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Global convergence of entropy-regularized NPG

A mirror descent perspective and alternative analysis

Beyond entropy regularization
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Softmax policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

softmax parameterization:
πθ(a|s) ∝ exp(θ(s, a))

maximizeθ V πθ (ρ) := Es∼ρ [V πθ (s)]

Policy gradient method
For t = 0, 1, · · ·

θ(t+1) = θ(t) + η∇θV π
(t)
θ (ρ)

where η is the learning rate.
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How fast does softmax PG converge?

• [Agarwal et al., 2021] showed that softmax PG converges asymptotically
to the global optimal policy.

• [Li et al., 2023] showed that softmax PG may take |S|2
Θ( 1

1−γ ) iterations
to converge!

Can we accelerate the convergence using algorithmic tricks?
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Natural policy gradient

=)Natural Gradient

Natural policy gradient (NPG) method [Kakade, 2001]
For t = 0, 1, · · ·

θ(t+1) = θ(t) + η(Fθρ )†∇θV π
(t)
θ (ρ)

where η is the learning rate and Fθρ is the Fisher information matrix:

Fθρ := E
[(
∇θ log πθ(a|s)

)(
∇θ log πθ(a|s)

)>]
.
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Global convergence of NPG

Theorem 1 ([Agarwal et al., 2021])

Set π(0) as a uniform policy. For all t ≥ 0, we have

V (t)(ρ) ≥ V ?(ρ)−
(

log |A|
η

+ 1
(1− γ)2

)
1
t
.

Implication: set η ≥ (1− γ)2 log |A|, we find an ε-optimal policy within at
most

2
(1− γ)2ε

iterations.

Global convergence at a sublinear rate independent of |S|, |A|!
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Global convergence of entropy-regularized NPG
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Entropy regularization
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To encourage exploration, promote the stochasticity of the policy using the
“soft” value function (Williams and Peng, 1991):

∀s ∈ S : V πτ (s) := E

[ ∞∑
t=0

γt
(
rt + τH(π(·|st)

) ∣∣ s0 = s

]

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

maximizeθ V πθτ (ρ) := Es∼ρ [V πθτ (s)]
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Entropy-regularized NPG

=)Natural Gradient

Entropy-regularized NPG
For t = 0, 1, · · ·

θ(t+1) = θ(t) + η(Fθρ )†∇θVτ π
(t)
θ (ρ)

where η is the learning rate and Fθρ is the Fisher information matrix:

Fθρ := E
[(
∇θ log πθ(a|s)

)(
∇θ log πθ(a|s)

)>]
.
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Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.
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Unreasonable effectiveness in practice

TRPO = NPG + line search
(Schulman et al., 2015)

A3C (Mnih et al., 2016)
SAC (Haarnoja et al., 2018)

Can we justify the efficacy of entropy-regularized NPG?
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Entropy-regularized NPG in the tabular setting

Entropy-regularized NPG
For t = 0, 1, · · · , the policy is updated via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

1− ητ
1−γ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ητ
1−γ

where Q(t)
τ := Qπ

(t)
τ is the soft Q-function of π(t), and 0 < η ≤ 1−γ

τ
.

• invariant with the choice of ρ
• Reduces to soft policy iteration (SPI) when η = 1−γ

τ .
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Linear convergence with exact gradient
Exact oracle: perfect evaluation of Qπ(t)

τ given π(t);

Theorem 2 ([Cen et al., 2022])
For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized NPG
updates satisfy

• Linear convergence of soft value functions:

‖V ?τ − V (t+1)
τ ‖∞ ≤ 3C1 (1− ητ)t ,

• Linear convergence of soft Q-functions:

‖Q?τ −Q(t+1)
τ ‖∞ ≤ γC1 (1− ητ)t ,

for all t ≥ 0, where Q?τ is the optimal soft Q-function, and

C1 = ‖Q?τ −Q(0)
τ ‖∞ + 2τ

(
1− ητ

1− γ

)
‖ log π?τ − log π(0)‖∞.
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Implications

To reach ‖Q?τ −Q
(t+1)
τ ‖∞ ≤ ε, the iteration complexity is at most

• General learning rates (0 < η < 1−γ
τ ):

1
ητ

log
(
C1γ

ε

)
• Soft policy iteration (η = 1−γ

τ ):

1
1− γ log

(
‖Q?τ −Q

(0)
τ ‖∞γ
ε

)

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A|!
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Comparisons with entropy-regularized PG
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[Mei et al., 2020] showed entropy-regularized PG achieves
V
?
τ (ρ)− V (t)

τ (ρ) ≤
(
V
?
τ (ρ)− V (0)

τ (ρ)
)

· exp

− (1− γ)4t

(8/τ + 4 + 8 log |A|)|S|

∥∥∥∥dπ?τρρ
∥∥∥∥−1

∞

min
s
ρ(s)
(

inf
0≤k≤t−1

min
s,a

π
(k)(a|s)

)2

︸ ︷︷ ︸
can be exponential in |S| and 1

1−γ


Much faster convergence of entropy-regularized NPG

at a dimension-free rate!
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Comparison with unregularized NPG

Regularized NPG Vanilla NPG
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ητ log
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)
Sublinear rate: 1

min{η,(1−γ)2}ε
[Cen et al., 2022] [Agarwal et al., 2020]

Entropy regularization enables fast convergence!
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Entropy-regularized NPG with inexact gradients

Inexact oracle: inexact evaluation of Qπ(t)

τ given π(t), which returns Q̂(t)
τ

that ∥∥Q̂(t)
τ −Q(t)

τ

∥∥
∞ ≤ δ,

e.g., using sample-based estimators such as REINFORCE (Williams, 1992).

Inexact entropy-regularized NPG:

π(t+1)(a|s) ∝
(
π(t)(a|s)

)1− ητ
1−γ exp

(ηQ̂(t)
τ (s, a)
1− γ

)
Question: Robustness of entropy-regularized NPG?
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Linear convergence with inexact gradients

Theorem 3 ([Cen et al., 2022]; improved)
For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized NPG
updates achieve the same iteration complexity as the exact case, as long as

δ ≤ 1− γ
γ
·min

{
ε

4 ,
√
ετ

2

}

• Crude sample complexity for finding an ε-optimal policy in the
original MDP using a generative model:

Õ
(
|S||A|

(1− γ)7ε2

)

• set τ = (1− γ)ε/log |A|;
• in a generative model takes no larger than Õ(|S||A|(1− γ)−3δ−2)

samples to achieve δ-accurate estimate of Q(t)
τ per iteration;
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A glimpse of the analysis



A key lemma: monotonic performance improvement

V (t)
⌧

V (t+1)
⌧

V (t+1)
τ (ρ)− V (t)

τ (ρ) = E
s∼d(t+1)

ρ

[(
1
η
− τ

1− γ

)
KL
(
π(t+1)(·|s)

∥∥π(t)(·|s)
)

︸ ︷︷ ︸
KL divergence

+ 1
η

KL
(
π(t)(·|s)

∥∥π(t+1)(·|s)
)︸ ︷︷ ︸

KL divergence

]

Implication: monotonic improvement of Vτ (s) and Qτ (s, a).
19
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Recall: Bellman’s optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

γ-contraction of Bellman operator:

‖T (Q1)− T (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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A key operator: soft Bellman operator

Soft Bellman operator

Tτ (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
π(·|s′)

E
a′∼π(·|s′)

[
Q(s′, a′)︸ ︷︷ ︸

next state’s value

− τ log π(a′|s′)︸ ︷︷ ︸
entropy

]]
,

Soft Bellman equation: Q?τ is unique solution to

Tτ (Q?τ ) = Q?τ

γ-contraction of soft Bellman operator:

‖Tτ (Q1)− Tτ (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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Analysis of soft policy iteration (η = 1−γ
τ )

Policy iteration

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?

Bellman operator

Soft policy iteration

evaluate

evaluate

Q⇡(0)

⌧

soft
gree

dy

sof
t gr

eed
y

⇡(0)

⇡(1)

⇡(2)
...

Q?
⌧

⇡?
⌧

Q⇡(1)

⌧

Soft Bellman operator
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A key linear system: general learning rates

Let xt :=
[ ∥∥Q?τ −Q(t)

τ

∥∥
∞∥∥Q?τ − τ log ξ(t)
∥∥
∞

]
and y :=

[∥∥Q(0)
τ − τ log ξ(0)

∥∥
∞

0

]
,

where ξ(t) ∝ π(t) is an auxiliary sequence, then

xt+1 ≤ Axt + γ

(
1− ητ

1− γ

)t+1
y,

where

A :=
[
γ
1

]
·
[ ητ

1−γ 1− ητ
1−γ

]
is a rank-1 matrix with a non-zero eigenvalue 1− ητ︸ ︷︷ ︸

contraction rate!

.
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A mirror descent perspective
and alternative analysis
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Detour: mirror descent

x(t)

x(t+1)
X gradient step

• The gradient descent update rule

x(t+1) = PX
(
x(t) − ηGD∇f(x(t))

)
is equivalent to minimizing local quadratic approximation of f :

x(t+1) = arg min
x∈X

〈
∇f(x(t)), x− x(t)

〉
+ 1

2ηGD
‖x− x(t)‖22.

• ηGD > 0 is the step size and PX is the projection operator to X .
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Detour: mirror descent

x(t)

x(t+1)
X

∇Φ(x(t))

∇Φ(x(t+1))
gradient step

Rd

∇Φ

(∇Φ)−1

• The mirror descent update rule

x(t+1) = arg min
x∈X

〈
∇f(x(t)), x− x(t)

〉
+ 1
ηMD

DΦ(x, x(t))

is obtained by replacing 1
2‖x− x

(t)‖22 with Bregman divergence

DΦ(x, x(t)) = Φ(x)− Φ(x(t))−
〈
x− x(t),∇Φ(x(t))

〉
.

• ηMD > 0 is the step size.
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A mirror descent view of entropy-regularized NPG

π

Entropy-reg. NPG = mirror descent with KL divergence: (Lan, 2021; Shani
et al., 2020)

π(t+1)(·|s) = argmin
p∈∆(A)

〈
−Q(t)

τ (s, ·), p
〉
− τH(p) + 1

ηMD
KL
(
p ‖π(t)(·|s)

)
∝ π(t)(·|s)︸ ︷︷ ︸

current policy

1
1+ηMDτ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ηMDτ
1+ηMDτ

for all s ∈ S.
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A mirror descent view of entropy-regularized NPG

Entropy-reg. NPG = mirror descent with KL divergence: (Lan, 2021; Shani
et al., 2020)

π(t+1)(·|s) = argmin
p∈∆(A)

〈
−Q(t)

τ (s, ·), p
〉
− τH(p) + 1

ηMD
KL
(
p ‖π(t)(·|s)

)
∝ π(t)(·|s)

1
1+ηMDτ exp(Q(t)

τ (s, ·)/τ)
ηMDτ

1+ηMDτ

∝ π(t)(·|s)
1−ητ

exp(Q(t)
τ (s, ·)/τ)

ητ

for all s ∈ S, with
ηMD = η

1− γ − ητ .
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Redux: Linear convergence with exact gradient

[Lan, 2022] provided an alternative framework for analyzing regularized
natural policy gradient (called policy mirror descent - PMD).

Theorem 4 ([Lan, 2022])
For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized NPG
updates satisfy

V ?τ (ρ)− V (t+1)
τ (ρ) ≤ C2

∥∥∥ ρ
ν?τ

∥∥∥
∞

max
{
γ, 1− ητ

1− γ

}t+1

for all t ≥ 0, where ν?τ is the stationary distribution of π?τ ,∥∥∥ ρ
ν?τ

∥∥∥
∞

= max
s∈S

ρ(s)
ν?τ (s) ,

and C2 = V ?τ (ν?τ )− V (0)
τ (ν?τ ) + 1− γ

η
E

s∼ν?τ

[
KL(π?τ ‖π(0)(s))

]
.
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Take-away message

With a fixed learning rate 0 < η ≤ (1− γ)/τ , the iteration complexity for
entropy-regularized NPG to reach

V ?τ (ρ)− V (t)
τ (ρ) ≤ ε

is no larger than the minimum of

Õ
( 1
ητ

log
( init. error

ε

))
[Cen et al., 2022]

and

Õ
(

max
{ 1

1− γ ,
1− γ
ητ

}
log
∥∥∥ ρ
ν?τ

∥∥∥
∞

log
( init. error

ε

))
. [Lan, 2022]
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Key lemmas

Regularized performance difference lemma: for any two policies π and π′,

V πτ (ρ)− V π
′

τ (ρ)

= 1
1− γ E

s∼dπρ

[〈
Qπ
′

τ (s), π(t+1)(s)− π′(s)
〉

+ τH(π(t+1)(s))− τH(π′(s))
]
.

Regularized three-point identity: for any policy π,

η

1− γ − ητ

[〈
Q(t)
τ (s), π(t+1)(s)− π(s)

〉
+ τH(π(t+1)(s))− τH(π(s))

]
= 1− γ

1− γ − ητ KL(π ‖π(t+1)(s)) + KL(π(t+1)(s) ‖π(t)(s))− KL(π ‖π(t)(s)).
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Proof sketch

Applying regularized performance difference lemma gives:

V (t+1)
τ (ρ)− V (t)

τ (ρ)

= 1
1− γ E

s∼d(t+1)
ρ

[〈
Q(t)
τ (s), π(t+1)(s)− π(t)(s)

〉
+ τH(π(t+1)(s))− τH(π(t)(s))

]
≥ 1

1− γ

∥∥∥d(t+1)
ρ

d
π?τ
ρ

∥∥∥
∞

E
s∼dπ

?
τ
ρ

[〈
Q(t)
τ (s), π(t+1)(s)− π(t)(s)

〉
+ τH(π(t+1)(s))− τH(π(t)(s))

]
.

With ρ set to stationary state distribution ν?τ of π?τ , we have

1
1− γ

∥∥∥d(t+1)
ρ

d
π?τ
ρ

∥∥∥ = 1
1− γ

∥∥∥d(t+1)
ν?τ

ν?τ

∥∥∥ ≥ 1.

32



Proof sketch

We end up with:

V (t+1)
τ (ν?τ )− V (t)

τ (ν?τ )

≥ E
s∼dπ

?
τ
ν?τ

[〈
Q(t)
τ (s), π(t+1)(s)− π(t)(s)

〉
+ τH(π(t+1)(s))− τH(π(t)(s))

]
.

Adding and subtracting terms,

V (t+1)
τ (ν?τ )− V (t)

τ (ν?τ )

= E
s∼dπ

?
τ
ν?τ

[〈
Q(t)
τ (s), π?τ (s)− π(t)(s)

〉
+ τH(π?τ (s))− τH(π(t)(s))

]
+ E
s∼ν?τ

[〈
Q(t)
τ (s), π(t+1)(s)− π?τ (s)

〉
+ τH(π(t+1)(s))− τH(π?τ (s))

]
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Proof sketch

Applying the two key lemmas gives

V (t+1)
τ (ν?τ )− V (t)

τ (ν?τ )
≥ (1− γ)(V ?τ (ν?τ )− V (t)

τ (ν?τ ))

+ 1
η

E
s∼ν?τ

[
(1− γ)KL(π?τ ‖π(t+1)(s))− (1− γ − ητ)KL(π?τ ‖π(t)(s))

]
.

Rearranging the terms,

V ?τ (ν?τ )− V (t+1)
τ (ν?τ ) + 1− γ

η
E

s∼ν?τ

[
KL(π?τ ‖π(t+1)(s))

]
≤ γ(V ?τ (ν?τ )− V (t)

τ (ν?τ )) + 1− γ − ητ
η

E
s∼ν?τ

[
KL(π?τ ‖π(t)(s))

]
≤ max

{
γ, 1− ητ

1− γ
}{
V ?τ (ν?τ )− V (t)

τ (ν?τ ) + 1− γ
η

E
s∼ν?τ

[
KL(π?τ ‖π(t)(s))

]}
.
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Proof sketch

Finally, we have

V ?τ (ν?τ )− V (t+1)
τ (ν?τ ) + 1− γ

η
E

s∼ν?τ

[
KL(π?τ ‖π(t+1)(s))

]
≤ max

{
γ, 1− ητ

1− γ
}t+1

{
V ?τ (ν?τ )− V (0)

τ (ν?τ ) + 1− γ
η

E
s∼ν?τ

[
KL(π?τ ‖π(0)(s))

]}
.

Applying the bound

V ?τ (ρ)− V (t+1)
τ (ρ) ≤

∥∥∥ ρ
ν?τ

∥∥∥
∞

(V ?τ (ν?τ )− V (t+1)
τ (ν?τ ))

finishes the proof.
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Beyond entropy regularization
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Beyond entropy regularization

Leverage regularization to promote structural properties of the learned policy.
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Regularized RL in general form
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⇠ ⇠ ⇠ ⇠ ⇠

⇡(·|s0) ⇡(·|s1) ⇡(·|s2) ⇡(·|s3) ⇡(·|s4)

The regularized value function is defined as

∀s ∈ S : V πτ (s) := E

[ ∞∑
t=0

γt
(
rt − τhst(π(·|st))

) ∣∣ s0 = s

]
,

where hs is convex (and possibly nonsmooth) w.r.t. π(·|s).

maximizeπ V πτ (ρ) := Es∼ρ [V πτ (s)]
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Generalized Policy Mirror Descent (GPMD)

Generalized Policy Mirror Descent (GPMD) [Zhan et al., 2023]
For t = 0, 1, · · · , update

π(t+1)(·|s) = argmin
p∈∆(A)

〈−Qτ (s, ·), p〉+ τhs(p)

+ 1
ηMD

Dhs(p, π(t)(·|s); ∂hs(π(t)(·|s)))︸ ︷︷ ︸
Generalized Bregman divergence w.r.t. hs

,

where a surrogate of ∂hs(π(t)(·|s)) is updated recursively.

Compare with PMD [Lan, 2022]:

π(t+1)(·|s) = argmin
p∈∆(A)

〈−Qτ (s, ·), p〉+ τhs(p) + 1
ηMD

KL(p ‖π(t)(·|s)),

• GPMD achieves linear convergence for general convex and nonsmooth
hs! In contrast, PMD requires hs +H is convex.
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Numerical examples
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GPMD achieves faster convergence than PMD!
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