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Abstract els valid with respect to the actual physics of the variaion
Intra-die manufacturing variations are unavoidable in What should be the grid resolution? What should be the

nanoscale processes. These variations often exhibitgstron @mount of correlation between different grid cells? [1tgdr
spatial correlation. Standard grid-based models assumel© answer the last question by proposing a Bayesian learning
model parameters (grid-size, regularity) in @h hocman- ased approach to estimating the correlation coefficients
ner and can have high measurement cost [1]. The random{f0m measurements. Recently, [1] presented the criteria fo
field model [1][2] overcomes these issues. However, no gen-a Physically valid spatial correlation model and showed the
eral algorithm has been proposed for the practical use f thi Practical problems with using a grid-based model. The pa-
model in statistical CAD tools. In this paper, we propose a Per proposed representing the random variations for each pa
robust and efficient numerical method, based on the Galerkinfameter (€.g4, tox) as a two-dimensionaandom field and
technique [3] and Karhunen Loéve Expansion [4], that en- provided a construction for a valid correlation model in the
ables effective use of the model. We test the effectivenessform of an isotropicorrelation functpr(correlauon kerne)

of the technique using a Monte Carlo-based StatisticaicStat  K(x,y) L. K(x,y) returns the correlation between any two lo-

Timing Analysis algorithm, and see errors less tha#pe, cations K, y) on the chip. Similar kernelgorrelogram$ are
while reducing the number of random variables from thou- extracted in [16]. However, they do not provide any method
sands to 25, resulting in speedups of up to 10x. to effectively use this model in statistical CAD tools. [2]

. views the chip-wide variation as a stochastic process amd pr
1 Introduction poses using thikarhunen-Loéve Expansi¢KLE) to extract

The scaling of technologies toward the nanometer regime & small set of uncorrelated random variables, which can then

brings with it a challenging increase in the amount of vari- be used as parameters for the gate timing models. However,
ability we must model, manage, and optimize, across all the approach is restricted to a theoretically simple, bysph
phases of chip design. Variation sources may be globalically unrealistic, correlation kernel, and no generic noet
(e.g., wafer-level process problems) or local (e.g., rando is proposed to handle any realistic kernel extracted frava pr
dopant variation in a single device), and possess a com-cess data (e.g., as per [1]). N _

plex spatial or temporal correlation structure. These prob  In this paper, we recognize that it is crucial to account for
lems have generated a wave of new statistically “aware’tool intra-die variation, including spatial correlation, indty’s

and methods; e.g., Statistical Static Timing Analysis (§ST statistical tools and present a complete, general and tobus

[2][5][6], variational power-grid analysis [7]. numerical method to handle arbitrary (physically validasp
Manufacturing variations may be classified into two cate- tial correlation kernels. We provide strong theoreticatifir
gories based on the source of variation: §§¥tematio/ari- cation for the proposed method, along with the relevant con-
ation, and (2randomvariation. Systematic variation con-  vergence properties. The proposed technique uses a Gelerki
stitutes the deterministic part of these variations; gunx- method along with numerical integration to evaluate the KLE
imity lithography effects, nonlinear etching effects,.€&]. of any two-dimensional stochastic process. The rest of the

These are typically pattern dependent and can potentially b paper will elaborate on the relevant background, details of
completely explained by using more accurate models. Ran-the technique and corroborative experimental results.
dom variations constitute the unexplained part of the manu- The paper is organized as follows. Sec. 2 briefly reviews
facturing variations, and show stochastic behavior; ex., the relevant theory of random fields (stochastic processes
ide thickness variations and random dopant fluctuation [10] over space) and KLE. Sec. 3 lays the theoretical basis for
In this paper, we focus on modeling and handling these ran-the proposed numerical method and Sec. 4 provides the de-
dom variations. The within-die component of these random tails of the method itself. Sec. 5 presents our experimental
variations often exhibit spatial correlation: devicesseldo setup and results, and Sec. 6 offers concluding remarks.
each track each other better than devices far apart [11][12] . .

Recently developed SSTA tools have recognized these un2 ~ Spatial Correlation Models
avoidably random aspects of manufacturing variations and, 1 Grid-based spatial correlation model
have attempted to account for them using simple models that } - )
are computationally inexpensive. [5][6] use a linear model ~ Consider a statistical device parameggrfor example the
for the gate delay as a function of varying gate parameters.éeffective channel length of devices on a chip. Here we
[5][13][14] recognize the impact of spatial correlation-be only consider the random component of manufacturing vari-
tween gates and use simple grid-based models to represerations, assuming that the systematic component can be char-
this correlation. [5] uses Principal Components Analysis acterized and included in the mean of the parameter varia-
(PCA) to extract uncorrelated parameters from this correla tion. Using the grid correlation model [5][13], the chip are
tion model, and builds the gate timing models using these D is divided into a grid, and each grid cejl is assigned its
uncorrelated components. own random variable (RVj; for the value of the parameter.

However, the grid-based modelasl hocdue to the lack
of theoretical rigor in constructing the model: are theselmo 1We use bold letter to denote vector; exg= {x1,y1}




This approach results Mg RVs for each such device param-
eter, whereNg is the number of grid cells, with aNg x Ng

correlation matriXK i describing the correlation amongst the
cells. To simplify explanation, let us assume that the devic

parameters are centered about their mean and scaled by their  * s

standard deviationg( = (pk — Mk)/0k) such that the vari-

ance of each parameter is now 1. This normalization can be

accounted for in the gate timing model. Then, the covari-
ance and correlation matrices are identical, and we widiref
to both byKy. As is common [5][2], we assume in this pa-
per that parameterng andp; vary independently fok # j.

For clarity, we will now drop the subscritand recognize
the implicit dependence. A typical approach is to perform an
orthogonal decomposition on the covariance ma{rjxising
Principal Components Analysis (PCA), to extract an orthog-
onal basis of uncorrelated RVs, such that

r
=3 ﬁVJpﬁ, r=Ne
j=1

Here,Aj is the j-th largest eigenvalue ¢ andv; is the cor-
responding eigenvectop’j are the uncorrelated RVs. If the
px are jointly normal ,p’j are statistically independent. Fewer
eigenpairs can be used & Ng) to reduce the number of

(1)

RVs while losing some accuracy. Furthermore, the uncorre-

lated RVs help simplify the computations in a typical SSTA
algorithm [5], particularly for Gaussian distributions.

However, there are some serious drawbacks with this grid-

based model. First, it is not clear if it will always result in
a valid (positive semi-definite) correlation matrix. [lies

to address this problem of always learning a valid correla-

tion model, by proposing the use ofggid-less covariance
kernel-basednodel. We will further elaborate on this model
in the following subsection. Second, it is difficult to esti-
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Figure 1: (a) A double exponential (Gaussian) covariance kernel.
(b) Two possible outcomes of normalized L values across the chip.

sion (KLE). Consider all possibleutcomesf the normal-
ized channel length variation across a die. In any one partic
ular outcome, we will obtain a full set values bof one for
each device on the die. These random values will follow the
underlying covariance kern&. Fig. 1(b) shows two pos-
sible outcomes. We can see that devices close to each other
exhibit similarL values because of correlation, but this cor-
relation is negligible for devices that are far apart. Weaten
the entire space of all such possiblgcomedy Q. Let6 be

an element of2: for examplep can represent any one of the
two outcomes shown in Fig. 1(b). Then, we can defind.the
value as a function of both the particular stochastic oucom
and the location on the chip. Generalizing, any statistical
parametep is a functionp(x, 8) defined oveD x Q. Math-
ematically,p: D x Q — R, whereR is the real line. Such a
function p(x, 8) is astochastic procesdf D is defined over

n spatial dimensions (as opposed to, say, temporal dimen-
sions) the process is also calledaamdom field Hence, we
can treat each intra-die statistical parametenf, tox, W)
along with its respective covariance kernel, as a stoahasti
process (random field). We have indulged in some simpli-

mate the optimal (or even near-optimal) grid structure: the fication and abuse of terminology here to make the theory

number of grid cells, and the homogeneity of the grid. The sjmple and accessible. Please refer to [4] for a more rigorou
typical approach is to assume a regular grid with an empir- {regtment.

ically assumed resolution, so as the keep the chip measure-

ment costs reasonable while still maintaining some acgurac

We now describe the covariance kernel based model, which

overcomes these problems elegantly.
2.2 Grid-less random field model

LetK(x,y) be a function that returns the covariance of the
parametemp (e.g. L, \,tox) at locationsx andy on the chip
areaD (x,y € D). Hence, we refer to this function as the
covariance kernelor p. Having normalized the parameters,
the covariance is equal to the correlation. We anticipate th
correlation to drop off monotonically as we move away from
any given poink on the chip. A valid covariance kernel on a
domainD x D must benon-negative definitgl] (also called
positive definite): for every finite subset, C D (finite set of
points on the chip), and every functibiix) on Dy,

> Kxx)h(x)h(x’) >0

X,X'€Dn

()

whereh indicates the complex conjugate. From this it fol-
lows thatK must be symmetric [4]K(X,y) = K(y,X). Fig.

Theorem 1 (Karhunen Loéve Expansiohpt the stochastic
process fx,0) on a closed domain D have bounded variance

over D and a covariance kernel(K,y) that is continuous at
(x,X),Vx € D. Then p has the orthogonal decomposition

P08 = 5 /N800 ©)
=

where)j is the j-th largest eigenvalue of the covariance ker-
nel K and f(x) is the corresponding eigenfunction of K.

The eigenpairg)j, f;) are solutions of the integral equation

KOy Ty =2t (4)

The eigenfunctions; are orthonormal and the random vari-
ablesg;j are uncorrelated. For a proof, see [4]. From (3), we
see that thg-th eigenvalue\; is a measure of the amount of
contribution made by th¢-th RV &; to the overall variance
of the process.

1(a) shows an example of such a covariance kernel over the We note that all the statistical parameters of interes¥(,

normalized chip are® = [—1,1] x [-1,1]. Her, we have
fixed x to 0 and varyy over the entire chip: we can see that
the correlation drops away as we move away fbam

Armed with this knowledge of covariance kernels, we now

etc.) do have bounded variance. Also, it is possible to have a
physically valid covariance kernel that will be continuais
(x,x): [1] outlines a robust method to extract such kernels.
Hence, we can apply KLE to these statistical parameters. A

review relevant concepts from stochastic processes, to entruncation of the series in (3) yields an approximation ® th
able a clear understanding of the Karhunen Loéve expan-processp, with a very useful property: it is optimal in the



sense that it minimizes the mean squared error resultimg fro f(x) ~ o — A do (x 7
a finite representation gf. For a proof, see [8]. This implies () ~ fn = Zl i (%) 7
that we can represent the infinitely large number of random = . o

variables spread over the domdh using a finite, poten-  Here, we have dropped the subscrjpand implicitly rec-
tially small number of uncorrelated random variabigsIn ognize that (7) and all following arguments hold for every
practice, the stochastic behavior of the thousands toandli ~ €igenpair. Here, the subscriptindicates that we are using
of gates on a chip can potentially be compressed and rep-&n €xpansion inbasis functions. If we substitute an approx-
resented using a muakducedset ofuncorrelatedrandom  imate solutionf, in (4), the two sides of the equation will not
variables, enabling computationally efficient statigicAD match exactly, resulting inmsidual the difference between
tools. Note the similarity between the PCA representation o the two sides, given by

(1) and the KLE representation of (3). This is not surprising

given that PCA is a discrete form of KLE. In our problems rn(x) = / K(X,Y) fa(y)dy — Anfn(X) (8)

of interest, the continuous correlation model and KLE are a e D

more natural fit than enforcing al hocdiscretization using ~ Substituting (7) in (8)

a grid model and PCA.

3 Solution Method fn(X)—iZdi{/DK(XJ)(n(y)dy—?\n(n(X)} 9)

3.1 Mot|va.t|.0n ) - whereAn andd; are all the unknowns that need to be com-
The usability of KLE hinges on the ability to solve the puted, given the seg. The problem now is to estimate these
equation (4), and we propose a robust numerical techniqueunknowns so as to minimize the residual in some sense. The

for solving it. Equation (4) is a homogeneous Fredholm Galerkin criterion to accomplish this is to make the residua
equation of the second kind, which has been studied exten-orthogonal to the basis:

sively [3]. Analytical solutions to this equation are pdmsi
but only for a few specific covariance kernels [8], and also / MmX)@x(X)dx =0, k=1,..., n (10)
often only for one-dimensional problems. These 1-D tech- Jp o

niques can be extended to multi-dimensional problems if the Thjs ensures that the basis functions are completely exiliz
kernel is separable into the product of analytically expand tg “explain” as much of the true solution as possible using
able 1-D kernels, as shown in [8]. Theth eigenfunction  thjs finite-dimensional spacé,, as a result of which the
(eigenvalue) of the separable kernel is then the produtioft  resjdual is orthogonal t¥,. Convergence of the Galerkin
J-th eigenfunctions (eigenvalues) of the 1-D kernels. Even technique has been well studied and established for centinu

with this extension, analytical solutions are restrictedery  ous and bounded kernels [3], criteria that are easily sedisfi

few kernel forms. One example is the exponential kernel us- py realistic kernels [1][12][16]. We can further manipw@lat

ing theL; norm, written in two dimensions as (10) into a computation-friendly matrix form. Substitudin
K(x,y) = e dhkavil+he-yal) (9), we getvk € {1,...,n},

_ _ _ _ n
= KO y)kOxe,yz) = P Vile o ! (5) ;di{ [ [ Koy)am)ax)axdy A [ (g(x)(g((x)dx}zo
We see that it is separable into the product of two 1-D (iden- i= b/D b

tical) kernels. Analytical solutions for the latter are iafle Writing (11)
[8]. However, this kernel is not practical as it uses the

norm and the correlation decay behavior is unrealistic. [2] Kik = Jo Jo KX, Y) @ (y) @ (x)dxdy (12)
proposes using the kernel €xgc|rx — ry|), wherery, ry are Di = [p@(X)@(x)dx, di =di,

the magnituded{ norm) of the vectors andy, so as to di-
rectly use the analytical solution for the 1-D exponentatk ~ we get from (11) Kd — \-d 13
nel. This kernel, too, is unrealistic as all points lying an a —n . (13)
origin-centric circle will be perfectly correlated, evérough ~ Where the unknowns ake and the vectod. This is the well-
the distance between them is large. Given measurement dat&known Generalized Eigenvalue Proble(GEP), A, being
[1] proposes a technigue to extract valid kernels of the form the eigenvalue and being the eigenvector. We remind the
by 51 rea(tjerdthat thg-th {art%e.s{)r\]n and |ts.c0][r(e45)pgndt|rrllg e_|fgtﬁn-
_ o0V T IR vectord approximate the-th eigenpair of (4). Further, if the
Kixy)= 2( 2 > Bs 1(bWIT(s—1)",v=[lx—yllz (6) basis se{@ } is orthogonal,
where we us® to denote the modified Bessel function of the dx = 0.i £k 14
second kind[ is the gamma function, artdlands are two /Dcn(x)cpK(X) x=0,i#k, (14)
real-valued shape parameters. Analytical solutions feseh ) ) ) ) 1
kernels are not known. Hence, we see the need for a generighen @ is a non-singular diagonal matrix. Henc®, " is
numerical solution technique. We provide such a solution in €asily computable and we can simplify (13):
this paper. _ Kd = An®d = (& K)d = And (15)
3.2 Proposed technlqu_e _ _ (@K )ik = Kig - (®i) 2 (16)
We propose a Galerkin technique for solving (4) numer-
ically. A general Galerkin method for the integral equation resulting in a standard eigenvalue problem (EP).
is as follows. Let, be a finite-dimensional function space  The development till now leaves us with three remaining
with a basis sef@ }|_,, thatis a subset of the (Hilbert) func-  steps: 1) determine the basis $et}, 2) evaluate the inte-
tion space containing the solutions of (4). Then, we can ap- grals in (12), and 3) solve the GEP in (13) or the EP in (15).
proximate any solutiorf as a linear combination of these Step 3 being popular knowledge in the EDA community and
basis functions: easily solvable [17], we now focus on the first two.



Figure 2: Triangular partition of chip area D and one basis function.

4 Numerical Techniques
4.1 Galerkin expansion basis set

We choose a basis s@t of piecewise constant functions

over a triangulatior} of the chip ared®:

1, xe)
D=UL.A1L Q) = { 0 xgn @7

where/\; are triangles with a maximum overlap of one side.
It is obvious that these functions are orthonormal. Fig. 2
shows an example triangulation and one such basis function. "0

any triangle. Also, assume that the first derivativegab
bounded oveD:
9g(x)

0X;
for some finite, non-negativid;. Then, from (24)

2 1
|E|</A{_Zlh/0 Midt}dx:haA(Ml-l-Mz) (26)

which is linearly decreasing with Using this bound in (21),
we can easily show that the double integral approximation
error also decreases linearly with Hence, we have proved
the following theorem.

<M;,Vx €D (25)

Theorem 2 Let D be a polygonl region in the plan@?,
{Ai}] be atriangulation of D and h be the maximum triangle
side. Then, if K has well-defined, bounded first derivatives
overD,Vi,ke {1,..., n}

3 3

lim

[ [ Kexyydeey - Kixaxa)aad =0 @7)
J A S A

With such basis functions, that are zero everywhere outside\,\,herexAi indicates the centroid of\; and 3 its area, and

one specific triangle, we can write the integrals in (12) as
Kik = / / K(x,y)dxdy =Ky, ®ik=20ka (18)
PYAPRVAY

wheredy is the Kronecker delta ard is the area of\;.
4.2 Numerical integration

We still need to evaluate the integral in (18): we now pro-
pose a simple numerical technique that exploits the triangu

lation, and study its convergence. Consider the integral
| = / g(x)dx (19)
Ja

over a generic triangle element denoted/by We approxi-
mateg(X) by its value at the centroixiy of A. Then we can

write .
1~ 1= [ glxa)dx=glxa)an (20)
JA

Hence, the double integral in (18) is approximated by
K [ Kl y)ady ~ Ko xa)aacs K (1)
The integration error is given by
E=1-T= [ (900~ gxa))ax (22)
The Taylor's expansion @f aroundx can be written as [18]

2 1
(X = XA +8X) = g(xa) + ziaxi / 99y, +t8x)dt (23)
& Jo o

Then, the error can be written as

_ [ es [M09
E_'/A{izléx./o a—)q(xA-l-téx)dt}dx (24)

If we defineh as the maximum triangle side in the partition

of D, thendx; is never more thamh while integrating over

2Although any meshing is usable, triangulation makes it ¢aselect
the number of mesh elements and constrain their shape, wgiety avail-
able tools [24]. This is in contrast to, say, uniform rectasgwhich require
quadratically more elements with every increase in regmiut

the convergence is linear in h.

In other words, the integration error tends to zero as we in-
crease the number of triangles establishing the validity of
this numerical integration technique.

We note that we are using two levels of approximation
here: 1) a finite representation of the eigenfunctions in (7)
where thep are defined by (17), and 2) a numerical approx-
imation of the double integral in (18) using a constant, as
in (21). [3] establishes a linear rate of convergence of the
Galerkin method using such approximation, and hence, for
our complete technique as described in this paper. Higher
order piecewise polynomials can also be used as the basis
set, along with high order numerical integration. Thesénhig
order techniques would result in more accurate estimates of
the eigenpairs, and there are no restrictions on their use in
this setting. However, our simpler technique shows accept-
able accuracy, as demonstrated in the results section.

4.3 Reconstructing the stochastic process

Equation (3) suggests that we can use a few §Me ap-
proximately construct the entire stochastic progessing
a linear transform. If we use the first(r < n) KLE eigen-
pairs to approximate the stochastic process, we can define
the matriced\; (r x r) andD; (nxr): A, is the diagonal ma-
trix containing the KLE eigenvalues, and théh column of
D, is the eigenvector of (13) corresponding to ttth eigen-
value inA;. Then, we define the matr®, = D;/A;, where
the square-root is taken element-wise. Now, if we generate a
random samplé in the reduced-dimensional space of RVs
&, we can use (3), (7) and (17) to linearly transform it to
the corresponding values of the relevant statistical patam
over the entire chip. We can write this as

pa =Da& (28)
where thei-th elementp,,, of the vectopa, approximates
the value ofp(x, 0) in A as a constant ovek,;.

5 Experiments
5.1 Experimental setup

We stress that the grid-model model is a genealyp-
rithm independentechnique to model chip-wide intra-die



Algorithm 1 GeneratéN samples for Monte Carlo STA
1: for all stat. parameteng; do

22 Kj « CovMatrix(K;, {gi})

3:  Uj + CholeskyUpperFacto(;)
4:  Pj + RandNormal{, Np) -U;

5. end for

Algorithm 2 GeneratéN samples for covariance kernel STA

1: for all stat. parameters; do
2:  Zj + RandNormali,r)
: PjA — D)\Ej
for i =1toNg do
t < IndexOfContainingTriangl€f)
Row(, Pj) < Row(, Pj»)
end for
end for

3
4:
5:
6
7
8:

@)

Figure 4: Gaussian kernel eigenfunction: (a) first, (b) second.

(b)

nel. However, the Gaussian kernel fits the measurement data
supported linear kernel better than the exponential keasel
shown in Fig. 3(a) by best fits to the linear kernel in 1-D. We
computec to best fit an isotropic linear kernel in 2-D with
correlation distance equal to half the normalized chipileng

variations. Nevertheless, we need a concrete algorithm to(a cone with a base radius of half chip length).

demonstrate its merits. The obvious choice is SSTA, since
timing is highly sensitive to such variations. We use as a ref
erence a gate-level Monte Carlo (MC)-based SSTA. This of-
fers two useful virtues. First, it frees the experiment framy
model-specific errors that may introduce noise in the com-
parison (e.g., due to linear models in [6], polynomial chaos
models in [2], grid correlation models in [5]). Second, itim
mediately shows us the impact of reducing the number of
random variables from several-per-gate to few tens (e.g. 25
The reference MC algorithm we use is very simple. As-
sumeN, statistical parameters (each representing a stochas
tic process with covariance kerri€]) Ny gates on the chip,
andN MC samples. First use Algorithm 1 to generisitema-

trices,{Pj}?p, of sizeN x Ng, each containind{ points that
follow the corresponding;. Note thatg; is the location of
thei-th gate. For thé-th STA run in the MC simulation, use
the gate parameter values from thth row of each matrix
P;. Note thatP; are mutually independent. Our KLE-based
technique is also used in the same MC framework, the differ-

ence being in the generation of the gate parameter samplesg

Algorithm 2 is used instead of Algorithm 1. Note that each
column of the intermediate matri; is one random sample

in r-dimensional space. IndexOfContainingTriangle() can be
made efficient using some space indexing (grid, tree, etc.)

We now describe the structure and modeling assumptions
used in our STA algorithm (the core timer inside the Monte
Carlo loops) and gate library. The STA computes signal de-
lays at all the circuit nodes, using the Elmore delay met-
ric [19] for wire delay, the PERI technique [20] with the
Bakoglu metric [21] for wire slew, and rank-one quadratic
functions [22] to model gate delay and gate output slew. The
gate output slew and gate delay are modeled as functions of
the input slew and 4 statistical parametdrsW, V; andtyy.

Note that there is no restriction imposed by our technique on
the type of gate model used. We use standard logic netlist
benchmarks from the ISCAS85 and ISCAS89 sets. All the
test circuits were placed using the Capo placer [23] (Meta-
Placer), and half-perimeter wirelength was used to modgel th
wire loads. The gates and wires were implemented using the
90nm Cadence Generic PDK. All statistical parameters are
assumed to have Gaussian distributions.

5.2 Experimental results

We first try to reconstruct the Gaussian kernel (Fig. 1(a))
sing onlyr = 25 numerically computed eigenpairs. The tri-
ngular mesh was generated using Triangle [24] with mini-
mum angle of 28and maximum triangle area ofi¥ of the
chip area, resulting im = 1546 triangles. Fig. 3(b) shows
the error in the reconstruction of the kernel: the maximum
error magnitude is a small 0.016. Fig. 4 shows the first two

u

scheme: the details are skipped due to space constraintseigenfunctions, where we can see the Fourier series type be-

We use a Gaussian kerné{(,y) = exp(—c||x — y/[3),
Fig. 1(a)) for our tests. Using measurement data, 122] sug-

gests a near linear isotropic kernel (assuming normalizeds). we have chosensuch that\ogo(n — 200)

chip sides). The isotropic linear kernel, however, can be in
valid [1]. [16] suggests using an isotropic exponential ker

! Gaussian
mse = 1.5e-3

Exponential
mse = 7.4e-3|

0.8

Corr. Error

0.6

0.4

0.2

0.5

-1 4

(@ (b)

Figure 3: (a) Best fit of Gaussian and Exponential kernels to the
linear kernel suggested in [12]. (b) Error in reconstruction of 2-D
Gaussian kernel from 25 eigenpairs computed using our technique.

havior: higher eigenfunctions model the higher frequencie
in the correlation. The eigenvalues decay very rapidly.(Fig

+ 32PN <
2|:r+1 =
0.01y{_; Ai. The left side of the inequality is an upper bound
on the sum of all unused —r eigenvalues, given that we
have computed only the first 200. This bound is less than
1% of the sum of the first eigenvalues, giving us = 25.
This criterion tries to ensure that most of the variatioroasr

the chip is accounted for by the chosen eigenpairs. dget

be the standard deviation of delay at any circuit node, and
let us consider a single circuit, c1908 (ISCAS85, 880 gates)
Now, we take a 100K-sample Monte Carlo STA run as the
reference, and look at the relative error in the estimate of
04 computed using our covariance kernel-based STA with
a varying parameter. We consider two parameters: 1) in-
creasing number of eigenpairsand 2) increasing number
of trianglesn. The error is averaged across all the outputs of
the circuit. The results are shown in Fig. 6. We see expected
behavior: accuracy increases with increasirepdn. Note

that the error has some noise because the reference result
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Figure 6: Error in the covariance kernel-based STA estimate of std.
dev. of delay for increasing (a) number of eigenpairs r (n = 1546,
and (b) number of triangles n (r = 25).

(Monte Carlo STA) is approximate and random; but the gen-
eral trend still holds. The error in the delay mean is much
smaller (0025% for 25 eigenpairs and 1546 triangles) and
shows similar behavior. We uge n) = (25,1546) for sub-
sequent tests. This combination has erkdt%. Finally, we

compare the mean and standard deviation of the circuit delay 8]

computed by Monte Carlo STA and our covariance kernel-

based STA, using 100K samples each. Table 1 shows the [9]
mismatch between the estimates as a percentage of the esti-

mate from Monte Carlo STA; the mismatch is withirv%.
The algorithms were implemented in C++ on a 2.8 GHz dual
core Opteron. Note that the number of gatgss the num-
ber of (correlated) RVs handled by the Monte Carlo STA, for
each statistical parameter (etgy): this is reduced to 25 for
KLE. Of course, KLE comes with the overhead of the recon-

struction in (28). However, we start seeing the speed gains13)
of the reduced dimensionality very soon, as shown by Table
1. We expect these trends to replicate in other CAD algo-

rithms where the complexity increases with dimensionality
Further, eigenpair computation takes 11.2s, using Matlab.

Circuit | Ny (gates)] e. (%) | &5 (%) | Speedup]
c880 383 0.020 | 0.593 0.29
c1355 546 0.057 | 1.711 0.41
€1908 880 0.025 | 1.026 0.61
c3540 1669 0.003 | 1.288 1.25
c5315 2307 0.015| 0.033 1.79
6288 2416 0.042 | 0.062 2.07
s5378 2779 0.058 | 1.534 2.56
c7552 3512 0.031 | 0.768 3.43
59234 5597 0.013 | 2.635 5.81
s13207 7951 0.034 | 2.448 8.36
s15850 9772 0.038 | 1.394 10.57
s35932| 16065 0.029 | 5.647 2.22
s38584| 19253 0.109 | 2.755 10.65
s38417| 22179 0.020 | 1.108 3.77

Table 1: Percentage mismatch in worst delay mean (g,) and std.
dev. (€5) between Monte Carlo STA and our covariance kernel-
based STA (100K samples).

6 Conclusions

Spatial correlation in random intra-die manufacturing
variation has typically been modeled using simple grid-
based models, that are often impractical and lack rigorous
construction. The recently proposed grid-less random field
model overcomes these problems, but no methods have been
suggested for their effective use with generic kernels ildCA
tools. In this paper we have proposed a robust and efficient
numerical Galerkin method that exploits Karhunen Loéve
Expansion to approximate the random field using only a few
(e.g. 25) RVs, with acceptable loss of accuracy. We also
establish convergence properties of the method. For a sim-
ple Monte Carlo-based STA algorithm, the implementation
Is straightforward, and already shows speedups up to 10x.
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