,)

Lt ), (92)
UI21<Sh7ah)

for any h € [H] and 7 € D), where the inequality is from Vpo Vh+1(52, ay,) = max{1, Varpo [XA/hH](s}TL, ap)}.
The analysis of the improvement on sample complexity heavily relies on the following lemma about the
variance estimation error, where the proof is deferred to Appendix C.5.3.

Lemma 18. Suppose that D° and D° satisfy all the conditions imposed in Theorem 4. Assume the Assumption
1, 2 and 3 hold . For any h € [H] and given the nominal transition kernel P,g :SXA— S, the Vi1 generated
by the DROP-V on D° and 82 generated by DROP on D° satisfies

BN B (1129 : £V
’VP;?Vh—;-pl(Shvah)_G%(Shvah) §W7 vr € Dj, (93)
320c, H3V/d
< SV oy, (94)
VKkK

where ¢, = 1210g(3HK/5) and K > c¢1log(2Hd/§)H*/K? for some sufficiently large universal constant cy,
with probability at least 1 — 60.

T

‘VP,? Vi (sy, az) = VeVt (s7,, a7)

Notice that 1 < 57(s,a) < H? for any (s,a,h) € S x A x [H]. Invoking the Lemma 18, we have

Vpgﬁhﬂ(s;,a;) VP}?V,L*J’fl(s;,a;) VpoVhia(sy, ap) — VP,?Vh*-i-pl(SiTwaiTL)

oi(sp.ap)  or(sq.ap) 52(s],aj)
70c, H3Vd 3 5
<14 _VEr 320c, H>V/d < 400c, H3v/d <o

< + — <1+ <
oi(sh.ar)  VKr-53(s],ap) VKE
where the penultimate inequality uses 1 < 7 (s,a) for any (s,a,h) € S x A x [H] and the last inequality
holds as long as K > ¢, H%d/k for some sufficiently large universal constant c. Therefore, combining with
(92) leads to Var(e;” (af, Vi1)| Fnr—1] < 2.
Suppose that v/d > H. From Vershynin (2018), one has [N (e, H)| < % = 3H?K. By the union bound

and invoking Lemma 3, we have

sup Z i Sh’ah T, V)| < 16y/dlog(1+ H2K/d) log(12H3K3/5) + AH log(12H3K3 /5)
a€eN(e1,H) TEDO Sha )
=y
S Clﬂ

with probability 1 — 76 and for a fixed o € N(ey, Vig1), for ¢; = 401og(3HK/§). Then, the equation (89)
becomes

d
(B Vigr)(s,a) — (B Vi1 )(s,0)| < (2Vd +2V2 + V2e,Vd) Z I6i(s, @) Lills;

d
=13 945,00l = TF(s.a)

i=1

Moreover, from (93), we have

Z (bh Shaah)¢h(shaah) o ¢Z(82»a2)¢£(827a2)T
[ 3
s o7 (sh,ap) feDy Vpo Vi (shyap) + 710/%1:
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T

Z 07,(85: a3) 7 (57, a7)

reD? VPOVthl(Sh’ ar,)

where the last inequality is from m”i\/%/a < 1. Then, we obtain ¥, = 3 for any h € [H], which completes
the proof.

C.5.1 Proof of Lemma 17
Following (56)-(58), we have

|<@P’“vh+1><s a) — (BY Viy1) (s, >\

< \/d)\leqSZ 5, ) Lily, s +Z

b1(s, ) /S (A5.4(5") — i) Vi (5)d .

ax
[min, Vh+1( s),maxs Vi1(s)]

(1)

for V(s,a,h) x & x A x [H], where 117 ;(s) is the i-th coordinate of

T T ]l — T
ﬁg(s):Egl Z o(sp,,a7,)1(s 5h+1) c RY

& At
such that 7 (a Is B3, NVig1(s')]ads' defined in the update (26). Similar to (59), by letting e (a, V) =
EEACILE a”)z[;(] als ))ds 7[V] (i) for any V : § = [0,H], any 7 € D and « € [min, V(s), max, V(s)], we
h? h

have

10 () Vi a(s')ds’ — / 7545 Vi) ds'
S S

=1t [l (as + 5 SR ([ B Vi la (4~ Wela(sEi))

o2(s7,ay
D h h? h
G 2

— |17 )\/ 0 Visrla(s)ds' + 3 LERE) o
h 1 Sﬂh( )[ h+1] ;0 Uh(shvah) h ( h+1)

Then, we obtain

615, a) /S (AF4(5") — i) Vi o (5)

<ot Tst (M [ i Whlatis + Y DR oo,
S TEDh (hv h)
. » or.a0)
< ool | Al O Wielo)as T +1 Y GG @ Vi)l | 09

TEDO

(ii)

where the last inequality follows Cauchy-Schwarz inequality. Moreover, the term (ii) in (95) can be further
simplified

(11) < M5 1||2||/uh WVisila(8)ds']| < /A H,
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since V(s) < H for any s € S and |2, || < 1/A;. Then we have

d

€Z5 Shy G,
I E r h 6 (e Vi) g | Do ldils, )Ll 1,
Vht1(s)] o(sy,,a

’ =1

(1) < [ VMH+

max

a€[ming Vi41(s),maxs
(96)

which concludes our proof of (89).

C.5.2 Proof of (91)

Due to the semi-positiveness of E;l, one can control Mﬁh for any h € [H] as

H (b(sh’a’h)

ma o,V 2
x U}L(Sh7ah)6h e hH)HEhl

a€[ming ‘7h,+1(s),max5 \7h+1 ()] g
h

d) s, ) a T ¢ Spy @ T
< max 2 Z ) (0, Tir) - 7 (0l e 121 421 3D LR e (B )2

«€l0,H] on(s),ar) ot on(sh,an)

for some af € N(er, H). Note that €, («, V) is 2-Lipschitz w.r.t. a for any V : S — [0, H], i.e
ler?(a, V) — 77 (af, V)| <2l — af| < 2¢;.

Therefore, for any « € [0, H]|, we have

H Z ¢ Shﬂah GT,J(a’ V) o 6;,0‘( )) ||Z_1

TEDY Onlsh: @

¢ Sh7a’h i -1 ¢>(52'aaﬁl) 7,0 o0 1 o ot
= X s N W[(eh (@, V) = 7 (0!, V) (6 7(a,V) = (o}, 1))
77/€DY n(sh»a7) h\Sh »Uh
T
¢sh,ah w1 001.a7) o
S 2 Glha) e
T GDO h> h h\Sh > @n

<4€2N? /M1,

where the last inequality is based on ||¢(s,a)|l2 < 1, Gn(s,a) > 1 for any (s,a,h) € S x A x [H] and
Amin(Zn) > A1 = % for any h € [H| such that
Do blshan) S sh sa ) = Y llo(sh ai)lla - 16(sT s ai iz - 1= M < N7 /A (97)

T,7'€D) 7,7 €D

Due to the fact N}, < K for nay h € [H], we conclude that

2

MP, <8EH K +2( > Me;’g(cﬁ, Vig1) <8+ 2My p, (98)
0 Uh(sh’ ah)
T€D;, 2;1
Maz p
where the second inequality holds if €1 < H—lK

C.5.3 Proof of Lemma 18

Recall that in Section 4.1, {67} | is constructed via {Vj,; 1}, generated by DROP on D°. Before starting,
we define

Vary, Vi1 (s,a) = [6(s,0) "1l o) — ([0(s,0) Tvnaliom)’ s ¥(s,a,h) €S x A x [H],
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such that 57 (s, a) = max{1, @‘th+1(87 a)}. In addition, recall that VpoV (s, a) = max{1, Varpo V(s,a)} for
any value function V' : § — [0, H] and any (s,a,h) € S x A x [H]. Then, we can decompose the target terms
by

o~

ViVt (57 ah) — 3k a)|
< ‘VP,?V}L-H(S;—N a;) - 8}27,(8;’ a;)’ + ‘VP;L)Vi:fl(S;—u a;) - VP}:Vh-H(S;—w a;)

< ‘Varp}? Vie1(sh,a}) — Vary, Vi1 (s], a;)‘ + ‘Varpo Vil (sh,af,) — Var po Via1(sp,al)l,

(a) (b)

for every h € [H], where the last inequality is based on the non-expansiveness of max{1,-}. Similarly,

Vo Vi (shs ah) = Vi Vit (sh ah)| < [Varp Vit (s, af) = Vargg Vi (57, a7)|

(c)
In the sequel, we will control (a), (b) and (c) respectively.

Step 1: Control (a). For each 7 € DY, we decompose the term (a) by
(a) = ‘Varth+1(sz,a2) — Varpo ‘7;,,_,_1(52,(12)‘

< ‘[as(s;,az)%h,lho,m - [ PR (O

2
+

([¢(Sa a>TVh,2][O,H])2 - [/ Pf?,s,j,a; (SI)VhH(S/)dS/]
S

9

< \¢<s;,a;>T (h -/ u2<s’>v,?+1<s’>ds')\ ; 2H]¢<sz7a;f (, - u2<s'>vh+1<s'>ds')
S S

(a1) (a2)

where the last inequality is based on a? — b? = (a + b)(a — b) for any a,b € R. In the sequel, we control (a;)
and (a2), respectively. Before continuing, we first define fi5; : S — R is the ¢-th coordinate of

fin(s) = (Ra)™ [ D (s ,af )1(s = 5741) | €R?

50
7' €D,

such that v 1 = fs ﬂh(s’)vh?ﬂ( Nds' € R? and vp, 0 = fs (s Vh+1( "\ds'. With this new notation, we
reformulate (a1) as

(@) = 606507) [ () = i)V ()
Following the steps in Lemma 11, i.e., the equations (59)-(61) with A\g = 1, we can obtain
d

(1) < [ H + _max _ Z (s 6h (a Vh+1)||(Ah) 1 Z”‘bl (shsap)L; HA—

a€[ming V41 (s),max, V}L+1(S)] /EDO i1

< H+2\/§H+\/§ sup || Z d) Sh 7a‘h )Gh (Oé Vh+1 H(Ah Z ||¢ 3h7ah ]l ||A 1 (99)

QGN(EQ,H) - EDO

where €} (o, V) = [ PY(s'|sh,a})[V]a(s)ds' — [V]a(s),,) for any V : & — [0,H], 7' € DY and a €
[min, V(s), max, V(s)]. Since Vj,41 is independent of 252, we can directly apply Lemma 2 following the same
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arguments in Lemma 12. Therefore, with probability exceeding 1 — §, we have

sup || D> 67, af )er (Vi) s,y 1 < H*/21og(BHK/6) + dlog(1 + K) < cqH?Vd, ~ (100)

OLGN(G(),H) ~
7/€DY

where ¢, = 3log(3HK/J). Therefore, with probability exceeding 1 — 4,

d
(CLl) < GCaHz\/gZ H(bl(’s;—w a;—L)]]‘Z”[\;l

i=1
Similarly, with probability exceeding 1 — §, one has
. d
(a2) = |9(s},, ar,) /S(ﬂh(é") — 15 (8") Vi1 (8)ds'| < 6ea HVA Y [|6i(sT, ap) Lill5 - (101)
i=1
Combining (99), (100), and (101), we can obtain

d
(a) < (a1) + 2H(a2) < 12¢, H*Vd ) i (sh, ap) iz~

i=1

with probability exceeding 1 — 24.
Step 2: Control (b). Then,
(b) = |Varpp Vit (sh, a7) = Varpy Vi (55, a7)|

< [ P ) (V) = Vo)) (V) + Vi ()

Ph,sz,a'[b (sl) (Vh_;-pl( ) Vh+1(8/)> dS/

[ Pros ) (Vi) + T ()

<4H '/ Ph s a7 Vh+1( s') — Vh+1(5/)> ds'| <4H max Vb (s) = Viga (s)

Denote ip(s,a) = IB%'fLVhH(s, a) — Qn(s,a), for any (s,a) € S x A and

PEY 0= agmin [ P (s (102)
h P(.)ew(ngmi(s)) S

For any h € [H], define P : § — S and if € S — R by
Pt(s) = PV, () and and 7(s) i= (s, 7 (s)), Vs €S. (103)

Following the step 1 and 2 in Section B.3.2, we have

H H t—1
Vh*ﬁp(s) _ f/h(s) < (H ﬁjinf> (Vé’_ﬁl — ‘7H+1) (s) + Z H P}nf i (s)
i—h t=h \j=h
H t—1 .
_ Z H P;nf N*(S)
t=h \j=h

for any s € S and h € [H], where the equality is from V7, (s) = Viz41(s) = 0 for any s € S and we denote

t—1 t—1
12 ) (s)=1, and dj,=d; P e Dy
j=t j=h
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for any dj, € Dj. Therefore,

maXVhH( 5) — Viga(s) < max . Lt < max Ip(s,a). (104)

€s o S
Narwrl s Pyl (s,a)eSxA

Note that for any (s,a,h) € S x A x [H]
lin(s, @)l < |(BfVie1)(s, @) = (B, Vis1)(s,@)| + Ti(s, a) < 2Tn(s,a)

d
<cHVdY I6i(s, a) L 5.+ (105)

i=1
where ¢, = 121log(3H K /§). Substituting (105) into (104), we have
d
maécvh+1( s) — Viya(s) < (S’ggngchQ\/gZ H(bi(s,a)]liHA;l.

Therefore,

d
(b) < (S’geaéch4ch3\/aZ ||¢i(57a)]li||[\;1

with probability exceeding 1 — 4.

Step 3: Control (¢). Similarly,

H

(¢) < AH max Vi (s $)=Viri(s)< > sup 1§ (s,a)l (106)
t—ht1 (s,a)ESx.A

where
|65 (s,)] < |(BYViya)(s,0) = (BfVigr) (s, @) + T (s, a). (107)
Following (90) and (91), we have

d
(B Vhsn)(s,) = BEViin)(s, )| < (5Vd+vV2Ms) Y lldn(s, )il (108)
=1

.- Since on and V11 are independent of Dg,

where M3 p, 1= SUPat e (e, , 1) HZT L Uh((shiv‘lafg)ez,ff(a’f’ Vh+1)’ o
h
then we can directly apply Lemma 2 following the same arguments in Lemma 12. Therefore, with probability

exceeding 1 — §, we have

3H?2
Msp < H\/Qlog( 5 ) +dlog(1+Np/M)
€1

< H+\/210g(3H3K/8) + dlog(2H?K) < ¢, HVd/V2 (109)
where ¢, = 12log(3HK/§). Substituting (109) into (108) and combining with (107) result in

d
65,5, 0)] < (5 + e + E)HVAY | dils, a)Lilly-1,

=1
d
<8y HVAY || dils,a)Lillg,  V(s,a,h) € 8 x Ax [H].
=1

Therefore,

d
(c) < 4H1§1€a§<‘/}:f1(5) = Vhyi(s) < ( S)EI;XAW%H?’\/&Z [6i(s, a)Lif| -
s,a i—1

with probability at least 1 — 4.
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Step 4: Finishing up Then, with probability at least 1 — 3§, we have

d
\Vngif’l(sL af,) — 5 (sh aﬁ)\ < T VA (615, 0) L 51, (110)
5,0 i=1

since ¢, = 4¢,. With probability at least 1 — 9,

d
‘VP}thH(s;, aj) — Vp}oV,f_;_pl(s;Tl,a;)‘ < sup 32ch3\/&2 l|i(s,a)Lslg—1. (111)
' ' (s,a)eSx.A i—1 h
Recall that from Lemma 13, we can control the term Z?Zl ||¢,-(s,a)]li||/~\;1 for any (s,a,h) € S x A x [H],

as long as Np, is sufficiently large. Similar to Lemma 13, we also employ Lemma 4 to control the term
Z?:l Ilos (s, a)]liHE}—1 for any (s,a,h) € S x A x [H] as follows, where the proof is deferred to Appendix C.5.4.

Lemma 19. Consider § € (0,1). Suppose Assumption 2, Assumption 4 and all conditions in Lemma 4 hold.
For any h € [H], if Ny > 512log(2Hd/§)H* /K%, we have

ZH(Z%SG]I”Z 1_\/ﬁ, V(s,a) € S X A,

with probability exceeding 1 — 4.

From Lemma 13, Lemma 19 and the fact N, > with probability exceeding 1 — 26, we have

24’

IN

5

d
Z léi(s, )15 < Y Wsah) €S x Ax[H], (112)

[\ 3[\3
BN

10

IN

=
5
R\.

ZHgbl s,0) L]l < Y(s,a,h) € S x A x [H], (113)
=1 Nh

as long as K > ¢y log(2Hd/6)H*/k? for some sufficient large universal constant c¢;. Substituting (112) and
(113) into (110) and (111) respectively, we finally arrive at

70c, H3Vd
Vpo V2F (57, al 2(sT < —— 114
Vi Viith ok ah) — BR(sTah)| < (114)
PN S | _ 320c,H?d
‘VPthJrl(Shaah)—VPgV;firp1(3hvah) SW- (115)

for any (s,a,h) € S x A x [H|, with probability at least 1 — 6§, which completes the proof as long as
K > cylog(2Hd/5)H* /K? for some sufficiently large universal constant c; .

C.5.4 Proof of Lemma 19

From Assumption 4, one has Amin(Eqe [%}) > 4 for any (s,a,h) € S x A x [H]. Following Lemma
h
4, we can obtain
20,(s,a)

H(rbi(saa)]li”E;l < \/m ) V(i,s,a) € [d] X S x -Av

as long as Nj, > max{512H*log(2Hd/§)/x?,4/k}. In addition,

1:/5P}?(Sl|87a)d8/:/5¢(8’a ds —Z¢z s, a /Mhz( )ds’:Z¢i(s,a)7 (116)

where the last equality is implied by Assumption 2. Therefore,

20;(s,a) 2
;”‘z’i(sva)liHZgl Z VN \/m
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