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Fast Statistical Analysis of Rare Circuit Failure
Events via Scaled-Sigma Sampling for

High-Dimensional Variation Space
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Abstract—Accurately estimating the rare failure rates for
nanoscale circuit blocks (e.g., static random-access memory,
D flip-flop, etc.) is a challenging task, especially when the varia-
tion space is high-dimensional. In this paper, we propose a novel
scaled-sigma sampling (SSS) method to address this technical
challenge. The key idea of SSS is to generate random samples
from a distorted distribution for which the standard deviation
(i.e., sigma) is scaled up. Next, the failure rate is accurately
estimated from these scaled random samples by using an ana-
lytical model derived from the theorem of “soft maximum.” Our
proposed SSS method can simultaneously estimate the rare fail-
ure rates for multiple performances and/or specifications with
only a single set of transistor-level simulations. To quantitatively
assess the accuracy of SSS, we estimate the confidence interval
of SSS based on bootstrap. Several circuit examples designed
in nanoscale technologies demonstrate that the proposed SSS
method achieves significantly better accuracy than the traditional
importance sampling technique when the dimensionality of the
variation space is more than a few hundred.

Index Terms—Importance sampling, Monte Carlo (MC)
analysis, parametric yield, process variation.

I. INTRODUCTION

W ITH aggressive technology scaling, process variation
has become a growing concern for today’s integrated

circuits (ICs) [2]. As a complex IC may integrate numer-
ous circuit components (e.g., millions of static random-access
memory (SRAM) bit-cells in a high-performance microproces-
sor), a rare failure of each component may induce a not-so-rare
failure for the entire system. Therefore, each component must
be designed to be extremely robust to large-scale process vari-
ations. For instance, the failure rate of an SRAM bit-cell
must be less than 10−8–10−6 so that the full microprocessor
system, containing millions of SRAM bit-cells, can achieve
sufficiently high yield [3], [4]. For this reason, efficiently
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simulating the rare failure events for circuit components and
accurately estimating their failure rates is an important task
for the IC design community.

To address this issue, a large number of statistical algo-
rithms and methodologies have been developed [5]–[15]. Most
of these traditional methods focus on failure rate estimation for
SRAM bit-cells that consist of few (e.g., 6–10) transistors. In
these cases, only a small number of (e.g., 6–20) independent
random variables are used to model process variations and,
hence, the corresponding variation space is low-dimensional.
However, several recent trends suggest us to revisit the afore-
mentioned assumption of low-dimensional variation space.

1) Dynamic SRAM Bit-Cell Stability Related to
Peripherals: It has been demonstrated that dynamic
SRAM bit-cell stability depends not only on the bit-
cell itself but also on its peripherals (e.g., other bit-cells
connected to the same bit-line) [17]. Hence, a large num-
ber of transistors from multiple SRAM bit-cells and
their peripherals must be considered to simulate the
dynamic stability. As a result, many independent ran-
dom variables must be used to model process variations,
including device mismatches, for these transistors.

2) Rare Failure Events for NonSRAM Circuits: In addition
to SRAM bit-cells, a complex IC system may contain
a large number of other circuit components that must
be designed with extremely low failure rates. Taking
D flip-flop (DFF) as an example, it typically contains
about 20 transistors [18] and the random mismatch of
a single transistor is often modeled by 10–40 inde-
pendent random variables at an advanced technology
node. Hence, the total number of independent ran-
dom variables can easily reach a few hundred for DFF
analysis.

The combination of these recent trends renders a
high-dimensional variation space that cannot be efficiently
handled by most traditional techniques. It, in turn, poses an
immediate need of developing a new CAD tool to accurately
capture rare failure events in a high-dimensional variation
space with low computational cost.

In this paper, we propose a novel scaled-sigma
sampling (SSS) method to estimate the rare failure rate
in a high-dimensional variation space. SSS is particu-
larly developed to address the following two fundamental
questions: 1) how to efficiently draw random samples from
the rare failure region and 2) how to estimate the rare failure
rate based on these random samples. Unlike the brute-force
Monte Carlo (MC) analysis [22] that directly samples the
variation space and therefore only few samples fall into the
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failure region, SSS draws random samples from a distorted
probability density function (PDF) for which the standard
deviation (i.e., sigma) is scaled up. Conceptually, it is
equivalent to increasing the magnitude of process variations.
As a result, a large number of samples can now fall into the
failure region.

Once the distorted random samples are generated,
an analytical model derived from the theorem of soft
maximum [23] is optimally fitted by applying maximum likeli-
hood estimation (MLE). Next, the failure rate can be efficiently
estimated from the fitted model. While most traditional tech-
niques (e.g., importance sampling) become inefficient as the
dimensionality increases, our proposed SSS approach does
not suffer from such a dimensionality problem, as will be
explained in the technical sections of this paper.

In addition, to make SSS of practical utility, several impor-
tant implementation issues are further studied. First, a heuristic
approach is developed to simultaneously estimate the fail-
ure rates for multiple performances and/or specifications by
extracting the information from the same set of transistor-level
simulations. Note that most traditional techniques (e.g., impor-
tance sampling) must repeatedly run different transistor-level
simulations once the performance or its specification is
changed, thereby resulting in extremely expensive simulation
cost. From this point of view, SSS can efficiently facilitate
circuit designers to explore the trade-offs between the spec-
ification setup and the failure rate for multiple performance
metrics.

Second, to quantitatively assess the accuracy of SSS,
we estimate the confidence interval of SSS based on
bootstrap [20]. Our numerical experiments in Section VI
demonstrate that the bootstrap method can accurately evalu-
ate the estimation error for SSS, while the confidence interval
estimated by the traditional minimum-norm importance sam-
pling (MNIS) approach [11] is highly inaccurate and may
misguide the circuit designer in practice.

The remainder of this paper is organized as follows. In
Section II, we briefly review the background of rare fail-
ure event analysis. Next, we propose the SSS method for
Gaussian random variables in Section III and then extend
SSS to handle both Gaussian and uniform random variables
in Section IV. Several implementation issues are discussed
in detail in Section V. The efficacy of SSS is demonstrated
by a number of circuit examples in Section VI. Finally, we
conclude this paper in Section VII.

II. BACKGROUND

In a commercial process design kit, a set of inde-
pendent random variables following Gaussian and/or uni-
form distributions are often defined. The device parame-
ters (e.g., VTH, TOX, W, L, etc.) are modeled as functions
of these independent random variables to capture process
variations. The mapping from the independent random vari-
ables to the device parameters is often nonlinear. Hence,
even though the independent random variables are Gaussian
and/or uniform, the device parameters may follow other dis-
tributions (e.g., Poisson distribution, log-normal distribution,
etc.), depending on the nonlinear mapping. Suppose that the
M-dimensional vector

x = [x1 x2 · · · xM]T (1)

contains all independent random variables with the joint PDF
f (x). The failure rate of a circuit can be mathematically
represented as

Pf =
∫

�

f (x) · dx (2)

where � denotes the failure region in the variation space,
i.e., the subset of the variation space where the performance
of interest does not meet the specification. Alternatively, the
failure rate in (2) can be defined as

Pf =
∫ +∞

−∞
I(x) · f (x) · dx (3)

where I(x) represents the indicator function

I(x) =
{

1 x ∈ �

0 x /∈ �.
(4)

A. MC Analysis

The failure rate Pf can be estimated by a brute-force MC
analysis. The key idea is to draw N random samples from f (x),
and then compute the mean of the indicator function I(x) based
on these samples

PMC
f = 1

N
·

N∑
n=1

I
[
x(n)

]
(5)

where x(n) is the nth random sample. The variance of the
estimator PMC

f in (5) can be approximated as [21]

vMC
f = PMC

f ·
(

1 − PMC
f

)/
N. (6)

When MC is applied to estimate Pf that is extremely small
(e.g., 10−8–10−6), most random samples drawn from the PDF
f (x) do not fall into the failure region �. Therefore, a large
number of (e.g., 107–109) samples are needed to accurately
estimate Pf . Note that each MC sample is created by run-
ning an expensive transistor-level simulation. In other words,
107–109 simulations must be performed in order to collect
107–109 samples. It, in turn, implies that MC can be extremely
expensive for our application of rare failure rate estimation.

B. Kernel Density Estimation

Without loss of generality, we consider a performance func-
tion y(x), where y is the performance of interest. If y is
continuous, we can estimate Pf defined in (2) by kernel den-
sity estimation (KDE). To clearly understand KDE, we first
rewrite Pf in (2) as

Pf =
∫

D
ρ(y) · dy (7)

where ρ(y) denotes the PDF of y and D denotes the fail-
ure region in the performance space, i.e., the subset of the
performance space where y does not meet its specification.
Unlike the failure region � that is often unknown in the vari-
ation space, D is explicitly specified by the circuit designer in
advance. For instance, consider a simple circuit example where
the delay of a sense amplifier is our performance of interest.
Namely, the performance y is the delay from the input to the
output of the sense amplifier. If y is larger than a predefined
value Delayspec, the sense amplifier is considered as “FAIL.”
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In this example, we can easily determine the failure region D
as (Delayspec,+∞).

To calculate Pf from (7), we need to know ρ(y), which is,
unfortunately, not known in advance. The objective of KDE
is to estimate ρ(y). To this end, we first draw N random
samples {x(n); n = 1, 2, . . . , N} from the PDF f (x). After run-
ning transistor-level simulations, we obtain the corresponding
performance values

y =
[
y(1) y(2) · · · y(N)

]T
(8)

where y(n) denotes the performance value associated with the
nth random sample x(n). Based on the idea of MLE, KDE
approximates the PDF ρ(y) as [19]

ρ∗(y) = 1

N
·

N∑
n=1

1

h
· K

[
y − y(n)

h

]
(9)

where h is the kernel bandwidth that controls the smoothness
of the estimator ρ∗(y) and K(•) is the kernel function. In gen-
eral, it is nontrivial to find the optimal h and K(•) without
knowing the actual PDF of y, i.e., ρ(y). However, we can
often take advantage of our knowledge about the performance
of interest to appropriately choose h and K(•) in practice. For
example, if ρ(y) approximately follows a Gaussian distribu-
tion, K(•) can be chosen as a Gaussian PDF with the optimal
h as [19]:

hOPT = (4/3)1/5 · σy · N−1/5 (10)

where σy is the standard deviation of y.
Once the PDF ρ∗(y) in (9) is obtained, an estimator PKDE

f
can be built to estimate the failure rate Pf in (7)

PKDE
f =

∫
D

ρ∗(y) · dy. (11)

The variance of the estimator PKDE
f in (11) can be estimated

by bootstrap [20]. The key idea of bootstrap is to construct
a number of (i.e., NBoot) datasets {yn; n = 1, 2, . . . , NBoot}
with the same size, where each dataset is obtained by ran-
domly sampling the vector y. For each dataset, (9) and (11) are
used to calculate the corresponding failure rate PKDE(n)

f . Once

{PKDE(n)
f ; n = 1, 2, . . . , NBoot} are available, the variance of

{PKDE(n)
f ; n = 1, 2, . . . , NBoot} is calculated and considered as

the variance of the estimator PKDE
f in (11).

Unlike the MC analysis in (5) that only relies on the infor-
mation that whether the performance of interest meets the
predefined specification (i.e., “PASS” or “FAIL”), KDE takes
into account the continuous performance value when estimat-
ing the failure rate by (9) and (11). Intuitively speaking, KDE
explores the extra information from the performance values
and, therefore, can provide better accuracy than MC when the
number of samples (i.e., N) is small.

Finally, we should make two important clarifications about
the aforementioned KDE method. First, the performance y
must be continuous. Otherwise, KDE may not be accurate
because it assumes a smooth and continuous PDF for y.
Second, to accurately estimate Pf by (11), we need to col-
lect a number of random samples sitting in the failure region
(i.e., D). As explained in Section II-A, generating a fail-
ure sample is extremely expensive for our application of

rare failure rate estimation. Hence, directly applying KDE to
rare failure rate estimation is not appropriate. Instead, KDE
can be efficiently applied if and only if the failure rate is
sufficiently large.

C. Importance Sampling

To reduce the computational cost, several statistical algo-
rithms based on importance sampling have been proposed
in [5], [8], [11], [13], and [15]. The key idea is to sample
a distorted PDF g(x), instead of the original PDF f (x), so
that most random samples fall into the failure region �. Here,
g(x) is positive for all x in �. In this case, the failure rate can
be expressed as

Pf =
∫ +∞

−∞
I(x) · f (x)

g(x)
· g(x) · dx. (12)

If N random samples {x(n); n = 1, 2, . . . , N} are drawn
from g(x), the failure rate in (12) can be approximated by

PIS
f = 1

N
·

N∑
n=1

f
[
x(n)

]
· I
[
x(n)

]/
g
[
x(n)

]
. (13)

When a finite number of samples are available, the results
from (5) and (13) can be substantially different. If g(x) is prop-
erly chosen for importance sampling, PIS

f in (13) can be much
more accurate than PMC

f in (5). Theoretically, the optimal g(x)
leading to maximum estimation accuracy is defined as

gOPT(x) = f (x) · I(x)/Pf . (14)

Intuitively, if gOPT(x) is applied, PIS
f in (13) becomes a con-

stant with zero variance. Therefore, the failure rate can be
accurately estimated by PIS

f with very few samples.
Equation (14) implies that the optimal PDF gOPT(x) is

nonzero if and only if the variable x sits in the failure region.
We should directly sample the failure region to achieve max-
imum accuracy. Furthermore, gOPT(x) is proportional to the
original PDF f (x). In other words, the entire failure region
should not be sampled uniformly. Instead, we should sam-
ple the high-probability failure region that is most likely
to occur.

Applying importance sampling, however, is not trivial in
practice. The optimal PDF gOPT(x) in (14) cannot be eas-
ily found, since the indicator function I(x) is unknown. Most
existing importance sampling methods attempt to approximate
gOPT(x) by applying various heuristics. The key idea is to first
search the high-probability failure region and then a distorted
PDF g(x) is constructed to directly draw random samples from
such a high-probability failure region.

While the traditional importance sampling methods have
been successfully applied to low-dimensional problems
(e.g., 6–20 random variables), they remain ill-equipped to
efficiently explore the high-dimensional variation space
(e.g., 102–103 random variables) that is of great importance
today. One major bottleneck lies in the high computational
cost of the search algorithm, as it cannot easily find the
high-probability failure region in a high-dimensional varia-
tion space. Such a computational cost issue is most pro-
nounced, when the failure region of interest has a complicated
(e.g., nonconvex or even discontinuous) shape. To the best of
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our knowledge, there is no existing algorithm that can be gen-
erally applied to efficiently search a high-dimensional variation
space. It, in turn, motivates us to develop a new approach in
this paper to solve such high-dimensional problems.

III. SSS FOR GAUSSIAN DISTRIBUTION

In general, x may be modeled as a number of possible
probability distributions such as Gaussian distribution, uni-
form distribution, etc. In this section, we describe SSS for
Gaussian distribution. Namely, the random variable x fol-
lows a multivariate Gaussian distribution. In the next section,
we will further extend SSS to “Gaussian-uniform” distribu-
tion where the random variables {xm; m = 1, 2, . . . , M} are
mutually independent, a subset of these random variables
follow the standard Gaussian distributions and the other ran-
dom variables are uniformly distributed. Such a multivariate
Gaussian-uniform distribution has been used in many process
design kits today.

Without loss of generality, we assume that the random vari-
ables {xm; m = 1, 2, . . . , M} in the vector x are mutually
independent and follow standard Gaussian distributions:

f (x) =
M∏

m=1

[
1√
2π

· exp

(
−x2

m

2

)]
= exp

(−‖x‖2
2/2

)
(√

2π
)M (15)

where ‖ • ‖2 denotes the L2-norm of a vector. Any correlated
random variables that are jointly Gaussian can be transformed
to the independent random variables {xm; m = 1, 2, . . . , M}
by principal component analysis [22].

Unlike the traditional importance sampling methods that
must explicitly identify the high-probability failure region,
SSS takes a completely different strategy to address the fol-
lowing two fundamental questions: 1) how to efficiently draw
random samples from the high-probability failure region and
2) how to estimate the failure rate based on these random
samples. In what follows, we will derive the mathematical
formulation of SSS for Gaussian distribution and highlight its
novelties.

A. Statistical Sampling

For the application of rare failure rate estimation, f (x)
in (15) is often extremely small for a random sample x inside
the failure region. It implies that the failure region is faraway
from the origin x = 0, as shown in Fig. 1(a). Since the failure
rate is extremely small, MC cannot efficiently draw random
samples from the failure region. Namely, many MC samples
cannot reach the tail of f (x).

In this paper, we apply a simple idea to address the
aforementioned sampling issue. Given f (x) in (15) for the
M-dimensional random variable x, we scale up the standard
deviation of x by a scaling factor s (s > 1), yielding the
following distribution:

g(x) =
M∏

m=1

[
1√
2πs

· exp

(
− x2

m

2s2

)]
= exp

(−‖x‖2
2/2s2

)
(√

2π
)M

sM
.

(16)

Once the standard deviation of x is increased by a factor of s,
we conceptually increase the magnitude of process variations.

Fig. 1. Proposed SSS method for Gaussian distribution is illustrated by a
2-D example where the gray area � denotes the failure region and the circles
represent the contour lines of the PDF. (a) Rare failure events occur at the
tail of the original PDF f (x) and the failure region is faraway from the origin
x = 0. (b) Scaled PDF g(x) widely spreads over a large region and the scaled
samples are likely to reach the faraway failure region.

Hence, the scaled PDF g(x) widely spreads over a large region
and the probability for a random sample to reach the faraway
failure region increases, as shown in Fig. 1(b).

From an alternative viewpoint, the original random vari-
ables {xm; m = 1, 2, . . . , M} follow the independent standard
Gaussian distributions defined in (15). If we scale each of
them (say, xm) by a factor of s, the scaled random variables
{s · xm; m = 1, 2, . . . , M} follow g(x) in (16). Therefore,
when sampling g(x), we can first draw random samples from
f (x) and then scale each random sample by a factor of s. As
a result, the scaled samples will move faraway from the ori-
gin x = 0 and are likely to reach the failure region, as shown
in Fig. 1(b).

On the other hand, it is important to note that the mean of
g(x) remains 0, which is identical to the mean of f (x). Hence,
for a given sampling location x, the likelihood defined by g(x)
remains inversely proportional to the length of the vector x
(i.e., ‖x‖2). Namely, it is more (or less) likely to reach the
sampling location x, if the distance between the location x and
the origin 0 is smaller (or larger). It, in turn, implies that the
high-probability failure region associated with f (x) remains the
high-probability failure region after the PDF is scaled to g(x),
as shown in Fig. 1(a) and (b). Scaling the PDF from f (x)
to g(x) does not change the location of the high-probability
failure region. Instead, it only makes the failure region easy
to sample.

Once the scaled random samples are drawn from g(x)
in (16), we need to further estimate Pf defined in (3). Since
g(x) and f (x) are different, we cannot simply average the ran-
dom samples generated by g(x) to calculate Pf defined by
f (x). A major contribution of this paper is to derive an analyt-
ical model to accurately estimate the failure rate Pf from the
scaled random samples, as will be discussed in detail in the
next section.

B. Failure Rate Estimation

Given N random samples {x(n); n = 1, 2, . . . , N} drawn
from g(x) in (16), one straightforward way to estimate Pf is
based upon the theory of importance sampling. Namely, since
the random samples are generated by g(x) that is different
from f (x), we can estimate the failure rate Pf by calculating
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the average of f (x) · I(x)/g(x), as shown by the estimator PIS
f

in (13).
Such a simple approach, however, does not result in an accu-

rate failure rate, if the dimensionality of the variation space
(i.e., M) is large. To understand the reason, let us calculate the
variance of the importance sampling estimator PIS

f in (13)

var
(

PIS
f

)
= var

{
1

N
·

N∑
n=1

f
[
x(n)

]
· I
[
x(n)

]/
g
[
x(n)

]}
(17)

where var(•) denotes the variance of a random variable. Since
{x(n); n = 1, 2, . . . , N} are independently drawn from g(x)
in (16), (17) can be rewritten as

var
(

PIS
f

)
= var

[
f (x) · I(x)

/
g(x)

]/
N. (18)

In (18), var[f (x).I(x)/g(x)] can be expressed as [21]

var
[
f (x) · I(x)/g(x)

] = E
{[

f (x) · I(x)/g(x)
]2}

− {
E
[
f (x) · I(x)/g(x)

]}2 (19)

where E(•) denotes the expected value of a random variable.
We can rewrite (19) as

var
[
f (x) · I(x)/g(x)

] =
∫ +∞

−∞
f 2(x)

g2(x)
· I2(x) · g(x) · dx

−
[∫ +∞

−∞
f (x)

g(x)
· I(x) · g(x) · dx

]2

=
∫ +∞

−∞
f 2(x)

g(x)
· I(x) · dx

−
[∫ +∞

−∞
f (x) · I(x) · dx

]2

. (20)

Based on (3), (20) can be simplified as

var
[
f (x) · I(x)/g(x)

] =
∫ +∞

−∞
f 2(x)

g(x)
· I(x) · dx − P2

f . (21)

Since |I(x)| is less than or equal to 1, (21) is bounded by

var
[
f (x) · I(x)/g(x)

] ≤
∫ +∞

−∞
f 2(x)

g(x)
· dx − P2

f . (22)

At the right-hand side of (22), Pf is the failure rate
and, hence, the second term (i.e., Pf

2) is a constant. Based
on (15) and (16), the first term at the right-hand side of (22)
can be calculated as

∫ +∞

−∞
f 2(x)

g(x)
· dx = sM

(√
2 · π

)M ·
∫ +∞

−∞
exp

[
−
(
2 · s2 − 1

)
2 · s2

· x2

]
· dx

=
[
s4
/(

2 · s2 − 1
)]M/2

. (23)

Based on (18), (22), and (23), we have

var
(

PIS
f

)
≤
{[

s4
/(

2 · s2 − 1
)]M/2 − P2

f

}/
N. (24)

Equation (24) shows that the upper bound of the vari-
ance of the estimator PIS

f exponentially increases with the
dimensionality M when s is greater than 1. It, in turn,
implies that the variance of PIS

f can be prohibitively large in

a high-dimensional variation space. It is equivalent to say-
ing that the estimator PIS

f based on importance sampling
may not be sufficiently accurate when the variation space is
high-dimensional. It does not fit our need of high-dimensional
failure rate estimation in this paper.

Instead of relying on the theory of importance sampling,
our proposed SSS method attempts to estimate the failure rate
Pf from a completely different avenue. We first take a look at
the “scaled” failure rate corresponding to the scaled PDF g(x)

Pg =
∫ +∞

−∞
I(x) · g(x) · dx. (25)

Our objective is to study the relation between the scaled
failure rate Pg in (25) and the original failure rate Pf in (3).
Toward this goal, we partition the M-dimensional variation
space into a large number of identical hyper-rectangles with
the same volume and the scaled failure rate Pg in (25) can be
approximated as

Pg ≈
∑

k

I
[
x(k)

]
· g
[
x(k)

]
· �x (26)

where x(k) represents the center of the kth hyper-rectangle and
�x denotes the volume of a hyper-rectangle. The approxima-
tion in (26) is accurate, if each hyper-rectangle is sufficiently
small. Given (4), (26) can be rewritten as

Pg ≈
∑
k∈�

g
[
x(k)

]
· �x (27)

where {k; k ∈ �} represents the set of all hyper-rectangles
that fall into the failure region. Substituting (16) into (27), we
have

Pg ≈ �x(√
2π
)M

sM
·
∑
k∈�

exp

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]
. (28)

Taking the logarithm on both sides of (28) yields

log Pg ≈ log
�x(√
2π
)M − M · log s + lse

k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

(29)

where

lse
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

= log

{∑
k∈�

exp

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]}

(30)

stands for the log-sum-exp function. The function lse(•)
in (30) is also known as the soft maximum from the
mathematics [23]. It can be bounded by

max
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

+ log(T) ≥ lse
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

≥ max
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

(31)

where T denotes the total number of hyper-rectangles in �.
To clearly understand (31), let us consider two extreme

cases. First, let us assume that all the hyper-rectangles {x(k);
k ∈ �} have the same distance to the origin 0. In this case, the
function lse(•) reaches its upper bound in (31). Second, we
assume that only one hyper-rectangle in the set {x(k); k ∈ �}
is close to the origin 0, and all other hyper-rectangles are
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faraway from the origin 0. In this case, the function lse(•)
reaches its lower bound in (31). For our application of rare
failure event analysis, however, these two ideal cases rarely
occur. Therefore, we cannot simply use the lower or upper
bound in (31) to approximate the function lse(•) in (30).

In general, there exist a number of (say, T0) dominant
hyper-rectangles that are much closer to the origin 0 than
other hyper-rectangles in the set {x(k); k ∈ �}. Without loss of
generality, we assume that the first T0 hyper-rectangles {x(k);
k = 1, 2, . . . , T0} are dominant. Hence, we can approximate
the function lse(•) in (30) as

lse
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

≈ log

{ T0∑
k=1

exp

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]}

. (32)

We further assume that these dominant hyper-rectangles
{x(k); k = 1, 2, . . . , T0} have similar distances to the origin 0.
Thus, (32) can be approximated by

lse
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

≈ max
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2s2
]

+ log(T0). (33)

Substituting (33) into (29) yields

log Pg ≈ α + β · log s + γ /s2 (34)

where

α = log

[
�x
/(√

2π
)M
]

+ log(T0) (35)

β = −M (36)

γ = max
k∈�

[
−
∥∥∥x(k)

∥∥∥2

2

/
2

]
. (37)

Equation (34) reveals the important relation between the
scaled failure rate Pg and the scaling factor s. The approxi-
mation in (34) does not rely on any specific assumption of
the failure region. It is valid, even if the failure region is
nonconvex or discontinuous.

While (35)–(37) show the theoretical definition of the model
coefficients α, β, and γ , finding their exact values is not
trivial. For instance, the coefficient γ is determined by the
hyper-rectangle that falls into the failure region � and is
closest to the origin x = 0. In practice, without knowing
the failure region �, we cannot directly find out the value
of γ . For this reason, we propose to determine the analyt-
ical model in (34) by linear regression. Namely, we first
estimate the scaled failure rates {Pg,q; q = 1, 2, . . . , Q} by
setting the scaling factor s to a number of different val-
ues {sq; q = 1, 2, . . . , Q}. As long as the scaling factors
{sq; q = 1, 2, . . . , Q} are sufficiently large, the scaled failure
rates {Pg,q; q = 1, 2, . . . , Q} are large and can be accurately
estimated with a small number of random samples. Next, the
model coefficients α, β, and γ are fitted by linear regres-
sion for the model template in (34) based on the values of
{(sq, Pg,q); q = 1, 2, . . . , Q}. Once α, β, and γ are known, the
original failure rate Pf in (3) can be predicted by extrapolation.
Namely, we substitute s = 1 into the analytical model in (34)

log PSSS
f = α + γ (38)

where PSSS
f denotes the value of Pf estimated by SSS.

Applying the exponential function to both sides of (38), we
have

PSSS
f = exp(α + γ ). (39)

While the aforementioned discussions reveal the theoretical
framework of the proposed SSS method, a number of imple-
mentation issues must be carefully studied to make SSS of
practical utility. These implementation details will be further
discussed in Section V.

IV. SSS FOR GAUSSIAN-UNIFORM DISTRIBUTION

In Section III, we assume that all random variables in x are
mutually independent and follow the standard Gaussian dis-
tributions after applying principal component analysis. Such
an assumption, however, may not always hold for today’s
nanoscale IC technologies. Namely, {xm; m = 1, 2, . . . , M}
may be modeled as other probability distributions (e.g., uni-
form distribution, etc.) in many practical applications.

In this section, we further extend SSS to Gaussian-uniform
distribution. Without loss of generality, we rewrite x as

x =
[

xG
xU

]
(40)

where the vector xG = [xG,1xG,2, . . . , xG,MG]T includes MG
random variables following the standard Gaussian distribu-
tions, and the vector xU = [xU,1xU,2, . . . , xU,MU]T includes
MU random variables following the uniform distributions, and
M = MG + MU is the total number of these random vari-
ables. Since all random variables in the vector x are mutually
independent, we can express the joint PDF as

f (x) = fg(xG) · fu(xU) (41)

fg(xG) =
MG∏

m=1

[
1√
2π

· exp

(
−x2

G,m

2

)]
= exp

(−‖xG‖2
2

/
2
)

(√
2π
)MG

(42)

fu(xU) =
MU∏
m=1

(
1

um − lm

)
· I
(

xU,m
∣∣lm, um

)
(43)

where lm and um denote the lower and the upper bounds
of the mth uniform random variable xU,m in the vector
xU respectively, and I(xU,m|lm, um) represents the indicator
function

I
(

xU,m
∣∣lm, um

) =
{

1 lm ≤ xU,m ≤ um
0 else (m = 1, 2, . . . , MU).

(44)

From (41) to (44), we can see that f (x) is nonzero if and
only if x belongs to the following set 
:


 =
{

x

∣∣∣∣ xG,i ∈ (−∞,+∞), i = 1, 2, . . . , MG
xU,j ∈ [lj, uj

]
, j = 1, 2, . . . , MU

}
. (45)

Hence, the random samples drawn from f (x) must belong
to 
.

Similar to Section III, we need to answer the fol-
lowing two fundamental questions when applying SSS to
Gaussian-uniform distribution: 1) how to efficiently draw ran-
dom samples from the high-probability failure region given
the PDF f (x) defined in (41) and 2) how to estimate the fail-
ure rate based on these random samples. The answers to these
questions will be explained in the following sections.
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A. Statistical Sampling

In this section, we focus on the failure region � that sits
inside the set 
 where 
 is defined by (45). For any location
x outside the set 
, the probability of reaching x is zero and,
hence, it does not contribute to the failure rate of interest. Due
to this reason, we consider the failure region � as a subset
of 
. For any random sample x = [xG; xU] falling into the
failure region �, the uniform PDF fu(xU) is constant while the
Gaussian PDF fg(xG) can be extremely small. In other words,
the failure event occurs at the tail of fg(xG). To efficiently draw
random samples from the high-probability failure region, we
apply the idea of SSS to the Gaussian random variable xG.
Namely, we scale up the standard deviation of fg(xG) by a fac-
tor of s(s > 1), while keeping fu(xU) unchanged. It, in turn,
results in the following scaled PDF:

g(x) = gg(xG) · fu(xU) (46)

gg(xG) = exp
(
−‖xG‖2

2

/
2s2
)/[(√

2π
)MG · sMG

]
(47)

where fu(xU) is defined in (43). By sampling the scaled PDF
g(x) in (46), we can now reach the failure region � easily and
a large number of random samples should sit inside �.

Since we assume that all random variables in x are mutually
independent, we can draw random samples from the Gaussian
and uniform distributions separately and then combine them
together to form the random samples for the scaled PDF
g(x) in (46). In what follows, we will further discuss how
to accurately estimate Pf in (3) based on these scaled random
samples.

B. Failure Rate Estimation

To derive the analytical model for failure rate estima-
tion of Gaussian-uniform distribution, we follow the same
idea presented in Section III-B. Namely, we partition the
M-dimensional variation space into a large number of small
hyper-rectangles and the scaled failure rate Pg in (25) is
approximated as (27). Substituting (46) into (27), we have

Pg ≈
∑
k∈�

g
[
x(k)

]
· �x =

∑
k∈�

gg

[
x(k)

G

]
· fu
[
x(k)

U

]
· �x (48)

where x(k) = [x(k)
G ; x(k)

U ] denotes the center of the kth
hyper-rectangle. Substituting (43) and (47) into (48) yields

Pg ≈
∑
k∈�

exp

[
−
∥∥∥x(k)

G

∥∥∥2

2

/
2s2
]

· �x ·∏MU
m=1 I

(
x(k)

U,m

∣∣∣lm, um

)
(√

2π
)MG · sMG ·∏MU

m=1(um − lm)

(49)

where x(k)
U,m represents the mth uniform random variable in

x(k)
U = [x(k)

U,1x(k)
U,2, . . . , x(k)

U,MU]T .
Since the failure region � is inside the set 
, the indi-

cator functions {I(x(k)
U,m|lm, um); m = 1, 2, . . . , MU, k ∈ �}

in (49) are all equal to 1. Therefore, (49) can be further
simplified as

Pg ≈ �x(√
2π
)MG · sMG ·∏MU

m=1(um − lm)

×
∑
k∈�

exp

[
−
∥∥∥x(k)

G

∥∥∥2

2

/
2s2
]
. (50)

By following the mathematical analysis described in
Section III-B, we can approximate (50) as:

log Pg ≈ α + β · log s + γ
/

s2 (51)

where

α = log

{
�x
/[(√

2π
)MG ·

MU∏
m=1

(um − lm)

]}
+ log(T0)

(52)

β = −MG (53)

γ = max
k∈�

[
−
∥∥∥x(k)

G

∥∥∥2

2

/
2

]
. (54)

In (52), T0 denotes the number of dominant
hyper-rectangles in the set {x(k)

G ; k ∈ �}.
The analytical model in (51) for Gaussian-uniform distri-

bution is identical to that in (34) for Gaussian distribution.
Similar to the Gaussian distribution case, we first estimate
the scaled failure rates {Pg,q; q = 1, 2, . . . , Q} by setting
the scaling factor s to a number of different values {sq; q =
1, 2, . . . , Q}. Next, the model coefficients α, β, and γ are fit-
ted by linear regression based on {(sq, Pg,q); q = 1, 2, . . . , Q}.
Once α, β, and γ are known, the failure rate Pf in (3) can be
predicted by using (39).

In summary, if both Gaussian and uniform distributions are
used to model process variations, we only scale up the stan-
dard deviation of the Gaussian distribution without changing
the uniform distribution. The failure rate Pf in (3) is then esti-
mated by fitting an analytical model. The model fitting scheme
is identical to what is described for Gaussian distribution in
Section III.

Finally, it is important to mention that the SSS method
presented in this section can only handle a special class of
non-Gaussian distribution where all random variables in x
are mutually independent, a subset of these random variables
are Gaussian random variables and the other random vari-
ables are uniformly distributed. How to extend SSS to other
non-Gaussian distributions remains an open question and will
be further studied in our future research.

V. IMPLEMENTATION DETAILS

To make the proposed SSS method of practical utility,
a number of efficient algorithms are further studied in this
section, including: 1) model fitting via MLE [22]; 2) confi-
dence interval estimation via bootstrap [20]; and 3) simulta-
neous failure rate estimation for multiple performances and/or
specifications. Since the aforementioned algorithms can be
generally applied to both Gaussian and Gaussian-uniform
distributions, we will not explicitly distinguish these two dif-
ferent cases when discussing the implementation details in this
section.

A. Model Fitting via MLE

While the basic idea of SSS has been illustrated in
Sections III and IV, we will develop a statistically optimal
algorithm to implement it in this section. Our goal is to
determine the MLE for the model coefficients α, β, and γ

in (34) and (51). The MLE solution can be solved from an
optimization problem and it is considered to be statistically
optimal for a given set of random samples.
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Without loss of generality, we assume that Nq scaled random
samples {x(n); n = 1, 2, . . . , Nq} are collected for the scaling
factor sq. The scaled failure rate Pg,q can be estimated by MC

PMC
g,q = 1

Nq
·

Nq∑
n=1

I
[
x(n)

]
(55)

where I(x) is the indicator function defined in (4). The variance
of the estimator PMC

g,q in (55) can be approximated as [21]

vMC
g,q = PMC

g,q ·
(

1 − PMC
g,q

)/
Nq. (56)

If the number of samples Nq is sufficiently large, the esti-
mator PMC

g,q in (55) follows a Gaussian distribution according
to the central limit theorem [21]:

PMC
g,q ∼ Gauss

(
Pg,q, vMC

g,q

)
(57)

where Pg,q denotes the actual failure rate corresponding to the
scaling factor sq.

If the performance of interest is continuous, we can apply
KDE to estimate the scaled failure rate Pg,q, and then use
bootstrap to evaluate the variance of the KDE estimator, as
discussed in Section II-B. Here, we use PKDE

g,q to denote the
estimated Pg,q by KDE and vKDE

g,q to denote the variance of
PKDE

g,q . Similar to the estimator PMC
g,q in (57), PKDE

g,q also approx-
imately follows a normal distribution when the number of
samples Nq is sufficiently large:

PKDE
g,q ∼ Gauss

(
Pg,q, vKDE

g,q

)
. (58)

In what follows, we will assume that the estimator PMC
g,q

is applied to estimate the scaled failure rate in order to sim-
plify our notation. If KDE is applied, we can simply replace
PMC

g,q and vMC
g,q with PKDE

g,q and vKDE
g,q respectively, and the math-

ematical equations shown in the rest of this section should
still hold.

Note that the model template in (34) and (51) are both
expressed for logPg, instead of Pg. To further derive the
probability distribution for logPMC

g,q , we adopt the first-order
delta method from the statistics community [21]. Namely, we
approximate the nonlinear function log(•) by the first-order
Taylor expansion around the mean value Pg,q of the random
variable PMC

g,q

log PMC
g,q ≈ log Pg,q + PMC

g,q − Pg,q

Pg,q
≈ log Pg,q + PMC

g,q − Pg,q

PMC
g,q

.

(59)

Based on the linear approximation in (59), logPMC
g,q follows

the Gaussian distribution:

log PMC
g,q ∼ Gauss

[
log Pg,q, vMC

g,q

/(
PMC

g,q

)2
]
. (60)

Equation (60) is valid for all scaling factors {sq; q =
1, 2, . . . , Q}. In addition, since the scaled failure rates corre-
sponding to different scaling factors are estimated by inde-
pendent MC simulations, the estimated failure rates {PMC

g,q ;
q = 1, 2, . . . , Q} are mutually independent. Therefore, the
Q-dimensional random variable

log PMC
g =

[
log PMC

g,1 log PMC
g,2 · · · log PMC

g,Q

]T
(61)

satisfies the following jointly Gaussian distribution:

log PMC
g ∼ Gauss

(
μg,�g

)
(62)

where the mean vector μg and the covariance matrix �g are
equal to

μg = [
log Pg,1 log Pg,2 · · · log Pg,Q

]T (63)

�g = diag

⎡
⎢⎣ vMC

g,1(
PMC

g,1

)2
,

vMC
g,2(

PMC
g,2

)2
, . . . ,

vMC
g,Q(

PMC
g,Q

)2

⎤
⎥⎦ (64)

where diag(•) denotes a diagonal matrix.
The diagonal elements of the covariance matrix �g in (64)

can be substantially different. In other words, the accuracy of
{logPMC

g,q ; q = 1, 2, . . . , Q} associated with different scaling
factors {sq; q = 1, 2, . . . , Q} can be different, because the
scaled failure rates {Pg,q; q = 1, 2, . . . , Q} strongly depend
on the scaling factors. In general, we can expect that if the
scaling factor sq is small, the scaled failure rate Pg,q is small
and, hence, it is difficult to accurately estimate logPg,q from
a small number of random samples. For this reason, instead of
equally “trusting” the estimators {logPMC

g,q ; q = 1, 2, . . . , Q},
we must carefully model the “confidence” for each estimator
logPMC

g,q , as encoded by the covariance matrix �g in (64). Such
confidence information will be fully exploited by the MLE
framework to fit a statistically optimal model.

Since the scaled failure rate {Pg,q; q = 1, 2,. . . , Q} follows
the analytical model in (34) and (51), the mean vector μg
in (63) can be rewritten as:

μg = α + β ·

⎡
⎢⎢⎣

log s1
log s2

...

log sQ

⎤
⎥⎥⎦+ γ ·

⎡
⎢⎢⎢⎣

s−2
1

s−2
2
...

s−2
Q

⎤
⎥⎥⎥⎦ = A · � (65)

where

A =

⎡
⎢⎢⎢⎣

1 log s1 s−2
1

1 log s2 s−2
2

...
...

...

1 log sQ s−2
Q

⎤
⎥⎥⎥⎦ (66)

� = [
α β γ

]T
. (67)

Equation (65) implies that the mean value of the Q-
dimensional random variable logPMC

g depends on the model

coefficients α, β, and γ . Given {PMC
g,q ; q = 1, 2, . . . , Q}, the

key idea of MLE is to find the optimal values of α, β, and γ

so that the likelihood of observing {PMC
g,q ; q = 1, 2, . . . , Q} is

maximized.
Because the random variable logPMC

g follows the jointly
Gaussian distribution in (62), the likelihood associated with the
estimated failure rates {PMC

g,q ; q = 1, 2, . . . , Q} is proportional to:

L ∼ exp

[
−1

2

(
log PMC

g − μg

)T · �−1
g ·

(
log PMC

g − μg

)]
.

(68)

Taking the logarithm for (68) yields

log L ∼ −
(

log PMC
g − μg

)T · �−1
g ·

(
log PMC

g − μg

)
. (69)
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Substituting (65) into (69), we have

log L ∼ −
(

log PMC
g − A · �

)T · �−1
g ·

(
log PMC

g − A · �
)
.

(70)

Note that the log-likelihood logL in (70) depends on the
model coefficients α, β, and γ , because the vector � is com-
posed of these coefficients as shown in (67). Therefore, the
MLE solution of α, β, and γ can be determined by maximizing
the log-likelihood function

maximize
�

−
(

log PMC
g − A · �

)T · �−1
g ·

(
log PMC

g − A · �
)
.

(71)

Since the covariance matrix �g is positive definite, the opti-
mization in (71) is convex. In addition, since the log-likelihood
logL is simply a quadratic function of �, the unconstrained
optimization in (71) can be directly solved by inspecting the
first-order optimality condition [23]

∂

∂�

[
−
(

log PMC
g − A · �

)T · �−1
g ·

(
log PMC

g − A · �
)]

= 2 · AT · �−1
g ·

(
log PMC

g − A · �
)

= 0. (72)

Based on the linear equation in (72), the optimal value of �
can be determined by

� =
(

AT · �−1
g · A

)−1 · AT · �−1
g · log PMC

g . (73)

Studying (73) reveals an important fact that the estimators
{logPMC

g,q ; q = 1, 2, . . . , Q} are weighted by the inverse of the
covariance matrix �g. Namely, if the variance of the estimator
logPMC

g,q is large, logPMC
g,q becomes noncritical when determin-

ing the optimal values of α, β, and γ . In other words, the
MLE framework has optimally weighted the importance of
{logPMC

g,q ; q = 1, 2, . . . , Q} based on the confidence level of
these estimators. Once α, β, and γ are solved by MLE, the
original failure rate Pf can be estimated by (39).

B. Confidence Interval Estimation via Bootstrap

While the MLE algorithm presented in the previous sec-
tion is able to optimally estimate the model coefficients
α, β, and γ , and then predict the failure rate Pf , it remains an
open question how we can quantitatively assess the accuracy
of our SSS method. Since SSS is based upon MC simula-
tion, a natural way for accuracy assessment is to calculate the
confidence interval of the estimator PSSS

f . However, unlike the
traditional estimator where a statistical metric is estimated by
the average of multiple random samples and, hence, the confi-
dence interval can be derived as a closed-form expression, our
proposed estimator PSSS

f is calculated by linear regression with
nonlinear exponential/logarithmic transformation, as shown in
Section V-A. Accurately estimating the confidence interval of
PSSS

f is not a trivial task.
In this paper, we apply bootstrap [20] to address the afore-

mentioned challenge. The key idea of bootstrap is to regenerate
a large number of random samples based on a statistical
model without running additional transistor-level simulations.
These random samples are then used to repeatedly calculate
the value of PSSS

f in (39) for multiple times. Based on these
repeated runs, the statistics (hence, the confidence interval) of
the estimator PSSS

f can be accurately estimated.

In particular, we start from the estimated failure rates {PMC
g,q ;

q = 1, 2, . . . , Q}. Each estimator PMC
g,q follows the Gaussian

distribution in (57). The actual mean Pg,q in (57) is unknown;
however, we can approximate its value by the estimated failure
rate PMC

g,q . Once we know the statistical distribution of PMC
g,q ,

we can resample its distribution and generate NRS sampled

values {PMC(n)
g,q ; n = 1, 2, . . . , NRS}. This resampling idea is

applied to all scaling factors {sq; q = 1, 2, . . . , Q}, thereby

resulting in a large data set {PMC(n)
g,q ; q = 1, 2, . . . , Q, n =

1, 2, . . . , NRS}. Next, we repeatedly run SSS for NRS times and

get NRS different failure rates {PSSS(n)
f ; n = 1, 2, . . . , NRS}.

The confidence interval of PSSS
f can then be estimated from

the statistics of these failure rate values.

C. Multiple Performances and/or Specifications

In many practical applications, circuit designers are inter-
ested in both the overall failure rate considering all perfor-
mance metrics and the individual failure rates corresponding
to individual performance metrics. These performance metrics
may be evaluated by the same transistor-level simulation. For
instance, both the read access time and the dynamic read
margin of the SRAM bit-cell can be assessed from a single
transient simulation [16].

To estimate the failure rates for multiple performances
and/or specifications, most traditional techniques require dif-
ferent sets of transistor-level simulations. Taking importance
sampling as an example, it must draw different random sam-
ples and, hence, run different transistor-level simulations based
on different distorted PDFs, because the high-probability fail-
ure regions associated with different performances and/or
specifications can be completely different. It, in turn, results
in extremely expensive simulation cost.

Our proposed SSS method, however, does not suffer from
such a limitation. Note that we only need to run the transistor-
level simulations with a set of predefined scaling factors once.
When estimating the overall failure rate, we first construct an
equivalent metric (EM). If all performance metrics meet their
design specifications, EM is considered as “PASS.” Otherwise,
EM is considered as “FAIL.” It is easy to see that the fail-
ure rate of EM is equivalent to the overall failure rate of
the circuit. We then calculate the scaled failure rates for EM
based on transistor-level simulations. Once the scaled failure
rates are known, we can further estimate the failure rate of
EM by our proposed flow. Namely, we first fit the model
template in (34) and (51) by MLE and then apply extrapo-
lation to estimate the original failure rate. When analyzing
each individual performance metric, we directly calculate its
scaled failure rates based on the simulation results. The indi-
vidual failure rate is then estimated by our proposed flow.
Note that even though we analyze each performance met-
ric individually, these performance metrics are not necessarily
independent.

There are two important clarifications that should be made.
First, as previously mentioned, the transistor-level simulation
cost often dominates the overall computational cost for failure
rate analysis. Hence, by sharing the transistor-level simula-
tions for multiple performances and/or specifications, we can
substantially reduce the total number of simulation runs and,
hence, the computational cost. It is an extremely attractive
feature offered by the proposed SSS method.
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Algorithm 1 SSS
1. Start from a set of preselected scaling factors {sq; q =

1, 2, . . . , Q}, and H performances and/or specifications
that we want to analyze.

2. For each scaling factor sq where q ∈ {1, 2, . . . , Q},
sample the scaled PDF g(x) in (16) for Gaussian dis-
tribution or (46) for Gaussian-uniform distribution by
setting s = sq, and generate Nq scaled random samples
by running transistor-level simulations.

3. For each h ∈ {1, 2, . . . , H}
4. Calculate the scaled failure rates {PMC

g,q ; q =
1, 2, . . . , Q} by (55) for the hth performance and/or
specification based on the simulation results collected
in Step 2.

5. For each estimator PMC
g,q where q ∈ {1, 2, . . . , Q},

calculate its variance vMC
g,q by (56).

6. Form the Q-dimensional vector logPMC
g by taking the

logarithm for the estimated failure rates {PMC
g,q ; q =

1, 2, . . . , Q}, as shown in (61).
7. Form the diagonal matrix �g in (64) and the matrix

A in (66).
8. Calculate the MLE solution � based on (73), where

the vector � is composed of the model coefficients
α, β, and γ as shown in (67).

9. Approximate the failure rate Pf for the hth per-
formance and/or specification by the estimator PSSS

f
in (39).

10. For each estimator PMC
g,q where q ∈ {1, 2, . . . , Q},

resample the Gaussian distribution in (57) for which
the actual mean Pg,q is approximated by its esti-
mated value PMC

g,q , and generate NRS resampled values

{PMC(n)
g,q ; n = 1, 2, . . . , NRS}.

11. For each data set {PMC(n)
g,q ; q = 1, 2, . . . , Q} where

n ∈ {1, 2, . . . , NRS}, repeat Steps 5–9 to calculate the
failure rate PSSS(n)

f .

12. Based on the data set {PSSS(n)
f ; n = 1, 2, . . . , NRS},

estimate the confidence interval of the estimator PSSS
f .

13. End For

Second, our discussion in this section assumes that multiple
performances can be assessed from the same transistor-level
simulation. In practice, this assumption may not hold for all
performance metrics. However, as long as the same transistor-
level simulation can be shared by a subset of the performances
of interest, our proposed SSS method is able to reduce the
computational cost over other traditional approaches.

D. Summary

Algorithm 1 summarizes the simplified flow of the proposed
SSS algorithm. It assumes that a set of preselected scaling
factors {sq; q = 1, 2, . . . , Q} are already given. In practice,
appropriately choosing these scaling factors is a critical task
due to several reasons. First, if these scaling factors are too
large, the estimator PSSS

f based on extrapolation in (39) would
not be accurate, since the extrapolation point s = 1 is faraway
from the selected scaling factors. Second, if the scaling factors
are too small, the scaled failure rates {Pg,q; q = 1, 2, . . . , Q}
are extremely small and they cannot be accurately estimated

from a small number of scaled random samples. Third, the
failure rates for different performances and/or specifications
can be quite different. To estimate them both accurately and
efficiently, we should choose small scaling factors for the
performance metrics with large failure rates, but large scal-
ing factors for the performance metrics with small failure
rates. Hence, finding an appropriate set of scaling factors
for all performances and/or specifications can be extremely
challenging.

In this paper, a number of evenly distributed scaling factors
covering a relatively large range are empirically selected and
provided as the input of Algorithm 1. For the performance
metrics with large failure rates, the scaled failure rates corre-
sponding to a number of small scaling factors can be used to
fit the model template in (34) and (51). On the other hand, the
scaled failure rates corresponding to a number of large scal-
ing factors can be used for the performance metrics with small
failure rates. As such, a broad range of performances and/or
specifications can be accurately analyzed by our proposed SSS
method. In our future research, we will study efficient method-
ologies to further optimize these scaling factors and improve
the efficacy of SSS.

Finally, two additional clarifications should be made for
Algorithm 1. First, the confidence intervals estimated for dif-
ferent performances and/or specifications are different. Once
the simulation results are obtained from Step 2, Steps 4–12
are performed for each individual performance and/or specifi-
cation, resulting in a unique confidence interval. Second, while
most traditional methods cannot efficiently estimate the rare
failure rate in a high-dimensional variation space, the proposed
SSS algorithm does not suffer from such a dimensionality
problem. None of the steps in Algorithm 1 is sensitive to the
dimensionality of the variation space. As will be demonstrated
in Section VI, SSS achieves superior accuracy over the tradi-
tional importance sampling method when the dimensionality
of the variation space exceeds a few hundred.

VI. NUMERICAL EXAMPLES

In this section, three circuit examples are used to demon-
strate the efficacy of the proposed SSS method. For testing and
comparison purposes, three different approaches are imple-
mented: 1) brute-force MC analysis; 2) MNIS [11]; and
3) proposed SSS method. MC is used to generate the “golden”
failure rates so that the accuracy of MNIS and SSS can be
quantitatively evaluated. The implementation of MNIS con-
sists of two stages, as described in [11]. In the first stage,
2000 transistor-level simulations are used to search the vari-
ation space and find the failure event that is most likely to
occur. Next, importance sampling is applied with a shifted
Gaussian distribution to estimate the rare failure rate. On the
other hand, when implementing the proposed SSS method, six
different scaling factors are empirically chosen to estimate the
failure rate and 200 resampled data points are generated to esti-
mate the confidence interval (i.e., Q = 6 and NRS = 200) in
Algorithm 1. All numerical experiments are run on a 3.16 GHz
computer with 12 GB memory.

A. DFF Delay With Gaussian Distribution

Fig. 2 shows the simplified circuit schematic for a DFF
designed in a commercial 32 nm CMOS process. The DFF
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Fig. 2. Simplified schematic is shown for a DFF designed in a 32 nm
CMOS process where the delay from the clock signal CLK to the output Q
is considered as the performance of interest.

Fig. 3. (a) Scaled failure rate Pg is plotted as a function of the scaling factor
s where the blue stars represent six empirically selected scaling factors and the
estimated failure rates corresponding to these scaling factors. (b) Histogram
is generated by 200 resampled data points to estimate the confidence interval
of the estimator PSSS

f .

consists of 20 transistors and the random mismatch of each
transistor is modeled by 14 independent Gaussian random
variables in the process design kit. Thus, there are 280 inde-
pendent Gaussian random variables in total. In this example,
we consider the delay from the clock signal CLK to the out-
put Q as the performance of interest. In particular, there are
two different delay metrics: 1) the delay from CLK to Q
when the input data D is “ZERO” (Delay0) and 2) the delay
from CLK to Q when the input data D is “ONE” (Delay1).
Both Delay0 and Delay1 must be less than their predefined
specifications (Spec0 and Spec1) so that the DFF circuit is con-
sidered as “PASS.” Otherwise, the DFF circuit is considered
as “FAIL.” If we define the metric DCLK→Q as

DCLK→Q = max
(
Delay0 − Spec0, Delay1 − Spec1

)
(74)

the aforementioned performance requirement can be equiva-
lently defined by using the metric DCLK→Q. Namely, the DFF
circuit is considered as “PASS” if DCLK→Q is negative and
“FAIL” otherwise.

We first apply MC with 107 random samples and the esti-
mated failure rate is 10−5. It is considered as the golden
result to compare the accuracy for other statistical methods
in our experiment. Next, we apply the proposed SSS method
(i.e., Algorithm 1) to estimate the failure rate. Fig. 3(a) shows
six empirically selected scaling factors {sq; q = 1, 2, . . . , 6}
and their corresponding scaled failure rates {PMC

g,q ; q =
1, 2, . . . , 6}. In total, 104 transistor-level simulations are used
to generate these six data points {(sq, PMC

g,q ); q = 1, 2, . . . , 6}.
The black curve in Fig. 3(a) shows the analytical model in (34)
that is optimally fitted by MLE. The DFF failure rate is then

TABLE I
FAILURE RATES AND 95% CONFIDENCE INTERVALS

[PLow
f , P

Up
f ] ESTIMATED BY MNIS AND SSS

(GOLDEN FAILURE RATE = 10−5)

predicted by the estimator PSSS
f in (39) based on the extrapola-

tion at s = 1. Fig. 3(b) further shows the histogram generated
by resampling, as described in Algorithm 1. The histogram
is calculated from 200 resampled data points, and is used
to estimate the confidence interval of the estimator PSSS

f . In
our experiment, we notice that the computational cost of SSS
is completely dominated by the transistor-level simulations
required to generate the random samples. The computational
time of post-processing the sampling data in Algorithm 1 takes
less than 0.2 s and, hence, is negligible.

Table I compares the failure rates and the 95% confidence
intervals estimated by MNIS [11] and SSS based on differ-
ent numbers of transistor-level simulations. Table I reveals
two important observations. First, the failure rate estimated
by MNIS is substantially different from the golden result
(i.e., 10−5). We believe that MNIS fails to identify the critical
failure region that is most likely to occur, since the variation
space is high-dimensional (i.e., consisting of 280 independent
random variables) in this example. Therefore, the importance
sampling implemented at the second stage of MNIS fails to
estimate the failure rate accurately. On the other hand, the
proposed SSS method successfully estimates the failure rate
even if the number of transistor-level simulations is as small
as 5 × 103.

Second, but more importantly, the 95% confidence interval
estimated by MNIS is not accurate either. As shown in Table I,
MNIS does not result in a confidence interval [PLow

f , PUp
f ]

that overlaps with the golden failure rate (i.e., 10−5). In other
words, the confidence interval estimated by MNIS based on
importance sampling is highly biased. It is one of the major
limitations of MNIS and, in general, the importance sampling
technique. Namely, as the confidence interval is inaccurate, it
provides a wrong assessment of the accuracy and may com-
pletely misguide the user in practical applications. On the other
hand, the proposed SSS method is unbiased in estimating both
the failure rate and the confidence interval.

In order to further validate the confidence interval esti-
mated by SSS, we repeatedly run Algorithm 1 for 200 times.
During each run, the failure rate and the corresponding
95% confidence interval [PLow

f , PUp
f ] are estimated from 104

transistor-level simulations, resulting in 200 different values
for both PLow

f and PUp
f . Fig. 4(a) and (b) shows the his-

tograms of these 200 values for PLow
f and PUp

f , respectively.
For only 11 cases out of 200 runs, the 95% confidence inter-
val [PLow

f , PUp
f ] does not overlap with the golden failure rate

(i.e., 10−5), as shown in Fig. 4. In other words, the probability



SUN et al.: FAST STATISTICAL ANALYSIS OF RARE CIRCUIT FAILURE EVENTS VIA SSS FOR HIGH-DIMENSIONAL VARIATION SPACE 1107

Fig. 4. Histograms of the lower and upper bounds of the 95% confidence
interval [PLow

f , P
Up
f ] are estimated from 200 repeated runs. (a) Lower bound

PLow
f . (b) Upper bound P

Up
f .

Fig. 5. Estimated failure rate Pf is plotted as a function of the performance
specification for (a) Delay0 and (b) Delay1. The red stars represent the esti-
mated failure rates by MC with 107 random samples, and they are considered
as the golden results. The blue circles denote the estimated failure rates by
SSS with 104 random samples.

for the golden failure rate to fall out of the estimated confi-
dence interval is 11/200 ≈ 5%. It, in turn, demonstrates that
our confidence interval estimation based on bootstrap resam-
pling (i.e., Algorithm 1) is highly accurate and it is practically
more attractive than the traditional MNIS method based on
importance sampling.

In addition to the failure rate associated with DCLK→Q
that combines two different performance metrics Delay0 and
Delay1 as shown in (74), circuit designers are often inter-
ested in knowing the failure rates corresponding to Delay0
and Delay1, respectively. Furthermore, estimating the failure
rates of Delay0 and Delay1 as functions of the specifications
Spec0 and Spec1 is of great importance, since they provide
the additional design insights that are valuable for circuit opti-
mization. To validate the proposed SSS algorithm for multiple
performances and/or specifications, we set Spec0 and Spec1 to
several different values and estimate the corresponding failure
rates. Unlike the traditional importance sampling techniques
(e.g., MNIS) that require different sets of random samples to
estimate the failure rates for Delay0 and Delay1 with differ-
ent performance specifications, SSS only needs to generate
a single set of random samples by running transistor-level
simulations, as discussed in Section V-C.

Fig. 5(a) and (b) shows the estimated failure rate
Pf as a function of the performance specification for
Delay0 and Delay1, respectively. The red stars denote the esti-
mated failure rates by MC with 107 random samples, and they
are considered as the golden results. The blue circles denote
the estimated failure rates by our proposed SSS method with

Fig. 6. Simplified schematic is shown for an SRAM column designed in
a 45 nm CMOS process where the read current is defined as the difference
between two bit-line currents: IREAD = IBL − IBL_.

104 random samples. Fig. 5 shows two important observations.
First, the failure rate increases when the performance specifica-
tion becomes tight, which is consistent with our understanding
of the circuit. Second, the failure rates estimated by SSS accu-
rately approximate the golden results. Armed with Fig. 5,
we can easily determine the feasible performance specification
for a given failure rate of our design. It, in turn, demonstrates
an important advantage of the proposed SSS method over other
traditional approaches.

B. SRAM Read Current With Gaussian Distribution

Fig. 6 shows the simplified schematic of an SRAM column
designed in a 45 nm CMOS process. It consists of 64 bit-cells
that are connected to two bit-lines: BL and BL_. When reading
the first bit-cell CELL<0>, we first precharge both bit-lines
to the supply voltage VDD. Next, the word-line WL<0> is
turned on and the bit-cell CELL<0> is activated. All other
word-lines are turned off so that the corresponding bit-cells
are de-activated. The current through CELL<0> then dis-
charges the bit-lines and creates a voltage difference between
BL and BL_.

To mimic the worst-case scenario for read operation, we
store ZERO in CELL<0> and ONE in all other bit-cells. As
such, the read current of CELL<0> discharges BL, while the
leakage current of all other bit-cells discharges BL_, thereby
slowing down the read operation. In this example, the read
current IREAD = IBL − IBL_ is our performance of inter-
est. It directly impacts the read delay and, therefore, is an
important performance metric. If IREAD is greater than a pre-
defined specification Spec, the SRAM circuit is considered as
“PASS.” Otherwise, it is considered as “FAIL.”

To consider process variations in this experiment, we model
the local VTH mismatch of each transistor as an indepen-
dent Gaussian random variable. Since one SRAM column
consists of 64 bit-cells and each bit-cell is composed of six
transistors, there are 384 transistors and, hence, 384 inde-
pendent Gaussian random variables in total. It, in turn,
renders a high-dimensional variation space for this SRAM
example.

We first run MC with 108 random samples and the estimated
failure rate is 1.1 × 10−6. Table II compares the failure rates
and the 95% confidence intervals estimated by MNIS [11]
and SSS. Similar to the DFF example in the previous section,
MNIS cannot predict the failure rate or the confidence inter-
val accurately. On the other hand, the proposed SSS method
estimates both of them accurately, even if the number of sim-
ulations is as small as 5 × 103. From this point of view, the
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TABLE II
FAILURE RATES AND 95% CONFIDENCE INTERVALS

[PLow
f , P

Up
f ] ESTIMATED BY MNIS AND SSS

(GOLDEN FAILURE RATE = 1.1 × 10−6)

Fig. 7. Estimated failure rate Pf is plotted as a function of the performance
specification for IREAD, where the local VTH mismatch of each transistor
follows (a) Gaussian distribution. (b) Gaussian-uniform distribution. The
red stars represent the estimated failure rates by MC with (a) 108 and
(b) 1.3 × 108 random samples, and they are considered as the golden results.
The blue circles denote the estimated failure rates by SSS with 104 random
samples.

SRAM example again demonstrates that our proposed SSS
method is superior over the traditional MNIS approach in
a high-dimensional variation space.

Finally, we apply SSS to study the relation between the
failure rate Pf and its corresponding performance specification
Spec. Fig. 7(a) shows the estimated failure rate Pf as a function
of Spec. The red stars denote the estimated failure rates by
MC with 108 random samples, and they are considered as the
golden results. The blue circles denote the estimated failure
rates by SSS with 104 random samples. Fig. 7(a) shows that
our proposed SSS method accurately estimates the failure rates
for different performance specifications from the same set of
random samples. It implies that SSS is able to provide more
useful guidance for memory designers and, therefore, is more
attractive than other traditional approaches.

C. SRAM Read Current With Gaussian-uniform
Distribution

In Sections VI-A and VI-B, the process variations are mod-
eled as Gaussian distributions. In this section, we further
demonstrate the efficacy of our proposed SSS method for
Gaussian-uniform distribution.

To this end, we consider the SRAM column shown in
Fig. 6 as our example. In Section VI-B, the local VTH
mismatch of each transistor is simply modeled by an inde-
pendent Gaussian random variable. In this section, however,
we use a different process design kit where the local VTH
mismatch of each transistor is modeled by one Gaussian
random variable and one uniform random variable that are
mutually independent. In total, we have 768 independent

TABLE III
FAILURE RATES AND 95% CONFIDENCE INTERVALS [PLow

f , P
Up
f ]

ESTIMATED BY SSS (GOLDEN FAILURE RATE = 7.9 × 10−7)

random variables (i.e., 384 Gaussian random variables and
384 uniform random variables). Similar to Section VI-B,
the read current IREAD = IBL − IBL_ is considered as our
performance of interest. If IREAD is greater than a prede-
fined specification Spec, the SRAM circuit is considered as
“PASS.” Otherwise, it is considered as “FAIL.”

We first run MC with 1.3 × 108 random samples and the
estimated failure rate is 7.9 × 10−7, which is considered
as the golden result. Next, we run SSS, and Table III lists
the failure rates and the 95% confidence intervals estimated
by SSS with different numbers of transistor-level simulations.
Since MNIS [11] can handle Gaussian distribution only, no
comparison between MNIS and SSS is made in this section.
Table III shows that SSS estimates both the failure rate and
the 95% confidence interval accurately, even if the number of
simulations is as small as 5 × 103. It again demonstrates the
efficacy of our proposed SSS approach in a high-dimensional
variation space.

Finally, we apply SSS to study the relation between the fail-
ure rate Pf and its corresponding performance specification
Spec. Fig. 7(b) shows the estimated failure rate Pf as a func-
tion of Spec. The red stars denote the estimated failure rates by
MC with 1.3 × 108 random samples, and they are considered
as the golden results. The blue circles denote the estimated
failure rates by SSS with 104 random samples. As shown in
Fig. 7(b), the failure rates estimated by SSS accurately approx-
imate the golden results, implying that SSS can efficiently
handle Gaussian-uniform distribution with high accuracy.

VII. CONCLUSION

In this paper, a novel statistical analysis method, referred
to as SSS, is developed to accurately estimate the rare fail-
ure rates for nanoscale ICs in a high-dimensional space.
The proposed SSS approach is based upon an analytical
model derived from the theorem of soft maximum. It is sta-
tistically formulated as a regression modeling problem and
optimally solved by MLE. With a single set of transistor-level
simulations, the proposed SSS method can simultaneously esti-
mate the rare failure rates for multiple performances and/or
specifications. Such a unique feature can provide the users
with valuable design insights, but it is not offered by most
traditional algorithms. To quantitatively assess the accuracy
of SSS, the confidence interval is estimated by bootstrap for
our proposed SSS estimator. Several numerical experiments
demonstrate that our proposed SSS approach achieves superior
accuracy over the traditional importance sampling technique
when the dimensionality of the variation space is more than
a few hundred.
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Finally, we would like to mention that our proposed
SSS approach should be primarily applied to rare failure
rate estimation in a high-dimensional variation space with
a large number of (e.g., a few hundred) random variables.
When the variation space is low-dimensional and there are
only a few (e.g., 6–20) random variables, the traditional
approaches [5]–[15] may be more accurate and, hence, pre-
ferred to SSS. Due to the page limit, we do not include
a detailed comparison between SSS and the traditional meth-
ods in a low-dimensional variation space in this paper.
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