
Foundations of Reinforcement Learning
Linear function approximation

Yuejie Chi

Department of Electrical and Computer Engineering

Spring 2023



Outline

Linear function approximation

Convergence of TD(0) with linear function approximation

Extensions

1



Humungous state space

S ⇡ 2 · 10170
<latexit sha1_base64="+5jsu3unisLWEGQgX7hhPjYrqhM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCnVZ0IXLivYBTSyTyaQdOskMMxOxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JBKNKO863VVhaXlldK66XNja3tnfs3b2W4qnEpIk547ITIEUYTUhTU81IR0iC4oCRdjC8mPjteyIV5cmtHgnix6if0IhipI3Usw9uPCSE5A+w6uGQa+g6d5lbc8Y9u+xUnCngInFzUgY5Gj37yws5TmOSaMyQUl3XEdrPkNQUMzIueakiAuEh6pOuoQmKifKz6QdjeGyUEEZcmko0nKq/JzIUKzWKA9MZIz1Q895E/M/rpjo69zOaiFSTBM8WRSmDmsNJHDCkkmDNRoYgLKm5FeIBkghrE1rJhODOv7xIWtWKe1qpXp+V65d5HEVwCI7ACXBBDdTBFWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHmQSVsQ==</latexit>

Exploiting low-complexity model is essential for efficient RL!
• Save computation/space/data
• Generalize across state or states and actions
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Function approximation

Function approximation
The object of interest possesses some low-dimensional representation.

• value function
• Q-function
• transition kernel
• reward
• policy

• Parametric:
• Linear combinations of features
• Neural networks

• Nonparametric:
• Decision trees
• Nearest neighbors

Today we will focus on differentiable function approximation and apply
first-order methods to incrementally update the underlying parameters for
on-policy evaluation.

3



Policy evaluation with linear function
approximation



Linear V/Q function approximation

The value/Q function is a linear combination of features:

V (s;w) = φ(s)>w,

Q(s, a;w) = ψ(s, a)>v,

where
• φ(s) maps the state space S to Rd1 ;
• ψ(s, a) maps the state-action space S ×A to Rd2 ;
• w, v are the low-dimensional embeddings we wish to learn.

Typically, the number of features is much smaller than the dimension, i.e.

d1 � |S|, d2 � |S||A|.

We assume the feature maps are known.
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Feature selection

When the states/actions are numbers, function approximation for value
functions bears familiarity with that of interpolation and regression in
supervised learning.

State/action (velocity, position, etc.…)
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Example features: polynomials, Fourier basis, radial basis functions,...
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Incremental update with true value

Objective function:

J(w) = 1
2Es∼d

π

[
(V π(s)− V (s;w))2

]
︸ ︷︷ ︸

=:J(s;w)

= 1
2Es∼d

π

[(
V π(s)− φ(s)>w

)2]
,

which is quadratic w.r.t. w.
• Given access to V π(s), the stochastic gradient is evaluated as

∇wJ(s;w) = −
(
V π(s)− φ(s)>w

)︸ ︷︷ ︸
approx. error

φ(s).

• Update the weight w via

w ← w − α∇wJ(s;w) = w + α
(
V π(s)− φ(s)>w

)
φ(s),

where α is the learning rate.
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Incremental update with target value

However, in reality, we do not have access to V π(s) (otherwise we won’t
need to learn!).

Instead: replace V π(s) by its target V πtarget(s) from MC or TD.

J(w) = 1
2Es∼d

π

[(
V πtarget(s)− φ(s)>w

)2]︸ ︷︷ ︸
=:J(s;w)

,

Update the weight w via

w ← w − α∇wJ(s;w) = w + α
(
V πtarget(s)− φ(s)>w

)
φ(s),

where α is the learning rate.
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Examples of different targets

• In MC, use the return Gt

w ← w + α
(
Gt − φ(s)>w

)
φ(s)

• In TD(0), use the TD target rt + γV (st+1, w) = rt + γφ(st+1)>w

w ← w + α
(
rt + γφ(st+1)>w − φ(st)>w

)
φ(st)

• In TD(λ), use the λ-return Gλt

w ← w + α
(
Gλt − φ(s)>w

)
φ(s)

These are “semi-gradient” methods, since we only consider the gradient of
the function approximator, not the target.
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Convergence of TD(0) with linear function
approximation



TD(0) with linear function approximation

Suppose we collect a trajectory following policy π:

s0, r0, s1, r1, s2, r2, . . .

TD(0) on a single trajectory:

wt+1 ← wt + αt
(
rt + γφ(st+1)>wt − φ(st)>wt

)
φ(st)

Question
Does TD(0) converge on a single trajectory, and if so, what does it converge
to? How does the choice of feature vectors impact performance?
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Matrix representation

Feature matrix and reward vector: suppose S is finite with size S,

Φ = [φ(1), φ(2), . . . , φ(S)]> =


φ(1)>
φ(2)>

...
φ(S)>

 ∈ RS×d, r =


r(1)
r(2)

...
r(S)

 ∈ RS ,

where we assume Φ is of full column rank.

Value function approximation: the value function is approximated as

Vw = Φw = [φ(1), φ(2), . . . , φ(S)]>w ∈ span(Φ).

Assumptions: the feature maps are bounded:

‖φ(s)‖2 ≤ 1 ∀s ∈ S
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The TD(0) update rule in matrix form

The update rule of TD(0) can be written as

wt+1 = wt − αt(Atwt − bt)

where

At = φ(st)
(
φ(st)− γφ(st+1)

)> ∈ Rd×d,
bt = φ(st)rt ∈ Rd.

Question
What is the fixed point of TD(0)?

Intuition: If we let wt+1 = wt, then TD(0) should approximately solve the
“average” version of this equation:

Atwt ≈ bt.
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Stochastic approximation view of TD(0)
State stationary distribution µ of the Markov chain:

Dµ =


µ(1)

µ(2)
. . .

µ(S)

 ,
and µ(s) > 0 for all s ∈ S.

Population version: averaging At and bt over µ:

Est∼µ[At] = Φ>Dµ

(
I − γPπ

)
Φ := A ∈ Rd×d

Est∼µ[bt] = Φ>Dµr := b ∈ Rd

TD(0) applies stochastic approximation to solve the linear system of
equations:

Aw = b.

— but what is this, really?
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Best linear function approximation to V π?

<latexit sha1_base64="GCPbySMKOVraDEJbo3i1cbCl+tY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUnE17LoxmUF+4CmlMl00g6dTMLMRAih/oobF4q49UPc+TdO0yy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fXDYVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uZ35nUcqFYvEg05j2g/xSLCAEayNNLArXoj1WAWZirGY1rzmmJ0O7KpTd3KgZeIWpAoFmgP7yxtGJAmp0IRjpXquE+t+hqVmhNNp2UsUjTGZ4BHtGSpwSFU/y8NP0YlRhiiIpHlCo1z9vZHhUKk09M1kHnXRm4n/eb1EB9f9jIk40VSQ+aEg4UhHaNYEGjJJieapIZhIZrIiMsYSE236KpsS3MUvL5P2Wd29rF/cn1cbN0UdJTiCY6iBC1fQgDtoQgsIpPAMr/BmPVkv1rv1MR9dsYqdCvyB9fkDq6KUyg==</latexit>

span(�)

<latexit sha1_base64="34EmSpdmEU5fhRqWSYEotY/r//I=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtWDJppg1NMiHJCGXoR7hxoYhbv8edf2PazkJbD1w4nHMv994TKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7dRvPVFtWCIf7FjRUOCBZDEj2Dqp1XzMuopNeuWKX/VnQMskyEkFctR75a9uPyGpoNISjo3pBL6yYYa1ZYTTSambGqowGeEB7TgqsaAmzGbnTtCJU/ooTrQradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJlVqqSTzRXHKkU3Q9HfUZ5oSy8eOYKKZuxWRIdaYWJdQyYUQLL68TJpn1eCyenF/Xqnd5HEU4QiO4RQCuIIa3EEdGkBgBM/wCm+e8l68d+9j3lrw8plD+APv8wd2gY+r</latexit>

V ⇡

<latexit sha1_base64="EaxQ+u/BzO4vhAxgoCdI3z9fp1s=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyURX8uiG5cV7AOaGCbTSTt0ZhJmJmIJ+RU3LhRx64+482+ctllo64ELh3Pu5d57woRRpR3n2yqtrK6tb5Q3K1vbO7t79n61o+JUYtLGMYtlL0SKMCpIW1PNSC+RBPGQkW44vpn63UciFY3FvZ4kxOdoKGhEMdJGCuyq16JB5vE0r3ceMi+h+Ulg15yGMwNcJm5BaqBAK7C/vEGMU06Exgwp1XedRPsZkppiRvKKlyqSIDxGQ9I3VCBOlJ/Nbs/hsVEGMIqlKaHhTP09kSGu1ISHppMjPVKL3lT8z+unOrryMyqSVBOB54uilEEdw2kQcEAlwZpNDEFYUnMrxCMkEdYmrooJwV18eZl0ThvuReP87qzWvC7iKINDcATqwAWXoAluQQu0AQZP4Bm8gjcrt16sd+tj3lqyipkD8AfW5w/BAJRF</latexit>

⇧µ(V ⇡)

<latexit sha1_base64="yEsixKIfP5DHgXPaWps/etMfVJg="></latexit>h·, ·iµA natural projection criteria is

Πµ(V π) = arg min
z=Φw

∑
s∈S

µ(s)
(
V π(s)− φ(s)>w

)2
= arg min

z=Φw
‖V π − Φw‖2µ,

where we weigh the importance of different states by µ.
• The solution is

Πµ(V π) = Φ(Φ>DµΦ︸ ︷︷ ︸
=:Σ

)−1Φ>DµV
π,

where Σ is the covariance w.r.t. the features weighted by µ:
Σ = Φ>DµΦ = Es∼µ

[
φ(s)φ(s)>

]
.
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Projected Bellman equation

In TD(0), the target is the one-step look-ahead of Vw = Φw:

T π(Φw) = r + γPπΦw

Project this back to span(Φ):

min
w
‖T π(Φw)− Φw‖2µ

<latexit sha1_base64="GCPbySMKOVraDEJbo3i1cbCl+tY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUnE17LoxmUF+4CmlMl00g6dTMLMRAih/oobF4q49UPc+TdO0yy09cDA4Zx7uWeOH3OmtON8Wyura+sbm6Wt8vbO7t6+fXDYVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/uZ35nUcqFYvEg05j2g/xSLCAEayNNLArXoj1WAWZirGY1rzmmJ0O7KpTd3KgZeIWpAoFmgP7yxtGJAmp0IRjpXquE+t+hqVmhNNp2UsUjTGZ4BHtGSpwSFU/y8NP0YlRhiiIpHlCo1z9vZHhUKk09M1kHnXRm4n/eb1EB9f9jIk40VSQ+aEg4UhHaNYEGjJJieapIZhIZrIiMsYSE236KpsS3MUvL5P2Wd29rF/cn1cbN0UdJTiCY6iBC1fQgDtoQgsIpPAMr/BmPVkv1rv1MR9dsYqdCvyB9fkDq6KUyg==</latexit>

span(�)

<latexit sha1_base64="0pCFmJ2OHUn94SqTVxYvdKgdc9M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlAdgmzk9lkyOzMMjNrCEt+w4sHRbz6M978GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw7up33qiSjMpHs04oUGM+4JFjGBjJb/ZHaEb5NcHDI265YpbdWdAy8TLSQVy1LvlL78nSRpTYQjHWnc8NzFBhpVhhNNJyU81TTAZ4j7tWCpwTHWQzW6eoBOr9FAklS1h0Ez9PZHhWOtxHNrOGJuBXvSm4n9eJzXRdZAxkaSGCjJfFKUcGYmmAaAeU5QYPrYEE8XsrYgMsMLE2JhKNgRv8eVl0jyrepfVi4fzSu02j6MIR3AMp+DBFdTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP4jokLk=</latexit>

Vw = �w

<latexit sha1_base64="0CCzvuQJlNsDUk9rCNvnl+gnoIo=">AAAB/3icbVC7TsMwFHV4lvIKILGwWFRIZakSxGusYGEsUl9SEyLHdVqrjhPZDqgKGfgVFgYQYuU32PgbnDYDtBzJ0tE59+oeHz9mVCrL+jYWFpeWV1ZLa+X1jc2tbXNnty2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3Sd+517IiSNeFONY+KGaMBpQDFSWvLMfSdEaogRS5vZXerENKu2vYdjz6xYNWsCOE/sglRAgYZnfjn9CCch4QozJGXPtmLlpkgoihnJyk4iSYzwCA1IT1OOQiLddJI/g0da6cMgEvpxBSfq740UhVKOQ19P5mnlrJeL/3m9RAWXbkp5nCjC8fRQkDCoIpiXAftUEKzYWBOEBdVZIR4igbDSlZV1Cfbsl+dJ+6Rmn9fObk8r9auijhI4AIegCmxwAergBjRAC2DwCJ7BK3gznowX4934mI4uGMXOHvgD4/MHA/uWGw==</latexit>T ⇡(Vw)

<latexit sha1_base64="yEsixKIfP5DHgXPaWps/etMfVJg="></latexit>h·, ·iµ

Projected Bellman equation

Φw = ΠµT (Φw)

where Πµ(v) = argminz∈Φw ‖z − v‖2µ.
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Fixed-point of projected Bellman equation

The fixed-point of projected Bellman equation satisfies:

w = (Φ>DµΦ)−1Φ>Dµ(r + γPπΦw),

m

(Φ>DµΦ)w = Φ>Dµ(r + γPπΦw)

m

Φ>Dµ(I − γPπ)Φ︸ ︷︷ ︸
=:A

w = Φ>Dµr︸ ︷︷ ︸
=:b

— TD(0) applies stochastic approximation to solve this!
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Asymptotic convergence

Theorem 1 ([Tsitsiklis and Van Roy, 1997])
TD converges to the fixed point w? of the projected Bellman equation

Φw = ΠµT (Φw)

where Πµ(v) = argminz∈Φw ‖z − v‖2µ, as long

∞∑
t=0

αt =∞ and
∞∑
t=0

α2
t <∞.

In addition,
‖Vw? − V π‖µ︸ ︷︷ ︸

TD error

≤ 1
(1− γ) ‖ΠµV

π − V π‖µ︸ ︷︷ ︸
approx. error

.

• asymptotic convergence
• approximation error
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Proof

‖Vw? − V π‖µ︸ ︷︷ ︸
TD error

≤ 1
(1− γ) ‖ΠµV

π − V π‖µ︸ ︷︷ ︸
approx. error

.

Proof:

‖Φw? − V π‖µ
≤ ‖Φw? −ΠµV

π‖µ + ‖ΠµV
π − V π‖µ (triangle inequality)

≤ ‖ΠµT (Φw?)−ΠµV
π‖µ + ‖ΠµV

π − V π‖µ (fixed point)

≤ ‖T (Φw?)− V π‖µ + ‖ΠµV
π − V π‖µ (nonexpansiveness of Πµ)

≤ ‖T (Φw?)− T V π‖µ + ‖ΠµV
π − V π‖µ (Bellman equation)

≤ γ‖Φw? − V π‖µ + ‖ΠµV
π − V π‖µ (Bellman contraction)
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Finite-time convergence of TD(0) with LFA

Polyak-Ruppert averaging: wT = 1
T

T∑
i=1

wi

Theorem 2
Under i.i.d. data, consider any 0 ≤ δ ≤ 1, and 0 < ε ≤ max{1, ‖w?‖Σ}.
There exists some universal constant C > 0 such that

‖wT − w?‖Σ ≤ ε

with probability at least 1− δ, provided that the sample size exceeds

T ≥ C (maxs φ(s)>Σ−1φ(s))(1 + ‖w?‖2Σ) log(d/δ)
(1− γ)2ε2

.

Interpretation: when ‖w?‖2Σ ≥ 1, ε-accuracy as soon as

T &
κ‖w?‖22

(1− γ)2ε2
, where κ = λmax(Σ)

λmin(Σ) .
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Extensions



Applying TD(0) to on-policy control

SARSA with linear function approximation:

• Approximate the on-policy Q-function with

Q(s, a;w) = ψ(s, a)>v,

• Policy evaluation: apply TD(0) to update the weight

vt+1 ← vt + α
(
rt + γψ(st+1, at+1)>vt − ψ(st, at)>vt

)
ψ(st, at)

• Policy improvement: ε-greedy policy improvement.

22



Least-squares TD (LSTD)

[Bradtke and Barto, 1996]: Given a collection of training data

(st, V π(st)), t = 0, . . . , T − 1

We can also instead minimize the batch loss:

J(w) =
T−1∑
t=0

(
V π(st)− φ(st)>w

)2
with the hope this leads to estimates with lower variance.

Step 1: Setting ∇wJ(w) = 0, we have

T−1∑
t=0

(
V π(st)− φ(st)>w

)
φ(st) = 0
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Solution to LSTD
Step 2: Replace V π(st) by the target rt + γφ(st+1)>w to obtain

T−1∑
t=0

(
rt + γφ(st+1)>w − φ(st)>w

)
φ(st) = 0.

=⇒ w =
(
T−1∑
t=0

φ(st)(φ(st)− γφ(st+1))>
)−1(T−1∑

t=0
rtφ(st)

)
.

• Recall

At = φ(st)
(
φ(st)− γφ(st+1)

)> ∈ Rd×d, bt = φ(st)rt ∈ Rd.

• Aggregate the stochastic equations

Â =
T−1∑
t=0

At =
T−1∑
t=0

φ(st)
(
φ(st)− γφ(st+1)

)>
b̂ =

T−1∑
t=0

bt =
T−1∑
t=0

φ(st)r(st) =⇒ w = Â−1b̂
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LSTD vs TD

Â =
T−1∑
t=0

At =
T−1∑
t=0

φ(st)
(
φ(st)− γφ(st+1)

)>
b̂ =

T−1∑
t=0

bt =
T−1∑
t=0

φ(st)rt =⇒ w = Â−1b̂

• Can be solved by direct calculation, or TD with experience replay.

• More sample efficient than TD.

• Computationally more expensive than TD, but can be made relatively
efficient via recursive calculation by applying rank-one updates.
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Beyond linear function approximation

Objective function:

J(w) = 1
2Es∼d

π

[
(V π(s)− V (s;w))2

]
︸ ︷︷ ︸

=:J(s;w)

,

where V (s;w) is a differentiable function approximator.

• Given access to V π(s), the stochastic gradient is evaluated as

∇wJ(s;w) = (V π(s)− V (s;w))︸ ︷︷ ︸
approx. error

∇wV (s;w).

• Update the weight w via

w ← w − α∇wJ(s;w) = w + α (V π(s)− V (s;w))∇wV (s;w),

where α is the learning rate.
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TD-Gammon
— [Tesauro, 1995]

• Value network: three-layer neural network
• Self-play: millions of games played against itself
• Beat the best human player of backgammon at the time
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