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ABSTRACT 
Recent advances in development of memristor devices and cross-
bar integration allow us to implement a low-power on-chip neu-
romorphic computing system (NCS) with small footprint. Train-
ing methods have been proposed to program the memristors in a 
crossbar by following existing training algorithms in neural net-
work models. However, the robustness of these training methods 
has not been well investigated by taking into account the limits 
imposed by realistic hardware implementations. In this work, we 
present a quantitative analysis on the impact of device imperfec-
tions and circuit design constraints on the robustness of two popu-
lar training methods – “close-loop on-device” (CLD) and “open-
loop off-device” (OLD). A novel variation-aware training scheme, 
namely, Vortex, is then invented to enhance the training robust-
ness of memristor crossbar-based NCS by actively compensating 
the impact of device variations and optimizing the mapping 
scheme from computations to crossbars. On average, Vortex can 
significantly improve the test rate by 29.6% and 26.4%, compared 
to the traditional OLD and CLD, respectively. 

1. INTRODUCTION 
Computer systems have been experiencing great revolutions in 

two fundamental areas: semiconductor manufacturing and compu-
ting architecture. On the one hand, the scaling of conventional 
CMOS devices is approaching the limit [1]. Emerging devices, 
such as spintronic [2] and resistive devices (memristor) [3], have 
been extensively investigated and studied; On the other hand, the 
von Neumann architecture faces well known “memory wall” chal-
lenge [4]. The gap between CPU performance and memory band-
width keeps increasing in many emerging applications, e.g., deep 
neural networks that can easily have more than 1 billion training 
parameters [5]. These challenges motivated the investment on 
new computing architectures, including neuromorphic computing 
systems (NCS) inspired from human brains. 

The invention of memristor crossbar offers a highly integrated 
cost-efficient solution for implementing programmable connec-
tions in neural networks [1][2][6][8]. Every input neuron can con-
nect to all output neurons via a crossbar, and a synaptic weight is 
represented by the resistance of the memristor at the correspond-
ing cross-point [3][4]. By piggybacking the training algorithms of 
neural network models, many training schemes were also devel-
oped to program the resistance of the memristors in the crossbar.  

One popular NCS training scheme is “Close-Loop on-Device” 
(CLD) method, which directly implements a gradient descent 

training algorithm on the memristor crossbar by repeating the loop 
of “programming and sensing” [9]. Another popular scheme is 
“Open-Loop off-Device” (OLD) method, which pre-calculates the 
programming pulse width/magnitude of each memristor based on 
the target resistance value and then programs every device accord-
ing to the calculations [10]. CLD is able to adaptively adjust the 
training inputs to tolerate the variability of memristors, though it 
requires accurately sensing the memristor (output current from the 
crossbar) in the real-time. Instead, OLD does not need to monitor 
the obtained output current and eliminates the costly feedback 
control and high-resolution analog-digital converter (ADC), etc. 
However, the quality of OLD is vulnerable to memristor device 
variations because these variations are unknown when pre-
calculating the training pulses.  

The computations in a memristor crossbar-based NCS are ex-
ecuted in analog form, which makes the computational accuracy 
of the NCS very sensitive to some realistic hardware design fac-
tors, e.g., device variability, IR-drop, sneak paths, peripheral cir-
cuit constraints, etc. In this work, we perform an insightful analy-
sis on the impacts of hardware design factors on the training 
quality of NCS. Based on our analysis, we propose a novel and 
robust variation-aware off-device training scheme, namely, Vor-
tex: Vortex first modifies the programming pre-calculation algo-
rithm to compensate the impact of memristor variations. It then 
introduces an adaptive mapping process that can selectively map 
the synapses having large impacts on network output onto the 
memristors with small variations. Experimental results show 
combining these two techniques can significantly improve the 
training quality of NCS. 

2. PRELIMINARY  
2.1 Memristor Basics 

Predicted by Prof. Leon Chua, the memristor is the fourth fun-
damental circuit element uniquely defining the relationship be-
tween magnetic flux and electrical charge [3]. In 2008, HP Labs 
reported that the memristive effect was realized by moving the 
doping front along a TiO2 thin-film device [11]. The resistance of a 
memristor can be controlled by adjusting the magnitude and pulse 
width of programmed current/voltage, as shown in Fig. 1 (a) [12]. 

A nanoscale memristor device suffers from two types of varia-
bilities: parametric variation and switching variation. The parame-
tric variation is a device-to-device variation caused by fabrication 
imperfection. In Fig. 1 (c), for example, if we program multiple 
memristors to low resistance state (LRS), the programmed resis-
tances of different memristors follow a lognormal distribution [14]. 
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Fig. 1: (a) Analogue resistance  switching of memristor [12]. (b) Memris-
tor crossbar for [4]. (c) Parametric variation. 
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cycle variation of a single device. Programming a memristor from 
the same initial state to the same target state may end up with dif-
ferent resistances. The switching variations are mainly caused by 
driving circuit design. The small fluctuation in programming 
pulses usually makes the switching variations negligible compared 
with the parametric variations [14]. In this paper, our design only 
considers, but is not restricted to the parametric variations. 

Fig. 1(b) depicts a memristor crossbar where a memristor with 
conductivity wij is sandwiched between two metal wires, i.e., the i-
th horizontal and the j-th vertical wires [2]. Input of the memristor 
crossbar is the digital or analog voltage applied on every horizontal 
wire while its output is the current flowing on every vertical wire. 
According to different targeted functions, the output current of the 
crossbar will be processed by different sensing devices, such as a 
comparator [7][2], “sign function” circuit [2], and an ADC [9]. 
Without loss of generality, in this work, we adopt the setup of digi-
tal input voltage and ADC sensing device. Note that the sensing 
device may be shared by multiple memristor columns, as the op-
erations of each column are independent. 

2.2 Memristor Crossbar Based NCS 
2.2.1 Computing process 

In the ideal case, when setting input voltages to certain values 
representing a vector x, the output current y shows the product of a 
vector-matrix multiplication ݕ ൌ ݔ ·  which is widely used in ,ࢃ
the operations of the weighted connections in neural networks. 
Here W is the conductance matrix of the memristor crossbar. Since 
the elements of W could be either positive or negative, W can be 
represented by two crossbars, which correspond to the absolute 
values of the positive and negative weights, respectively [9].  

2.2.2 Program mechanism 
The memristors of a crossbar can be programmed by applying 

proper voltage pulses on the metal wires. For example, when pro-
graming the memristor wij, we may apply a positive voltage V on 
the i-th horizontal wire and ground the j-th vertical wire. To avoid 
interference to other memristors, all the unselected wires are con-
nected to V/2 so that only the memristor wij has a full voltage bias 
V while all the other memristors in the crossbar are half selected 
with a voltage of V/2 [13]. Because of the nonlinearity of the vol-
tage dependency in memristor programming, the resistances of the 
half-selected memristors remain almost unchanged during the pro-
gramming. As shown in Fig. 1(a) [12], when the programming 
voltage reduces merely from 2.9V (point ‘A’) to 2.8V (point ‘B’) 
at a pulse width of 0.5μs, the programmed memristor resistance 
changes from 900KΩ to 400KΩ; if the programming voltage re-
duces down to the half selected one, i.e., 1.45V, the incurred me-
mristor resistance change becomes negligible. Once the targeted 
memristor resistance value and the programming voltage magni-
tude are decided, the required programming pulse width can be 
obtained by referring to the switching model like Fig. 1(a). 

2.2.3 CLD training and OLD training 
In this work, the memristor crossbar-based NCS is trained to 

implement a neural network for classification tasks. Similar to a 
network model in machine learning theory, NCS is trained and 
tested by two separate groups of data samples. Training process 
tunes the connection weights (memristor resistances) of a neural 
network so that certain percentage (training rate) of training sam-
ples can be successfully classified (“fitted”). In CLD [9], the gra-
dient descent training (GDT) algorithm can be directly applied on 
the crossbar hardware by iteratively comparing the difference 
between the actual output and the target output, and adjusting the 
training inputs accordingly until the output converges to the tar-
get. In OLD [10], programming pulse width and magnitude are 
pre-calculated and applied to each memristor based on the charac-
terized memristor switching model. The trained NCS will be then 
tested by the test samples. The probability of successfully classi-
fying the test samples is denoted as “test rate”.  

3. UNDERSTANDING NCS TRAINING  
Hardware training of a memristor crossbar based NCS is sub-

ject to many realistic factors and constraints. In this section, we 
will investigate the impacts of these limitations on the robustness 
of different hardware training methods. Here, the “robustness” is 
quantitatively measured as the test rate of a memristor crossbar-
based NCS trained by a specific method.  

3.1 Impact of Device Variation 
The main difference between CLD and OLD is that CLD adap-

tively adjusts the programming signal during the iterations based 
on the sensed output current of the memristor crossbar. Memristor 
device variations can be naturally tolerated in this process. On the 
contrary, OLD determines the programming pulse magnitude and 
width before accessing the devices. Hence, device variations in-
evitably incur the discrepancy between the targeted memristor 
resistance and the actual programmed value.  

To illustrate the impact of device variations on the training of 
memristor crossbars, we performed CLD and OLD on a column 
of 100 memristors. The nominal on- and off-state resistances of 
the memristor are set to 10kΩ and 1MΩ, respectively. Here we 
assume the memristor device variation follows a lognormal distri-
bution [14]. It means that for an on-state memristor, its resistance 
r՜ ݁ఏ · 10kΩ, where ߠ ~ ܰሺ0,  ଶሻ. The training goal is to ensureߪ
when the input wires are all connected to 1V, the memristor col-
umn shall generate an output current of 1mA. Fig. 2 shows 1000 
runs Monte-Carlo simulation results when the standard deviation ߪ changes. Following the increase of ߪ, CLD constantly maintains 
a small discrepancy between the trained output and the target 
output while this output discrepancy keeps growing in OLD.   

3.2 Impact of IR-drop 
The resistance of the connection wires in a memristor crossbar 

causes the IR-drop, and consequently, the degradation of the pro-

 

 

 
 
 
 

 
              Fig. 2: Impact of process variations.                Fig. 3: IR-drop impact on CLD training: (a) Horizontal degradation. (b) Original       
                                                                                        degradation. (c) Vertical degradation.      
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gramming voltage reaching the memristors [10]. Fig. 3(b) concep-
tually shows the degradation trend of the programming voltage in 
a memristor crossbar by assuming all memristors are set to LRS. 
This trend is symmetric to the diagonal line (from left-bottom to 
right-top) because the crossbar is driven symmetrically from the 
left to the bottom, as shown in Fig.1 (b).  

IR-drop shows different impacts on CLD and OLD. For OLD, 
IR-drop induced insufficient programming can be partially com-
pensated with the technique proposed in [10]. Although CLD can 
intrinsically tolerate small irregular voltage degradation, the im-
pact of large skewed IR-drop can still cause systematic error. We 
propose to mathematically decompose this trend into a combina-
tion of vertical and horizontal degradations and study their indi-
vidual impact on GDT algorithm, which can be described by: ࢃ ؔ ࢃ െ ߙ · డ௬డࢃ · ሺݕො െ  ሻ.                                (1)ݕ
Here the output y is the sensed current from the vertical wires and ݕො is the target output pattern. α is the learning step. When taking 
into account the impact of IR-drop, the GDT algorithm for the j-th 
column of the crossbar can be expressed as: ࢐ࢃ ؔ ࢐ࢃ െ ሺߚ · ሻߙ · ൬డ௬ೕడ࢐ࢃ · ൰ࡰ · ሺݕො௝ െ  ௝ሻ.  (2)ݕ

Here ߚ ሺߚ ൏ 1ሻ is a coefficient representing the impact of hori-
zontal IR-drop on the learning step α in the GDT algorithm, as 
virtualized in Fig. 3(a). Since each column is trained separately, 
the reduction in effective learning step only changes every col-
umn’s own convergence speed. Different from horizontal degra-
dation, vertical degradation results in a gradually increased pro-
gramming voltage reduction from bottom to top on the same col-
umn, as shown in Fig. 3(c). This impact can be represented by a 
diagonal matrix ࡰ, which changes the converging direction of the 
GDT algorithm in Eq. (2). Here the ݀௜௜ (the i-th diagonal element 
of ࡰ, i=1…n) keeps decreasing when i raises. The skewness of ࡰ, 
i.e., ݀௡௡/݀௜௜, increases when the scale of the crossbar n rises. For 
example, in the worst case that all memristors are at LRS, ݀ଵଵ/݀௡௡ ൐ 2 when n>128. A high ݀௡௡ /݀௜௜  indicates a large dif-
ference between the voltage drops along the crossbar column. As 
discussed in Section 2.2.2, such an IR-drop induced programming 
voltage difference will cause significant difference in the achieved 
memristor resistance change during the training due to the nonli-
nearity of the memristor switching. Our simulation shows that in 
some extreme cases, the resistance change of the first memristor 
(∆w1j) on one column can be less than 1/1000 of that of the last 
memristor (∆wnj) on the same column during a training iteration. 
Note that here the value of ࡰ is determined by not only the inter-
connect resistance but also the memristor resistance.  

3.3 Impact of Sensing Resolution 
The nature of analog computation makes memristor crossbar-

based NCS susceptible to the resolution of sensing circuitry. Sens-
ing resolution affects not only the computational accuracy (re-
flected as the precision of the sensed currents) but also the train-
ing quality of the close-loop schemes. In GDT algorithm based 
CLD, for example, connection weights keep being updated until 
the sensed output equals (or becomes close enough) to the target 
output of the crossbar. In such a case, sensing resolution directly 
affects the convergence criterion and consequently, the training 
quality. In OLD, the training quality is irrelevant to sensing reso-
lution, as the programming signals are pre-calculated.  

4. VORTEX 
The low hardware cost and the capability to compensate the IR-

drop in the pre-calculation stage makes OLD an attractive solution 
in memristor crossbar-based NCS designs. However, compared 

with CLD, the disadvantage of OLD is also obvious: the open-
loop scheme intrinsically lacks the mechanism to tolerate memris-
tor device variations. In this work, we propose Vortex – a varia-
tion-aware robust training scheme that can tolerate the memristor 
device variations using the following two techniques:  
• Variation-aware training (VAT) – an off-device training me-

thod that models the device variations and adjusts the training 
goal to tolerate the impact of the variations in the pre-
calculation stage;  

• Adaptive mapping (AMP) – a method to pre-test all devices 
and then adaptively map the synaptic connections to physical 
devices based on the actual memristors’ variations.  

4.1 Variation-aware Training (VAT) 
4.1.1 Algorithm 

For a neural network, the goal of the conventional GDT algo-
rithm is to find the connection weights W that can successfully 
classify the training samples as many as possible. The computa-
tion of the network can be expressed as ݕ ൌ ݔ ·  Here x is a .ࢃ
1×n input feature vector, W is a n×m weight connection matrix 
and y is a 1×m output vector that corresponds to m classes. Since 
each column of W is trained separately, the training procedure of 
the r-th column (Wr) can be summarized as the following optimi-
zation process: ݊݅ܯ ∑ ሺ௜ሻ௦௜ߝ    ܵ. ௥ෝݕ  .ܶ ሺ௜ሻ · ൫ݔሺ௜ሻ · ௥ܹ൯ ൒ 1 െ ሺ௜ሻߝ     ;ሺ௜ሻߝ ൒ 0.         (3) 

Here the i-th training sample contains input feature vector ݔሺ௜ሻ and 
target output ݕ௥ෝ ሺ௜ሻሺݕ௥ෝ ሺ௜ሻ א ሼെ1,1ሽሻ. s is the total number of the 
training samples. The optimization process minimizes the differ-
ence between the actual output ( ሺ௜ሻݔ · ௥ܹ ) and the target 
put ݕ௥ෝ ሺ௜ሻ. Here we use “1 vs. all” method in the output neuron 
design: ݕ௥ෝ ሺ௜ሻ ൌ 1 only when a training sample is labeled as class r.  

In a memristor crossbar-based NCS, weight matrix W is 
represented by the crossbar. When memristor variations are taken 
into account, the actual programmed weight matrix ࢃԢ may be 
different from the target W even we can perfectly control the pro-
gramming voltage pulse width and magnitude. Similar to Section 
3.1, here we assume the memristor device variation follows log-
normal distribution [14] as  ௥ܹ Ԣ ՜ ݀݅ܽ݃ሺ݁ఏሻ · ௥ܹ , and ߠ௜~ܰሺ0, ,ଶሻߪ ݅ ൌ 1 … ݊ . The optimization constraint of Eq. (3) 
then becomes:        ݕ௥ෝ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜ · ݁ఏ೜௡௤ୀଵ ൒ 1 െ  ሺ௜ሻ.          (4)ߝ

As ߠ is a small variation with a mean of zero, we can simplify 
the Eq. (4) using a linear approximation as:   ݕ௥ෝ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜ · ൫ߙ଴ ൅ ଵߙ · ௤൯௡௤ୀଵߠ ൒ 1 െ  ሺ௜ሻ.             (5)ߝ
Eq. (5) can be further reorganized as: 

ଵߙ · ௥ෝݕ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜ · ௤௡௤ୀଵᇩᇭᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇭᇫ௣௘௡௔௟௧௬ ௢௙ ௩௔௥௜௔௧௜௢௡ߠ ൅ ଴ߙ · ௥ෝݕ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜௡௤ୀଵᇩᇭᇭᇭᇭᇭᇭᇭᇪᇭᇭᇭᇭᇭᇭᇭᇫ௖௢௡௩௘௡௧௜௢௡௔௟ ௧௥௔௜௡௜௡௚ ൒ 1 െ  .ሺ௜ሻߝ
(6) 

The second term of Eq. (6) is also used as the constraint in the 
conventional GDT algorithm. We call the first term as “penalty of 
variations” because it represents the sum of the crossbar output 
deviation induced by device variations. However, the optimization 
process cannot be performed with random variable ߠ௤. Therefore, 
we estimate the upper bound of the penalty of variations by: ∑ ௤ሺ௜ሻݔ · ௥ܹ೜ · ௤௡௤ୀଵߠ ൑ ԡߠԡଶ · ฮܸሺ௜ሻฮଶ      (7)  Here,       ܸሺ௜ሻ ൌ ሾ ௥ܹ · ଵሺ௜ሻݔ ڮ ௥ܹ · ߠ     ,௡ሺ௜ሻሿ்ݔ ൌ ሾߠଵ ڮ  ԡଶ is the 2-norm of a vector of random variables that followߠ௡ሿ. ԡߠ
normal distributions. At a certain confidence level, we can restrict ԡߠԡଶ ൑ -based on Chi-square distribution with degree of free ߩ



dom n. Then the modified training process under the consideration 
of weight variations can be expressed as: ݊݅ܯ       ∑ ሺ௜ሻ௦௜ߝ   S.T.        (8) ൝ ܸሺ௜ሻ ൌ ଵሺ௜ሻݔൣ · ௥ܹ ڮ ௡ሺ௜ሻݔ · ௥ܹ൧், ሺ௜ሻݐ ൒  หܸሺ௜ሻห, ሺ௜ሻߝ ൒ ߩ0 · หߙଵ · ௥ෝݕ ሺ௜ሻห · ሺ௜ሻݐ െ ଴ߙ · ௥ෝݕ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜௡௤ୀଵ ൅ 1 െ ሺ௜ሻߝ ൑ 0   (9) 

We refer to this technique as VAT (variation-aware training). 

4.1.2 Variation tolerance vs. Training rate 
The introduction of the estimated penalty of variations makes 

the training procedure be aware of device variations at a prede-
termined degree and include them in the training constraints. The 
trained memristor crossbar, hence, becomes more robust in tole-
rating device variations during computations, allowing us to ob-
tain the desired output even there are variations in the pro-
grammed weights. However, such a method applies a tighter con-
straint to the training process and results in potentially lower train-
ing rate.  

To evaluate the tradeoff between the training rate and the varia-
tion tolerance of the NCS under VAT, we vary the estimated pe-
nalty of variation in Eq. (9) by multiplying a scalar  γ (0<γ<1): ߛ · ߩ · หߙଵ · ௥ෝݕ ሺ௜ሻห · ሺ௜ሻݐ െ ଴ߙ · ௥ෝݕ ሺ௜ሻ · ∑ ௤ሺ௜ሻݔ · ௥ܹ೜௡௤ୀଵ ൅ 1 െ ሺ௜ሻߝ ൑ 0,  (10) 

and simulate the corresponding training rate and test rate. When 
γ changes from 0% to 100% (none to the maximum estimated 
penalty of variations), the training rate keeps reducing, as depicted 
in Fig. 4.  

The left side of Fig. 4 shows test rate (w/ variation) is signifi-
cantly lower than test rate (w/o variation), indicating significant 
impact of device variations on the training quality in this range. 
When γ rises, test rate (w/o variation) continues to decreases due 
to the disturbance of the introduced estimated penalty of varia-
tions to the optimization process. Test rate (w/ variation), howev-
er, raises to a peak first when γ increases to 0.2. It clearly shows 
the efficacy of VAT to tolerate device variations in the training. 
Continue increasing γ, however, may not further improve the vari-
ation tolerance. The disturbance to the training process starts to 
dominate and results in a decrease of the test rate.  

4.1.3 Self-tuning and validation  
Fig. 4 shows that for a specific memristor crossbar based NCS, 

there exists an optimal γ that ensures the maximum test rate (but 
not corresponding to the highest training rate). Hence, we propose 
a self-tuning process that is very similar to the regularization used 
in regressions to prevent over-fitting and maximize the test rate 
[15]. The details of the proposed process are illustrated in Fig. 5. 
Instead of training the neural network only once with all training 
samples, we separate the training samples into two groups (one is 
large and one is small). The large group is used as the actual 
“training samples” while the small group is used for “validation”. 
After training, a validation step will be launched: we first model 
the memristor variations and inject them into the weight matrix W 

trained by the training samples. Then the training quality of the 
NCS is tested by the validation samples under a fixed γ. We repeat 
such training-validation loops by scanning the value of γ until 
achieving the maximum test rate over all the validation samples 
and the corresponding γ will be selected in the final training 
process. Note that the efficacy of such a self-tuning loop varies 
when the memristor device variation model changes. In this paper, 
we use the lognormal distribution as our memristor device varia-
tion model [14]. However, our proposed techniques are not re-
stricted to any particular variation models.  

4.2 Adaptive Mapping (AMP)  
VAT aims to optimize the training algorithm to tolerate the im-

pact of device variations. In this section, we propose adaptive 
mapping (AMP) – a hardware solution to mitigate the impact of 
device variations by optimizing the mapping scheme of the com-
putation to the crossbar and leveraging the design redundancy.  

4.2.1 Basic steps of AMP 
Pre-testing – After a memristor crossbar is manufactured, we 

program every memristor targeting a certain resistance state and 
then sense the device resistance to get the distributions of memris-
tor resistance in a crossbar (we may need to sense multiple times 
to eliminate the impacts of switching variations). To minimize the 
impact of IR-drop and sneak paths, we perform pre-testing on 
each individual memristor and keep all other memristors at high-
resistance state (HRS). The obtained distribution should follow 
lognormal distribution [14]. 

Sensitivity analysis – Because of device variations, different 
memristors may affect the computation accuracy of a NCS diffe-
rently. To identify the memristors that have large impacts on the 
NCS computation accuracy and need better control of device vari-
ations, a sensitivity analysis can be performed. In an m×n cross-
bar, the sensitivity of the j-th output ݕ௝  to the device variation of a 
specific memristor (݁ఏ೔ೕ) is: ߲ݕ௝ ߲݁ఏ೔ೕ⁄ ൌ డቀ∑ ௫೔·ቀ௪೔ೕ·௘ഇ೔ೕቁ೙೔సభ ቁడఏ೔ೕ ൌ ௜ݔ ·  ௜௝.              (11)ݓ

Eq. (11) shows that the impact of a memristor’s variations on 
the NCS computation accuracy is proportional to the product of 
the input and the weight that the memristor represents. Since the 
weight matrix W of a neural network is often highly skewed (e.g., 
max(wij) is easily >1000× min(wij)), the memristors with a low 
resistance and a high input demand for a better variation control. 

Mapping – To reduce the impact of device variations on the 
NCS computation accuracy, we may replace a memristor that has 
a resistance significantly deviating from the nominal value and 
high impact on NCS computation accuracy with a memristor that 
has smaller variation. It is hard to physically replace a memristor 
with another after a crossbar is fabricated. However, changing the 
mapping relation between elements in the weight matrix and me-

 
Fig. 4: Tradeoff between variation tolerance and training rate. 

70

75

80

85

90

95

0 0.2 0.4 0.6 0.8

Training rate Test rate (w/ variation)
Test rate (w/o variation)

R
at

e(
%

)

γ

High 
variation 
impact

Low training rate

Fig. 5: Self-tuning process in training. 

No

Yes



mristors in the crossbar can be possibly done. 
the multiplication of permutations of vector-mat
switching two rows in weight matrix together 
does not change the output of the multiplicatio
row (e.g., row1 in Fig. 6) in the crossbar has on
large variation that matches a high weight co
assign the input signals originally on row1 to th
row (e.g., row2 in Fig. 6) and program row2 to th
of row1. In this case, high weight connections a
memristors are intentionally mismatched.  

4.2.2 Greedy mapping algorithm  
To further reduce the impact of memristor 

across the whole crossbar, we could adopt a gree
rithm in AMP to determine the mapping relat
weight matrix and the crossbar, as depicted in 
whole mapping process can be summarized as fo

We first calculate the impact of device varia
the p-th row of weights matrix onto the q-th row
crossbar. As discussed in sensitivity analysis, su
be measured by “summed weighted variations (Sܹܵ ௣ܸ௤ ൌ ∑ หݓ௣௝ · ሺ݁଴ െ ݁ఏ೜ೕሻห௡௝ୀଵ ൌ ∑ หݓ௣௝ ·௡௝ୀଵ
Here we assume both the crossbar and weight m
n columns. ݓ௣௝ is a connection weight at the lo
and ݁ఏ೜ೕ  represents the device variation of the 
location (q,j) in the crossbar. ݓ௣௝ · ሺ݁଴ െ ݁ఏ೜ೕሻ 
ence between the ideal weight (ݓ௣௝ · ݁଴) and 
represented by the memristor (ሺ1 െ ݁ఏ೜ೕሻ). Here 

The mapping starts with the row of W with 
variation sensitivity calculated in Eq. (11) and m
of the crossbar with the smallest SWV. After a r
original row from W and the mapped row in th
removed from the queue of the to-be-mapped 
repeat this process until all the rows are proper
dundant design is allowed, we may also levera
mristor columns/rows to further improve the eff
ping. The mapping algorithm remains almost the
there are more memristor rows are available.  

Defective cell is another reliability issue in 
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the largest device 
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he crossbar will be 
 rows. AMP will 
rly mapped. If re-

age additional me-
ficacy of the map-
e same expect that 

the fabrication of 

memristor crossbars, causing the devi
or LRS. Such defective cells can be d
large variations and replaced by fo
process. Note that here greedy mappin
ample of the possible AMP schemes
rithms can also be applied to the mappi

4.3 Integration of VAT and
VAT and AMP are two complemen

seamlessly integrated while the efficac
ble: For example, if effective device v
crossbar have been reduced by AMP, 
tured by the memristor device variatio
the self-tuning process of VAT. As a 
variation will be introduced in VAT, l
training rate and test rate. 

5. EXPERIMENTS 
To evaluate our proposed Vortex sch

layer neural network on a memristor c
famous MNIST digits classification tas
the crossbars are digital voltages corr
the original benchmark images. The ou
sensed from the ten vertical wires of 
represents one class from ‘0’ to ‘9’. “1
in output neuron designs. Each benchm
els, requiring a 784×10 crossbar for the
on-state and off-state resistances of m
riment are 10kΩ and 1MΩ, respective
be under-sampled to fit into the memr
ence sizes in the relevant evaluations. 

5.1 Effectiveness of AMP 
Fig. 7 illustrates the training rate of

crossbar before and after applying AM
is applied, the impact of device variati
es, resulting in the improvement of tes
AMP is applied. Besides, the optima
(before AMP) to 0.2 (after AMP).   

5.2 ADC Resolution 
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The resolution of analog-digital converters (ADC) is an impor-
tant factor that affects the efficacy of AMP by influencing the 
memristor resistance pre-testing accuracy. We analyze the impact 
of different resolutions on NCS computation robustness (test rate). 
No redundancy is added in this analysis. Fig. 8 shows the test 
rates of the NCS with different ADC resolutions under different 
device variations. Low resolution (4-bit/5-bit) significantly limits 
the computation robustness. The test rates of the NCS with differ-
ent variations start to saturate when a 6-bit ADC is applied. Fur-
ther improving the ADC resolution gives us very marginal com-
putation robustness enhancement. Hence, we fix the ADC resolu-
tion at 6-bit in the following experiments. 

5.3 Design Redundancy 
We analyze the tradeoff between design redundancy and NCS 

computation robustness using the same experiment setup in Sec-
tion 5.1. When memristors have a large variation (σ=0.8) and 
there are no redundant rows, the test rate is generally low, i.e., 
71.8%. To improve the computation robustness, we may add extra 
p rows. Fig. 9 shows the test rates of the crossbar with different 
extra rows under different training schemes. 

In general, increasing the redundancy (p) helps to improve the 
test rates. However, the test rates are primarily determined by the 
device variations rather than the redundancy, and the help of re-
dundancy is more prominent when the device variations are large. 
For comparison purpose, Fig. 9 also depicts the test rates under 
conventional OLD and CLD without design redundancy. On aver-
age, Vortex achieves 29.6% and 26.4% higher test rates compared 
to OLD and CLD, respectively, even without redundant rows. 
Here, the theoretical maximum test rate in this configuration is 
~85%, which is determined by the nature of the adopted neural 
network model. In the following experiments, we choose 100 
redundant rows and σ=0.6 as our default setup.  

5.4 Different Sizes 
As described in Section 3, CLD has intrinsic tolerance to device 

variations. However, CLD is also sensitive to the effect of IR-drop 
in the crossbar, especially when the crossbar is large. Hence, we 
compare the training quality of Vortex and CLD on the memristor 
crossbars with different sizes. Besides 28×28 pixels, the bench-
mark images are also sampled to 14×14 and 7×7 pixels. The cor-
responding classifiers are also implemented with the memristor 
crossbars whose sizes are scaled according to the size of under-
sampled benchmark images. All networks are trained by 4000 
training samples, which are sufficient for preventing over-fitting 
under both Vortex and CLD. All the results here are tested by 
2000 test samples. 

Our experimental results are summarized in Table 1. If we do 
not consider the IR-drop in CLD (“CLD w/o IR-drop”), both the 
test rate and training rate of the NCS keep decreasing when the 
resolution of the benchmark images reduces. It is because of los-
ing the features of the images during under-sampling. However, 
when the IR-drop is considered in CLD (“CLD w/ IR-drop”), e.g., 
the wire resistance rwire=2.5Ω, the test rate of the largest crossbar 
(784×10) drop significantly down to 33.7%. This fact shows the 
susceptibility of CLD to the IR-drop. Decreasing the size of the 

crossbar will improve the test rate of CLD with IR-drop, however, 
requiring the degradation of the image resolution.  

In contrast, Vortex has relatively low test and training rates 
when the size of the crossbar is small (49×10), i.e., 56.53% com-
pared to 68.5% in CLD, respectively. When the crossbar size 
increases to 784×10, both test rate and training rate improve sub-
stantially to 84.9%, showing very minimum impact of IR-drop. 

6. CONCLUSION 
In this paper, we try to understand the training robustness of 

memristor crossbars by quantitatively analyzing the influences of 
some hardware limitations, e.g., IR-drop, device variation, and 
sensing resolution. Based on our analysis, “Vortex” – a variation-
aware off-device training scheme is then developed to better tole-
rate device imperfections and design constraints. Experimental 
results show that Vortex achieves significantly improved training 
quality, i.e., 29.6% higher test rate, w.r.t. conventional open-loop 
off-device training. Vortex also shows better training quality than 
close-loop on-device training for large-size crossbars. Finally, as 
an open-loop training method, Vortex is not affected by the sens-
ing resolution. 
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