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ABSTRACT 
In this paper, we propose a novel linear discriminant analysis 
algorithm, referred to as LDA-FP, to train on-chip classifiers that 
can be implemented with low-power fixed-point arithmetic with 
extremely small word length. LDA-FP incorporates the non-
idealities (i.e., rounding and overflow) associated with fixed-point 
arithmetic into the training process so that the resulting classifiers 
are robust to these non-idealities. Mathematically, LDA-FP is 
formulated as a mixed integer programming problem that can be 
efficiently solved by a novel branch-and-bound method proposed 
in this paper. Our numerical experiments demonstrate that LDA-
FP substantially outperforms the conventional approach for the 
emerging biomedical application of brain computer interface. 
 
1. INTRODUCTION 

Machine learning is an important technique that has been 
continuously growing during the past several decades [1]-[2]. 
Large-scale machine learning has now been applied to a variety of 
big data for numerous commercial applications, including 
healthcare, social network, etc. 

Recently, a number of emerging applications, such as 
portable/implantable biomedical devices for electrocardiography 
(ECG) and electroencephalography (EEG) data processing [3]-[7], 
have posed a strong need to implement machine learning 
algorithms with application-specific integrated circuits (ASICs) 
due to the following reasons: 
• Small latency: The response of a machine learning engine 
must be sufficiently fast for many real-time applications such as 
vital sign monitoring [8] and deep brain stimulation [9]. In these 
cases, an on-chip machine learning engine must be implemented 
to locally process the data to ensure fast response time, instead of 
transmitting the data to an external device (e.g., cloud server) for 
remote processing. 
• Low power: To facilitate a portable/implantable device to 
continuously operate over a long time without recharging the 
battery, its power consumption must be minimized. Especially for 
the applications where power consumption is highly constrained 
(e.g., less than 10 µW), it is necessary to design an ASIC circuit, 
instead of relying on a general-purpose microprocessor, to meet 
the tight power budget. 

To maximally reduce the power consumption of on-chip 

machine learning for portable/implantable applications, fixed-
point arithmetic, instead of floating-point arithmetic, must be 
adopted to implement machine learning algorithms and the word 
length for fixed-point computing must be aggressively minimized. 
While fixed-point arithmetic has been extensively studied for 
digital signal processing [10]-[13], it is rarely explored for 
emerging machine learning tasks. Historically, most machine 
learning algorithms are only developed and validated by their 
software implementations (e.g., MATLAB, C++, etc.) based on 
double-precision floating-point arithmetic. It remains an open 
question how to appropriately map these algorithms to a low-
power ASIC circuit implemented with fixed-point arithmetic. 

In this paper, we consider a case study of linear discriminant 
analysis (LDA) [2] for binary classification. We will demonstrate 
that rounding error incurred from fixed-point arithmetic can 
significantly distort the classification output, if they are not 
appropriately modeled and incorporated into the classifier training 
process. In other words, the conventional LDA algorithm 
developed for double-procession floating-point operation must be 
“re-designed” in order to be made “robust” to rounding error. 
Similar “numerical” issues have been extensively observed in 
many other application domains. For instance, pivoting is an 
important technique for Gaussian elimination that is needed to 
mitigate the numerical error of a linear solver [14]. The 
fundamental question here is how we can improve the robustness 
of LDA and make it suitable for on-chip low-power 
implementation. 

Towards this goal, we propose a new LDA algorithm for 
fixed-point computation, which is referred to as LDA-FP in this 
paper. LDA-FP is formulated as a mixed integer programming 
problem with consideration of the non-idealities (i.e., rounding 
and overflow) posed by fixed-point arithmetic. Furthermore, a 
branch-and-bound method with several efficient heuristics is 
developed to find the globally optimal classification boundary of 
LDA-FP. With our re-designed training algorithm, LDA-FP is 
made maximally robust to the non-idealities associated with fixed-
point arithmetic and, hence, can be efficiently implemented with 
extremely small word length for on-chip low-power operation. 

Our proposed LDA-FP algorithm is validated for two different 
test cases, including (i) a synthetic data set, and (ii) a practical 
application of movement decoding for brain computer interface 
[15]-[16]. As will be demonstrated by our experimental results in 
Section 5, LDA-FP is able to reduce the word length by up to 3× 
(i.e., equivalent to 9× power reduction) compared to the 
conventional LDA algorithm, without surrendering any 
classification accuracy. 

The remainder of this paper is organized as follows. In 
Section 2, we briefly review the background of LDA. In Section 
3, we derive our proposed LDA-FP formulation and then develop 
an efficient branch-and-bound solver for LDA-FP in Section 4. 
The efficacy of LDA-FP is demonstrated by several numerical 
examples in Section 5. Finally, we conclude in Section 6. 
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2. BACKGROUND 
LDA is a machine learning algorithm that has been 

extensively applied to a large number of binary classification 
problems [2]. To illustrate the basic idea of LDA, we consider two 
sets of training data {xA

(n); n = 1, 2, …, NA} and {xB
(n); n = 1, 2, …, 

NB} corresponding to two classes, where xA
(n) = [xA,1

(n) xA,2
(n) … 

xA,M
(n)]T and xB

(n) = [xB,1
(n) xB,2

(n) … xB,M
(n)]T are the feature vectors 

of the nth sampling point from the class A and B respectively, M 
stands for the number of features, and NA and NB represent the 
numbers of sampling points for these two classes respectively. 
LDA aims to find an optimal projection direction w ∈ ℜM so that 
the two classes are maximally separated after projecting the 
feature vector x along the direction w [2], as shown in Figure 1. 

 
Figure 1.  LDA aims to maximally separate two classes by 
projecting the feature vector x along the optimal direction w. 

Towards this goal, we first quantitatively calculate the 
between-class scatter matrix SB,x ∈ ℜM×M and the within-class 
scatter matrix SW,x ∈ ℜM×M for the feature vector x [2]: 
1 ( ) ( ),

T
B A B A B= − ⋅ −xS μ μ μ μ  (1) 

2 ( ),
1
2W A B= ⋅ +xS Σ Σ , (2) 

where μA ∈ ℜM and μB ∈ ℜM stand for the mean vectors: 

3 ( )

1

1 AN
n

A A
nAN =

= ⋅∑μ x  (3) 

4 ( )

1

1 BN
n

B B
nBN =

= ⋅∑μ x , (4) 

and ΣA ∈ ℜM×M and ΣB ∈ ℜM×M represent the covariance matrices: 

5 ( )( ) ( )( )
1

1 AN Tn n
A A A A A

nAN =

= ⋅ − ⋅ −∑Σ x μ x μ  (5) 

6 ( )( ) ( )( )
1

1 BN Tn n
B B B B B

nBN =

= ⋅ − ⋅ −∑Σ x μ x μ . (6) 

Projecting the feature vector x along the direction w yields: 
7 Ty = ⋅w x . (7) 
Since the projection result y is equal to a linear combination of all 
features weighted by w, the projection direction w is often 
referred to as the weight vector for LDA in the literature [2]. 

It is straightforward to verify that the between-class scatter 
SB,y ∈ ℜ and the within-class scatter SW,y ∈ ℜ for the projection 
result y can be written as [2]: 
8 , ,

T
B y BS = ⋅ ⋅xw S w  (8) 

9 , ,
T

W y WS = ⋅ ⋅xw S w . (9) 
In order to maximally separate the two classes, the between-class 
scatter SB,y should be maximized, while the within-class scatter 
SW,y should be minimized. Hence, we can formulate the following 

optimization to minimize the ratio between SW,y and SB,y [2]: 

10 
( )

, , ,
2

, ,

min
T T

W y W W
T T

B y B
A B

S
S

⋅ ⋅ ⋅ ⋅
= =

⋅ ⋅ ⎡ ⎤− ⋅⎣ ⎦

x x

w
x

w S w w S w
w S w μ μ w

. (10) 

There are two important clarifications that should be made 
regarding the optimization formulation in (10). First, it is easy to 
verify that the optimal solution w of (10) is not unique, since the 
cost function in (10) is dependent on the direction of w only and it 
is independent of the length of w. Namely, if w is an optimal 
solution of (10), multiplying w by any non-zero scalar λ (i.e., λ⋅w) 
does not change the cost function and, hence, is also an optimal 
solution of (10). When LDA is implemented, an additional 
constraint is often added to specify the length of the vector w (e.g., 
||w||2 = 1 where ||•||2 denotes the L2-norm of a vector) so that the 
optimal solution becomes unique. 

Second, even though the optimization formulation in (10) is 
not convex, it can be mapped to a generalized eigenvalue problem 
and solved both efficiently (i.e., with low computational cost) and 
robustly (i.e., with guaranteed global optimum) [2]. Assuming that 
the within-class scatter matrix SW,x is full-rank, the optimal w of 
(10) can be proven to be [2]: 
11 ( )1

,W A B
−∝ ⋅ −xw S μ μ . (11) 

The weight vector w in (11) can be normalized by its length if we 
want to keep the final solution with unit length. Once w is 
determined, the following linear decision boundary can be 
constructed for binary classification: 

12 
( )
( )

0  
0  2

T T A B Class A
Class B

⎧≥+ ⎪⋅ − ⋅ = ⎨<⎪⎩

μ μw x w , (12) 

where x denotes the feature vector of a sampling point that should 
be classified. 

 
(a) 

 
(b) 

Figure 2.  (a) The optimal boundary PN
(LDA) determined by LDA is 

extremely sensitive to rounding error. (b) A robust boundary 
PN

(Robust) can be found and it is insensitive to rounding error. 

The conventional LDA algorithm is able to find the optimal 
decision boundary in (12), assuming that all computations can be 
performed without rounding error. In practice, once the classifier 
is implemented with fixed-point arithmetic, rounding error can 
substantially bias the decision boundary and, hence, distort the 
classification output. In this case, the classification boundary 
determined by (12) is no longer optimal. 

To understand the reason, we consider a simple 2-D example 
in Figure 2, where the objective is to determine an optimal linear 
boundary to separate Class A and Class B. By applying LDA, we 
find the optimal boundary PN

(LDA) shown in Figure 2(a). In 

x1

x2

wT⋅x

Class A

Class B

Boundary P

x1

Class A

Class B

x2 Boundary PN
(LDA)Boundary PU

(LDA)

Boundary PL
(LDA)

x1

Class A
Class B

x2 Boundary PN
(Robust)

Boundary PU
(Robust) Boundary PL

(Robust)
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addition to this nominal boundary PN
(LDA), Figure 2(a) further 

plots two perturbed boundaries, PL
(LDA) and PU

(LDA), due to 
rounding error. Note that if PN

(LDA) is rounded to PL
(LDA), a large 

classification error is expected. On the other hand, Figure 2(b) 
shows a robust boundary PN

(Robust) that is less sensitive to rounding 
error than PN

(LDA). Note that even if PN
(Robust) is perturbed to 

PL
(Robust) or PU

(Robust), the classification error remains negligible. 
The aforementioned discussion reveals an important 

observation that LDA may result in large classification error, 
since it does not explicitly consider the rounding error during 
classifier training. It, in turn, motivates us to re-design the 
conventional LDA algorithm in order to generate a robust 
classifier that is least sensitive to rounding error. 
 
3. FIXED-POINT CLASSIFIER 

The non-idealities (i.e., rounding and overflow) posed by 
fixed-point arithmetic can be broadly classified into two different 
categories: (i) the non-idealities associated with the feature vector 
x, and (ii) the non-idealities associated with the weight vector w. 
For the feature vector x, all features in x can be carefully scaled to 
avoid overflow. In addition, the feature vector x should be 
rounded to its fixed-point representation, before the training data 
is used to learn the classifier. As such, the training algorithm can 
easily take into account the rounding error associated with x. In 
other words, the conventional LDA algorithm is able to address 
the non-idealities for the feature vector x appropriately. 

On the other hand, mitigating the non-idealities of the weight 
vector w is not trivial. If we simply follow the conventional LDA 
algorithm, w is determined by (11) and then normalized/rounded 
to its fixed-point representation. In this case, large classification 
error may occur, as is demonstrated by the simple example in 
Figure 2. Hence, our focus of this section is to derive a new LDA-
FP algorithm to solve the optimal w that is suitable for fixed-point 
implementation. 

 
Figure 3.  An example is shown for the fixed-point format of 
QK.F based on two’s complement. 

Without loss of generality, we assume that a fixed-point 
number is represented in the format of QK.F based on two’s 
complement [13]. It has K integer bits (including the sign bit) and 
F fractional bits, as shown in Figure 3. The total word length is K 
+ F. In this paper, we further assume that all fixed-point 
operations in the classifier are implemented the same format 
QK.F. In practice, it is possible to further optimize the word 
length for each individual operation. For instance, different 
elements {wm; m = 1, 2, …, M} of the weight vector w can be 
assigned with different word lengths. However, since we mainly 
focus on classifier training in this paper, the problem of word 
length optimization should be considered as a separate topic for 
our future research. 

Given the fixed-point representation QK.F shown in Figure 3, 
we must consider a number of important constraints, when 
deriving our proposed optimization formulation for LDA-FP. 
• Rounding error: Since the weight vector w is represented in 
the format of QK.F, each element of w, wm where m ∈ {1, 2, …, 

M}, can only take a finite number of possible values: 
13 ( )1,2, ,mw m M∈ Ω = , (13) 
where Ω stands for the set of all possible values that can be 
represented by QK.F. 
• Overflow: While the overflow of the feature vector x can be 
easily prevented by appropriately scaling x during a pre-
processing step, we must carefully constrain the weight vector w 
so that calculating the projection y = wT⋅x in (7) does not result in 
an overflow. To this end, we statistically model the feature vector 
x as a multivariate Gaussian distribution: 

14 ( ) ( )
( ) ( )

,  
~

,  
A A

B B

Gauss Class A
Gauss Class B
⎧⎪
⎨
⎪⎩

μ Σ
x

μ Σ
. (14) 

Note that the probability distribution of x depends on the class 
that x belongs to. Such a Gaussian model has been widely applied 
in the literature by the machine learning community [2]. 

Based on (14), each multiplication wm⋅xm, where m ∈ {1, 2, 
…, M}, yields a Gaussian distribution: 

15 
( ) ( )
( ) ( )

2 2
, ,

2 2
, ,

,  
~

,  

m A m m A m

m m

m B m m B m

Gauss w w Class A
w x

Gauss w w Class B

μ σ

μ σ

⎧ ⋅ ⋅⎪⋅ ⎨
⋅ ⋅⎪⎩

, (15) 

where μA,m and μB,m are the mth elements of μA and μB 
respectively, and σA,m2 and σB,m2 are the mth diagonal elements of 
ΣA and ΣB respectively. With the Gaussian distributions in (15), 
we can statistically define a confidence interval for wm⋅xm: 
16 ( )1 0.5 0.5β ρ−= Φ + ⋅  (16) 

17
( )
( )

, , , ,

, , , ,

,   

,   
m A m m A m m A m m A m

m B m m B m m B m m B m

w w w w Class A

w w w w Class B

μ β σ μ β σ

μ β σ μ β σ

⎡ ⎤− ⋅ ⋅ + ⋅ ⋅⎣ ⎦
⎡ ⎤− ⋅ ⋅ + ⋅ ⋅⎣ ⎦

, (17) 

where ρ denotes the confidence level and Φ−1(•) stands for the 
inverse cumulative distribution function of a standard Gaussian 
distribution. The confidence level ρ measures the probability for 
wm⋅xm to take a value within the confidence interval. If ρ is 
sufficiently large, the confidence interval in (17) “almost” covers 
the range of wm⋅xm. Hence, the confidence interval in (17) must be 
within the range of the fixed-point representation QK.F to avoid 
overflow: 

18 

1
, ,

1
, ,

1
, ,

1
, ,

2

2

2 2

2 2

K
m A m m A m

K
m B m m B m

K F
m A m m A m

K F
m B m m B m

w w

w w

w w

w w

μ β σ

μ β σ

μ β σ

μ β σ

−

−

− −

− −

⋅ − ⋅ ⋅ ≥ −

⋅ − ⋅ ⋅ ≥ −

⋅ + ⋅ ⋅ ≤ −

⋅ + ⋅ ⋅ ≤ −

. (18) 

In addition to the multiplication wm⋅xm, the projection result y 
= wT⋅x is a linear combination of all features with Gaussian 
distributions and, hence, remains a Gaussian distribution: 

19 
( ) ( )
( ) ( )

,  
~

,  

T T
A AT

T T
B B

Gauss Class A

Gauss Class B

⎧ ⋅ ⋅ ⋅⎪⋅ ⎨
⋅ ⋅ ⋅⎪⎩

w μ w Σ w
w x

w μ w Σ w
. (19) 

Similar to (15)-(18), we can statistically define the confidence 
interval for y and then set up the following constraints to prevent y 
from overflowing: 

20 

1

1

1

1

2

2

2 2

2 2

T T K
A A

T T K
B B

T T K F
A A

T T K F
B B

β

β

β

β

−

−

− −

− −

− ⋅ ≥ −

− ⋅ ≥ −

+ ⋅ ≤ −

+ ⋅ ≤ −

w μ w Σ w

w μ w Σ w

w μ w Σ w

w μ w Σ w

. (20) 

On the other hand, it is important to note that we do not need 

Sign bit

K integer bits F fractional bits

Radix point
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to explicitly set up any overflow constraint for the intermediate 
result when calculating the weighted sum y = wT⋅x. As long as the 
final projection result y does not overflow and the fixed-point 
numbers are implemented with two’s complement based on 
wrapping, the overflow of the intermediate sum should not 
introduce any error on y. To intuitively illustrate this important 
property, we consider a simple example of calculating the 
summation y = 3 + 3 – 4 using Q3.0. Since the range of Q3.0 is 
[−4, 3], calculating the intermediate sum 011 + 011 = 110 results 
in an overflow. After calculating the final result, however, we get 
110 + 100 = 010. Compared to the correct value of y = 3 + 3 – 4 = 
2, the final result represented by Q3.0 remains correct. 
• Classification accuracy: To maximize classification 
accuracy, the weight vector w must be optimized to maximally 
separate the two classes. Towards this goal, we borrow the cost 
function in (10) to minimize the ratio between the within-class 
scatter SW,y and the between-class scatter SB,y. 

Finally, combining (10), (13), (18) and (20) yields the 
following constrained optimization problem for our proposed 
LDA-FP algorithm: 

21 

( )
( )
( )
( )
( )

,
2

1
, ,

1
, ,

1
, ,

1
, ,

1

1

min

S.T. 2 1,2, ,
2 1,2, ,

2 2 1,2, ,
2 2 1,2, ,

2

2

T
W

T
A B

K
m A m m A m

K
m B m m B m

K F
m A m m A m

K F
m B m m B m

T T K
A A

T T K
B B

w w m M
w w m M
w w m M
w w m M

μ β σ
μ β σ
μ β σ
μ β σ

β

β

−

−

− −

− −

−

−

⋅ ⋅

⎡ ⎤− ⋅⎣ ⎦
⋅ − ⋅ ⋅ ≥− =
⋅ − ⋅ ⋅ ≥− =
⋅ + ⋅ ⋅ ≤ − =
⋅ + ⋅ ⋅ ≤ − =

− ⋅ ≥ −

− ⋅ ≥ −

x

w

w S w

μ μ w

w μ w Σ w

w μ w Σ w

( )

1

1

2 2

2 2
1,2, ,

T T K F
A A

T T K F
B B

mw m M

β

β

− −

− −

+ ⋅ ≤ −

− ⋅ ≤ −
∈Ω =

w μ w Σ w

w μ w Σ w

. (21) 

Note that the optimization formulation in (21) represents a mixed 
integer programming problem [17]-[18] that is difficult to solve 
due to the following two reasons. First, the solution w is 
constrained to a discrete set, instead of a continuous set. Second, 
the cost function is represented as the ratio of two quadratic 
functions and, hence, is not convex. To address these challenges, 
we will further propose a novel branch-and-bound method with 
several efficient heuristics to solve (21) and find the global 
optimum. The details of our proposed solver will be discussed in 
the next section. 
 
4. BRANCH-AND-BOUND SOLVER 

Branch-and-bound method has been widely used to solve 
mixed integer programming problems [17]. The key idea is to 
iteratively partition the optimization variables into sub-intervals. 
For each sub-interval, the lower and upper bounds of the cost 
function are estimated in order to efficiently remove the irrelevant 
sub-intervals that do not contain the optimal solution from the 
search space. However, when the branch-and-bound method is 
applied to solve (21), it is not trivial to efficiently estimate the 
lower and upper bounds for a given sub-interval of w, because the 
cost function in (21) is the ratio of two quadratic functions and, 
hence, not convex [18]. In what follows, we will propose several 
novel ideas to address this technical challenge so that the 
optimization problem in (21) can be solved by the branch-and-

bound method both efficiently (i.e., with low computational cost) 
and robustly (i.e., with guaranteed global optimum). 
• Lower bound estimation: We introduce an additional 
variable: 
22 ( )T

A Bt = − ⋅μ μ w , (22) 
and re-write the cost function in (21) as: 

23 ,
2,

min
T

W

t t
⋅ ⋅x

w

w S w
. (23) 

Note that both w and t are now considered as optimization 
variables and they should be partitioned into sub-intervals when 
searching for the optimal solution by the branch-and-bound 
method. 

With a given sub-interval: 

24 ( )1,2, ,wm m wm

t t

l w u m M
l t u

≤ ≤ =
≤ ≤

, (24) 

where lwm and lt represent the lower bounds of wm and t 
respectively, and uwm and ut stand for the upper bounds of wm and 
t respectively. We can now estimate the lower bound of the cost 
function by solving the following optimization: 

25 

( )
( )
( )
( )

,,

1
, ,

1
, ,

1
, ,

1
, ,

1

1

1min

S.T. 2 1,2, ,
2 1,2, ,

2 2 1,2, ,
2 2 1,2, ,

2

2

T
Wt

K
m A m m A m

K
m B m m B m

K F
m A m m A m

K F
m B m m B m

T T K
A A

T T K
B B

T
A

w w m M
w w m M
w w m M
w w m M

η
μ β σ
μ β σ
μ β σ
μ β σ

β

β

β

−

−

− −

− −

−

−

⋅ ⋅ ⋅

⋅ − ⋅ ⋅ ≥− =
⋅ − ⋅ ⋅ ≥− =
⋅ + ⋅ ⋅ ≤ − =
⋅ + ⋅ ⋅ ≤ − =

− ⋅ ≥ −

− ⋅ ≥ −

+ ⋅

xw
w S w

w μ w Σ w

w μ w Σ w

w μ w

( )
( )

1

1

2 2

2 2

1,2, ,

T K F
A

T T K F
B B

T
A B

wm m wm

t t

t
l w u m M
l t u

β

− −

− −

≤ −

− ⋅ ≤ −

= − ⋅
≤ ≤ =

≤ ≤

Σ w

w μ w Σ w

μ μ w

, (25) 

where η is a constant defined by: 
26 2sup

t tl t u
tη

≤ ≤
= . (26) 

In (26), sup(•) denotes the supremum (i.e., the least upper bound) 
of a set. Since t2 is simply a quadratic function, it is easy to 
calculate the supremum over the interval lt ≤ t ≤ ut and determine 
the value of η. 

The optimization in (25) is a convex second-order cone 
programming problem [18] and, hence, can be solved efficiently. 
Compared to (21), the formulation in (25) is “relaxed” in two 
different ways. First, the denominator of the cost function is 
relaxed to the maximum possible value η over the interval lt ≤ t ≤ 
ut. Second, the vector w is no longer constrained to a discrete set; 
instead, it can take any real value within the sub-interval {lwm ≤ 
wm ≤ uwm; m = 1, 2, …, M}. For this reason, solving (25) yields a 
lower bound of the cost function of the original mixed integer 
programming problem for the given sub-interval defined in (24). 
• Upper bound estimation: Similar to lower bound estimation, 
we can re-use the optimization formulation in (25) to estimate the 
upper bound of the cost function with the parameter η set to: 
27 2inf

t tl t u
tη

≤ ≤
= , (27) 
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where inf(•) denotes the infimum (i.e., the greatest lower bound) 
of a set. In this case, the optimization in (25) is again a convex 
second-order cone programming problem. After solving (25), we 
further round the solution w to the discrete set defined in (13). 
Next, we substitute the rounded w to the cost function in (21). It, 
in turn, results in an upper bound of the cost function of (21) 
given the sub-interval defined in (24). 
• Initial interval size estimation: Since the branch-and-bound 
method iteratively partitions the optimization variables w and t 
into sub-intervals, we need to determine the initial interval size for 
w and t, before starting the first iteration. Since w is represented in 
the format of QK.F as shown in Figure 3, it must be within the 
following range: 
28 ( )1 12 2 2 1,2, ,K K F

mw m M− − −− ≤ ≤ − = . (28) 
On the other hand, since t is a linear function of w as defined in 
(22), combining (22) and (28) yields: 
29 ( )1 1

1 1
2 2 2K K F

A B A Bt− − −− ⋅ − ≤ ≤ − ⋅ −μ μ μ μ , (29) 

where ||•||1 denotes the L1-norm of a vector (i.e., the summation of 
the absolute values of all elements in the vector). 

Algorithm 1: Branch-and-Bound Solver for LDA-FP 
1. Start from two sets of training data {xA

(n); n = 1, 2, …, NA} 
and {xB

(n); n = 1, 2, …, NB} corresponding to two classes, and 
a given fixed-point format QK.F. Round the training data to 
their fixed-point representations. 

2. Calculate μA and μB by (3)-(4) and SW,x by (2). 
3. Initialize the search interval ξ by (28)-(29). Estimate the lower 

bound lf and upper bound uf of the cost function for the given 
interval ξ. Set Ξ = {ξ}. 

4. Select one interval from the set Ξ, and partition it into two 
sub-intervals. Remove the selected interval from Ξ. 

5. For each of these two sub-intervals, estimate the lower bound 
lf and upper bound uf of the cost function. If lf is no greater 
than the minimum upper bound over all intervals in the set Ξ, 
add the current sub-interval to Ξ. Find all intervals in Ξ for 
which the lower bounds are greater than uf, and remove them 
from Ξ. 

6. If the sizes of all intervals in the set Ξ are sufficiently small, 
stop iteration. Otherwise, go to Step 4. 

With the aforementioned heuristics, our proposed branch-and-
bound method for solving (21) can be summarized by Algorithm 
1. Here, we iteratively shrink the search intervals until they are 
sufficiently small. During these iterations, the lower and upper 
bounds of the cost function are estimated to remove the irrelevant 
intervals and, hence, reduce the search space. It is important to 
mention that our implementation of Algorithm 1 includes a 
number of additional heuristics to speed up the search process. 
Due to the page limit, these additional heuristics are not discussed 
in this paper. 
 
5. NUMERICAL EXAMPLES 

In this section, two test cases are presented to demonstrate the 
efficacy of our proposed LDA-FP algorithm. For testing and 
comparison purposes, two different LDA algorithms are 
implemented: (i) the conventional LDA where the weight vector 
w is solved by (11) and then rounded to its fixed-point 
representation, and (ii) the proposed LDA-FP where the weight 
vector w is solved from (21) by Algorithm 1. All numerical 
experiments are run on a 2.9GHz Linux server with 8GB memory. 
 

5.1 Synthetic Data 
In this sub-section, a synthetic example is constructed to 

provide deep insights for comparing LDA and LDA-FP. In our 
example, we define three features x1, x2 and x3: 

30 
( )
( )

1 2 3
1

1 2 3

0.5 0.58 0.58 0.58  
0.5 0.58 0.58 0.58  

Class A
x

Class B
ε ε ε

ε ε ε
⎧− + ⋅ + ⋅ + ⋅⎪= ⎨ + ⋅ + ⋅ + ⋅⎪⎩

 (30) 

31 ( )2 2 30.001    x Class A and Bε ε= ⋅ +  (31) 

32 ( )3 3    x Class A and Bε= , (32) 
where ε1, ε2 and ε3 are three independent random variables with 
standard Gaussian distributions. Studying (30)-(32), we notice 
that the discriminant information required for classification is 
carried by the first feature x1 only. However, even though the 
other two features x2 and x3 do not carry discriminant information, 
they can possibly be used to cancel the noise terms ε2 and ε3. In 
other words, by combining x1, x2 and x3 together, the weighted 
sum w1⋅x1 + w2⋅x2 + w3⋅x3 may be independent of ε2 and ε3 if the 
weight values w1, w2 and w3 are appropriately chosen. 

Table 1.  Classification error and runtime for synthetic data set 
based on fixed-point arithmetic 

Word Length 
(Bit) 

LDA LDA-FP 
Error Error Runtime (Sec) 

4 50.00% 27.04% 0.81 
6 50.00% 26.83% 5.87 
8 50.00% 25.98% 20.42 

10 50.00% 22.62% 29.16 
12 24.46% 19.60% 29.11 
14 19.48% 19.33% 0.06 
16 19.33% 19.33% 0.06 

 
Figure 4.  The three weight values w1, w2 and w3 are plotted as 
functions of the word length. 

Table 1 shows the classification error and runtime as functions 
of the word length of fixed-point representation. The conventional 
LDA algorithm only needs to solve a linear equation to determine 
the weight vector w, as shown in (11). Hence, its runtime is 
almost negligible and is not reported here. As shown in Table 1, 
LDA cannot generate a meaningful classification result that is 
above the chance level (i.e., 50% for binary classification) until 
the word length reaches 12. On the other hand, LDA-FP provides 
good classification accuracy, even when the word length is as 
small as 4. In this example, LDA-FP successfully reduces the 
required word length by up to 3×. Since the power consumption of 
on-chip fixed-point arithmetic is almost a quadratic function of 
the word length [13], LDA-FP reduces the power consumption by 
up to 9× in this example. 

To further understand the reason why LDA-FP outperforms 
LDA in this example, we plot the three weight values w1, w2 and 
w3 in Figure 4. Remember that only the feature x1 carries the 
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discriminant information, while the other two features x2 and x3 
are useful for noise cancellation only. In order to perfectly remove 
the noise terms ε2 and ε3, w2 and w3 must be extremely large, 
while w1 is relatively small. If the word length is sufficiently 
large, LDA is able to accomplish the aforementioned noise 
cancellation. However, as the word length decreases, the small 
value of w1 is simply rounded to zero by LDA, resulting in large 
classification error. On the other hand, the proposed LDA-FP 
algorithm is able to increase w1 to a non-zero value as shown in 
Figure 4, when the word length is extremely small. Therefore, 
LDA-FP is able to achieve good classification accuracy with 
small word length, even though the noise terms ε2 and ε3 cannot 
be perfectly removed in this case. 
 
5.2 Brain Computer Interface 

Brain computer interface (BCI) aims to establish a non-
conventional communication path between human brain and 
external devices (e.g., prosthesis) [15]-[16]. It has been considered 
as a promising technology to restore hand and arm function for 
the individuals with stroke or spinal cord injury. In this example, 
we consider a data set where the electrical signals from the 
cerebral cortex are recorded by electrocorticography (ECoG) and 
42 features are extracted from these signals to decode the binary 
movement direction (i.e., left or right) [16]. There are 70 trials per 
movement direction in our data set. For such a BCI application, it 
is extremely important to develop low-power portable/implantable 
circuits to implement the classification algorithm. 

Table 2.  Classification error and runtime for brain computer 
interface (BCI) based on fixed-point arithmetic 

Word Length 
(Bit) 

LDA LDA-FP 
Error Error Runtime (Sec) 

3 50.00% 52.14% 39.9 
4 46.43% 37.17% 219.7 
5 40.71% 32.14% 1913.5 
6 32.14% 20.71% 2977.0 
7 21.43% 19.29% 152.8 
8 20.71% 20.00% 221.1 

 
Table 2 shows the classification error and runtime for LDA 

and LDA-FP that are both implemented with fixed-point 
arithmetic. The classification error is estimated by using 5-fold 
cross-validation. In Table 2, the classification error of LDA-FP is 
not a strictly monotonic function of word length due to the 
randomness of our small data set. In this example, LDA-FP again 
outperforms LDA in classification accuracy for a given word 
length. To achieve the same classification error (e.g., 20.71%), the 
required word length is 8-bit for LDA and 6-bit for LDA-FP. As 
the word length is reduced from 8-bit to 6-bit, the power 
consumption can be reduced by 1.8×. It, in turn, demonstrates the 
superior performance of LDA-FP over LDA. 
 
6. CONCLUSIONS 

In this paper, we develop a novel LDA-FP algorithm to train 
robust classifiers that are suitable for on-chip low-power 
implementation with fixed-point arithmetic. LDA-FP is 
formulated as a mixed integer programming problem that takes 
into account the non-idealities (i.e., rounding and overflow) 
associated with fixed-point arithmetic. In addition, a branch-and-
bound method with various heuristics is proposed to solve the 
LDA-FP problem both efficiently (i.e., with low computational 
cost) and robustly (i.e., with guaranteed global optimum). Our 
numerical experiments demonstrate that LDA-FP is able to 

achieve up to 9× reduction in power consumption compared to the 
conventional LDA algorithm without surrendering any 
classification accuracy. LDA-FP can be applied to a broad range 
of emerging applications such as the brain computer interface 
example demonstrated in this paper. 
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