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ABSTRACT

one trillion operations per second (TOPS) per Watt, respectively.

Neuromorphic computing system (NCS) is a promising architecture to combat the well-known memory bottleneck in Von Neumann architecture. The recent breakthrough on memristor devices
made an important step toward realizing a low-power, smallfootprint NCS on-a-chip. However, the currently low manufacturing reliability of nano-devices and the voltage IR-drop along metal wires and memristors arrays severely limits the scale of memristor crossbar based NCS and hinders the design scalability. In
this work, we propose a novel system reduction scheme that significantly lowers the required dimension of the memristor crossbars in NCS while maintaining high computing accuracy. An IRdrop compensation technique is also proposed to overcome the
adverse impacts of the wire resistance and the sneak-path problem
in large memristor crossbar designs. Our simulation results show
that the proposed techniques can improve computing accuracy by
27.0% and 38.7% less circuit area compared to the original NCS
design.

However, the implementation of an NCS with memristor-based
crossbar (MBC) is facing several major technical challenges, including: 1) the parametric variability, fabrication defects and stochastic programming properties of memristors [5]; and 2) the IR
drop along the resistance network composed of metal wire and
memristors. The analysis of the impact of IR-drop on MBC-based
digital memory shows a 64×64 MBC-based memory already has
severe voltage degradation [6]. Following the increase of the memristor crossbar size, the impact of the IR drops becomes more
critical, resulting in the performance variations or even functional
failures of the NCS.
The impacts of memristor variation on NCS have been extensively studied [5]. However, the IR-drop caused physical limitation
and reliability issue in MBCs still lacks of investigations. In this
work, we first formulate the effect of IR-drop in NCS designs and
evaluate its impact. In order to enhance the computing capacity
and reliability of NCS, we propose a system reduction scheme
that can effectively reduce the required MBC size for a specific
problem while still maintaining high computation accuracy and
robustness, enabling simpler and more scalable NCS implementations. To further improve the robustness of NCS, we propose a
novel design method that can actively compensate the IR-drop
induced signal degradations in training and computing. Note that
system reduction and IR-drop compensation methods are implemented at different design levels and thus, complementary to each
other. Experiment results demonstrate much smaller implementation area (i.e., 61.3% of original design circuit area) and better
computing robustness (i.e., 27.0% computing accuracy improvement) of NCS after combining these two approaches.

1. INTRODUCTION
Computer technology has been experiencing great revolutions in
its two foundation stones: semiconductor manufacturing and
computing architecture: On the one hand, the scaling of conventional CMOS devices is approaching the limit [1]. Emerging nano-devices, such as spintronic [2] and resistive devices (memristor) [8], have been under extensive investigation and studies. On
the other hand, the well-known “memory wall” challenge in Von
Neumann architecture [3], i.e., the ever-increasing gap between
CPU performance and memory bandwidth, has motivated many
research efforts on new computer architectures.
Neuro-biological architecture is a promising alterative to Von
Neumann architecture. After twenty-year through, neuromorphic
computing, which denotes the VLSI realization of neurobiological architecture, is recently revitalized by the discovery of
nanoscale resistive devices, e.g., the memristors [8]. The similarity between the programmable resistance state of memristors and
the variable synaptic strengths of biological synapses can lead to a
dramatically simplified structure of neural network circuits [4].
Moreover, the crossbar structure, which is the densest interconnect topology that can be achieved by modern semiconductor
manufacturing, further boosts the integration density and power
efficiency of memristor-based neuromorphic computing systems
(NCS) [5] to the levels of 1010 synapses per square inch and over

2. Preliminary
2.1 Memristor Basics
As predicted by Prof. Leon Chua [10], memristor is the fourth
fundamental circuit element uniquely defining the relationship
between magnetic flux and electrical charge. The resistance state of
a memristor can be programmed by applying current or voltage. In
2008, HP Labs reported that the memristive effect was realized by
moving the doping front along a TiO2 thin-film device [11].

Fig. 1: (a) Metal-oxide memristor [7]. (b) Device programming [8].
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Fig. 1(a) depicts an ion migration filament model of metal-oxide
memristors [7]. A metal-oxide layer is sandwiched between two
metal electrodes. During reset process, the memristor switches
from low resistance state (LRS) to high resistance state (HRS).
The oxygen ions migrate from the electrode/oxide interface and
recombine with the oxygen vacancies. A partially ruptured conductive filament region with a high resistance per unit length (Roff)
is formed on the left of the conductive filament region with a low
resistance per unit length (Ron). During set process, the memristor
switches from HRS to LRS. The ruptured conductive filament
region shrinks. The resistance of a memristor can be programmed
to any arbitrary value between LRS and HRS by applying a programming current or voltage with different pulse widths or magnitudes. Note that the relationship between the programming voltage amplitude/pulse-width and the memristor resistance change is
usually a highly nonlinear function, as shown in Fig. 1(b) [8].

and better robustness than “pre-design & mapping”, its hardware
implementation is generally expensive in terms of training time,
energy consumption, and design cost. In this work, we focus on
only “pre-design & mapping” method.
During the programming of MBC, different amplitude and duration of programming pulses are directly applied to the target memristor based on the pre-designed R: the voltages of the WL and
and
,
BL connecting the target memristor are set to
respectively, while all other WLs and BLs are connected to
/2. Hence, only the target memristor is applied with the
full
above the threshold that can change the device’s resistance state while the rest of memristors in the crossbar remain
unchanged because they are only half selected with a voltage of
/2 [7].

3. IMPACT OF IR-DROP
3.1 Impact of IR-Drop on MBC

2.2 MBC-based NCS
Fig. 2(a) depicts a conceptual overview of a neural network that
can be implemented with a MBC-based NCS in Fig. 2(b). Two
groups of neurons are connected by a set of synapses. Input neurons send voltage signals to MBC. The output neurons collect the
information (current) from the input neurons through the synapses
(MBC) and process them with an activation function. The synapses apply different weights (synaptic strengths) on the information during the transmission. In general, the relationship between
the activity patterns of the input neurons x and the output neurons
y can be described as [5]:
·
.
1
Here the weight matrix
denotes the synaptic strengths between the two neuron groups.

In an MBC, the voltage applied to the two terminals of a memristor is affected by the device location in the crossbar and the resistance states of all other memristors. In [7], the author explained
that in the worst case, both reading (recall) and writing (training)
of the MBC will encounter severe reliability issues when the array
size is beyond 64×64. Although an NCS intrinsically can tolerate
certain random errors in recall process, IR-drop remains an issue
in NCS training.
Fig. 3(a) depicts the distribution of the actual programming voltage V’ on each memristor in a 128×128 MBC during the training
process. Here Vbias =2.9V. V’ij is the voltage actually applied to
the memristor between WLi and BLj. The largest IR drop normally occurs at the far-end of the WL and BL (i.e., V’(128,128)). The
smallest/largest voltage degradation (IR-drop) occurs when all
memristors are at their HRS/LRS. Fig. 3(b) shows that in the
worst case, the largest IR-drop quickly increases to an unacceptable level as the crossbar size increases. It greatly decreases the
programmability of the MBC and degrades computation accuracy
of the NCS. Degradation also occurs in recall process as shown in
Fig. 3(c) and (d).

Recall: The computation process defined by Eq. (1) is called “recall”. As shown in Fig. 2(b), during the recall process of a MBCbased NCS, is mimicked by the input voltage vector applied to
the word-lines (WLs) of the MBC while the bit-lines (BLs) are
grounded. Each memristor is programmed to a resistance state
representing the weight of the correspondent synapse. The current
along each BL of the MBC is collected and converted to the output voltage vector y by “neurons”, e.g., CMOS analog circuit or
emerging domain wall devices. “Neurons” integrate and quantize
is often implemented by two MBCs,
the output. The matrix
which represent the positive and negative elements of
,
respectively.

3.2 Problem Formulation
3.2.1 Training
Normally the training of an MBC starts with an initial state where
all memristors are at their HRS. To program the initialized MBC
(RHRS) to the target memristor resistance state R that representing
weight matrix W, a training time matrix T is generated based on
the characterized relationship between the memristor resistance
change and the programming time and voltage [8]:

Training: Another important operation of the MBC-based NCS is
“training”. For a neural network model, there are two types of
training schemes: open-loop training and close-loop training. In
Open-loop training, weight connection matrix W is directly calculated based on the stored patterns
1,2 ⋯ . For example,
by Hebbian learning rule, the W can be calculated as [15]:

,
3
, ,
where V is the ideal programming voltage (V (i,j)=Vbias). After
including the impact of IR-drop, the actual trained MBC resistance state is R’=f (T,V’,RHRS). Thus, if the V’ deviates from the
ideal V due to IR-drop, the actual trained MBC R’ will be

∑
· .
2
Close-loop training, however, denotes a recursive algorithm, i.e.,
gradient descent, that updates the W iteratively with the feedback
from output [22].
Both open-loop training and close-loop training can be implemented with “pre-design & mapping” method, i.e., directly programming the MBC to a resistance R that represents a precalculated W, say, R=1/W. Also, close-loop training can be realized in an iterative method which adaptively tunes the resistance
state of the MBC to the target state based on the distance between
the current output and the target output, as proposed in [22]. Although such method may conceptually achieve higher resolution

Fig. 2: (a) Conceptual overview of a neural [5]. (b) Circuit architecture of
a MBC-based NCS [4].
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composition (SVD) method to approximate W as [14]:
∑
∑
· · ,
7)
where U and V are unitary matrices, Σ is an rectangular diagonal
matrix with singular values of W. δi (i=1,…r) are the first r (i.e.,
the rank of Wappx) singular values of W. ui and vi are the approximate left and right singular vectors of W [14], respectively. The
sequence of δi indicates the weights of each item of ui · vi. By
collecting a few multiplication product of ui (an n×1 vector) and
vi (a 1×m vector), we can obtain a very good approximation of W.
The difference between W and Wappx, that is ∆
, is decided by the coverage of ∑
on the overall
. The difference, hence, ∆ can be controlled by
summed∑
the value of r.

Best case
Worst case
(a)

(b)

Best case
Worst case

In general, a larger rank r leads to a better approximation of W but
increases MBC size and training time cost. However, increasing r
does not necessarily result in a more robust MBC hardware
implementation due to the following reasons: First, r is limited by
an upper bound, say, the rank of W. Increasing r beyond this upper bound is meaningless; Second, r solely defines the size of one
dimension of the reduced MBC (say, n×r, which will be shown in
the next section). Increasing r will directly aggravate the impact
of IR-drop.

(c)
(d)
Fig. 3: (a) Write voltage distribution on a 128×128 all-HRS-memristor
crossbar (the best case). (b) Voltage degradation vs. crossbar size. (c)
Read voltage distribution on a 128×128 all-HRS-memristor crossbar (the
best case). (d) Read current discrepancy.

distinctive from R. The difference between R and R’ depends on
the size of MBC. As shown in Fig. 1(b), when the programming
voltage arriving at the memristor degrades from the ideal 2.9V to
2.7V (6.8% off). The programmed memristor resistance drifts
from 900KΩ (point “A”) to 200KΩ (point “C”) at a programming
duration of 0.4µs. More detailed experiments will be presented in
Section 6.1.

For the above reasons, a threshold “ε” of singular value coverage
is heuristically predefined for r selection during the approximation
of W. Here ε∈ [0,1]. r is then selected as:
: , . . 1

∑

ε.

∑

8)

The efficacy of this select strategy will be shown in Section VI.B.

3.2.2 Recall

4.2 One-dimensional (1-D) Reduction

Normally during recall process, the MBC is read column by column, e.g., the WLs are connected to a certain input pattern and
BLs are all grounded. As a result, the IR-drop induced voltage
degradation demonstrates different patterns from that in training
process. For example, when all WLs and BLs are respectively
connected to 1 (1V) and 0 (GND), the ideal voltage distribution V
of a 128×128 MBC should be an all-ones matrix and the ideal
output will be:
∘ ·
· ,
4
where “∘” denotes the Hadamard product of two matrices and we
assume the MBC is ideally trained. However, as shown in Fig.
3(c), the actual voltage distribution V* deviates from V and generates the actual output as:
·
∘
· .
5
Here, we define W* as the distorted weight matrix producing the
actual current output of the MBC when IR-drop is taken into account. As MBC is a pure resistance network, W* is a function of
memristor resistance state and wire resistance R_wire:
, _
.
6
Here R is the target memristor resistance state. Fig. 3(d) shows
that y* is directly determined by V*.

Based on the approximation result, we are able to transform the
weight connection function in Eq. (1) as:
∑

·

·

·

·

·

…

·

·

·

·
·

·

·

·

·

·

·
·

·

⋯

·

…

·

,

·
·

·
·
9

where
·

…

·

,

.

10

Here W was originally represented on an n×m MBC and m×1
vector x is represented by the input voltage vector of the MBC.
Eq. (9) and (10) show that the connection function can be transformed to a new two-stage system that consists of a n×r weight
matrix Wleft and a r×m weight matrix Wright. Note that r << n or m.

4. MBC SYSTEM REDUCTION
The impact of IR-drop is heavily determined by the size of the
MBC. Hence, if we can reduce the scale of the involved computation on the MBC, the required size of the MBC will decrease and
the computation reliability of the NCS will improve.

4.1 Weight Matrix Approximation
The first step of our proposed MBC system reduction scheme is to
approximate the weight matrix W (n×m) in Eq. (1). In general, for
any given weight matrix W, we can leverage singular value de-

Fig. 4: System reduction improves reliability.
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Similar to Eq. (9), we can use
·
1, 2 ⋯
to form a
new input vector and calculate the similarity between and
other patterns as:

Vdd
Vdd/2

·

⋯

·

·

⋯

·

GND

where

Fig. 5: Conceptual schematics of (a) One-dimensional reduction (b) Twodimensional reduction.

·

·

·

·

·

·

. (12)

is the new weight matrix with a dimension of r×r.

Eq. (12) implies that after the proposed 2-D reduction, the size of
the needed MBC is no longer determined by the large dimension
size of data pattern (n) but the number of the patterns needs to be
trained (r). This new property is of particularly importance to
applications that process the data with large dimensions but only
limited number of patterns to be concerned, e.g., identifying objects on high resolution image or video.

We named this method as one-dimensional (1-D) reduction,
which has several significant advantages: First, after the original
n×m memristor array is divided into two smaller arrays of n×r
and r×m, respectively, the programming time of the NCS is reduced from O(n×m) to O(n+m); Second, 1-D reduction significantly improves the programming robustness of an single MBC,
which can be described below:

4.4 Implementation Example
The proposed 1-D reduction scheme is applicable to any network
models that contain the operation described in Eq. (1) while the 2D reduction scheme can fit in some applications like AutoAssociate Memory (AAM) well. Here we use Hopfield-network
as an example to illustrate the basic concept of hardware implementation of the two proposed system reduction schemes.

Fig. 4 depicts the programming voltage drop distribution on a
128×128 MBC, similar to Fig. 3(a). The only difference is that in
Fig. 4, all memristors are at LRS, demonstrating the worst-case
impact of IR-drop on MBC programming. As aforementioned in
Section 3.1, during the programming of the MBC, the voltage
reaching the target memristor may degrade from the original programming voltage when IR-drop is considered. And the degradation level relies on the location of the target memristor. In Fig. 4,
we highlight (colored) the memristor locations with a voltage drop
higher than Vbias /2 when the voltages of the WL and BL connecting the memristor are set to
and
, respectively. We
name the boundary of the highlighted area as the “hard-limit” of a
single MBC scale. Any memristors outside the “hard-limit” will
not be effectively programmed because they are practically “halfselected” (see Section 2.2). Increasing the programming voltage to
raise the voltage applied on the memristors outside the “hardlimit”, however, will affect the memristors that should be “halfselected”. Hence, the scale of the “hard-limit” serves as a good
measurement of MBC programming robustness. As shown in Fig.
4(a), the largest MBC size within the “hard-limit” is only 48×48
by assuming the sizes of the two dimensions of the MBC are the
same, i.e., n = m. The maximum size of the data can be processed
is only 48. If we can reduce the size of one dimension down to a
smaller value, say, r = 22, then the size of the another dimension
can be extended to 128, as shown in Fig. 4(b). Such a MBC is
sufficient to process the data with a size of 128 by leveraging our
is
proposed 1-D reduction method, as long as the rank of
not higher than 22.

Conventional Hopfield-network uses recurrent data process architecture to implement associative memory by training the connecting synapse weights based on stored standard patterns [9]. Each of
the neurons has an activation “sign” function, which determines
whether this neuron fires an excitation or not. The input of each
neuron is the summation of the activations from all the neurons of
the synapse network during last iteration. Weight matrix W is
trained with Hibbian rule as shown in Eq. (2).
Fig. 5 shows the conceptual schematic of our proposed system
reduction schemes, including both 1-D and 2-D designs. For the
purpose of demonstration, here we assume that the inputs of the
NCS, i.e.,xi, are all binary information (0 or 1). Both 1-D and 2-D
reduction schemes require the inputs to be preprocessed by multiplying with the concerned patterns. In normal implementation of
Hopfield network, the outputs of the MBC are directly sent to
comparators which conduct “sign” function. In our reduction
schemes, a slightly more complex post-processing is performed at
the outputs, which can be implemented with a traditional analog
selecting circuit [13]. The analysis of system robustness and implementation area tradeoff will be presented in Section 6.6.3.
Compared to the 1-D reduced weight matrix , the 2-D reduced
weight matrix is more sensitive to memristor device variations
as the variability of one memristor has relatively higher impact on
the computation accuracy due to significantly reduced number of
the memristors participating in the computation. More details
onthe design tradeoffs between the two reduction schemes will be
discussed in Section 6.

4.3 Two-dimensional (2-D) Reduction
1-D reduction can downscale the size of the needed MBC from
n×m to n×r and r×m, resulting in significant saving on the hardware design cost and better robustness. In some pattern classification tasks, we may further reduce the MBC size in both dimensions. For example, when classifying a noisy input pattern xi (e.g.,
an n×1 vector), weighted network connections (a n×n matrix) are
needed to associate a noisy input pattern to as one of the standard
pattern aq (q=1, 2, ⋯, r). Our proposed two-dimensional (2-D)
reduction can further reduce the scale of the computing system by
transforming the concerned neuromorphic algorithm to a distance
comparison based classification as follows:

5. IR-DROP COMPEMSATION
In addition to reducing the dimension sizes of the MBC, we can
also actively compensate the impact of IR-drop to further improve
the computation reliability of the NCS. In this section, we propose
an adaptive compensation method that can compensate the impact
of IR-drop in both training and recall processes.

Without loss of generality, the similarity between the output vector W·xi and the standard pattern vector aq (q=1,2,⋯r) can be
quantitatively measured by:
·
·
·
·
·
·
·
·
·
⋯
·
·
.
11

5.1 Recall Compensation
Based on Eq. (6), the weight matrix represented by a MBC with
resistance state R is not W = 1/R but
, _
when
IR-drop is considered. As summarized in Fig. 6, the IR-drop
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TABLE I. Experiment parameters setup

Recall

Training
IR-drop

RHRS

Ideal

R

Ideal

R’

IR-drop

=W

Fig. 6: Compensation for both training and recall process.

compensation can be performed by searching the new MBC resistance state Rc that generates a weight matrix Wc closest to the
ideal target W as:
∑

5.2 Training Compensation
The objective of IR-drop compensation during MBC training is to
minimize the difference between the trained resistance state R’ of
the MBC and the ideal resistance state R that represents target
weight matrix . According to[7], IR-drop leads to minimum
voltage degradation when all memristors are set to HRS. Thus,
before training starts, all the memristors in the MBC should be
) to minimize the impact of IR-drops.
initialized to HRS (

∑

.
13
min
,
,
Here, we define a cost function
as the square of F-norm
distance.
is a n×m matrix. This optimization problem can be
solved by the gradient search method with Rc starting from Rc =R
as [18]:
_

_

_

·

_

2·

,

,

·

,

,

_

We define the ideal training time matrix as the required programming pulse widths on the memristors and as the ideal training voltage distribution applied on the memristors without considering IR-drop. R is the function of , , and
or
. Here
is the programming pulse width applied
, ,
on the memristor connected by WLi and BLj.. f is the memristor
switching function that can be derived from Fig. 1(b). However,
when IR-drop is considered, the training voltage distribution matrix is distorted to . To compensate the voltage degradation in
, we can first calculate
before programming each memristor
and then derive a new training time matrix in order to obtain a
trained MBC
close to . For example, when programming
voltage reduces from 2.9V to 2.7V (see Fig. 1 (b)), the required
programming time needs to be extended from 500ns to 3μs to
program the memristor to the same resistant state.

14

where is the step length. The gradient direction relies on the
, _
. Here is a
relation between Wc and Rc, i.e.,
function that can be explicitly measured as follows: when we
apply 1V on i-th WL of a MBC with resistance state of Rc and
wire resistance of R_wire and ground all other WLs and BLs, the
magnitudes of the output current from BLs are equal to the elements in the i-th row of Wc.
In general, the currents from every BL can be calculated by Modified Nodal Analysis as [21]:
,
∑

.

·

_

15

∑

/ _
.
16
,
, /
,
Here denotes a conductance matrix that is a polynomial function
of Rc and R_wire. v is the vector of total 2×n×m node voltages. k is
the vector of n+m WL/BL currents. i is the vector of current
sources at each node, most of which are zeros except for the elements corresponding to WL/BL ports. e is the vector of n+m voltage sources (e(i,1)=1V, other=0V). Then we have,
1⋯ .
17
,
,
For the last term in Eq. (14), we have:
,

,

,

,

·

_

,

_

,

,

·

_

_

6. EXPERIMENTAL RESULTS

In this section, we will evaluate the effectiveness of the proposed
schemes through a set of experiments: Section 6.1 shows the
training quality improvement via IR-drop compensation; Section
VI.B defines reading accuracy and discusses the selection of rank
r in system reduction; Section 6.3, 4 and 5 evaluate implementation area, performance and robustness of both system reduction
methods, respectively. The trade-off between two methods will be
particularly discussed in Section 6.5.3; Section 6.6 gives a case
study of the applications of the proposed methods. TABLE I
summarizes the parameters of the memristors and MBC designs
used in our simulations.

(18)

Normalized difference

where
, _
/
can be directly calculated based on
Eq. (16).
, _
is the sensitivity of current k
, /
to the conductance parameters Y in Eq. (15). This sensitivity can
be solved by Adjoint Sensitivity Analysis (ASA) [21]. Fig. 7
demonstrated an example about how the imapct of IR-drop in
a64×64 MBC is compensated. Simulation results show that the
and
(
, as Y-axis) can be
difference between
reduced down to below 1% only within 6 update steps described
in Eq. (14).

0

1

2

3
4
5
update steps

6

6.1 Training Quality
In an MBC, the voltage applied to the two terminals of a memristor is affected by the device’s location in the crossbar Fig. 8
shows the simulation results on the memristor resistance discrepancy between the target MBC and the actual trained MBC under
the impacts of IR-drop and process variations. Similar to the training voltage degradation pattern shown in Fig. 3, the largest memristor resistance discrepancy of occurs at the far end of the
MBC. Here we assume that the programmed memristor resistance
· exp
[16].
follows the log-normal distribution as
stands for the mean of the programmed memristor resistance and
~ N (0, σ) is a random variable that follows Gaussian distribution.

7

We use the example from Section 4.4 to illustrate the design of
NCS. The MBC scale can be reduced from 128×128 (original

Fig. 7: Sensitivity analysis based compensation.
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(a)

m×m

n×n

(b)

Time (ns)

102

n×n

n×m

n×m

102
101

m×m

100

6.2 Reading Accuracy and Selection of r

Recall current
discrepancy (%)

Optimal r/n

20
10

Recall current
discrepancy (%)

Optimal ε

10
0

0.2

0.4

ε

0.6

0.8

64

80

96

112

128

32

48

64

80

96 112 128

As discussed in Section 4.3, system reduction scales down the size
of MBC while introducing additional peripheral circuit. We evaluate the overall circuit area cost of original, 1-D and 2-D reduced
NCS designs, as shown in Fig. 11. The circuit design details are
also illustrated in Table I. 1-D reduced design always has a smaller area than original design until n = 96, beyond which the overhead of extra circuit starts to dominate. 2-D reduced design, however, always has the smallest area: when n = 128, the area of 2-D
reduced design is only 61.3% of that of original design. Note that
the areas cost shown in Fig. 11 is for only a single MBC and its
peripheral circuit. When the NCS is scaled up to a level capable of

20

0

48

6.4 Area

1

50

30

0
32

Neither system reduction nor IR-drop compensation will affect the
recall time of the NCS. However, training time can be affected by
both techniques. Here we still use the example from Section 4.4.
Fig. 10 compares the training times of the corresponding NCS
designs with and without system reduction techniques and the
training compensation time overheads. As memristors are programmed one by one in MBC, system reduction naturally shortens
the training time by reducing the total memristor number. The
overall training time of 2-D reduced design is only 3.3% of that of
the original design. When MBC size rises, longer time is consumed on IR-drop compensation because of the severer voltage
degradation. For instance, compensation overhead contributes to
4.12% of total training time when n = m = 32, and 28.3% when n
= m = 128.

50

40

20

6.3 Training Performance

We first scan r from 1 to 100 and see how the value of r/n
(n=100) affects reading discrepancy, i.e., |
· |/| · |.

0.1
Rank r/size n
(a)

40

We note that the threshold ε introduced in Eq. (8) serves a generally good guidance for the rank selection. Fig. 9(b) shows the read
accuracy degradation followed by the increase of ε. The optimal
values of ε for the three benchmarks all locate within the range of
[0.1, 0.3]. Note that ε = 0 means r equals the rank of the original
weight matrix W. Continue increasing r beyond the rank of W will
not improve the read accuracy of the MBC but introducing extra
IR-drop and noise. In the following experiments, we heuristically
choose r by setting ε to 0.2.

In this experiment, reading of a MBC is defined as the case that
all WLs of the MBC are connected to 1V while all BLs are
grounded. In such a case, the ideal output current from the BLs
should equal · (x is all one vector). However, due to IR-drop,
the actual output current I will show deviation from · , which
can be described as reading accuracy issue. In this experiment, we
evaluate the reading accuracy of the proposed reduction schemes
under different conditions. We will also discuss the rank selection
(r) of the 1-D reduced weight matrix based on the read accuracy.
To achieve the maximum representation, the benchmarks adopted
in the experiment include Hopfield network, BP training based
weight connection and random weight matrix, all of which have a
size of 100×100. We program the MBC to target weight matrix W
for different benchmarks under impact of same memristor variation as section 6.1.

0
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Based on the experiment results shown in Fig. 9(a), the optimal r
varies significantly in different benchmarks. For example, Hopfield network reaches the lowest read discrepancywhen
r/n=0.08~0.19, while random weight matrix reaches it when
r/n=0.3~0.8. So finding a generic proper range of r/n for all
benchmarks becomes impossible. The main reason is because
each benchmark has different distributions of SVD singular value.
The singular value sequence of the Hopfiled network used in our
experiment, for example, is 53.7, 4.6, 3.8, 3.2…. while that of the
random weight matrix is 5.03, 2.89, 2.77, 2.62….. Due to the
highly skewed distribution of the singular values, a small r (low
rank) is sufficient for the Hopfield network. The random weight
matrix, however, needs a large r because of the relatively similar
singular values.

To further enhance NCS training quality, we introduce the IRdrop compensation technique given in Section 5 into training
process. Fig. 8(b) shows that the compensation technique effectively minimizes the memristor resistance discrepancy. As weshall
show in Section 6.5, the training quality enhancement can substantially improve recall successful rate of the NCS.
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Fig. 10: Training time comparison. Fig. 11: Area cost comparison.

Fig. 8: Trained memristor resistance discrepancy (a) without IRdrop compensation. (b) with IR-drop compensation.
n×n) down to 128×19 (n×r) and 19×19 (r×r) by applying 1-D and
2-D reduction schemes, respectively. Here r is selected as 15%·n,
which is the maximum pattern numbers that can be stored in a
128×128 Hopfield network in theory [17].As shown in Fig. 8(a),
the memristor resistance discrepancy significantly reduces when
MBC size decreases, implying a better training quality.
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Fig. 9: Recall discrepancy comparison (a) discrepancy with respect to r/n,
(b) discrepancy with respect to ε.
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Fig. 12: Recall successful rates of three NCS designs considering IR-drop: (a) Training and Recall with IR-drop, (b) with training compensation, (c) with
both training and recall compensation

processing large data size, e.g., high resolution image, multiple
MBC may be needed. Routing and analog data transmission will
occupy significant portion of the circuit area. A relevant case
study will be presented in Section 6.6.

all 2-D reduced designs is smaller than20×20, neither the IR-drop
effect nor the compensation improvement is significant. When n =
m = 128, the 1-D reduced design shows a recall successful rate of
85.3%, which is 27.0% higher than original design (68.3%).

6.5 Robustness

6.5.2 Impact of memristor/wire resistance variation
In neural network model development, hardware device variations, e.g., memristor variation and metal wire resistance variation
are generally not considered. In our IR-drop compensation design,
wire resistance is also considered as a fixed value. In reality, these
variations may harm the robustness of both training and recall
process. Based on the experiment setup in section 6.5.1, we simulated the impacts of memristor and metal wire resistance variations and IR-drop. Table 2 shows the simulated recall successful
rates of the NCS with different MBC sizes and memristor variation assumptions. When the memristors have lower variation (i.e.,
0.1), all three designs have better recall successful rates.
However, the recall successful rate of the 2-D reduced MBC degrades more phenomenally than the other two designs when
increases, implying less tolerance to process variations as discussed in Section 4.4.

Similar to Section 6.1, we set the number of standard patterns
stored in a MBC to 0.15·n in our recall robustness analysis on the
circuit implementation from Section 4.3. Each standard pattern is
a randomly-generated binary vector. Test input patterns are the
defected standard patterns where each digit has a 15% probability
to be inversed. We determine whether a recall is successful by
comparing the mismatch between the outputs of the test inputs
and the corresponding standard patterns. Recall successful rate is
obtained by running 1000 times Monte-Carlo simulations. Besides
0.2), we also
the process variations of memristor devices (
assume each memristor has 0.1% chance to be stuck at HRS or
LRS.

6.5.1 Training and recall with IR-drop
We first evaluate the NCS performance under the impact of IRdrop. The same experiment setup and training method in Section
6.2 are adopted in these simulations. Fig. 12(a) shows the recall
successful rate of three NCS designs when IR-drop is considered
during both training and recall process. Conventional NCS design
suffers from the largest degradation among all the designs when
the scale of the MBC increases from 16×16 to 128×128. And 1-D
reduction outperforms the other two designs.

Although wire resistance greatly affects the impact of IR-drop, its
variation
does not show visible impact on overall system
robustness due to its relatively small magnitude (2.5 ohm) and
variance (
0.05).

6.5.3 Tradeoff between 1-D/2-D system reduction
It is clear that among all the designs, 2-D reduced design has the
best area efficiency even though it may not offer the same computation reliability as the 1-D reduced and conventional designs.
However, computation reliability of 2-D reduced design shows
higher sensitivity to the variation of memristor resistance ( )
than that of other two designs, as shown in Table 2. Hence, 2-D
reduced design is a good solution for a large-scale data processing
with well-controlled variability of memristor device as well as the
relatively low computation accuracy per iteration.

Fig. 12(b) shows the results when IR-drop compensation is introduced during only training process. When the size of the MBC
increases, the training quality of the original MBC is significantly
improved by IR-drop compensation.
Fig. 12(c) shows the recall successful rate of all NCS designs
when the IR-drop compensation is applied during both training
and recall. IR-drop compensation substantially enhanced the robustness of original and 1-D reduced designs. As the MBC size of
TABLE II. Recall successful rate of NCS with different sizes

1-D reduced design offers a good balance among area efficiency,
computation accuracy, and tolerance to IR-drop and memristor
variations. In fact, 1-D reduced design even shows better computation accuracy then the original design when the problem size is
large because of the significantly improved tolerance to IR-drop
and memristor variations, as shown in Fig. 12.

6.6 Case study
The advantages of system reduction become prominent when the
size of the NCS is large. In our case study, a two-layer neural
network for fingerprint recognition is demonstrated. Here, the
network is trained with BP training method. A set of 256 fingerprint patterns ai (i=1…256) with 64×64 pixels from SFinGe is
used as training patterns [20].
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MBC-based NCS is a promising solution to combat the memory
bottleneck in Von Neumann architecture. Our analysis reveals that
the IR-drop along the metal wires and memristor arrays in MBCs
significantly affects the reliability and scalability of the NCS. In
this work, we proposed system reduction schemes that can substantially reduce the size of the MBC required in NCS implementation for system robustness enhancement. We also proposed IRdrop compensation technique that can improve the training and
recall reliability of the NCS. Simulations show that these techniques substantially improve the operation robustness of the NCS
by 27.0% and reduce 38.7% of circuit area.
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