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ABSTRACT 

Tunable circuit has emerged as a promising methodology to 
address the grand challenge posed by process variations. Efficient 
high-dimensional performance modeling of tunable analog/RF 
circuits is an important yet challenging task. In this paper, we 
propose a novel performance modeling approach for tunable 
circuits, referred to as Correlated Bayesian Model Fusion (C-
BMF). The key idea is to encode the correlation information for 
both model template and coefficient magnitude among different 
knob configurations by using a unified prior distribution. The 
prior distribution is then combined with a few simulation samples 
via Bayesian inference to efficiently determine the unknown 
model coefficients. Two circuit examples designed in a 
commercial 32nm SOI CMOS process demonstrate that C-BMF 
achieves more than 2× cost reduction over the traditional state-of-
the-art modeling technique without surrendering any accuracy. 
 
1. INTRODUCTION  

The advent of nanoscale technology makes analog/RF 
integrated circuit (IC) increasingly susceptible to process 
variations. Process variations, including inter-die variations and 
local mismatches, significantly impact the parametric yield of 
analog/RF circuit, and must be properly handled at all levels of 
design hierarchy [1]-[2]. Traditional approaches based on over-
design [3]-[4] are not sufficient to maintain high parametric yield 
[5]-[6], due to the large-scale process variations and aggressive 
design specifications at advanced technology nodes. 

In this context, tunable circuit has emerged as a promising 
methodology to address the variability issue [6]-[11]. It employs a 
set of tuning knobs (e.g., bias current) to facilitate post-silicon 
tuning. In particular, a tunable circuit possesses multiple ‘states’ 
associated with tuning knobs that can be adaptively selected after 
manufacturing. For each particular process corner and/or 
environmental condition, the tunable circuit is able to adaptively 
select the optimal state and, hence, achieve high parametric yield.  

Since tunable circuit closely interacts with process variations, 
the variability associated with tunable circuit must be 
appropriately modeled. Toward this goal, performance modeling 
is an important task where circuit-level performance (e.g. phase 
noise) is approximated as an analytical function (e.g. polynomial) 
of device-level variations (e.g. ΔVTH). The performance model, 
once built, can be applied to various important applications, such 

as yield estimation [12]-[13], corner extraction [14], design 
optimization [15], etc. Historically, the performance modeling 
problem of non-tunable circuit has been thoroughly studied [16]-
[18]. For tunable circuit, however, this fundamental modeling 
problem can be extremely difficult with the following 
characteristics: 
• High-dimensional variation space: A large number of device-

level random variables must be used to model the process 
variations associated with a tunable analog/RF system at 
advanced technology nodes. 

• Large number of knob configurations: To maximize tuning 
range and resolution, a large number of knob configurations 
(i.e. ‘states’) should be designed. This, however, significantly 
increases the complexity of performance modeling, since a 
unique performance model is required to accurately capture 
the variability at each state. 

• Correlated knob configurations: Since different states are 
associated with the same tunable circuit, the performance 
models of the different states are correlated. In particular, the 
model template and model coefficients are expected to be 
similar among these states. 
It is important to note that most traditional approaches [16]-

[21] are not fully equipped for performance modeling of tunable 
circuit. Taking sparse regression [16]-[17] as an example, the 
sparsity of model coefficients is explored to improve efficiency. 
However, no correlation is considered between different states. In 
other words, performance modeling is done for each state 
independently and the performance modeling cost would quickly 
become intractable as the number of states increases. Several 
other performance modeling methods (e.g., simultaneous 
orthogonal matching pursuit [19], multi-mode multi-corner sparse 
regression [20], group lasso [21], etc.) have been proposed to 
exploit the aforementioned correlation information. However, 
these methods only take into account the shared model template 
among different states and they ignore the correlation of 
coefficient magnitude. In Bayesian model fusion (BMF) [18], a 
prior distribution is defined to encode the prior knowledge. 
However, the prior distribution in [18] is not able to appropriately 
encode the correlation information for tunable circuit. 

In this paper, we propose a new Correlated Bayesian model 
fusion (C-BMF) technique to facilitate large-scale performance 
modeling of tunable analog/RF circuit. The proposed C-BMF 
method is motived by the fact that performance models associated 
with different states are correlated. Our key idea is to encode the 
correlation information for both model template and coefficient 
magnitude among different states by using a unified prior 
distribution. The prior distribution is then combined with a few 
simulation samples via Bayesian inference [22]-[23] to efficiently 
determine the unknown model coefficients. In addition, efficient 
and robust hyper-parameter inference is proposed to solve a large 
number of hyper-parameters associated with C-BMF. It consists 
of two major steps: (i) estimating the hyper-parameters to obtain 
an initial guess using a heuristic approach, and (ii) optimizing the 
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hyper-parameter values using an expectation-maximization 
algorithm [22]. As will be demonstrated by our numerical 
examples in Section 4, the proposed C-BMF approach is able to 
achieve 2× runtime speedup over the state-of-the-art modeling 
technique without surrendering any accuracy. 

The remainder of this paper is organized as follows. We 
briefly review the background of performance modeling for 
tunable circuit in Section 2, and then describe the proposed C-
BMF approach in Section 3. Two circuit examples are presented 
to demonstrate the efficacy of C-BMF in Section 4. Finally, we 
conclude in Section 5. 
 
2. BACKGROUND  

Given a tunable analog/RF circuit (e.g. a down-conversion 
mixer) with totally K states (i.e. knob configurations), the 
performance model of the k-th state can be represented by an 
analytical function (e.g., polynomial) of device-level variations 
(e.g., ΔVTH): 
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M

k k k m m
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where {yk; k = 1, 2, ⋅⋅⋅, K} contains the performance of interest 
(PoIs) associated with the K states, x is a vector representing the 
device-level variations, fk(x) denotes the performance model of 
interest which establishes a mapping from x to yk, { k,m; m = 1, 2, 
..., M} contains the model coefficients of fk(x), {bm(x); m = 1, 2, 
..., M} contains the basis functions (e.g., linear or quadratic 
polynomials), and M denotes the total number of basis functions. 
Without loss of generality, we assume that the same set of basis 
functions {bm(x); m = 1, 2, ..., M} are shared among all the states. 

In order to determine the performance models in (1), we need 
to find the model coefficients { k,m; k = 1, 2, …, K; m = 1, 2, ..., 
M}. Toward this goal, the traditional least-squares fitting method 
first collects a number of sampling points of x and {yk; k = 1, 2, ⋅⋅⋅, 
K} for all K states, and then solves the model coefficients from the 
following optimization problems: 
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In (3)-(5), xk(n) is the value of x at the n-th sampling point of the k-
th state, yk(n) is the value of yk at the n-th sampling point, ||•||2 
stands for the L2-norm of a vector, and N represents the total 
number of sampling points collected for each state. To avoid over-
fitting, the number of sampling points must be substantially 
greater than the number of unknown coefficients. 

To reduce the number of samples required for performance 
modeling, the simultaneous orthogonal matching pursuit (S-OMP) 
algorithm [19] has been proposed in the literature. The key idea of 
S-OMP is to explore the sparse property and the correlation of 
model template between different states. As an extension of the 
orthogonal matching pursuit (OMP) algorithm [16], S-OMP 

naturally inherits the assumption of sparse regression. In other 
words, S-OMP exploits the fact that only a small number of basis 
functions in {bm(x); m = 1, 2, ..., M} are important and, hence, 
should be used to approximate {yk; k = 1, 2, ⋅⋅⋅, K}. More 
importantly, S-OMP also explores the correlation of model 
template among {yk; k = 1, 2, ⋅⋅⋅, K}. In particular, S-OMP 
assumes that different states possess the same set of important 
basis functions. This is usually a valid assumption in practice, 
because different states are associated with the same tunable 
circuit. 

While S-OMP has been successfully applied to many practical 
applications (e.g. wafer spatial pattern analysis [19]), it is possible 
to explore other correlation information between states to further 
improve the efficiency of performance modeling for tunable 
circuits. Motivated by this observation, we will propose a novel 
C-BMF approach that takes advantage of the correlation of 
coefficient magnitude in Section 3. 
 
3. PROPOSED APPROACH  

Similar to S-OMP, the proposed C-BMF method relies on two 
assumptions: (i) the sparsity of model template, and (ii) the 
correlation of model template. However, unlike S-OMP which 
ignores the correlation of coefficient magnitude among different 
states, C-BMF also encodes such magnitude correlation to 
improve modeling accuracy. In what follows, we will discuss the 
mathematical formulation of C-BMF in detail. 

 
3.1 Prior Knowledge Definition 

To start with, we consider the performance models of K states 
in a tunable circuit as defined in (1). We rewrite their model 
coefficients in a concatenated form as: 

6 1 2
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{ k,m; k = 1, 2, ..., K; m = 1, 2, ..., M} are the model coefficients 
defined in (1), and  is the combined column vector with size of 
M·K. In (6), the model coefficients are organized such that the 
coefficients associated with the m-th basis function are grouped 
together in m (m = 1, 2, ..., M). Since the model coefficients in m 
are related to the same basis function, we assume that they are 
statistically correlated and define their prior distribution as: 
 8 ( ) ( ) ( )~ , 1,2, ,m m mpdf N m Mλ ⋅ =0 R . (8) 
In (8), { m; m = 1, 2, ..., M} are the hyper-parameters that control 
the sparsity of the basis functions, and {Rm; m = 1, 2, ..., M} are 
the positive definite matrices that quantify the correlation among 
model coefficients. 

Studying (8) yields several important observations. First, the 
sparse property is naturally encoded in { m; m = 1, 2, ..., M}. To 
understand this, we consider the m-th basis function where m is 
zero. In this case, the variance of the zero-mean Gaussian 
distribution in (8) is also zero. As such, the coefficients m can 
only take zero values based on their prior distribution, thereby 
implying the sparsity of m. Second, the correlation of model 
template is also encoded by the mathematical representation in (8). 
In particular, all the model coefficients in m share the same 
sparse pattern, because their prior distribution is controlled by the 
same hyper-parameter m. Third, but most importantly, the 
correlation of coefficient magnitude is also encoded by this prior 
definition, as long as the covariance metrics {Rm; m = 1, 2, ..., M} 



 

are not diagonal. In this paper, we further assume that: 
9 1 2 M= = =R R R R , (9) 
in order to reduce the number of hyper-parameters and avoid 
overfitting. 

As shown in Figure 1, the prior knowledge of sparsity and 
correlation is encoded by the hyper-parameters. To complete the 
definition of prior distribution for all model coefficients in , we 
further assume that i and j are statistically independent for any i 
≠ j. Therefore, the joint distribution can be represented as: 
10 ( ) ( )~ ,pdf N 0 A , (10) 
where 
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The independence assumption in (10)-(11) simply indicates 
that we do not know any correlation information between 
different basis functions as our prior knowledge. Such correlation 
will be learned from sampling points, when the posterior 
distribution is calculated from Bayesian inference in Section 3.2. 
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Figure 1.  The prior knowledge for model coefficients is 
illustrated. Each row (shown by the red box) represents the model 
coefficients of a particular state, while each column (shown by the 
blue box) represents the model coefficients associated with the 
same basis function. The hyper-parameters { m; m = 1, 2, ..., M} 
and R are defined to encode the sparsity and correlation 
respectively. 
 
3.2 Maximum-A-Posteriori Estimation 

Once the prior distribution pdf( ) is defined in (10)-(11), we 
will combine pdf( ) with a number of samples collected from K 
states {(xk(n), yk(n)); n = 1, 2, …, N; k = 1, 2, …, K} to solve the 
model coefficients  by maximum-a-posteriori (MAP) estimation. 
According to Bayes’ theorem, the posterior distribution is 
proportional to the prior distribution pdf( ) multiplied by the 
likelihood function, which can be represented as [22]: 
12 ( ) ( ) ( )| |pdf pdf pdf∝ ⋅y y . (12) 
In (12), pdf(y| ) is the likelihood function, where 
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is a vector containing N·K sampling points collected from K 
states. The likelihood function pdf(y| ) represents the probability 
of observing these samples given the model coefficients . 

To derive the likelihood function, we assume that the error 
associated with the performance model fk(x) follows a zero-mean 
Gaussian distribution. We therefore rewrite (1) as: 
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where  represents the modeling error with the distribution: 

15 ( ) ( )
2

2
02

00

1 exp ~ 0,
22

pdf N
εε σ
σπ σ

= ⋅ −
⋅⋅

. (15) 

In (15) the standard deviation σ0 controls the magnitude of the 
modeling error. Combining (14)-(15) yields the probability of 
observing a particular sampling point (xk(n), yk(n)): 
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Given that all sampling points are independently generated, 
the joint likelihood function pdf(y| ) can be written as: 
17 ( ) ( )2

0 0| , ~ ,pdf Nσ σy D I , (17) 

where D is a matrix with N·K rows and M·K columns. The 
matrix D can be obtained by permuting the rows and columns of 
the following block diagonal matrix: 
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where {Bk; k = 1, 2, ⋅⋅⋅, K} are defined in (3). Combining (10), (12) 
and (17), the posterior distribution can be calculated as [22]: 
19 ( ) ( )| ~ ,P ppdf Ny , (19) 

where 
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Since the Gaussian distribution reaches its maximum at the mean 
value, the MAP solution of the model coefficients  is: 
22 2

0
T

P pσ −= = D y . (22) 
While the proposed Bayesian inference has been illustrated, 

the hyper-parameters in the prior distribution (10) and the 
likelihood function (17) must be appropriately determined in order 
to solve the model coefficients . In the next section, we will 
further discuss a statistical inference to find the optimal hyper-
parameter values. 
 
3.3 Hyper-Parameter Inference 

The hyper-parameters of our proposed Bayesian inference are 
defined in Section 3.1 and Section 3.2:  = { 1, 2, …, M, R, σ0}. 
To determine these hyper-parameters, one possible approach is to 
apply cross-validation [22] which has been successfully used for 
various applications [16]-[18]. However, the cross-validation 
approach is not applicable to our Bayesian inference in this paper. 
It is well-known that the computational complexity of cross-
validation exponentially grows with the number of hyper-
parameters, and thus is only suitable to handle small-size 
problems. In this paper, our Bayesian inference involves a large 
number of hyper-parameters, since the number of basis functions 
(i.e., M) can easily reach several thousand due to the large number 
of device-level process parameters at an advanced technology 
node. Hence, an alternative approach must be developed to 
efficiently determine these hyper-parameters in . 

Statistically, the hyper-parameters can be determined by 
maximizing the conditional probability of observing the data set, 
i.e., the marginal likelihood: 
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The integration in (23) indicates that the effect of model 
coefficients  is averaged out in the marginal likelihood. Given 
that the two terms in the integration depend on different sets of 
hyper-parameters in , we can rewrite (23) as: 
24 ( ) ( ) ( )0 1| , | ,..., ,Ml pdf pdf dΩ = ⋅y Rσ λ λ . (24) 

By combining (10) and (17) and taking the negative logarithm for 
(24), we have: 
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The hyper-parameters can be found by minimizing the cost 
function in (25). However, minimizing (25) is not trivial, because 
the cost function is not convex. In this paper, we adopt an 
expectation-maximization (EM) algorithm to address this 
challenge. In particular, instead of directly minimizing (25), the 
EM algorithm approaches a local optimum of (25) by iteratively 
performing two operations [22]-[23], known as the expectation 
step and the maximization step respectively. 

In the expectation step, we first calculate the posterior 
distribution pdf( |y, (old)) according to (19)-(21) based on (old), 
where (old) denotes the hyper-parameters calculated in the last 
iteration. Next, we define the following quantity [22]: 
26 ( )( ) ( )
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where the operator E represents the expectation of the log 
probability function with respect to the posterior distribution 
pdf( |y, (old)). Note that the expected value in (26) depends on 
the mean vector p and the covariance matrix p of the posterior 
distribution in (19). 

In the maximization step, we try to find  such that: 
27 ( )( )arg max | oldQ

Ω
Ω = Ω Ω . (27) 

The optimal solution of  corresponds to: 
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∂ Ω Ω =
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Combining (26) and (28), we can find the optimal solution  of 
(27) as a function of (old), resulting in the following rule for 
updating  [23]: 
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where pm corresponds to the m-th sub-vector in p with size of K, 
pm corresponds to the m-th diagonal block in p with size of 

K×K. The expectation step (19)-(21) and the maximization step 
(29)-(31) are performed iteratively until convergence is reached. 

Given that the EM algorithm only converges to a local 
optimum, the initial guess of  must be carefully chosen. Here we 
propose a modified S-OMP algorithm to achieve this goal. The 
key idea of the proposed algorithm is to (i) reduce the hyper-
parameter space by posing additional constraints on R, (ii) apply a 
greedy algorithm for basis function selection, and (iii) apply 
cross-validation to solve this simplified problem within the 
reduced hyper-parameter space. 

Following this idea, we first consider the parameterized 

covariance matrix R defined as: 
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where r0 < 1 is a non-negative hyper-parameter. The matrix in 
(32) has several implications. First, the correlation becomes small 
when two states (i.e., their indexes) are substantially different. 
Second, the same decaying rate r0 is used for all the states. This 
assumption often provides a good approximation, even though it 
is not highly accurate. However, since our goal here is to find a 
good initial guess of , a reasonably accurate approximation 
should suffice. As the covariance matrix R depends on a single 
parameter r0 in (32), we can now apply cross-validation to 
estimate its value with low computational cost. On the other hand, 
a greedy basis selection algorithm based on S-OMP [19] is used to 
infer the sparsity information that is encoded by the hyper-
parameters { 1, 2, …, M}. In this way, we do not have to directly 
estimate { 1, 2, …, M}, which is computationally expensive. 

At this point, the hyper-parameter space has been reduced to 
three variables: r0, σ0 and , where  denotes the number of 
selected basis functions. These three hyper-parameters can be 
efficiently determined using cross-validation [22]. Namely, we 
start from a candidate set {(r0(q), σ0(q), (q)); q = 1, 2, …, }, where 

 denotes the size of the set. At the q-th iteration step, we choose 
the hyper-parameter values (r0(q), σ0(q), (q)), estimate the model 
coefficients, and evaluate the modeling error. To solve the model 
coefficients with given (r0(q), σ0(q), (q)), we adopt a modified S-
OMP algorithm to iteratively identify the important basis 
functions. Similar to S-OMP [19], a single most important basis 
function is greedily chosen at each iteration step by maximizing 
the correlation between the selected basis function and the 
modeling residual over all states. The model coefficients are then 
calculated from the Bayesian inference in (10), (20)-(22) and (32) 
based on r0(q), σ0(q) and the currently selected basis functions. 
Different from the traditional S-OMP method, we take into 
account the correlation of coefficient magnitude when solving the 
unknown model coefficients. The aforementioned iteration 
continues until the number of chosen basis functions reaches (q). 
The modeling error can now be evaluated by cross-validation for 
the hyper-parameters (r0(q), σ0(q), (q)). Eventually, the optimal 
values of (r0, σ0, ) are chosen to minimize the modeling error, 
and they are used to initialize the hyper-parameters  for the 
iterative EM algorithm. 
 
3.4 Summary 

Algorithm 1 summarizes the major steps of the correlated 
Bayesian model fusion (C-BMF) algorithm. It consists of two 
main components: (i) a modified S-OMP algorithm from Step 1 to 
Step 17 to find the initial guess of the hyper-parameters , and (ii) 
the EM algorithm from Step 18 to Step 20 to iteratively solve the 
optimal values of  where the model coefficients are updated at 
each iteration step. 

Algorithm 1: Correlated Bayesian Model Fusion Algorithm 
1. Start from a candidate set of hyper-parameters {(r0(q), σ0(q), 

(q)); q = 1, 2, …, }. Partition the sampling points into C 
groups with the same size for cross-validation. 

2. Set the candidate index q = 1. 
3. Set the cross-validation index c = 1. 
4. Assign the c-th group as the testing set and all other groups as 



 

the training set. 
5. Initialize the residual Resk = yk, the basis vector set  = {}, 

and the iteration index p = 1. 
6. Calculate the inner product values { k,m; k = 1, 2, …, K; m = 1, 

2, …, M} between Resk and all basis vectors bk,m for each 
state, where bk,m represents the m-th column of Bk in (3). 

7. Select the index s based on the following criterion: 

33 ,
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k m
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s ξ
=

= . (33) 

8. Update  =   s. 
9. By considering the basis functions in  and m = 1 where m ∈ 

, solve the model coefficients { k,m; k = 1, 2, …, K; m ∈ } 
using (10), (20)-(22) with r0(q), σ0(q) and R defined in (32). 

10. Calculate the residual: 
34 ( ), , 1,2, ,k k k m k m

m

Res k Kα
∈Θ

= − ⋅ =y B . (34) 

11. If p < (q), p = p + 1 and go to Step 6. 
12. Calculate the modeling error eq,c using the testing set. 
13. If c < C, c = c + 1 and go to Step 4. 
14. Calculate eq = (eq,1 + eq,2 + ... + eq,C)/C. 
15. If q < , q = q + 1 and go to Step 3. 
16. Find the optimal r0, σ0, and  among the set {(r0(q), σ0(q), (q)); 

q = 1, 2, …, } such that the modeling error eq is minimized. 
17. Initialize the matrix R using (32), m = 1 where m ∈ , and m 

= 10−5 where m ∉ . 
18. Calculate p and p based on the expectation step in (19)-(21). 
19. Update { m; m = 1, 2, …, M}, R and σ0 based on the 

maximization step using (29)-(31). 
20. If convergence is not reached, go to Step 18. Otherwise, stop 

iteration and calculate the model coefficients  by using (22). 
 
4. NUMERICAL EXAMPLES 

In this section, two circuit examples designed in a commercial 
32nm SOI CMOS process are used to demonstrate the efficacy of 
the proposed C-BMF algorithm. Our objective is to build the 
performance models for tunable circuits. For testing and 
comparison purposes, two different modeling algorithms are 
implemented: (i) S-OMP [19], and (ii) C-BMF. Here, S-OMP is 
chosen for comparison, as it is one of the state-of-the-art 
techniques in the literature. 

In each example, a set of random samples are generated by 
transistor-level Monte Carlo simulations. The data set is 
partitioned into two groups, referred to as the training and testing 
sets respectively. The training set is used for coefficient fitting, 
while the testing set is used for model validation. All numerical 
experiments are run on a 2.53GHz Linux server with 64GB 
memory. 
 
4.1 Low Noise Amplifier 

Figure 2(a) shows the simplified circuit schematic of a tunable 
2.4GHz low noise amplifier (LNA) designed in a commercial 
32nm SOI CMOS process. In this example, there are totally 1264 
independent random variables to model the device-level process 
variations, including both the inter-die variations and the random 
mismatches. The LNA is designed with 32 different knob 
configurations (i.e., states) controlled by a tunable current source. 
Our goal is to model three performance metrics, noise figure (NF), 
voltage gain (VG) and third-order intercept point (IIP3), as linear 
functions of all random variables for 32 states. The modeling error 
is estimated by using a testing set with 50 samples per state. 

Figure 2(b)-(d) show the performance modeling error for NF, 

VG and IIP3 respectively. Two important observations can be 
made here. First, for both S-OMP and C-BMF, the modeling error 
decreases when the number of samples increases. Second, with 
the same number of samples, C-BMF achieves significantly 
higher accuracy than S-OMP, because C-BMF takes into account 
the additional correlation information of coefficient magnitude. 

Table 1 further compares the performance modeling error and 
cost for S-OMP and C-BMF. The overall modeling cost consists 
of two major components: (i) the circuit simulation cost for 
collecting training samples, and (ii) the model fitting cost for 
solving all model coefficients. As shown in Table 1, the overall 
modeling cost is dominated by the simulation cost in this example. 
C-BMF achieves more than 2× cost reduction over S-OMP 
without surrendering any accuracy. 
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Figure 2.  A tunable 2.4GHz LNA is used as an example for 
performance modeling: (a) the simplified circuit schematic, and 
(b)-(d) the performance modeling error for NF, VG and IIP3 
respectively. 

Table 1.  Performance modeling error and cost for LNA 
 S-OMP C-BMF 

Number of training samples 1120 480 
Modeling error for NF 0.316% 0.285% 
Modeling error for VG 0.577% 0.566% 
Modeling error for IIP3 2.738% 2.497% 
Simulation cost (Hours) 2.72 1.16 
Fitting cost (Sec.) 1.32 316.13 
Overall modeling cost (Hours) 2.72 1.25 

 
4.2 Down-conversion Mixer 

Shown in Figure 3(a) is the simplified circuit schematic of a 
tunable 2.4GHz down-conversion mixer designed in a commercial 
32nm SOI CMOS process. In this example, there are totally 1303 
independent random variables to model the device-level process 
variations, including both the inter-die variations and the random 
mismatches. The mixer is designed with 32 different states 
controlled by two tunable load resistors. The performances of 
interest include NF, VG, and input referred 1dB compression 
point (I1dBCP). The modeling error is estimated by using a test 
set with 50 samples per state. 

Figure 3(b)-(d) show the performance modeling error for NF, 
VG and I1dBCP respectively. Note that C-BMF requires 
substantially less training samples than S-OMP to achieve the 



 

same modeling accuracy. In this example, C-BMF achieves more 
than 2× cost reduction over S-OMP, as shown in Table 2. 
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Figure 3.  A tunable 2.4GHz down-conversion mixer is used as an 
example for performance modeling: (a) the simplified circuit 
schematic, (b)-(d) the modeling error for NF, VG and I1dBCP 
respectively. 

Table 2.  Performance modeling error and cost for mixer 
 S-OMP C-BMF 

Number of samples 1120 480 
Modeling error for NF 0.173% 0.166% 
Modeling error for VG 2.758% 2.569% 
Modeling error for I1dBCP 2.401% 2.340% 
Simulation cost (Hours) 17.20 7.37 
Fitting cost (Sec.) 1.39 407.10 
Overall modeling cost (Hours) 17.20 7.48 

 
5. CONCLUSIONS 

In this paper, a novel C-BMF algorithm is proposed for 
efficient performance modeling of tunable analog/RF circuits. C-
BMF encodes the correlation information for both model template 
and coefficient magnitude among different states by a prior 
distribution. Next, the prior distribution is combined with very 
few simulation samples to accurately solve the model coefficients. 
An efficient and robust hyper-parameter inference is proposed to 
determine the large number of hyper-parameters associated with 
our proposed Bayesian inference. As is demonstrated by two 
circuit examples designed in a commercial 32nm SOI CMOS 
process, the proposed C-BMF method achieves more than 2× cost 
reduction compared to the state-of-the-art modeling technique. 
Finally, it is worth mentioning that C-BMF assumes a unified 
correlation model across all states. If the states are mutually 
different, such an assumption will no longer hold. In this case, a 
clustering algorithm is needed to group similar states into clusters 
before applying the proposed C-BMF algorithm. 
 
6. ACKNOWLEDGMENT 

This work is sponsored in part by the DARPA HEALICS 
program under Air Force Research Laboratory (AFRL) contract 
FA8650-09-C-7924 and the National Science Foundation under 
contract CCF–1316363. The views expressed are those of the 
author and do not reflect the official policy or position of the 

Department of Defense or the U.S. Government. The authors 
would thank B. Sadhu, J.-O. Plouchart and A. Valdes-Garcia for 
valuable discussions and D. Friedman for management support. 
 
7. REFERENCES  
[1] Semiconductor Industry Associate, International Technology 

Roadmap for Semiconductors, 2011. 
[2] X. Li et al., Statistical Performance Modeling and 

Optimization, Now Publishers, 2007. 
[3] X. Li et al., “Robust analog/RF circuit design with projection-

based performance modeling,” IEEE Trans. on CAD, vol. 26, 
no. 1, pp. 2-15, Jan. 2007. 

[4] G. Debyser et al., “Efficient analog circuit synthesis with 
simultaneous yield and robustness optimization,” IEEE ICCAD, 
pp. 308-311, 1998. 

[5] M. Erturk et al., “Statistical variations in VCO phase noise due 
to upconverted MOSFET 1/f noise,” IEEE RFIC, pp. 255–258, 
2008. 

[6] S. Sun et al., “Indirect performance sensing for on-chip self-
healing of analog and RF circuits,” IEEE Trans. on CAS-I, vol. 
61, no. 8, pp. 2243-2252, Jul. 2014. 

[7] C. Maxey et al., “Mixed-signal SoCs with in situ self-healing 
circuitry,” IEEE D&T., vol. 29, no. 6, pp. 27-39, Dec. 2012. 

[8] S. Sen, “Channel-adaptive zero-margin & process-adaptive self-
healing communication circuits/systems,” IEEE ICCAD, pp. 80-
85, 2014. 

[9] D. Banerjee et al., “Real-time use-aware adaptive MIMO RF 
receiver systems for energy efficiency under BER constraints,” 
IEEE DAC, pp. 1-7, 2013. 

[10] M. Andraud et al., “One-shot calibration of RF circuits based 
on non-intrusive sensors,” IEEE DAC, pp. 1-6, 2014. 

[11] J.-O. Plouchart et al., “Adaptive circuit design methodology 
and test applied to millimeter-wave circuits,” IEEE D&T., vol. 
31, no. 6, pp. 8-18, Jul. 2014. 

[12] X. Li et al., “Asymptotic probability extraction for nonnormal 
performance distributions,” IEEE Trans. on CAD, vol. 26, no. 
1, pp. 16-37, Jan. 2007. 

[13] F. Gong et al., “Variability-aware parametric yield estimation 
for analog/mixed-signal circuits: concepts, algorithms, and 
challenges,” IEEE Design & Test of Comp., vol. 31, no. 4, pp. 
6-15, Jan. 2014. 

[14] H. Zhang et al., “Efficient design-specific worst-case corner 
extraction for integrated circuits,” IEEE DAC, pp. 386-389, 
2009. 

[15] Y. Wang et al., “Enabling efficient analog synthesis by 
coupling sparse regression and polynomial optimization,” IEEE 
DAC, pp. 1-6, 2014. 

[16] X. Li, “Finding deterministic solution from underdetermined 
equation: large-scale performance variability modeling of 
analog/RF circuits,” IEEE Trans. on CAD, vol. 29, no. 11, pp. 
1661-1668, Nov. 2010. 

[17] T. McConaghy, “High-dimensional statistical modeling and 
analysis of custom integrated circuits,” IEEE CICC, pp. 1-8, 
2011. 

[18] F. Wang et al., “Bayesian model fusion: large-scale 
performance modeling of analog and mixed-signal circuits by 
reusing early-stage data,” IEEE DAC, pp. 1-6, 2013. 

[19] W. Zhang et al., “Efficient spatial pattern analysis for variation 
decomposition via robust sparse regression,” IEEE Trans. on 
CAD, vol. 32, no. 7, pp. 1072-1085, Jul. 2013. 

[20] W. Zhang et al., “Toward efficient large-scale performance 
modeling of integrated circuits via multi-mode/multi-corner 
sparse regression,” IEEE DAC, pp. 897-902, 2010. 

[21] X. Liu et al., “A statistical methodology for noise sensor 
placement and full-chip voltage map generation,” IEEE DAC, 
pp. 1-6, 2015. 

[22] C. Bishop, Pattern Recognition and Machine Learning, 
Springer, 2006. 

[23] Z. Zhang et al., “Sparse signal recovery with temporally 
correlated source vectors using sparse Bayesian learning,” IEEE 
JSTSP, vol. 5, no. 5, pp. 912-926, Sep. 2011. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


