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ABSTRACT
Sparse coding techniques have seen an increasing range of ap-

plications in recent years, especially in the area of image pro-

cessing. In particular, sparse coding using �1-regularization

has been efficiently solved with the Augmented Lagrangian

(AL) applied to its dual formulation (DALM). This paper pro-

poses the decomposition of the dictionary matrix in its Singu-

lar Value/Vector form in order to simplify and speed-up the

implementation of the DALM algorithm. Furthermore, we

propose an update rule for the penalty parameter used in AL

methods that improves the convergence rate. The SVD of the

dictionary matrix is done as a pre-processing step prior to the

sparse coding, and thus the method is better suited for appli-

cations where the same dictionary is reused for several sparse

recovery steps, such as block image processing.

1. INTRODUCTION

Sparse coding techniques have seen an increasing range of

applications in recent years, especially in the area of image

processing. Many image processing problems, such as de-

noising [1], deblurring [2], inpainting [3], classification [4]

and others [5,6], have been approached successfully with this

formulation. This technique aims to build a signal y, such

as an image or a block of an image, as a transformation of a

sparse signal x, of which most coefficients are zero, by a dic-

tionary matrix A ∈ R
m×n. The fidelity of the representation

is measured by the reconstruction error ‖y −Ax‖2, while its

sparsity is measured by a function Ω(x). The problem can be

stated as:

min
x

f(x) =
1

2
‖y −Ax‖22 +Ω(x). (1)

The regularizing function Ω(x) often makes the solution

unique when the dictionary is overcomplete (A ∈ R
m×n ,

m < n). A common form of regularization is the �1 norm,

restating the original problem as

min
x

f�1(x) =
1

2
‖y −Ax‖22 + λ ‖x‖1 , (2)

where λ is a parameter that defines the balance between the

reconstruction error and the sparsity of x. Although it does

not strictly measures sparsity (number of non-zero elements),

the �1 norm is the convex relaxation of the sparsity of the

vector and is a widely used replacement.

Many methods have been developed to solve (2) [7–

13], among which the Dual Augmented Lagrangian (DAL)

method [14] is currently one of the best in terms of processing

time [15, 16]. The DAL method solves the dual formulation

of problem (2) by applying the Augmented Lagrangian (AL)

method to it (described in section 2). The AL step involves

updating more than one variable by solving simpler optimiza-

tion problems. Two ways in the literature have been used

to solve the AL iterations: a) per iteration, apply several

Newton steps to update the dual variable until a criterion

of convergence is met (the calculation of the inverse of the

Hessian is required for each inner iteration) [14]; or b) fol-

lowing the Alternating Direction algorithm, use values from

previous iterations to approximate to quadratic the expression

that updates the dual variable (this option avoids calculation

of the inverse of the Hessian at each iteration at the cost of a

fixed penalty parameter and more iterations to converge) [17].

This paper proposes an adaptation of option b) based on Sin-

gular Value Decomposition (SVD) of the dictionary matrix

that makes the Hessian diagonal and consequently, allows

changes of the penalty parameter. An update rule of the

penalty parameter is suggested that performs better than any

constant value. Given that the SVD precomputation is done

only once, the overall processing time is reduced.

2. BACKGROUND

The DAL methods were proposed in [14, 17] and thoroughly

evaluated in [15,16]. This section reviews both versions. The

method follows from solving the dual problem instead of the

primal. Duality theory applied to (2) w.r.t. variable Ax results

in the following dual problem

max
α

f�
�1(α) = −

1

2
‖α‖22 + αTy s.t.

∥∥ATα
∥∥
∞ ≤ λ. (3)

Adding an auxiliary variable ν such that ν = ATα, the

constraint above is replaced by ‖ν‖∞ ≤ λ, and the problem

can be solved by the Augmented Lagrangian method:
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max
α,ν

Lη(α, ν,x) = max
α

{
−1

2
‖α‖22 + αTy (4)

+ max
ν

{
xT

(
ν −ATα

)
− η

2

∥∥∥ν −ATα
∥∥∥2
2
− δλ(ν)

}}

where η is a penalty parameter and δλ(ν) is +∞ if any ele-

ment of ν is greater than λ and 0 otherwise. The solution is

found by iteratively updating the three variables: ν, α,x.

ν is updated by equating to zero the derivate of the La-

grangian w.r.t. ν, resulting in:

∇νLη(α, ν,x) = x− η
(
ν −ATα

)
− δλ(ν) = 0

ν(α) = P∞
λ

(
x

η
+ATα

)
, (5)

where P∞
λ (x) is an element-wise projection to the range

[−λ, λ].
In the same way, α is updated by equating to zero the

derivate of the Lagrangian w.r.t. α, resulting in:

∇αLη(α, ν,x) (6)

= −α+ y −Ax+ ηA
(
ν(α)−ATα

)

= −α+ y −A
(
x+ ηATα− P∞λη

(
x+ ηATα

))

= −α+ y −A · shrinkηλ(x+ ηATα) = 0,

where shrinkλ(x) = max(|x| − λ, 0) · sign(x) is an element-

wise operator. Here we can take two approaches: either a)

keep ν as function of α [14] or b) take the last value of α to

calculate ν and consider it constant when updating α [17].

Option a) is the original version of the DAL method and

updates α through a Newton step with Hessian:

∇2
αLη(α, ν,x) = −

(
I+ ηAΩAΩ

T
)
, (7)

where AΩ is the subset of columns i of A where xi �= 0. This

approach requires very few iterations, however, for every up-

date of α, the Hessian and its inverse needs to be recomputed.

Option b) makes an approximation of ν using α of the

previous iteration and (6) solved for α leads to

α =
(
I+ ηAAT

)−1
(y −A (x− ην)) . (8)

If η is kept fixed and the inverse of the Hessian is precom-

puted, each iteration of this version amounts to two matrix-

vector multiplications, although it runs more of them.

The dual variable of the dual problem (which is the primal

variable) is updated according to the AL method

xt = shrinkλη
(
xt−1 + ηATα

)
(9)

In both versions, updating the penalty parameter η wisely

can improve the convergence rate. Recalling the α update,

we have option a) that allows η to be updated, but needs to

find the inverse of the Hessian at every iteration, or option

b) to precompute the Hessian, but keep η fixed as a result.

The main point of this paper is to suggest an alternative that

not only allows to free the penalty parameter, but also makes

each iteration faster than option b). A precomputation based

on Singular Value Decomposition is required. Thankfully, in

many applications, the dictionary is reused and this compu-

tation needs to be done only once. In the sequel, we only

consider option (b) of the DAL method.

3. PROPOSED METHOD

The dictionary matrix can be decomposed in its singular val-

ues/vectors, as in A = UΣVT , where the economic version

of the SVD has U ∈ R
m×m, Σ ∈ R

m×m, VT ∈ R
m×n.

Here, UUT = UTU = I and VTV = I, however VVT �=
I. By applying SVD decomposition to A in (8), we obtain

UΣ

⎛
⎜⎝− (

Σ−1 + ηΣ
)
UTα+Σ−1UTy︸ ︷︷ ︸

y′

− VT︸︷︷︸
A′

(x− ην)

⎞
⎟⎠ = 0 (10)

and recognizing that the null spaces of U and Σ are both {0},
we can drop the premultiplication by UΣ. Then, from (10):

ΣUTα︸ ︷︷ ︸
α′

=
(
Σ−2 + ηI

)−1
(y′ −A′ (x− ην)) . (11)

Finally, note that α is only used in each iteration by the

operator AT . Therefore:

ATα = VΣUTα = Vα′ = A′Tα′.

Concerning the updates of the remaining variables, the

only change is the equivalence between ATα and A′Tα′.
The decomposition of A is done prior to the AL method.

The advantage of working with the decomposed matrix is that

the term to be inverted during the α update becomes diago-

nal. This has two benefits: the inverse is easily computed and

multiplied and, as a consequence, the penalty parameter can

be updated at each iteration.

3.1. Update Rule of Penalty Parameter

Experiments done with fixed penalty parameters show that a

smaller value slows down convergence at the beginning but

speeds up in latter iterations, while a larger value produces

fast converging initial iterations but it tends to slow down af-

ter some point. Depending on the tolerance of the stopping

criterion, the slowing down in the end may or may not be a

problem.

Therefore, given the newly obtained freedom of the

penalty parameter, it seems fitting to change η proportional
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to a term that tends to decrease throughout iterations. The

proposed update rule in this paper is:

η =
‖y′ −A′x‖2

λ
. (12)

3.2. Practical Implementation

In practice, the algorithm has some room for mathematical

manipulation. Note that, as is, the term A′x needs to be com-

puted only for the update rule, since the term A′ (x− ην) is

calculated with a single matrix-vector multiplication. If we

form a variable z

z = shrinkηλ(x+ ηA′Tα′
t−1)

=
(
x+ ηA′Tα′

t−1

)− P∞
λη

(
x+ ηA′Tα′

t−1

)
= x− ην + ηA′Tα′

t−1 (13)

and replace x − ην = z − ηA′Tα′
t−1 in (11), the α′ update

becomes

α′ =
(
Σ−2 + ηI

)−1
(
y′ −A′

(
z− ηA′Tα′t−1

))

=
(
Σ−2 + ηI

)−1 (
ηα′t−1 +

(
y′ −A′z

))
. (14)

Since z is a prediction of x, the term y′ − A′x can be

replaced by y′ −A′z in (12) to avoid the operation A′x. In

fact, x and z tend to the same value as x tends to the true

solution.

4. RESULTS

At the optimal solution, the duality gap, the difference be-

tween the primal and dual problems, is zero. Therefore, in

practice, the algorithm is deemed finished when the relative

duality gap is below a tolerance ε:

f(x)− f�(α)

f(x)
< ε. (15)

The following results are shown for ε = 10−3, λ = 10−4,

‖x‖0 = 50, m = 256, n = 512, elements of A and x ex-

tracted from a Normal distribution and the atoms of A are

unit norm columns.

Fig. 1 shows the result of an experiment where prob-

lem (2) was solved with the introduced DAL methods, using

adapted versions of the original codes, as well as DALM SVD

using the update rule (12). The experiment shows that option

a) requires a very few number of outer iterations, but each

iteration is expensive. Regarding option b), a fixed η either

slows down in the beginning or the end of the minimization

problem. However, the proposed update rule is able to avoid

the disadvantage seen for fixed penalty parameters. Similar

plots persist for different levels of sparsity and values of λ.
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Fig. 1: Relative error ‖x̂− xopt‖2 / ‖xopt‖2, y = Ax, xopt

the optimal solution, averaged over 50 trials a) per iteration

and b) against time, for problem (2) solved by different DAL

methods. Each algorithm is run for 200 iterations, resulting

in variable processing time. DALMa starts with η = 0.1/λ
and doubles it at each outer iteration (as in [15]), DALMb has

a fixed η value (as in [16]) of η = ‖y‖1 /m/λ for DALMb-

1 and η = 0.1 ‖y‖1 /m/λ for DALMb-2, and DALM SVD

updates η according to (12). Elements of A and x extracted

from Normal random distribution.
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Fig. 2: a) Minimum objective function value and b) solu-

tion relative error of the DAL SVD method against the DAL

method, for 1000 trials.

To confirm that the proposed method solves (2) faster, the

tests evaluate the performance of the method not only per it-

eration, but also accounting for the setup time. The first test

validates that both DALM and DALM SVD converge to the

same solution. Fig. 2 shows that both algorithms converge to

similar objective function values and solution errors for 1000

trials. The second test measures the time each algorithm takes

to compute each solution. In this case, time is a fair compar-

ison since both algorithms are run in Matlab and have very

similar codes. As shown in Fig. 3a, most trials are in the

lower-right triangle, which means the DAL SVD method is

generally faster. As explained above, the slow convergence

near the true solution for a fixed penalty parameter becomes a

problem when tolerances are low. For ε = 10−4, the speedup

of DALM SVD is larger compared to ε = 10−3, which can

be seen in Fig. 3b.

DALM needs to precompute the inverse of the Hessian,
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Fig. 3: Two ways of representing the time each algorithm

takes to solve problem (2). a) shows the DALM SVD time

against the DALM time and b) shows the speedup ratio with

DALM SVD for each trial, in ascending order. Red crosses

are results for ε = 10−3 and blue circles for ε = 10−4. The

slow convergence near the true solution for a fixed penalty

parameter can become a problem when tolerances are low.

Times DALM DALM SVD

Setup Time (s) 0.0079 0.0555

Processing Time (s) 0.0449 0.0158

Overall time (s) 46 16.25

Table 1: Average of setup time, processing time (single min-

imization problem) and Overall time (setup time + 1024 min-

imization problems) for ε = 10−4, m = 256, n = 512.

while the DALM SVD has to precompute the Singular Value

Decomposition. Both haveO(n3) complexity, but SVD has a

higher multiplicative factor. Assuming that the setup is done

once, but the number of problems to solve (such as an image

divided in patches) increases, the overall time of DALM SVD

soon becomes shorter than the standard approach, even with

a higher setup time. As an application example, consider the

sparse representation of a 512 × 512 image sliced in 1024

patches of size 16× 16 with a dictionary with 512 atoms and

ε = 10−4. The setup is done only once while the sparse

coding step is performed 1024 times. The resulting overall

time for DALM is 46 s and for DALM SVD is 16.25 s. Table

1 reports the decomposition of the overall time in setup time

and processing time (of each minimization problem).

Real-time applications have a time budget that cannot be

exceeded. Therefore, a different example would be to evalu-

ate the accuracy of the solution having a limited time to com-

pute it. As referred in the Introduction, sparse recovery as

proven itself a useful technique in the image processing area.

Therefore, the next example is used for the purpose of com-

paring performance between DALM implementations. It is a

compressive sensing application, where an image is divided

in 16 × 16 blocks and each block is sensed by the same ma-

trix M ∈ R
m×n with random gaussian entries, n = 256 and

m = 128. An estimate ŷ of each block y is then found by

solving problem:

(a) (b) (c)

Fig. 4: a) Original Lena image. Normalized (black = largest

pixel error, white = no pixel error) reconstruction error of 16×
16 blocks with a 4 ms time budget per block done with b)

DALMb with η = ‖y‖1 /m/λ and c) DALM SVD.

x̂ = argmin
x
‖My −MDx‖22 + λ ‖x‖1 (16)

ŷ = Dx̂ (17)

knowing that each block y has a sparse representation in the

dictionary D. We use a n × n DCT matrix as the dictio-

nary D. In practice, the reconstruction will be free of patterns

not matched by the dictionary, such as noise (denoising) or

missing pixels (inpainting). The comparison is done between

DALM and DALM SVD with automatic update, λ = 0.1 and

a time budget of 4ms per block, thus forcing the runtime of

both methods to be equal. Fig. 4 shows the resulting images

with the two methods. The PSNR1 of the DALM reconstruc-

tion is 44.76 dB and of the DALM SVD is 47.95 dB.

5. CONCLUSION

The DAL method has been improved by decomposing the dic-

tionary in its singular value/vector matrices. The decomposi-

tion allows the inverse involved in the update of the dual vari-

able to be easily computed, since the matrix to be inverted

is diagonal. As a consequence, the penalty parameter of the

Augmented Lagrangian method, which is part of the inverse,

can be updated in each iteration. Depending on the tolerance

of the duality gap for the stopping criterion, the speed up can

be significant. Furthermore, values close to the minimum

are reached in less iterations, which makes it more suitable

for real-time applications where a time budget exists for each

coding step.
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1PSNR defined as 20 log10

(
max(I)/

√∑N
i=1(Ii−Ji)

2/N

)
, where I and

J are the vectorized original and reconstructed images respectively and N is

the number of pixels.
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