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Abstract

Memory-centric systems, such as Processing-In-Memory (PIM) architectures, place

computation where data are stored. This suggests that for applications such as

graph analytics and sparse linear algebra which are bottlenecked by data move-

ment, these systems could provide significant improvements. However, realizing

these gains is challenging. Memory-centric systems span a wide design space, from

PIM devices with restricted arithmetic capabilities to accelerators whose memory is

shared with the host, and programming these devices requires managing the data

placement and movement on the machine. These computational constraints make it

difficult to identify which operations or algorithms can be effectively mapped to this

hardware. This work shows that a programming model using a declarative specifica-

tion over regions of memory carries enough information for memory-centric systems

to efficiently manage data orchestration and enough capability for data-movement

bound iterative algorithms to be reformulated within this model.

Hardware acceleration approaches placed near or in memory can be missing

basic arithmetic capabilities such as multiplication or floating point support due to

tight area and power constraints. However, the iterative optimization algorithms

that are bottlenecked by data movement require these basic operations in order to

converge towards a solution. Filter and update operations are simple enough to

execute efficiently on hardware with limited arithmetic and can reduce the amount

of data movement that is required in these iterative algorithms. For iterative al-
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gorithms, the filter produces a sparse output while the update consumes a sparse

input which enables the traffic across the memory bus to scale with the number

of elements selected rather than the size of the dataset. By using a memory-side

filter operation, each iteration computes the update using only the elements that

most affect the residual. The filter update based programming model allows for

these operations to be expressed over regions of memory, which then enables the

system to partition the data across near memory computation, reduce data move-

ment across the memory bus and lower these operations to the specific hardware

target. To demonstrate the effectiveness of this approach, existing algorithms like

gradient descent and new filter-update modified algorithms like Gauss-Seidel are

expressed using this programming model and implemented on a real PIM system.

The filter-update programming model reduces total data movement and shows up

to 6.3x speedup when compared to the standard algorithm.

For systems where more capable logic shares an address space with the host,

the Magic Memory programming model enables programmers to describe computa-

tion by declaring invariants between memory regions. In this model, the programmer

can access these memory regions using ordinary loads and stores, and the system

remains responsible for the physical representation of the data, the computation to

be performed to maintain the invariant, and the data movement between devices.

This is demonstrated using interactive PageRank where a sparse graph is maintained

behind a dense interface and the rank vector is recomputed as necessary when edges

are added or removed. The specification of the computation between regions of

memory allows for the Magic Memory program to abstract the sparse format used

for the graph and how and when the computation occurs.
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Chapter 1

Introduction

The traditional von Neumann architecture separates computation from memory

which has become a fundamental bottleneck in modern applications as the two tech-

nologies scaled at different rates and data requirements for many algorithms soared

[2–4]. To alleviate this bottleneck, memory-centric systems, such as Processing-In-

Memory (PIM) architectures, have emerged to perform computation closer to where

the data are stored [5]. However, realizing this performance remains difficult given

the constraints of near memory computation [6] and the difficulty in programming

these architectures [7–9].

The thesis of this dissertation is that a programming model where computa-

tion is expressed as a declarative specification over regions of memory is sufficient for

data-movement bound iterative algorithms to exploit memory-centric systems. On

the algorithm side, exposing a specification of the operation on regions of memory

provides a high level abstraction for the computation that is to be targeted. This

makes it simple for domain experts to use these operations to utilize near memory

hardware acceleration. On the system side, a declarative specification allows the
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system to know which data to compute upon and the relationship between elements

rather than requiring directives on how to move the data. Since the computation is

described over a region of memory, the system is able to partition, place and trans-

fer the data appropriately between devices without lower level instructions from

the program. The models presented here are thus shaped by both what the hard-

ware can execute efficiently and the algorithms are reshaped by what the model can

express.

1.1 Motivation

As modern applications have scaled in size, algorithms across a wide range of do-

mains such as machine learning [10, 11], graph analysis [12], and scientific com-

putation [13] have become bottlenecked by data movement requirements [14]. To

this end, a myriad of memory-centric systems [15] have been developed that place

compute directly in or near memory to eliminate or reduce the data movement re-

quirements between the host and memory. These systems span a wide design space

from Processing-In-Memory approaches where compute is performed in or near main

memory to systems where more capable compute or dedicated accelerators are pre-

sented to the host through a shared address space that can be accessed via loads

and stores [16–20].

With this diversity of hardware, memory-centric systems remain difficult

to program. This is due to the fact that these systems vary in terms of compute

capability and how the memory is exposed to the host [21]. With respect to compute

capability, approaches differ in terms of where compute units are placed, how many

there are, and which arithmetic operations are supported. As a result, these devices

vary in terms of the interface that is exposed to the host device and application

2



Figure 1.1: The high latency and limited bandwidth connection between the host
processor and main memory is the main bottleneck in applications ranging from
machine learning to graph algorithms to scientific computing.

developer. For the interface presented to the host processor, near-bank PIM devices

expose a partitioned, non-coherent address space in which a compute unit may

access only its local memory [22, 23]. In DIMM-based general-purpose PIM, all host

communication occurs through explicit bulk transfers, and inter-unit communication

must be routed through the host [24, 25]. Devices that integrate compute at the bank

level within a standard DRAM interface instead accept PIM commands through

ordinary memory operations, but retain the same bank-local restriction on what each

compute unit may address [26]. Other devices, like those attached via CXL [27, 28],

share an address space with the host and can communicate through ordinary loads

and stores. However, both classes frequently require vendor-specific libraries. With

these differences in hardware and software approaches, application developers are

forced to familiarize themselves with the microarchitectural details of the hardware

being targeted in order to implement an algorithm efficiently.

A higher-level programming model is necessary to effectively utilize memory-
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centric hardware [7, 29]. Without one, each application would require a hardware

expert to explicitly manage data movement and describe the computation for every

target. Higher-level abstractions instead allow programmers to express computa-

tion in a manner that is independent of any specific architecture, using operations

expressive enough for the system to lower to a particular target.

The appropriate abstraction depends upon the capabilities of the hardware

in the system. When mapping an algorithm to a memory-centric system, the con-

straints and performance of the hardware inform not just where computation could

be performed but rather where it should be performed. For many PIM devices, arith-

metic operations such as multiplication or division are very expensive or floating-

point operations are not supported [30, 31]. In addition, computation must occur

between elements that are aligned and shifting elements around could even require

a round trip to host memory. In these cases, while it is theoretically possible to per-

form these expensive operations or expensive data manipulation on the PIM device,

a good programming model for a memory-centric system would not enable this.

The interface between the host and device is another important constraint

that determines what the programming model exposes. When the memory-centric

computation occurs on a device where the memory is shared with the host, the

physical data movement can be hidden from the programmer. Instead, the pro-

grammer can focus upon a logical view of the system while the physical mapping of

the computation is determined by the system.

1.2 Background

Memory-centric systems have been proposed and, more recently, built across a wide

range of the memory hierarchy. At one end, processing-using-memory designs per-

4



form computation within the DRAM array itself, exploiting the charge-sharing be-

havior of the bitlines to implement bulk bitwise operations [30, 32]. Nearer the

DRAM interface, processing-near-memory designs add discrete logic. This includes

fixed-function multiply-accumulate units adjacent to each bank in commercial high-

bandwidth parts [33, 34], general-purpose in-order cores at the bank level in UP-

MEM [35], and full processor cores in the logic layer of stacked memories [36]. A

separate line of work places compute behind a shared address space rather than in-

side the memory device, allowing an accelerator and its local memory to be accessed

by the host through ordinary loads and stores [37]. These designs differ in how much

computation they can perform, how many units are available, and whether those

units can communicate, and Chapter 2 examines these differences in detail.

Programming this hardware is typically done in one of a few ways. The

first is to write low-level code against a vendor SDK. On UPMEM, the programmer

writes a kernel for the DRAM processing units, partitions the input across the units

and copies each portion into the unit’s local DRAM bank, issues an explicit blocking

DMA transfer from that bank into a scratchpad before the data can be operated

upon, launches the kernel, and copies partial results back to the host to be combined,

since the units cannot communicate with one another [38]. Every one of these steps

exposes a property of the machine. The transfer between the local bank and the

scratchpad is managed entirely by the programmer, who must choose a tiling of

the data that fits within the scratchpad’s capacity and must overlap transfers with

computation by hand if the pipeline is to remain occupied. The kernel itself is

bounded by the capacity of the instruction memory, which is small enough that

the complexity of a computation becomes a constraint on what can be offloaded.

The absence of communication between units means that any algorithm requiring
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a reduction or an exchange of partial results must be restructured around a host

round trip. A program written this way encodes the number of units, the scratchpad

capacity, the instruction memory limit, and the transfer granularity of one device,

and none of these assumptions survive a change of target.

Processing-using-memory approaches impose a different and more restrictive

requirement. Because an in-array operation combines the rows of a subarray as

the sense amplifiers activate them, its operands must already be physically resi-

dent within the same subarray, and aligned within it, before the operation can be

issued [32]. Bit-serial designs additionally require that the bits of each operand

be laid out vertically across rows rather than horizontally along one, so data must

be transposed on entry and transposed back before the host can interpret it [30].

Physical data placement is therefore the responsibility of the programmer and re-

quires expressing the operations in terms of subarrays, rows, reserved operand rows.

The cost of arranging data to meet these conditions is charged against every oper-

ation rather than against the dependences of the algorithm, so an algorithm whose

operands are not naturally co-resident may find that relocation dominates its exe-

cution entirely.

A third approach hides the hardware behind an existing library interface.

For Samsung’s HBM-PIM a runtime analyzes an application written against a con-

ventional framework such as PyTorch or TensorFlow, identifies the operations it

can accelerate, maps their operands into the PIM address space, and generates and

invokes the corresponding microkernels [33]. While the programmer is able to write

against ordinary framework code this approach is unable to perform any operations

the runtime does not already recognize.

Each of these approaches trades off between the expressiveness of the oper-
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ations and abstraction. Writing against a vendor SDK allows for more arbitrary

computation but requires the programmer to be familiar with vendor-specific tools

and to manage data movement explicitly, both between the host and PIM-enabled

memory and among the units themselves. PUM approaches go further and make

proper physical placement essential not only for performance but also correctness.

The library model removes these concerns entirely, but only for the operations that

have already been implemented. To enable both leveraging memory-centric hard-

ware acceleration and high level abstractions the programming model requires a

declarative specification that is abstract enough for the system to understand and

expressive enough to describe the computation the programmer intends. These

specifications must be determined by what the hardware can execute efficiently and

afterwards the algorithm must be reformulated to fit within those constraints. The

programming model then provides enough information for the system to determine

the placement and movement of data. The remainder of this chapter introduces

two programming models that make this exchange, and the algorithms that were

reformulated to fit them.

1.3 Approach

1.3.1 Filter-Update Model

For systems where in-memory compute capability is limited, the Filter-Update

model expresses computation as a declarative specification over a region of memory

using two operations. A filter selects the elements that will contribute to the current

iteration while an update accumulates values to a memory region. This specification

states what data are selected and what data are accumulated but does not describe

how either operation is performed in hardware. For iterative algorithms, the compu-
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tation in each iteration can be adapted such that the filter operation selects a subset

of the data that is transferred across the memory bus, the host processor uses this

data to compute a sparse update and the update operation manages transferring

this data from the host back to memory where it is accumulated with the original

data.

These operations remain basic enough that they can be mapped to even more

constrained PIM hardware. Each of the filter and update operations require only

basic boolean logic or a single accumulation operation. Neither operation requires a

processing unit to retain state beyond the element it is currently examining, which

keeps the model within the arithmetic and instruction-capacity limits of devices

such as UPMEM and removes any need for units to communicate with one another.

As the filter produces a sparse output while an update consumes a sparse input, the

data crossing the memory bus is proportional to the elements selected rather than

to the size of the working set. The number of processing units, the partitioning

of the region across them, the transfers between each unit’s local memory and its

scratchpad, and the point at which results return to the host are all decided by the

system rather than stated by the programmer. How these hardware parameters can

be inferred from these operations is discussed in Chapter 3 where the compute stack

and API for this programming model is introduced and outlined.

This constraint also informs the algorithm design as well as the hardware.

Algorithms must be reformulated so that each iteration’s update is computable

from a filtered subset of the working set. Prior work has established that many

such methods tolerate operating on a subset of their working set each iteration,

converging in more iterations while performing less work in each [39, 40]. This

dissertation restructures several such methods so that the subset is chosen by a
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filter and the update is computable within the partitioning the model imposes,

and characterizes the cost in iterations that the restructuring incurs. While not

every method is able to be recast into this model, Chapter 4 highlights not only

the algorithms which work well with the filter update model but also identifies the

properties that determine which do not.

1.3.2 Magic Memory

Where more capable logic is available, and where the memory attached to it is

exposed to the host through a shared address space, the abstraction can be more

generalized. The Magic Memory programming model allows the programmer to

declare an invariant between regions of memory and allows these regions to be

accessed with ordinary loads and stores as illustrated in Figure 1.2. The system is

then able to automatically maintain that invariant. Because the invariant relates

regions rather than naming operations, the system observes the host’s accesses and

determines from them what work is required and when. This then enables operations

to be performed on dedicated hardware accelerators present in the system and allows

for the flexibility to perform the required computation eagerly or lazily. It may

recompute eagerly as soon as the source region is modified, or defer the work until a

load from the derived region requires it. The programmer states no schedule, issues

no kernel launch, and marks no synchronization point.

The system further owns the physical representation of the data. Each magic

memory region logically represents an N-dimensional tensor. This allows for algo-

rithms to be described using high-level operations rather than needing to be adapted

for various different physical representations of the data. For graph algorithms and

other sparse data, this is often especially tedious given the wide range of different
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Figure 1.2: Magic Memory programming model for tracking the triangle count of a
graph. One memory region is described as storing the graph while the other stores
the number of triangles in the graph described by the input region. As stores to the
graph change the structure, the number of triangles in the output magic memory
region is automatically updated.
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data formats that are frequently used depending upon the structure of the sparsity

and the computation to be performed. While in dense arrays, the physical loca-

tion of an element simply depends upon the indices, looking up an element in a

sparse data structure often requires a sequence of data dependent load transactions

as the number and location of other nonzero elements affect the placement of each

element. Furthermore, insertion into sparse data structures often requires not only

displacing the elements surrounding but also updating any and all auxiliary data

structures used to track where the nonzero elements reside. As various arithmetic

operations are performed using these sparse data structures, different sparse formats

are used depending upon the access pattern that is required by the computation and

by certain hardware parameters such as the memory hierarchy, cache size and type

of compute units that are available. As the Magic Memory programming model

describes both the data that lives within a memory region and the computation to

be performed, this complexity can be hidden from the programmers and removes

the need to understand the hardware in order to get good performance and pushes

the responsibility to the runtime.

The model suits applications in which a derived quantity is read far more

often than its inputs change, and in which the cost of maintaining it incrementally is

small relative to recomputing it. Interactive graph analytics is the case developed in

this dissertation. Chapter 5 describes an interactive PageRank in which the graph

structure is hidden from the host behind a dense interface and the rank vector is

recomputed automatically as edges are added and removed.
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1.4 Contributions

The thesis statement of this dissertation is: In memory-centric systems, describing

computation through declarative specifications between memory regions enables ef-

ficient hardware mapping while preserving the flexibility required to develop novel

algorithms.

To substantiate this claim, this work demonstrates how hardware-software

co-design of these memory operations unlocks the acceleration potential of processing-

in-memory architectures. By bridging application-level requirements with underly-

ing hardware constraints, this dissertation makes the following contributions:

• Identifies filter and update operations as key operations that can not only

be mapped to a wide range of PIM architectures but also obtain meaningful

speedup by being performed in memory.

• Demonstrates that filter and update operations can be used effectively in com-

mon iterative optimization algorithms

• Characterizes the trade-off between data movement and iteration count when

using a fraction of the dataset in each iteration

• Establishes that the maintenance of a data structure’s physical representation

can be relocated from the program to the memory system, and identifies the

properties a system must possess for this to be possible: that device memory

be addressable by the host, and that the memory-side logic be general enough

to maintain a structure rather than to apply a fixed operation.

• Shows that a declarative specification carries sufficient information for a sys-

tem to determine what data must move and when, without the program sup-
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plying a schedule. By tracking individual loads and stores to memory, compu-

tation can be performed eagerly or lazily to maintain the appropriate state.

1.5 Thesis Outline

Chapter 2 provides a background on existing processing-in-memory systems and

describes how computation is typically performed on this hardware.

Chapter 3 describes the design of the filter update programming model for

memory-centric systems where there is limited compute capability near memory.

This chapter outlines how the specification of filter and update operations can be

mapped to a high level API and what the compute stack looks like for lowering this

specification to hardware. The details for how these operations can efficiently map

to both current and future PIM hardware is discussed here.

Chapter 4 illustrates how the filter update programming model informs the

algorithm design and the various algorithms that were adapted using the filter up-

date programming model. This is evaluated using two such iterative algorithms in-

cluding gradient descent and a filter-update modified Gauss-Seidel algorithm. Here

both the performance and effect on convergence are evaluated.

In Chapter 5 the Magic Memory programming model is presented for memory-

centric systems where more general purpose computation is available. This chapter

views memory using a spreadsheet-like view and uses a declarative specifications

between regions of memory can be used to describe computation. The utility of this

approach is demonstrated with the abstractions on sparse data structures and eager

versus lazy computation that this enables. A prototype of the Magic Memory pro-

gramming model for an interactive PageRank application on a CPU-FPGA system

is outlined.
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The last chapter discusses the lessons learned from this dissertation and

potential future directions for continuing this work.
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Chapter 2

Background

In this dissertation, a hardware-software co-design approach is taken in order to de-

termine the appropriate specifications to declare upon regions of memory. For this

reason, in order to design for memory-centric systems, a background on existing near

memory hardware like the class of PIM architectures ranging from Processing-Using-

Memory to Processing-Near-Memory is provided first. Then, existing programming

models for targeting these architectures is covered and compared with the approrach

presented here. Following this, a basic description of common iterative optimization

algorithms that will be used later is provided as well. These basic iterative opti-

mization algorithms are used as a starting point for when the programming models

presented in this dissertation are used to target the same problem but leverage PIM

hardware acceleration to alleviate common bottlenecks.

2.1 Types of Processing-In-Memory Architectures

PIM architectures refer to those that integrate computation directly where data

is stored. This reduction in data movement can lead to an improvement in both
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performance and energy consumption. However, the placement of compute units

within the DRAM hierarchy can vary dramatically, with each location imposing a

unique set of constraints. These variations have made it difficult to target these

systems with a single unified programming method. Depending upon where and

how the compute is placed near memory, PIM architectures are commonly classified

into Processing-Using-Memory (PUM) and Processing-Near-Memory (PNM) [41].

2.1.1 Processing-Using-Memory (PUM)

PUM architectures describe PIM architectures where the memory subarray and

peripheral circuitry perform the computation. In DRAM this could be done using

charge sharing on the bitline as seen in (Ambit [32], SIMDRAM [30], etc...). By

performing computation within the DRAM cell array, these architectures can take

advantage of the higher internal bandwidth that is available. In designs such as

Ambit [42], they have been shown to enable bulk bitwise operations in DRAM. This

is done by performing a triple-row activation where it lends itself to a majority of

three operation and naturally leads itself to SIMD computation. While this has been

shown to significantly improve both energy efficiency and operation throughput,

programming this architecture requires both breaking down the computation into

very wide SIMD bitwise operations and ensuring the operands are physically placed

within the same subarray in DRAM.

In SRAM bitline-based computation can also be used to enable processing

using memory. In this, multiple word lines can be asserted at the same time to

implement an AND or NOR operation [43]. Compute caches exploit this logic

at the L3 layer to enable bitwise boolean logic. This logic was later expanded to

support general purpose compute by in the neural cache [44] or the duality cache [45].
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Relative to DRAM, SRAM offers non-destructive reads and lower latency read and

write operations. At the cache level, these operands are also already connected

within the existing coherence protocols. However, the same constraints that affect

DRAM still apply here in terms of needing to control the physical data placement

and the fixed data width of the operands and operations. On top of this, the most

restrictive aspect of this approach remains that the data must be able to fit within

the cache which prevents these approaches from scaling to problem sizes that exceed

the cache capacity.

In ReRAM or PCM devices, analog computation can be added near memory

to enable analog MVM (matrix vector multiplication) using Kirchhoff’s and Ohm’s

laws. When vector elements are supplied to the word lines as supply voltages and

the matrix values are mapped to the ReRAM crossbar, the resulting supply voltages

hold the result of a vector matrix operation as determined by Kirchkoff’s law [46, 47].

These approaches have a number of constraints that make them difficult to

adopt in a hardware agnostic fashion. For those that work by using multiple DRAM

rows, every operation is destructive. This means that operands must perform a row

clone before performing the operation. None of these approaches are able to sup-

port general purpose arithmetic operations. This means that operations such as

multiplication must be emulated using bit-serial steps and sequences of operations.

For bit-serial approaches, the data must be transposed before writing them to mem-

ory. In addition, these approaches require the data and operands to be physically

aligned within memory. This then forces programmers to be aware and control the

physical memory placement. In addition, the SIMD width of these operations is

fixed by the subarray size. Any operations that do not fully make use of this lead

to wasted operations. These approaches are unable to support any control flow and

17



cross column data movement is not possible. For this reason, reductions and gather

scatter operations are not possible.

2.1.2 Processing-Near-Memory (PNM)

PNM architectures add additional compute logic near the DRAM interface. De-

pending upon where this logic is placed, the parallelism that is available and the

compute that can be performed varies. For logic placed closer to the DRAM subar-

ray, more parallelism and higher bandwidth is available at the cost of less capable

compute and less data that is accessible [21]. As compute is moved further away

from the storage technology, these constraints are lessened. This tradeoff between

compute capability and data storage can be seen across the following common PNM

approaches.

Subarray-level bit-serial architectures perform compute at the subarray level

but introduce new hardware near the row buffer that performs basic arithmetic op-

erations on individual bits of data at a time. The data is stored vertically within

a subarray to enable subarray row level parallelism and thus requires a sequence of

bitwise operations in order to perform arithmetic operations for integer or floating-

point data types [48]. This imposes constraints that require programmers to manage

physical data placement and layout, while also introducing new considerations re-

garding the cost of performing complex operations such as integer multiplication

or floating point arithmetic. For other non bit-serial subarray-level PNM architec-

tures [49] where the data layout is horizontal across the row buffer more traditional

SIMD approaches can be used for programming. However, in these cases, the data

width is important in determining the number of elements that can be processed.

For processing units placed at the bank interface, more general purpose com-
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putation can be achieved via bank level parallelism [25, 35]. This type of approach

is used by commercial systems such as UPMEM [35] where a simple in-order RISC

core is placed next to the bank. While more general purpose programs can be writ-

ten for these processing units, the user must still explicitly manage data movement

between the host CPU and the PIM-enabled memory along with managing the ker-

nel launch on the bank-level compute units. Furthermore these approaches remain

restricted in that the compute units next to each bank are unable to communicate

with one another and require utilizing the host CPU to merge partial results or

manage communication between banks.

At the DIMM and rank level, compute logic can be integrated into the buffer-

ing circuitry of conventional memory modules without modifying the DRAM arrays

themselves [50, 51]. PNM systems also include 3D-stacked architectures, which add

a logic layer to layers of vertically integrated DRAM dies [36]. As the compute logic

moves further from the DRAM array, substantially more capable programmable

or reconfigurable compute units can be provided, making these architectures more

programmable using using traditional multicore approaches.

UPMEM. UPMEM [24] is a commercially available Processing-Near-Memory

(PNM) architecture that serves as the primary hardware target for the program-

ming model proposed in this work. As illustrated in Figure 2.1, an UPMEM module

complies with the standard DDR4-2400 DIMM form factor. However, conventional

DRAM dies are replaced by PIM-enabled dies. Each DIMM contains up to two

ranks, where each rank has 8 PIM chips. As each chip has 8 DRAM Processing

Units (DPUs), there are 64 DPUs per rank and 128 per DIMM.

Each DPU exclusively manages a 64 MB DRAM bank known as Main RAM

(MRAM). In addition to MRAM, the DPU contains a 24 KB SRAM block for in-

19



Figure 2.1: UPMEM PIM System. UPMEM PIM-enabled memory resides in a
separate DDR4 channel from the host memory. Each PIM chip has 8 DRAM Pro-
cessing Units (DPUs). Within each DPU is a RISC core that has both instruction
RAM and working RAM (for staging data) and a DMA engine for copying data to
and from the main DRAM bank.

struction memory (IRAM), and a 64 KB SRAM block for working memory (WRAM).

While the host CPU can directly access the MRAM to transfer data to and from

traditional host memory, it cannot access the WRAM or IRAM. Instead, WRAM

serves as a local, single-cycle scratchpad for the DPU. Before the DPU can compute

on any data, the data must be explicitly moved from MRAM to WRAM via DMA

transfers. Furthermore, the IRAM’s 24 KB capacity strictly caps the size of com-

piled computational kernels to 4,096 instructions, inherently limiting the complexity

of algorithms that can be offloaded.

The DPU itself is a multithreaded, 32-bit, in-order RISC core that operates

at a frequency of 350 MHz and has a 14-stage pipeline. However, because only the

final three stages can execute in parallel, consecutive instructions from the same

thread must be dispatched 11 cycles apart. To circumvent these pipeline stalls and

saturate the core’s throughput, the hardware supports fine-grained multithreading

(up to 24 hardware tasklets). Consequently, at least 11 active threads are required

to maintain maximum pipeline utilization [52].

The UPMEM instruction set architecture natively supports single-cycle 32-
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bit integer addition and subtraction, but lacks dedicated hardware units for complex

arithmetic. As a result, integer multiplication, integer division, and all floating-point

operations require software emulation. Finally, the architecture entirely foregoes

direct hardware communication between DPUs. Any inter-DPU coordination, such

as reductions or global synchronizations, must be explicitly orchestrated by the

host CPU via MRAM transfers. These arithmetic and communication constraints

highlight the necessity of higher level programming models.

2.2 Programming Models for PIM Architectures

Programming models for these architectures can be distinguished by what the in-

terface enables. At one end, the programmer directly targets the physical hardware.

Here they remain responsible for the data transfer to processing units, breaking

down the computation for these units and organizing the data to fit within the ap-

propriate physical locations in memory. At the other end, the programmer names

an operation and the system manages everything that happens below this. While

most prior work exists on this end, approaches differ in terms of which operations

are named.

2.2.1 Accelerator Programming Model

The programming model for many PIM architectures mirrors the discrete accelera-

tor model from GPU programming in CUDA and OpenCL [53, 54]. In this model,

computation is split between a host binary which orchestrates the work and a sep-

arate device binary for performing the computation. Here, the host and device do

not share an address space and communicate through explicit data transfers across

a bus.
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Under this model, the host processor acts as the sole sequencer in the system.

Rather than automating data orchestration, the model forces the programmer to

explicitly manage the pipeline. As illustrated in the host and device routines of

Figure 2.2, the programmer must write directives for:

• Dividing the input across the available processing units and determining the

static memory layout of each partition.

• Managing the mechanics of the memory interface, which often requires padding

partitions of unequal size and de-interleaving host data before it is usable by

an individual unit.

• Loading compiled device binaries onto the units and manually triggering exe-

cution.

• Retrieving partial results from the isolated processing units and combining

them on the host.

In this programming model the hardware capabilities are directly exposed to

the programmer which then forces them to be responsible for both leveraging the

capabilities but also managing the limitations. In systems like UPMEM without

a cache hierarchy, the movement of data between a unit’s local DRAM and its

scratchpad is itself part of the program. The programmer must explicitly size tiles

against a scratchpad measured in tens of kilobytes and manage the latency hiding

of these copies. However, UPMEM systems are constrained by the IRAM capacity

which limits the size of the compiled kernel. This makes more complex algorithms

difficult to express easily and can require the programmer to either reload new

binaries between phases or fuse them into a single, heavily branched kernel to fit

within the memory limits [55, 56].
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1 /* host */
2 dpu_alloc (NR_DPUS , NULL , &set);
3 dpu_load (set , " kernel ", NULL);
4
5 partition (A, parts , NR_DPUS );
6 pad_to_max (parts , NR_DPUS );
7
8 i = 0;
9 DPU_FOREACH (set , dpu , i)

10 dpu_prepare_xfer (dpu , parts [i]. buf)
;

11 dpu_push_xfer (set , DPU_XFER_TO_DPU ,
12 " mram_in ", 0, sz ,

DEFAULT );
13
14 dpu_launch (set , DPU_SYNCHRONOUS );
15
16 DPU_FOREACH (set , dpu , i)
17 dpu_prepare_xfer (dpu , res[i]);
18 dpu_push_xfer (set , DPU_XFER_FROM_DPU ,
19 " mram_out ", 0, rsz ,

DEFAULT );
20
21 norm = reduce (res , NR_DPUS );

1 /* device */
2 __mram_noinit uint8_t mram_in [SZ ];
3 __mram_noinit uint8_t mram_out [RSZ ];
4
5 int main(void) {
6 unsigned t = me ();
7 if (t == 0) mem_reset ();
8 barrier_wait (& bar);
9

10 T *tile = mem_alloc (TILE);
11 for (o = t*TILE; o < SZ; o += NT*

TILE) {
12 mram_read (& mram_in [o], tile , TILE

);
13 compute (tile);
14 mram_write (tile , & mram_out [o],

TILE);
15 }
16 barrier_wait (& bar);
17 return 0;
18 }

Figure 2.2: The accelerator model in outline. The host partitions, pads, transfers,
launches, gathers, and reduces; the device kernel stages tiles between its local DRAM
and scratchpad by hand. Every data-movement decision in both listings is written
by the programmer.

As illustrated in Figure 2.2, the code snippet exposes the split between the

host and device program for the UPMEM system. On the host side, the program

acquires hardware contexts (dpu_alloc), manually partitions and pads the dataset to

satisfy parallel memory interfaces, orchestrates explicit bidirectional DMA transfers

(dpu_push_xfer), and then performs the final global reduction on the CPU because

the individual processing units cannot communicate with one another. On the device

side, the absence of a conventional hardware cache forces the programmer to manage

the memory hierarchy by hand. The device kernel must manually allocate a fixed-

size scratchpad buffer (mem_alloc(TILE)) and construct a precise loop to stage

data between the local DRAM and the compute core using explicit blocking reads

and writes (mram_read and mram_write). From this, it is clear how the program
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must be written in a manner that is aware of the hardware in the system and

that manually handles the data orchestration to perform the correct computation

efficiently.

Aside from UPMEM, other PIM systems also provide this accelerator pro-

gramming model. For the SK Hynix Accelerator-in-Memory (AiM) [57], the key

operation for leveraging this architecture is a matrix vector multiplication opera-

tion. In order to directly leverage this, programmers must familiarize themselves

with 4 bank activation commands, 7 compute commands, and 7 data commands

along with setting the mode register appropriately. As this hardware is dedicated

for matrix vector multiplication, these commands differ dramatically from the UP-

MEM system and utilizing this hardware would require familiarizing oneself with the

microarchitectural details of the system. However, as discussed in the next section,

these operations are available using a library-based programming model.

The accelerator programming model enables the programmer fine grained

control over the system to fully utilize the hardware. However, by exposing low-

level hardware details, this model is difficult for non-hardware experts to efficiently

leverage this model to target their own applications. The programmer is given DMA

calls, kernel loads, and a static assignment of data to units, but no construct with

which to express a policy for orchestrating them. Writing a fast program under

this model is requires manual, input-dependent co-design of the partitioning, the

tiling, the phase structure, and the host-device interaction, and because each vendor

supplies its own toolchain and its own transfer primitives, that effort transfers poorly

from one PIM target to the next.
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2.2.2 Library Model

On the other end, some PIM programming models target no code modification at all.

The library model achieves this by hiding the PIM software stack entirely behind

traditional, widely adopted domain-specific APIs. Beneath the library frontend,

there exists a set of custom, highly optimized microkernels designed specifically for

the target PIM hardware.

This approach has gained significant traction in the machine learning do-

main. For example, Samsung’s HBM-PIM integrates its software stack directly

into frameworks like PyTorch and TensorFlow [33]. The PIM runtime consists of a

preprocessor, memory manager, and executor. The preprocessor analyzes the ap-

plication’s computational graph and identifies specific operations—such as vector

addition or matrix multiplication—that are suitable for PIM acceleration. When

these operations are identified, the memory manager maps the operands to the PIM

memory space, and the PIM executor seamlessly configures and invokes the pre-

compiled microkernel. Also as discussed in the previous section, SK Hynix’s AiM

architecture is also available as an extension to PyTorch for machine learning appli-

cations which then enables mapping certain memory-bound DNN operations to the

AiM system [57].

Similar library-driven approaches have been explored for sparse linear alge-

bra and graph processing. Frameworks like GraphPIM [58] intercept standard graph

API calls and offload memory-bound atomic operations to PIM instructions, while

PIM-enabled BLAS libraries (Basic Linear Algebra Subprograms) allow legacy sci-

entific applications to benefit from near-memory acceleration simply by dynamically

linking to a PIM-aware mathematical backend [59].

However, this abstraction is limited in terms of expressiveness and flexibility.
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The library model treats these operations as a black box. If an algorithm relies

on a computational pattern or a composite operation that has not been explicitly

implemented by the library developers, the runtime cannot accelerate it. The li-

brary model trades off usability for strict constraint on expressible applications. To

enable domain experts to leverage memory-centric hardware for novel algorithms,

a programming model should provide a middle ground. The abstraction should be

high-level enough to hide explicit hardware orchestration, yet expressive enough to

dynamically support arbitrary, user-defined operations over regions of memory.

2.2.3 Summary

In summary, the existing programming methods for Processing-In-Memory archi-

tectures expose a fundamental tension between expressiveness and abstraction. The

accelerator model and the library model demonstrate the two ends of this spectrum

but neither is sufficient for general-purpose algorithmic research on memory-centric

systems.

The accelerator model where the hardware is programmed directly provides

the most flexibility by enabling general-purpose computation by exposing the bare-

metal hardware to the programmer. However, this approach fails to provide any

abstraction and the programmer is forced to act as the system orchestrator. This

means the programmer must explicitly manage memory partitioning, data move-

ment between the host CPU and PIM-enabled memory, and manage communica-

tion between isolated banks of memory. Consequently, algorithms become tightly

coupled to the microarchitecture of a specific vendor’s hardware and tools which

prevents portability and places a large engineering burden on domain experts.

Conversely, the library model swings to the opposite extreme, providing ab-
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straction without flexibility. While it allows programmers to easily leverage PIM

acceleration through familiar frameworks without managing hardware specifics, it

restricts them entirely to a rigid, pre-defined set of supported operations. When

a novel algorithm or a custom mathematical operation falls outside this supported

set, the programmer is left completely unable to use PIM acceleration even if the

operations described can be performed by the accelerator.

Ideally, new layers of abstraction must be introduced to decouple arbitrary

algorithm descriptions from their hardware implementations. Rather than forcing

the programmer to write manual data-movement schedules or trapping them in

rigid libraries, a memory-centric programming model should allow developers to

declaratively specify the computation to be performed over regions of memory. By

doing so, the system itself can dynamically manage the placement and movement

of data based on the underlying hardware constraints.

To design and evaluate such a declarative model, it is necessary to first un-

derstand the algorithmic targets that stand to benefit most from near-memory accel-

eration. Because PIM systems are uniquely positioned to alleviate data-movement

bottlenecks, memory-bandwidth-bound iterative algorithms serve as ideal candi-

dates. The following section introduces sparse linear solvers which are a class of

algorithms deeply bottlenecked by memory bandwidth. These algorithms which will

serve as the primary workloads for evaluating the programming models proposed in

this dissertation.

2.3 Sparse Linear Solvers

In this dissertation, the focus remains on sparse linear solvers given the prevalance

in many modern applications. This class of applications possess a wide range of
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approaches but this work focuses on adapting some of the more common approaches.

However, in order to follow this later on, some requisite background is needed on

solvers in this space.

Solving a system of linear equations can be represented by the formula Ax =

b where

A =



a11 a12 · · · a1n

a21 a22 · · · a2n

...
... . . . ...

an1 an2 · · · ann


, x =



x1

x2
...

xn


, b =



b1

b2
...

bn


and A and b are known and x is the variable that is being solved for. This for-

mulation arises in a wide range of domains. In structural mechanics, discretizing

a solid creates a stiffness matrix which naturally leads to sparsity as elements only

interact with their neighbors. In PDE simulations, a common reference is HPCG

(high performance conjugate gradient), which solves a poisson equation on a regular

3D grid. In these applications the A matrix is often sparse and could scale to be

extremely large. Here the dimensions could be on the order of millions of elements.

Solving this formula can be done using various types of iterative methods.

These iterative methods vary in terms of the convergence rate and the the types of

matrices that they are best fit for. For these approaches an initial guess of x(0) is

often used and x(k) is used to denote the k-th approximation of x. Convergence is

often defined by the changes being made per iteration being below some tolerance

or a sufficiently small residual where the residual, r, is defined by r =
∥∥∥∥b−Ax

∥∥∥∥.

Next, a few basic approaches for solving these linear systems are described.

Understanding these approaches is necessary in order to understand how these ap-

proaches can be co-designed with the hardware constraints as described later in
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Section 4.3.

2.3.1 Jacobi Iteration Method

The Jacobi method is an iterative algorithm that can determine the solution for

a strictly diagonally dominant system of linear equations. In each iteration, the

diagonal element is solved for and the appropriate value is plugged in. Using matrix

form, the matrix A is decomposed into A = D + L + U where

D =



a11 0 · · · 0

0 a22 · · · 0
...

... . . . ...

0 0 · · · ann


, L =



0 0 · · · 0

a21 0 · · · 0
...

... . . . ...

an1 an2 · · · 0


, U =



0 a12 · · · a1n

0 0 · · · a2n

...
... . . . ...

0 0 · · · 0


.

The solution is then obtained iteratively with

x(k+1) = D−1(b− (L + U)x(k))

or per element this is

x
(k+1)
i = 1

aii
(bi −

∑
j ̸=i

aijx
(k)
j )

Here, convergence is determined by the spectral radius, ρ, of the iteration

matrix where iteration matrix is J = D−1(L + U). As different types of iterative

methods are used later, this property will be important in order to aid convergence.

This computational pattern lends Jacobi to be embarrassingly parallel as each

output element can be computed as an independent operation. However, parallelism

and data movement are important to enable PIM adoption. While this algorithm
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requires no interbank communication to compute an output, this operation still

requires streaming the entire matrix during every sweep. When A is sparse, the

data movement per iteration is now d = 4(n + 1) + 4∗nnz + 8∗nnz + 3∗8∗n where

d represents the data movement per iteration in bytes, n is the dimension size of the

matrix and nnz is the number of nonzeros in the A matrix. Here, the bandwidth

bottleneck is not addressed by naively mapping this application to PIM hardware.

2.3.2 Gauss-Seidel

Gauss-Seidel is another common iterative method that is used to solve a system of

linear equations. This method is only guaranteed to converge if the matrix is either

strictly diagonally dominant or symmetric positive definite. For this method, the A

matrix is decomposed as A = L + U where

L =



a11 0 · · · 0

a21 a22 · · · 0
...

... . . . ...

an1 an2 · · · ann


, U =



0 a12 · · · a1n

0 0 · · · a2n

...
... . . . ...

0 0 · · · 0


and per iteration the update is computed via:

xk+1 = L−1(b−Ux(k))

which leads to the following computation per iteration:

x
(k+1)
i = 1

aii
(bi −

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j )

Computationally, this method is similar to the Jacobi method but with the

distinction that the computation of x(k+1) uses elements of x(k+1) that have already
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been computed. This long dependent chain of operations thus makes this approach

more difficult to parallelize. Here the iteration matrix is given by M−1N which

leads to difference convergence rates for this approach versus Jacobi iteration.

2.3.3 Successive Over-Relaxation

This method is a variant of Gauss-Seidel that introduces a constant ω which serves

as the relaxation factor. This constant is used to enable faster convergence and can

be used for any slowly converging iterative process. In matrix form, A is decomposed

into A = D + L + U again and now the iteration in matrix form is as follows:

xk+1 = (1− ω)x(k)
i + ωD−1(b− Lx(k+1) −Ux(k))

The new element-wise update formula is now:

x
(k+1)
i = (1− ω)x(k)

i + ω

aii
(bi −

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j )

In order for this method to converge for any initial guess, the relaxation

factor must fall within the range 0 < ω < 2 based on Kahan’s theorem [60]. Then

if these criteria are met, if the matrix A is symmetric and positive definite then

this approach is guaranteed to converge by the Ostrowski-Reich theorem [61]. As

the Filter-Update programming model introduced in the next section modifies the

iteration matrix in each of these iterative solvers, this technique of introducing

a constant ω is essential to achieve convergence within a comparable number of

iterations.
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2.4 Summary

The iterative solvers discussed in this chapter are fundamentally bottlenecked in

modern applications by the amount of data movement that is required. As domain

scientists continue scale their applications to solve larger sparse linear systems, the

requirement to stream the entire matrix and solution vector across the memory bus

in every iteration becomes prohibitively expensive. For this reason, moving some

computation to near memory hardware to eliminate or reduce the data movement

required serves as a promising solution. However, for domain experts to both de-

velop new approaches for solving these systems and leverage this new hardware,

a programming model that allows developers to reason against higher level opera-

tions without managing underlying microarchitectural complexities is needed. Here

the thesis is that a declarative specification of high level operations that can be

efficiently mapped to near memory hardware described upon regions of memory is

the appropriate level of abstraction. As the following chapters will demonstrate,

a specification on regions of memory provides the system sufficient information to

efficiently map computation to near-memory hardware and grants programmers the

flexibility to develop new data-movement efficient algorithms that leverage these

operations.
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Chapter 3

Filter Update Programming

Model

This chapter provides an overview of the Filter Update programming model from the

specification of the computation down to the hardware. This chapter illustrates both

the API for the programming model and the compute stack necessary for lowering

these operations to potential hardware targets in memory-centric systems. The de-

tails for how filter and update operations are run on near memory hardware and the

corresponding performance on real PIM hardware is demonstrated here. Further-

more, future potential PIM architectures that support filter and update operations

are outlined.

3.1 Filter-Update Overview

For memory-centric systems where near memory computation has limited compu-

tation ability, filter and update serve as two key operations for both performing

useful computation that can be done on the algorithm side and being types of com-
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putation that can benefit from near memory computation. While the algorithmic

requirements will be discussed in Chapter 4, the design of the programming model

is highlighted here.

The filter operation maps a predicate to near memory hardware. This pred-

icate determines whether an element is to be transferred to the host. Following this

the output of this operation is in either one of two formats. One possible format is

only the indices of the elements that survived are transferred to the host while the

other is both the indices and filtered value are transferred. How this computation

is mapped to the near memory hardware present in the system is thus not exposed

to the programmer. Actual hardware is targeted by lowering these high level oper-

ations through the filter update compute stack discussed in the next section. Here

the abstraction focuses upon data within a region of memory. The information that

is exposed about this region is the data type, number of elements and each element

resides at a certain index (that is less than the number of elements and nonnegative)

within the region of memory. For the large datasets that this operation is designed

for, the cost of this operation depends upon the data that is selected rather than

the size of the entire dataset. Here the bottleneck remains the memory bandwidth

as the arithmetic operations remain inexpensive and near memory, higher internal

bandwidths can be achieved than when compared to the bus between CPU and

DRAM. This result is highlighted further later in Section 3.3.1.

The update operation accumulates the data which is passed in using a co-

ordinate list with the data within a given memory region. As each element in a

memory region has a data type and every element has a corresponding index, the

indices of the data that are passed in are used to align the data with the appro-

priate element within the memory region. The operator that is specified is used to
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Figure 3.1: Illustration of data movement in the filter-update programming model.
PIM-enabled memory is used to evaluate basic filter and update operations while
the traditional host CPU is used to perform more complex arithmetic operations
which do not work well in memory like multiplication and floating point arithmetic.

accumulate the value with the resident data in the form a = a
⊕

b where b is the

value that is passed in. The valid operations here are technically dependent upon

the system, the operation as specified does not necessarily map directly to a single

instruction or operation in near memory hardware. One such example of this is

highlighted later as floating point subtraction is performed on hardware that does

not natively support floating point operations.

While taken in isolation these operations do not appear to do very much,

however the key insight here is that the complex arithmetic operations common in

many of these iterative algorithms cannot be efficiently mapped to this near memory

hardware. Scientific applications typically require floating point arithmetic along

with multiplication and division operations. While these are standard mathematical

operations, they are difficult to implement in hardware and thus are uncommon in

many PIM architectures. For compute that is placed near memory, tight area and

power constraints prevent adding any large arithmetic logic units (ALU) or floating
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point units (FPU). For this reason, this programming model prescribes that these

operations remain on the host CPU. As illustrated in Figure 3.1, the PIM enabled

memory is only used to perform these two operations. Each iteration begins with

a filter in memory which leads to a coordinate list that is sent to the host. The

host then computes the correction without restrictions on multiplication or floating

point operations. Then the update with the coordinate list is issued and the memory

accumulates these values. Following this the cycle repeats. Here the improvement in

performance and energy comes from reducing the amount of data that is transferred

across the memory bus. By performing the filter operation in memory, an important

subset of the data can be selected and can thus compute an update that is more

significant compared to randomly selected subsets or smaller contiguous blocks from

memory. This difference is illustrated in Chapter 4 where filter-update modified

approaches are evaluated.

In order to map these operations to PIM hardware a compute stack must be

developed. This enables programmers to utilize a high-level API while the compu-

tation is lowered down to the actual hardware targets present in the system. The

design of the filter update API and compute stack are described in the next section.

3.2 Filter Update Programming Model Compute Stack

To effectively program novel PIM architectures, a compute stack must be designed

to bridge the semantic gap between high-level algorithmic intent and low-level hard-

ware constraints. As established with the accelerator programming model, directly

programming capability-limited near-memory hardware forces the developer to man-

ually orchestra data partitioning and alignment along with invoking the kernel ap-

propriately. This creates hardware-specific implementations that prevent domain
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Figure 3.2: PIM Compute Stack

experts from easily exploring new numerical methods.

To manage this complexity, the filter-update programming model utilizes a

compute stack as seen in Figure 3.2 to systematically lower the computation from

the mathematical algorithm design down to the physical execution on the hardware.

At the highest level, iterative numerical methods and optimization algorithms are

formulated using foundational mathematics. Here, the focus is purely on data anal-

ysis and convergence properties. Following this, a domain-specific language is used

to provide a high-level abstraction for domain scientists to express the program.

Here, the Memory Query Language (MQL), inspired by database queries is intro-

duced. Like database queries which are agnostic to how the data are physically

stored, MQL allows for a declarative programming paradigm to allow users to de-

scribe computation upon logical regions of memory. To transition from a hardware

agnostic specification to an executable, MQL is lowered to the MQL Hardware Ab-

straction Layer (MQL-HAL) which acts as a virtual set of instructions for targeting
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an arbitrary, abstract PIM device that exposes the key in-memory compute oper-

ations. Finally, the MQL-HAL is lowered to the system software that is actually

present in the system. This could range from a PIM simulation framework to the

vendor-specific runtime and drivers necessary for executing the filter and update

operations on PIM hardware.

As Chapter 4 focuses in depth on how algorithms can be designed for the

Filter-Update model, the next section focuses on the next level of the PIM compute

stack, the Memory Query Language (MQL).

3.2.1 Memory Query Language (MQL)

To ensure portability across different PIM devices, the Memory Query Language

(MQL) isolates the application description from the low-level data representation

and computation details. Inspired by SQL, MQL utilizes a declarative programming

model where users select regions of memory (instead of tables) and describe the

computation to be performed on the data at those addresses. The system captures

these semantics in an abstract syntax tree, which can then be used to target a

code generation system like SPIRAL [62] to generate instructions for a specific PIM

architecture.

While PIM systems allow bandwidth-limited algorithms to exploit high in-

ternal DRAM bandwidth, a method is needed to efficiently handle the sparse results

that must be read or written by the CPU. MQL solves this by introducing two op-

erations: filter, which outputs sparse data from a dense region, and update, which

applies a sparse input to a dense region.

Filter Operation. As illustrated in Figure 3.3 the filter operation can view

a region of memory as similar to that of a table. This table has two attributes, the
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Figure 3.3: Equivalent SQL query for a filter operation.

index of the location of each element and the value at that location. This operation

is then equivalent to that of a filter predicate from database applications. Every

element within a region of memory is scanned and the predicate that is passed in

determines whether the element is included. What the predicate is able to reference

here is dependent upon the near memory hardware. For unary predicates (e.g.:

x > τ), this maps well to even basic bit-serial architectures as this results from a

simple comparison against a constant value that is passed in. Binary predicates (e.g.

x[i] > y[i]) or predicates that require values from other regions of memory or are

dependent upon other values within the same region of memory are not permitted.

This is due to the physical placement and split of a "memory region" across multi-

ple processing units when in near memory computation. As such, communication

between processing units is often expensive or not possible as described in the dis-

cussion on PIM architectures in Chater 2. Conjunctions or ranges (e.g. τ1 < x < τ2)

are possible as this is only requires one additional constant and comparison oper-

ation when compared to the unary operation. Predicates that involve arithmetic

on the element (e.g. αx > τ) are generally not allowed as multiplication cannot

be performed efficiently on many PIM architectures. Lastly, predicates that involve
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Figure 3.4: Equivalent SQL query for an update operation

global state, like top k% of elements or the largest element, are not possible as this

requires state from across all elements within a memory region. For algorithms like

Gauss-Southwell [39], this is the traditional approach for selecting the subset of el-

ements to use within an iteration, However, as shown Chapter 4, these approaches

can be adapted to use filter operations that are more amenable to near memory

acceleration.

Update Operation. The corresponding SQL query for an update operation

can be seen in Figure 3.4. When compared to traditional operations in database

applications, it is similar to that of group-by aggregation. The region of memory

is still viewed as a table with an index and value and now the grouping key is

done by index and the aggregate function is the operator that is passed in. Here the

operation is simpler than the database equivalent as the number of indices is already

known thanks to the fixed size of the memory region and each element will only be

accumulated with one other input. The operator here is once again dependent upon

the hardware. Most PIM hardware can perform some basic integer add operation or

other binary operators which can be used as the accumulation operator. Maximum

or minimum operations are also relatively cheap to implement near memory as this

only requires a single comparison operation (which has already been established

40



from the filter operations). Here, each index appears at most one time for a valid

input to the sparse input to the update operation. For this reason and as the update

vector is always used as the second operand, operations like integer or floating point

subtraction are also valid. While integer addition operations are straightforward

in many near memory architectures, floating point is not necessarily a given. How

floating point addition and subtraction can actually be performed in near memory

hardware is described later as this high level operation is lowered to hardware.

3.2.2 MQL Hardware Abstraction Layer

To achieve good performance, high-level MQL commands are implemented through

the Memory Query Language Hardware Abstraction Layer (MQL-HAL). MQL-HAL

targets an abstract PIM device, exposing pertinent hardware details to the program.

In addition to filter and update operations, this layer introduces an API for pro-

moting and demoting data to PIM-enabled memory. In Listing 3.1, an example

MQL-HAL program can be seen for a modified gradient descent algorithm. This

listing demonstrates how the filter and update operations target an abstract PIM

device while the rest of the computation on the host side is simply able to uti-

lize the sparse output and input from these operations to perform the appropriate

computation on the host CPU.

Table 3.1: Filter predicates provided by the hardware abstraction layer.

Predicate Condition

GREATER_THAN x > τ

LESS_THAN x < τ

ABS_GREATER_THAN |x| > τ

USER_DEFINED Supplied by the programmer.

At the MQL-HAL level, the filter and update operations require specific pa-
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1 CSR filtered_grad , filtered_grad_update ; // Host side CSR struct
2 for (int iter = 0; iter < N_ITERATIONS ; iter ++) {
3

4 filtered_grad = pimFilter ( gradient_pim , ABS_GREATER_THAN ,
THRESHOLD_VAL );

5

6 // Host side update computation
7 filtered_grad_update .nnz = filtered_grad .nnz;
8 filtered_grad_update .keys = filtered_grad .keys;
9 filtered_grad_update . values = ( GD_Precision *) malloc ( filtered_grad .

nnz * sizeof ( GD_Precision ));
10 for (int i = 0; i < filtered_grad .nnz; i++) {
11 filtered_grad . values [i] *= LR;
12 filtered_grad_update . values [i] = filtered_grad . values [i] *

gd_coeffs [ filtered_grad .keys[i]];
13 }
14

15 pimUpdate (x_pim , filtered_grad , SUB);
16

17 pimUpdate ( gradient_pim , filtered_grad_update , SUB);
18

19 free( filtered_grad_update . values );
20 }

Listing 3.1: MQL-HAL program for filter-update modified gradient descent.
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rameters, such as the size of the memory region, to expose the necessary hardware

details. The filter operation applies a predicate to each element in a PIM mem-

ory region, outputting those that satisfy the condition in a sparse data structure.

Common operations (e.g. greater than, less than, equals) are provided as built-in

functions, but user-provided functions could be passed in using a library that serves

as a specification for the computation to be performed in PIM. This filter operation

takes in the following arguments:

1. A target PIM memory region

2. A sparse data structure that defines the output format, e.g. index-only, index

and data, and compressed sparse row (CSR).

3. A predicate in the form of a stateless function that takes in a single value from

a memory address as input.

The list of valid filter predicates can be seen in Table 3.1. While these

demonstrate a few common operations that map well to most PIM architectures,

they are not necessarily an exhaustive list. For this reason, a user defined predicate

is still able to be supplied for PIM architectures that have different capabilities.

The update operation modifies values in PIM-enabled memory by applying

a sparse data structure. The elements of the sparse input are matched to the cor-

responding dense PIM memory region by their index. In the sparse data structure,

the index of each piece of data is passed in where as in the dense data structure the

index is determined based on the position of the data in memory. This process is

defined by:

1. A target PIM memory region
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2. A sparse input data structure

3. A binary update function that takes an element from the sparse data structure

and a corresponding element from the dense PIM memory region to produce

an output.

Like the filter operation, the update operation can use both built-in functions

and user-provided functions to define the update function as seen in Table 3.2. While

the user defined operator provides some room for flexibility, it is important to note

that the update operation must remain computationally inexpensive in order for the

update operation to be used effectively. Without dedicated support in hardware,

using operators like multiplication or division should not be performed.

Table 3.2: Update operators provided by the hardware abstraction layer.

Operator Function

ADD a← a + b

SUB a← a− b

REPLACE a← b

USER_DEFINED Supplied by the programmer.

Beyond the filter and update operations, this level possesses more common

operations for managing data movement to PIM-enabled memory and using PIM

hardware. The full set of operations can be seen in Table 3.3. Here we have oper-

ations for abstracting device specific function calls for initializing and deinitializing

PIM hardware along with operations for PIM memory allocation. At this level, PIM-

enabled memory is not treated the same as host memory due to the constraints of

many systems. For this reason, there are specific memory allocation functions for

using PIM memory along with functions for copying data to and from PIM enabled

memory.
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Table 3.3: Operations provided at the hardware abstraction layer. Bracketed argu-
ments are optional.

Operation Arguments Description

Initialization
init_pim [n] Initializes the PIM backend and reserves the

processing units to be used.
shutdown_pim — Releases the processing units and any re-

maining device allocations.
Region management
pimAlloc num, data_type Allocates a region of num elements of type

data_type in PIM-enabled memory.
promote2PIM mem, num,

data_type
Places the host array mem, holding num ele-
ments of type data_type, into PIM-enabled
memory, returning a PIMRegion that refers
to it.

pimCopy2Host region Copies the contents of region back to its
host-accessible memory.

pimFree region Releases region and its device allocation.
Computation
pimFilter dest, type,

threshold,
[max_updates],
[start_idx],
[keys_only],
[end_idx]

Evaluates the predicate type against
threshold over dest and returns the
elements that satisfy it as a coordinate
list. The scan may be bounded to the
subrange [start_idx, end_idx), capped at
max_updates results, and, with keys_only,
restricted to indices alone.

pimUpdate dest, csr, type Accumulates the coordinate list csr into
dest, aligning each incoming value with the
resident element at its index and combining
the two with the operator type.

MQL-HAL is then further lowered to a PIM API which compiles to target

certain PIM architectures. For user-provided functions, tools like LibraryX [63] can

perform semantic capture and generate a dataflow graph of the computation. This

representation can then be used by the SPIRAL [62] code generation system for

analysis and optimization. For supporting new PIM architectures, this low-level

API simply needs to be reimplemented using the new PIM target’s ISA.
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3.2.3 System Software and Runtime

Below the Hardware Abstraction Layer (MQL-HAL), the system software and run-

time are responsible for lowering abstract data structures and operations into device-

specific API calls. While the MQL-HAL exposes generic memory regions and com-

putation types (like filter and update), the runtime translates these into the exact

microarchitectural instructions required by the underlying hardware. This layer is

where the vendor-specific and device specific operations now lie.

While this level of abstraction differs depending upon the system there are a

few operations that remain common. One of these is that the runtime is responsible

for managing physical memory allocation in PIM-enabled memory. When the MQL-

HAL allocates a PIM-enabled region, the runtime translates this request into device-

specific initialization calls. On the UPMEM system, instead of the programmer

explicitly allocating hardware contexts (e.g., calling dpu_alloc to reserve a set of

DRAM Processing Units (DPUs)), the runtime evaluates the available hardware and

provisions the device. It handles the subsequent memory allocation and deallocation

routines mapping logical memory regions to physical addresses on the device (such

as UPMEM’s MRAM) and ensures that data transferred from the host is correctly

interleaved or formatted for the target architecture.

Focusing further on what this looks like for the UPMEM system, when a

dense vector is allocated, the runtime distributes the memory region across the

processing units reserved when the device is initialized. Rather than forcing the

programmer to manually calculate tile sizes and pad data structures, the runtime

automatically divides the memory region into equally sized contiguous chunks. For

example, a vector of size N distributed across D active DPUs will be partitioned

into chunks of size ⌈N/D⌉. The runtime is also responsible for orchestrating the
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execution of the filter and update operations. A single device binary is loaded

when the system is initialized and is capable of performing each operation described

by the filter update model. When an operation like pimFilter or pimUpdate is

invoked, tasks corresponding to the operation carrying the function arguments (e.g.

predicate and threshold or data to accumulate) is dispatched and then launched on

the DPUs. The details of how this computation is performed on the hardware are

described later in Section 3.3.1

3.2.4 Filter Update Operations on PIM Architectures without Float-

ing Point Support

As PIM hardware is heavily constrained in terms of the area and power constraints of

the logic that can be placed in memory, these compute units frequently lack support

for floating point or double precision computation. On the UPMEM architecture,

DPUs do not have a floating point unit and possess no native integer multiplication

or division instructions either [64]. These operations are compiled into a shift and

add algorithm where an operand is broken down into powers of 2 and then left

bit shifting and addition is used to perform the appropriate operations. However,

as floating point computation is essential for many scientific applications, a new

approach must be taken in order to utilize PIM hardware for these algorithms.

In soft float [65] floating point number representations are split into the mantissa

and exponent bits. For 64-bit doubles the 53 bit mantissa is stored in a two’s

complement representation in a 64 bit integer and the 11 bit exponent is stored in a

16 bit integer. Following this double precision computation can be performed using

integer hardware using bitwise operations. The extra bits in the 64 bit integer that

is used to store the mantissa provide the headroom to defer the rounding mode logic
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until necessary. This split between exponent and mantissa into separate integers is

leveraged further for filter and update operations on the UPMEM architecture.

As opposed to other floating point formats and implementations on integer

hardware, this approach is co-designed with the PIM hardware in mind. While

block floating point formats such as NVIDIA’s NVFP4 [66] can share the exponent

bits across elements, this however ties together neighboring elements that may vary

by many orders of magnitude. In addition, the representation would prevent the

filter operation from being able to reduce the data that needs to be read by only

looking at the exponent bits. The details of how this is performed on commercial

PIM hardware are described in Section 3.3.1

3.3 Target Hardware

Modern PIM architectures are programmed in a manner that forces application

developers to be aware of the PIM hardware. This largely stems from the fact that

depending upon where in memory the compute unit is placed (rank level, bank level,

subarray level) greatly changes the types of instructions the programmer is allowed

to use.

3.3.1 UPMEM

As introduced in Chapter 2, UPMEM is a PNM architecture where the compute

units are placed at the bank level.

The filter update programming model enables leveraging hardware that pre-

viously did not seem possible. UPMEM compute units do not have native float-

ing point support which ostensibly makes mapping scientific applications to this

hardware seem infeasible. However, for basic filter and update operations, bitwise
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transformations as seen in soft float can be used to efficiently perform floating point

arithmetic on hardware without native integer support.

In order to enable using the UPMEM hardware for various vectors that need

to be filtered, the MRAM is statically split into 64 slots. Each of these slots is able to

accommodate a PIMRegion which can be an operand for a filter or update function.

This static mapping avoids the need for any dynamic allocation or operating system

as the DPU possesses neither. Within a slot the data is split across DPUs such that

each DPU has the elements [i ∗m, (i + 1) ∗m) where i is the DPU index and m is

n/D where n is the size of the vector and D is the number of DPUs. When using

software emulated floating point, each data element (64 bit float) is split into a 16

bit exponent and 64 bit mantissa. The exponent bits for each element are stored in

the first fifth of the slot while the mantissa bits are stored in the remainder. This

layout is essential for optimizing filter operations for this data format.

On the UPMEM hardware, the filter operation occurs in four phases. First,

the host processor issues a task that contains the slot ID that is to be filtered

and the threshold value. On each DPU, each slot is split into T disjoint ways

where T is the number of threads. Then, each DPU overlaps the transfer time

of an independent DMA with the compute time of the filter operations where the

latency of the DMA of each thread is overlapped with the compute time of the

other T threads. The elements that pass the filter are then written to a per tasklet

reply slot and finally, the results are written back to a host buffer. For data that

is being written back, this could be index only or index and value only and this

configuration is passed in by the filter operator. Here the time to transfer from

MRAM to WRAM via DMA scales with O(n/D) while the write back stage is

more dependent upon the number of elements that pass the filter. This scan from
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MRAM is bandwidth bound by the local DPU bandwidth rather than the host

DRAM bandwidth. While the initial scan operation is load balanced across DPUs

as they all possess the same number of elements, the resulting number of operands

from the filter is not. The kernel launch is a synchronous operation but as each

DPU scans the same amount of data the variability between the fastest and slowest

DPU is not significant. However, on the reply all DPUs are blocked by the DPU

that returns the most elements. However, as the filter operation requires no data

that is resident on other DPUs and is not dependent upon the results from other

threads, this remains as a cheap primitive operation that can be mapped to this

PIM architecture. The filter operation actually requires sequential local reads, an

element-wise predicate and a write append operation.

Figure 3.5: UPMEM filter operation throughput for various filtering percentages
across a range of vector sizes
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In Figure 3.5, the results from profiling a greater than filter can be seen.

The x-axis corresponds to how much of the data in the vector is filtered and the

y-axis shows the effective throughput in terms of GB/sec. The throughput here is

measured by using the total amount of data transferred and the time for the total

filter operation. Each color here represents a vector of a different size. From here,

it can be seen that the throughput lags behind the peak bandwidth of the system.

In fact, as seen in Figure 3.6, even when the amount of time spent on computation

is ignored and only the time for transferring data from UPMEM to host memory is

accounted for the performance still is unable to match the peak DDR4 bandwidth

for the system. While this obviously provides a meaningful speedup, here the lower

peak bandwidth becomes more obvious. As the amount of data that needs to be

transferred is around 10MB or more, the data transfer bandwidth peaks at around

12 GB/s.

When performing the filter operation on UPMEM hardware for floating point

values, some optimizations may be made in order to reduce the amount of data

movement and computation that is necessary. For filter operations such as |xi| < τ ,

the threshold (τ) can be rounded to the nearest power of two which thus allows

for only reading and performing the comparison on the exponent bits rather than

reading the entire data. In order to perform floating point arithmetic on UPMEM

hardware, these floating point operands have already been broken down into the

soft float representation where 16 bit integers are used to represent the exponent

while 64 bit integers hold the mantissa. By rounding the requested threshold to

the nearest power of 2, the mantissa bits can be ignored and only the 16 exponent

bits need to be read in order to evaluate the threshold. As the threshold is a power

of 2 the mantissa is all 0s which thus enables only comparing the exponent bits.
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Figure 3.6: UPMEM filter operation throughput while only accounting for DPU to
host DRAM communication time.
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This means that when a thread returns 0 elements, this costs a read of 2 bytes per

element rather 8 bytes per element in the thread.

Figure 3.7: UPMEM update operation throughput for various filtering percentages
across a range of vector sizes

The same analysis can be repeated for the update operation. In Figure 3.7

and Figure 3.8 the throughput for the update operation on UPMEM can be seen.

Here the sparse data is being transferred from the host to the UPMEM system in-

stead. On the UPMEM hardware a floating point addition operation is performed

using the soft float technique described earlier. Here, the bottleneck at 2.7 GB/sec

can be seen again. Here, it can be seen that the maximum throughput of this opera-

tion does not seem to be dependent upon the number of elements in the vector that

is being accumulated to. Instead, no matter what the vector size is, the throughput

of the update operation peak is based upon the number of elements that are trans-
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Figure 3.8: UPMEM update operation throughput while only accounting for DPU
to host DRAM communication time.

ferred across the memory bus. As the number of elements to be updated grows or as

the vector size grows, the throughput of the update operation does not deteriorate

but rather stays constant as the bottleneck is the data transfer time.

The effects seen here are a limitation of the UPMEM system in its current

form. As prior work has shown, it is not possible to achieve the full DDR4 bandwidth

that the standard interface provides [67, 68]. When reading data from DRAM, the

UPMEM memory controller will not take advantage of the row buffer and instead

performs the row activation for each read to a row of DRAM. In addition, in order

to simplify the compute near memory, the interleaving of data is undone in software

using the UPMEM memory controller. While in traditional memory controllers

a 64 bit data element is split into 8 bit chunks that are spread across 8 banks
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and all activated simultaneously, this is not the case for UPMEM. In UPMEM

this 64 bit data element is written within a single bank and requires 8 consecutive

activations to memory in order to read out a single 64 bit value. As a result,

when trying to read the data out from memory, the peak UPMEM bandwidth is

dramatically lower. In order to get peak DDR4 bandwidth, the UPMEM memory

controller that performs the interleaving must be modified. Here the tradeoff lies

in the fact that no interbank communication is required in order to read a single

operand to a DPU from DRAM. However, as the algorithms that seek to utilize

near memory acceleration are memory bandwidth bound, reducing the amount of

memory bandwidth in these systems makes it difficult to achieve performance gains.

For this reason, in Chapter 4, a speed of light model representing a PIM system

able to achieve performance comparable to that of the standard interface is used to

estimate what the performance could be. In the next section, new potential PIM

hardware is discussed that would enable taking advantage of filter update operations

using the full memory bandwidth.

3.4 Summary

In this chapter, the Filter-Update programming model was detailed across the entire

compute stack, from the high-level API, through the intermediate abstractions used

to lower operations, down to their physical execution on near-memory hardware.

By restricting in-memory computation to simple element-wise predicates and ac-

cumulations, operations can be efficiently mapped even to highly constrained PIM

architectures that lack floating-point units, hardware multipliers, or inter-bank com-

munication. By leaving complex arithmetic on the host CPU and pushing only

bandwidth-intensive data sparsification and accumulation to memory, the model
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efficiently utilizes capability-limited hardware.

Here the effectiveness of using a specification between regions of memory is

seen from the systems perspective. The declarative specification provides enough

information for the programming model which uses logical memory regions to au-

tomatically lower the computation to near memory hardware. The various levels

of the compute stack how the system is able to handle data orchestration between

host and PIM-enabled memory, partition data across compute units and execute the

hardware kernels. In the next chapter, the effectiveness of this programming model

is viewed from the algorithms perspective.

Chapter 4 explores how programmers can leverage these primitives to design

highly data-movement-efficient algorithms. The Filter-Update model is practically

demonstrated on both existing optimization algorithms and newly adapted filter

update linear solvers. These applications serve to demonstrate how this model

successfully resolves the tradeoff between flexibility and ease of use described ear-

lier. The Filter Update programming model allows for transparent use of the PIM

hardware like a library-based programming model, while preserving the flexibility

required to express novel algorithms.
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Chapter 4

Filter-Update Applications

This chapter investigates applications that can effectively leverage the Filter-Update

model. Because these operations are optimized on PIM hardware to minimize data

transfer between the host CPU and main memory, we focus specifically on algo-

rithms bound by memory bandwidth. Iterative methods, such as gradient descent

and sparse linear solvers, emerge as natural candidates. While prior work [39] has

demonstrated the value of this approach for gradient descent, applying it to sparse

linear solvers requires investigating new techniques. We evaluate these adapted

algorithms by modeling their data movement reductions against the correspond-

ing impact on convergence rates. Finally, we conduct a speed-of-light analysis to

project the maximum potential benefit of mapping these algorithms onto idealized

PIM hardware.

4.1 Filter-Update Expressible Workloads

While modern workloads such as neural networks, graph analytics, and sparse sci-

entific computation are heavily memory-bound, mapping them to Processing-In-
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Memory (PIM) is not straightforward. As described in the previous chapters, in-

memory logic often lacks the capability to perform complex arithmetic, such as

double-precision floating-point operations or hardware multiplication [69]. There-

fore, to successfully leverage the massive internal bandwidth of PIM [41], we must

restrict the focus to algorithms that can be decomposed such that only simple,

bandwidth-intensive operations are pushed to memory, while complex arithmetic

remains on the host processor.

A workload is able to take advantage of the Filter-Update programming

model if it possesses three key algorithmic characteristics. First, the workload must

be memory bandwidth bound, where the cost of data movement strictly dominates

over the cost of computation. Second, the algorithm must be iterative and tolerant

to sparsification. Because the filter operation dynamically drops elements from the

working set to save bandwidth, the underlying algorithm must be mathematically

capable of converging even when computing partial or delayed updates (e.g., updat-

ing only the steepest dimensions of a gradient). Third, the selection criteria must

be reducible to a simple element-wise predicate. The filter condition must be able

to be evaluated for each element (such as a magnitude threshold) independently.

Many standard optimization algorithms naturally exhibit these traits. For

problems that utilize iterative methods to converge to a minimum, the core compu-

tation often relies on memory-bound Sparse Matrix-Vector multiplication (SpMV)

[70, 71]. To alleviate this bottleneck, prior work [72, 73] has explored software-

level subspace splitting, where vectors are broken down and updated independently.

While these approaches prove that iterative linear systems can converge without

following the globally optimal descent direction in every step, software-only sparsi-

fication still requires transferring the entire working set across the memory bus just
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to determine which elements to update. By expressing these algorithms into the

Filter-Update model the sparsification step happens directly in memory and elim-

inates the data movement need. Even for stationary methods like Jacobi Iteration

and Gauss-Seidel as introduced in Chapter 2 which do not naturally use filter and

update operations, the properties of the algorithm enable this approach to still work.

For these algorithms, there is no state that must be tracked between each iteration.

The update can be computed on a per element basis and is tolerant to stale values

(as can be seen from the difference in Jacobi Iteration and Gauss-Seidel). For this

reason, selecting a subset of elements to update per iteration still allows the new

effective iteration matrix to converge. While using less dimensions to compute the

update per iteration hurts the rate of convergence, techniques outlined in Section

4.3 discuss techniques performed to ameliorate this problem.

While some iterative algorithms can be adapted for the filter update model,

others are not amenable to using a subset to compute the update. The Biconju-

gate Gradient Stabilized method (BiCGSTAB) is a popular Krylov subspace solver

for non-symmetric linear systems that relies on iteratively constructing mutually

orthogonal (or bi-orthogonal) residual and search direction vectors to minimize the

error over a specific subspace. When a filter is applied to these vectors, elements

are dropped from the computation and the bi-orthogonality property of the vectors

is lost. Once orthogonality is lost, the algorithm no longer spans the correct Krylov

subspace, and the underlying mathematics completely break down, leading to rapid

divergence or stalling.
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4.2 Gradient Descent

Gradient descent is a first-order iterative optimization algorithm used to minimize

a differentiable objective function. Given a function f(x), with parameters x ∈ Rd,

the fundamental gradient descent iteration updates the parameters in the direction

opposite of the gradient of the objective function ∇f(xt) at the current parameter

values xt:

xt+1 = xt − ηt∇f(xt)

where ηt > 0 is the learning rate (step size) at iteration t.

In practice, computing the full gradient can be expensive, especially when the

dataset is large. Stochastic gradient descent (SGD) addresses this by approximating

the gradient using a single data sample or a small subset of the data (a "mini-batch").

Denoting the stochastic gradient at iteration t as gt, the update rule becomes: xt+1 =

xt−ηtgt. To accelerate optimization, SGD is often parallelized by distributing work

across multiple nodes. The overall objective function is the average of objective

functions computed on local data partitions at each of the N nodes:

f(x) = 1
N

N∑
i=1

fi(x)

At each iteration t, every node i computes a local stochastic gradient gi,t

based on its local data and the current parameters xt. Then, local gradients are

aggregated across nodes to compute the update applied to xt.

While distributed SGD can speed up computation, it introduces significant

communication overhead, since nodes need to exchange local gradients at each it-

eration. For functions with millions or billions of parameters, this communication
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may become a performance bottleneck [74][75].

4.2.1 Data Movement Reduction Analysis

Figure 4.1: Cumulative data movement until convergence over iterations for different
gradient descent methods with varying sparsification strategies. The points on each
line mark the iteration where the residual falls below 10−j for j from 3 to 7. The
threshold-based filtering approach requires least data movement for each isoline with
as much as 3.9x less when compared to full gradient descent. The random filtering
approach requires about the same amount of data movement as Full GD but 10x
more iterations.

To validate this approach, we investigate gradient descent and utilize var-

ious filters to reduce the amount of data movement required. For each of these

filters, we observe the number of iterations required before convergence along with

the amount of data transferred per iteration along with the total amount of data

transferred before convergence. A random quadratic objective function of the form:
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Figure 4.2: Convergence behavior of gradient descent under different gradient spar-
sification strategies on an ill-conditioned quadratic objective function. The residual
computes the error between the value of xt in iteration t and the known minima x∗.
xt is considered to have converged when the residual ≤ 10−7. The filter approaches
both converge at a rate comparable to the full gradient descent while requiring less
data movement.
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f(x) = 1
2

n∑
i=1

cix
2
i where x ∈ Rn is the optimization variable. c is initialized using

values distributed across a logarithmic scale to create an ill-conditioned problem.

This helps simulate a common problem in optimization where some dimensions have

a steeper curvature than others and thus produce larger gradients from small pertur-

bations of x. This approach serves to highlight the effects of using a filter to sparsify

the problem. The threshold filter selects the elements of x where the magnitude of

the gradient is above a certain value. This filter easily maps to the PIM hardware as

each element can be evaluated independently. The top k filter selects the k elements

of x with the largest gradient magnitude. While the data dependency in this filter

does not map easily to PIM hardware, it serves as a comparison to the threshold

filter. The third filter that is used is a random k filter where a random set of k

elements are selected to be updated during each iteration.

To quantify the benefits of employing a magnitude-based filtering and sparse

updates executed in PIM, we compare the DRAM-CPU data traffic against a tra-

ditional dense CPU-based update scheme.

We define the following parameters for our data movement analysis: D de-

notes the length of the parameter/gradient vector in DRAM, β represents bytes per

numeric value (e.g. 4 bytes for FP32), and α indicates bytes per index in sparse

representation (4 bytes for int32). The magnitude filtering threshold is τ , while pw

and pg represent the pass ratios (as fractions of D) for the weight update vector

and gradient returned to PIM, respectively. We use xt for the parameter vector at

iteration t and gt for the general gradient at iteration t, with learning rate η.

For conventional dense implementations, we consider two scenarios. In the

best case, the gradient gt is produced and applied while cached in the processor,

requiring only parameter reads and writes which gives: Bdense(best) = 2βD. In the
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worst case, the gradient spills to DRAM before the update, requiring additional

gradient storage and retrieval which leads to: Bdense(worst) = 4βD.

Our PIM-based approach filters the dense gradient using the magnitude

threshold τ , with the CPU performing scaling operations on sparse values before

PIM scatter-adds them back. We analyze two strategies for transferring data be-

tween the CPU and PIM. When both indices and values are transmitted bidirection-

ally, the data movement requirement is BPIM(idx+val) = 2(α + β)(pw + pg)D. Alter-

natively, for some applications it is possible to use an index-only outbound strategy,

where only indices are sent from DRAM to CPU, which results in: BPIM(idx-only) =

αpgD + β(pg + pw)D.

The data movement reduction that can be achieved for the indices and values

scenario and the index-only scenario is:

Data Transfer ReductionPIM(idx+val) = Bdense
2(α + β)(pw + pg)D

Data Transfer ReductionPIM(idx-only) = Bdense
αpgD + β(pg + pw)D

Assuming α = β (32-bit indices and values) and setting pw = pg = p for

simplicity, we obtain the bandwidth reductions shown in Table 4.1.

Table 4.1: Bandwidth reduction factors for different sparsity levels

Sparsity Level p Idx + Val Idx Only

50% sparsity 0.50 1–2× 1.3–2.7×
90% sparsity 0.10 5–10× 6.7–13.3×
99% sparsity 0.01 50–100× 67–133×

The analysis demonstrates that with 90% sparsity (p = 0.1), our PIM pipeline

reduces external traffic by 5–10× for the indices + values approach and up to 13×
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for the index-only approach. These gains increase significantly as sparsity deep-

ens, making the approach particularly attractive for applications with highly sparse

gradient updates.

4.2.2 Filtering Approaches

We explore three filtering strategies to investigate the tradeoffs between effectiveness

and hardware feasibility. The top 10% filter selects all components of the gradient

that correspond to the top 10% of gradient magnitudes. Although this filter cannot

be easily implemented in PIM, it serves to highlight the potential effectiveness of

always selectively updating the most significant components. The hard threshold

filter, which can be easily implemented in PIM, selects all values of the gradient that

are above a certain threshold. This hard threshold is determined by investigating

the initial values of the gradient vector and setting a threshold that would select

about 10% of the data. The hard threshold is then lowered by 1% after each iteration

where no gradient values are above the threshold. The random 10% filter serves as a

baseline by selecting a random 10% subset of indices in each iteration, independent

of gradient magnitude. The results for each of these filters can be seen in Figure 4.2

and Figure 4.1. The results for the random 10% filter are missing in Table 4.2 as

the approach was not able to converge within a reasonable amount of time on the

machine used to run this model.

Table 4.2: Convergence and Data Movement for Different Filtering Techniques

Method Iterations to Updates per Total Updates
Converge Iteration (GB)

Full 8,083 1,000,000 32.3
Top 10% 20,720 100,000 8.28
Hard Threshold 12,007 172,624 8.29
Random 10% — 100,000 —
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4.2.3 Potential Performance Gain

The hard threshold filtered gradient descent approach converges to the same toler-

ance as full gradient descent while transferring significantly less data. As seen in

Table 4.2, in order to converge to 10−7, machine epsilon for 32-bit floats, the full

gradient descent approach requires about 8,000 iterations and transfers 32 GB of

data across the memory bus. For a hard threshold gradient descent approach, only

8 GB of data is transferred while the number of iterations increases by 50%. Using

a random filter which avoids using PIM, the residual never converges. For the lower

tolerances where the random filter converges, the same amount of data as the full

gradient descent is transferred while requiring 10x more iterations.

In Fig. 4.2, the rate of convergence for each of these approaches can be seen.

The fastest rate of convergence occurs with the traditional gradient descent approach

that utilizes the entire dataset as expected. In contrast, the hard thresholding filter

utilizes about 17% of the data as the traditional method per iteration while the

number of iterations required to converge increases by 1.5x. When compared with

a hypothetical top 10% filter the number of iterations required to converge is 2.5x

higher while incurring 10x less data movement per iteration. Due to the difficulty

of implementing the Top k filter in hardware and the slower rate of convergence

when compared to hard thresholding, this filtering technique does not fit well for

filter/update computation in memory. When exploring more aggressive filters such

as the top 1%, we find that additional error feedback computation [40] is needed

to converge. For random 10% filter which avoids using compute in memory, the

residual decreases at a far slower rate and does not converge to below the machine

epsilon for 32 bits floats (10−7) when allowed 5x more iterations than the baseline.

Fig. 4.1 shows the total data movement for the feasible filter approaches along with
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the iso-convergence lines across these methods. The hard threshold filter utilizes the

least data movement for each isoline and is as much as 3.9x lower than the traditional

gradient descent approach for 10−7. The random 10% filter requires about the same

amount of data movement as the full gradient descent implementation to converge

to each isoline. However, since this filter moves 10x less data, this requires 10x more

iterations and is thus infeasible for converging to lower precision values.

For these applications with sufficient parallelism and low arithmetic intensity,

data movement time can be used as a first-order model to approximate performance.

In this model, performance is estimated as the sum of the CPU compute time, data

movement time, and PIM compute time if applicable. Here we assume the problem

is large enough to saturate both the DRAM bandwidth and PIM internal bandwidth.

From this we get the following equation: T = I(mF
P + m

B + D
BP IM

) where I is the

number of iterations until convergence, m represents the total bytes transferred per

iteration, B is the bandwidth (bytes/sec) of the system, F is the number of floating-

point operations required on the CPU for each byte for a given objective function, P

is the number of floating point operations per second the CPU is capable of, D is the

size of the vector, and BP IM is the internal bandwidth for PIM inside DRAM. This

model assumes that for the filter operation the PIM computation on each bank can

overlap with the data movement time of the filtered result that is processed on the

host side. This is due to the fact that the PIM compute unit in each bank processes

an independent set of data, allowing each unit to work in parallel. For update

operations, since the updated values are written to DRAM, the PIM compute unit

of each bank is able to independently fetch and write back the updated values. The

internal bandwidth for PIM can be approximated with BP IM = BXG where B is

the external DRAM bandwidth, X is the bank-level parallelism, and G is the global
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data line.

We estimate the performance for a system with an Intel Xeon E5-2640v4

with DDR4 memory using the results from the full gradient descent and filtered

gradient descent. These results show hard threshold gradient descent could lead to

a 3.9x speedup over the full gradient descent. In this system, the data movement

time dominates the total runtime of the traditional gradient descent approach. For

in memory computation, the PIM latency does not significantly change application

runtime since the internal PIM bandwidth that can be utilized to perform filtering

and update operations on the entire dataset is 128 times faster than the external

DRAM bandwidth. This thereby enables the hard threshold gradient descent ap-

proach, which reduces the total data movement by 3.9x, to be 3.9x faster than the

baseline since the PIM compute time does not significantly affect runtime.

For filtering approaches like Top 10% which are unable to use PIM hardware,

the whole dataset must be transferred each iteration while the amount of compu-

tation is reduced. In this case, the reduced amount of computation leads to a slow

down since this approach will require more iterations. For memory-bound iterative

methods which can be cast into filter/update computational patterns, the sparsifi-

cation of each iteration must be balanced with the increased number of iterations

that will be required in order to achieve good performance.

4.3 Filter-Update Modified Linear System Solvers

For these linear system solvers, the key insight is derived from the intuition that

from a random initial condition, some dimensions will naturally have a larger error

than others while other dimensions may already sit very close to the true solution.

For this reason, it makes sense to focus the computation upon the dimensions that
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are more incorrect in order to compute an update that is generally in the correct

direction. The method of determining which dimensions are more or less correct is

determined by selecting the elements of the residual vector, r = b−Ax, which have

the largest magnitude.

4.3.1 Types of Filtering Approaches

Threshold. For the threshold filter, all elements where the magnitude is greater

than the specified value are passed through. This threshold is determined using the

residual values from the initial starting residual. Following this, after each iteration

the threshold is lowered by a fixed constant. If no values were passed through the

filter in the last iteration the threshold value is halved. The threshold has a floor

value that is determined by the machine ϵ.

Selecting an appropriate decay rate is essential for having an effective filter

operation. For thresholds that decay too quickly the filter operation allows most

dimensions to pass through which thereby equates to having no filter. When the

elements per iteration that are selected are simply the first n elements that were seen

with no significance granted towards the the error for each dimension, the number

of iterations required to converge is increased by a factor that results in transferring

the matrix back and forth from main memory the same number of times as the

baseline. For instance, when filtering for 10% of the dimensions in each iteration,

the 10x more iterations are required to converge when compared to performing no

filter operations. When the threshold value does not decay fast enough, the number

of dimensions that pass through the filter ends up being less than the maximum

allowable number of elements to be transferred in each iteration. This results in the

update computation using less information than could be used and thus also leads
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to a less accurate update computation and more iterations required to converge. For

this reason, the decay rate of the threshold value is determined by a formula that is

based upon 3 variables - the spectral radius of the iteration matrix, the percentage

of the matrix used in each iteration and the number of colors the matrix has. These

variables are put together to form the following formula ρCp2/2. Here the percentage

of the dimensions being filtered and the number of colors (a variable which will be

discussed in Section 4.3.2) are important as they inform the number of iterations

that are required before the entire matrix will be seen. ρ remains as a property of

the matrix itself and can be computed as described earlier in Section 2.3.1.

Top k%. This approach serves as an ablation study for the threshold filter.

For a threshold that is set perfectly in each iteration, the results that are passed

through the filter should match the output from the "top k%" filter. While this

filtering approach presents the perfect thresholding approach, it remains difficult to

implement practically in PIM hardware. This is due to the fact that in order to

determine the top k% the entire vector must be sorted which thus makes it difficult

to determine whether an individual element should be included in the filter. Now

the required state to determine whether an element belongs in the output set is the

same size as the entire vector. For this reason, this filtering approach is not used

when evaluating runtime and is only used to assess the number of iterations required

to converge.

When comparing the number of iterations required to converge between the

threshold and top k filters, we can see the effectiveness of the threshold lowering

formula. Here, the focus is on studying these two matrices, where for larger sizes

the matrix is replicated in a block diagonal fashion with an addition 20% of data

added randomly across the matrix to ensure that the spectrum of the larger matrix
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Table 4.3: Iteration counts to convergence for Filter-Update Gauss-Seidel, compar-
ing threshold-based and top-k filter selection across scaled bcsstk08 and bcsstk09
systems.

Iterations

Matrix Size ρJ Dimension Nonzeros Threshold Top-k

bcsstk08

×100

1.84

107,400 1,349,064 43,749 37,548
×1000 1,074,000 13,495,464 43,551 37,269
×2000 2,148,000 26,991,464 42,948 36,927
×3000 3,222,000 40,487,464 41,976 36,927
×5000 5,370,000 67,479,464 41,949 36,936
×10000 10,740,000 134,959,464 43,587 36,990

bcsstk09

×100

1.93

108,300 1,897,160 157,660 132,120
×1000 1,083,000 18,976,460 158,560 127,280
×2000 2,166,000 37,953,460 365,030 125,420
×3000 3,249,000 56,930,460 315,850 124,800
×5000 5,415,000 94,884,460 344,500 124,370
×10000 10,830,000 189,769,460 142,240 124,160

is not identical to the smaller sizes. While it can be seen that the Top k approach

always requires the least number of iterations to converge, using this formula to set

the threshold keeps the number of iterations with 13.6% - 17.8% for the bcsstk08

matrix. Here, these matrices represent real structural problems [1] from Matix

Market [76] rather than synthetic benchmarks.

4.3.2 Coloring the Matrix

In order to ensure convergence, a graph coloring algorithm on the matrix must be

performed. Since the A matrix is often sparse for real world applications, we can

compute an update for elements that have no effect on each other. By doing this, the

update that is computed in each iteration for a batch of elements can be parallelized

since these dimensions do not effect one another. More formally, two dimensions i

and j can be in the same color if the aij = 0 and aji = 0. Following this coloring
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operation, the filter is applied to a single matrix color during each iteration. Then

in each iteration, a different color is filtered.

When this coloring step is omitted, simultaneously filtering and updating de-

pendent dimensions violates the strict sequential dependencies inherent to methods

like Gauss-Seidel. If two dependent elements are updated in parallel, the computa-

tion effectively uses stale values from the previous iteration rather than incorporat-

ing the most recently computed updates. This degrades the spectral properties of

the iteration matrix. The filter-update modified algorithm then converges far more

slowly or, for many matrices, fail to converge entirely. While computing the graph

coloring introduces an upfront preprocessing cost, this overhead is heavily amortized

over the lifespan of the solver. Because these iterative algorithms typically require

thousands of iterations to reach a sufficiently small residual, the performance gained

by enabling safe, massively parallel PIM updates in every subsequent iteration vastly

outweighs the one-time setup time.

The coloring algorithm used to separate the bank has a few key properties.

This algorithm prioritizes sorting each dimension into colors in a fashion that min-

imizes the variance in the size of each color. For results where certain colors are

significantly larger than others, more total iterations are required in order for all

elements to be be seen by a specific filter. For instance if one color contains twice

as many elements as another and each iteration selects 10% of the elements within

a specific color, the worst case scenario will involve 20 iterations to select every

element from the larger color versus 10 iterations in the smaller color. As the filter-

update algorithm uses a round robin scheduling to cycles through each color, the

color with fewer elements will have a larger focus than the larger color.
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4.3.3 Relaxation Constant

In order to accelerate convergence, a constant ω is used to damp the update com-

puted in each iteration. This constant, as introduced in Section 2.3.3, serves as

a relaxation factor that can significantly improve the convergence rate of slowly

converging iterative processes.

In classical Successive Over-Relaxation (SOR), the optimal relaxation factor

(ωopt) can often be calculated analytically based on the spectral radius of the Jacobi

iteration matrix. However, this approach reflects the iteration matrix for when the

entire matrix is used to compute the update in each iteration. The Filter-Update

modified approach lacks the same convergence behavior as a fraction of the dimen-

sions are used in each iteration. Because the algorithm applies a magnitude-based

threshold to the residual, the subset of dimensions updated in any given iteration is

highly dynamic and data-dependent. Consequently, the effective iteration matrix is

not static, which leads to analytical formulas for ωopt to be inaccurate for predicting

the optimal relaxation factor under heavy sparsification.

Given the dynamic nature of these filtered sweeps, the relaxation constant

in this work is determined empirically. Profiling the solver across a small subset of

initial iterations allows for heuristic tuning of ω. Future work may explore adaptive

relaxation techniques, where ω is dynamically adjusted at runtime based on the

variance in the sizes of the matrix colors and the current threshold decay rate.

4.3.4 Summary

When putting all of these approaches together, the resulting computational flow

per iteration can be seen at a high level in Listing 4.1. Before the iteration begins,

the coloring algorithm separates the dimensions of the A matrix such that updates
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computed within the same sweep do not collide with one another. The rows and

ordering of the elements in the A matrix and in the solution vector are then reordered

appropriately such that each color lies in a contiguous set of rows. Following this,

in each iteration, a single color is selected to be filtered and updated. The color

that is selected is chosen in a round robin fashion such that all colors are seen once

before a color is seen for a second iteration. In the filter phase, the first n elements

that pass the magnitude based threshold filter are returned where n represents the

maximum updates per batch. This should be sized such that the active set of rows

to be updated are able to fit within cache on the host side. As the compute phase

uses the solution vector, x and not the residual vector, r, only the indices that

pass the filter are returned and the corresponding residual value at each index is not

needed. To prevent starvation within a color, the starting search index for the filter is

dynamically updated to begin exactly where the previous batch finished. This state

is managed by the coloring.range(c) argument passed to the filter. In the compute

phase, the active indices that are returned from the filter are used to compute the

updates for those values of x. The updates for x and r which represents the residual

are accumulated in near memory hardware. The threshold is then decayed based on

the constant discussed earlier. Following this, the convergence criterion is checked

using the updates to determine the change in the residual.

4.4 Filter Update Solver Performance Evaluation

The performance of using filter and update operations is done using a performance

model of the filter and update operations in near-memory hardware. While these

operations have been mapped to commercial PIM systems like UPMEM, the in-

ability for these systems to achieve the full DDR4 bandwidth of the interface that
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1 for (int sweep = 0; sweep < max_sweeps ; sweep ++) {
2 const Color c = coloring . color_for (sweep); // round -robin
3

4 // --- Filter phase ---
5 ActiveSet active = pimFilter (r_pim , ABS_GREATER_THAN , threshold ,
6 coloring .range(c),

max_updates_per_batch );
7

8 if ( active .empty ()) {
9 threshold .relax (); // half the threshold if nothing passed

10 continue ;
11 }
12

13 // --- Compute phase ---
14 // Reads A and x only , and only the rows named by the active set.
15 Corrections d = computeUpdates (A, x, omega , active );
16

17 // --- Update phase ---
18 pimUpdate (x_pim , d.x, SUB);
19 pimUpdate (r_pim , d.r, SUB);
20

21 threshold .decay ();
22 if ( check_convergence (x, d.x, tol)) break;
23 }

Listing 4.1: The filter-update formulation of Gauss-Seidel. Each sweep filters the
residual for the rows of one color whose magnitude exceeds the current threshold,
computes the corresponding corrections on the host, and scatters them back into the
solution and residual vectors. No data movement is expressed by the programmer.

these hardware modules reside in make it difficult to compare these results to those

of traditional state of the art systems. By diminishing the memory bandwidth of

the system, it becomes difficult to accelerate these iterative algorithms which are

already memory bandwidth bottlenecked. For this reason a performance model of

a PIM system that achieves the full traditional bandwidth is used to evaluate these

machines. As ongoing work as described in Section 3.3, future PIM hardware may be

able to sustain full DRAM bandwidth while performing filter and update operations.
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4.4.1 Speed-of-Light Performance Model

As a speed-of-light evaluation, the performance of these algorithms is measured by

only measuring the data movement time of the filter and update operations. This

allows for the existing results to separate the performance effects of the limitations

of compute near memory from the effects of reducing the amount of data movement

to alleviate the memory bandwidth bottleneck. This model for performance, while

obviously faster, should remain close to what the potential peak performance of these

operations could be due to the simplicity of the computation required. Many of the

filter and update operations involve a single accumulation or comparison operation

to be performed with a constant value or a single other operand. These operations

are element-wise and do not require any communication with other data that may

be resident in other regions of memory. This measurement is done by performing

the filter and update computation during an untimed portion of the computation

and copying the result to a buffer. Following this, the time to perform a memcpy

operation of the results is measured. The computation to be done in each iteration

is then performed using the data from the buffer that has been copied and the

results are written back to the appropriate buffers. The time for this computation

is timed and thus resembles the authentic performance on modern CPUs for the

type of computation and memory access pattern of these algorithms.

4.4.2 Peak Filter-Update Performance Evaluation

For sparse linear systems, memory bandwidth is the bottleneck for solvers like Gauss-

Seidel. By adapting this numerical method using filter and update operations,

an important subset of the linear system can be selected in each iteration and

thereby reduce the amount of data movement required. While the more iterations
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Figure 4.3: Runtime for solving a linear system using Gauss-Seidel versus a speed of
light model for Filter-Update modified Gauss-Seidel. Both algorithms are run until
convergence.

are required to converge, the cheaper cost to compute the update in each iteration

is able to offset the increase in number of iterations. This difference can be seen in

Figure 4.3. The difference in number of iterations required to converge can be seen

in Table 4.4. In this case, the bcsstk08 [1] matrix from Matrix Market [76] is used

and the initial x0 is the 0 vector. Convergence in this case is defined as ||r||2
||b||2 < ϵ

where r = b−Ax, ϵ = 10−6.

The filter operation used is a threshold operation |ri| < threshold where

the threshold is initially set before beginning convergence by computing the initial

residual.

These numbers were measured on a system with a 16 core Intel i7-10700 which

has a 16MB L3 cache size. This system also has 64 GB of DDR4-2600 DRAM which

provides a theoretical peak bandwidth of 38 GB/s. Using the STREAM benchmark

suite [77], the copy peak is 34.6 GB/s.

77



Table 4.4: Baseline Gauss-Seidel versus the Filter-Update threshold solver on repli-
cated bcsstk08 [1] systems. Runtimes are wall-clock seconds to a relative residual
below 10−6.

Gauss–Seidel Filter–Update

Replicas n nnz Time (s) Iters Time (s) Iters Speedup

100 107,400 1,349,064 12.84 10,742 2.04 43,749 6.29×
1000 1,074,000 13,495,464 141.93 10,367 27.28 43,551 5.20×
2000 2,148,000 26,991,464 289.41 10,287 62.90 42,948 4.60×
3000 3,222,000 40,487,464 433.52 10,269 97.17 41,976 4.46×
5000 5,370,000 67,479,464 720.86 10,242 184.41 41,949 3.91×
10000 10,740,000 134,959,464 1440.41 10,224 378.08 43,587 3.81×

For the Gauss-Seidel baseline, the algorithm is parallelized across all cores

on the machine. Here the update computation to be done in each iteration is

parallelized across cores where each core computes the update for a different element

of the vector. When evaluating the performance of this implementation, the effective

throughput is measured to be 27.9 - 32.8 GB/s. This confirms that the bottleneck

of this algorithm arises from streaming the matrix back and forth from DRAM

in order to compute the update in each iteration. However, this data movement

requirement can be alleviated by focusing on significant subset of rows to update in

each iteration.

Table 4.5: Peak machine DRAM performance

Test Throughput (GB/s)

copy 34.632
scale 24.195
add 26.939
triad 27.109

In the filter-update modified approach, 1% of the dimensions are used in each

iteration which thereby reduces the data movement requirement in each iteration.

The dimensions to be updated in each iteration are selected by selecting the elements
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of the vector where the magnitude of the element in the residual vector is largest.

By computing the update for these elements in the output vector, the update that

is computed in each iteration is able to focus upon the dimensions where the error

remains largest and ignore computation upon elements which are already close to the

correct value. In addition, this smaller set of elements allows this portion solution

vector to remain resident within the cache on the host side and reduce random

memory accesses to DRAM.

For linear systems where the dimension ranges from around 100,000 - 10,000,000,

the filter-update Gauss-Seidel approach ranges from 3.81 - 6.29x faster to con-

verge. While 100x less data is used in each iteration, the 4.07 - 4.26x increase

in number of iterations when using the filter-update Gauss-Seidel approach offsets

much of the performance gain from doing less computation per iteration. This

performance model can be used to estimate the required computational through-

put and internal bandwidth that is required. When looking at the largest matrix

investigated, the speed of light estimate of the filter update runtime means that

TP IM = TGS − TSOL = 1145.6 seconds. As the matrix is divided into 9 colors, fil-

tering a single color requires reading 10,740,000 / 9 elements = 1,193,333 elements

which is 9.55 MB. As each update consists of 1% of the data for both the solution

and residual vectors, 3.44 MB which leads to a total of 12.99 MB per iteration.

Across the total number of iterations this leads to 566.2 GB. A similar computation

can be used to estimate the number of arithmetic operations. A filter operation

requires a single floating point operation per element while the update operation

also requires a single floating point operation per element. In total, this means 1.41

MFLOPs are required per iteration or 61.46 GFLOPs until convergence. By seri-

alizing these operations in memory the minimum performance requirements of the
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system to match the baseline can be found. From this, an internal bandwidth of 988

MB/s and a compute throughput of 107.3 MFLOPs are the minimum requirements

for matching the CPU baseline if the memory bandwidth of the PIM-enabled mem-

ory matched DDR4-2600 speeds on this system. As both of these numbers are well

within the peak capabilities of modern PIM architectures, it stands to reason that

even software emulated floating point on basic RISC cores can clear this threshold.

An interesting trend can be noticed over the runtime of each iteration of

the filter-update modified solver. As the solution vector approaches a residual of 0

the computation in each stage becomes more expensive. This is due to a property

of these stationary iterative methods, that is actually exploited in many practi-

cal applications. Stationary iterative methods like Gauss-Seidel are not usually

run to convergence. Instead, they are used within hierarchical frameworks such as

Multigrid methods where Gauss-Seidel is used as a smoother or relaxation operator

[72, 78, 79]. These methods are slow when eliminating global, low frequency errors

but are very effective for damping high frequency errors within just a handful of

iterations. As a result, multigrid solvers typically execute Gauss-Seidel for a few

iterations before restricting the residual to a coarser grid. The effectiveness of these

methods for high frequency error further explains the effectiveness of the filter up-

date modified approach for the earlier iterations than when compared to the later

ones. When beginning from a random point and in the early iterations, the error

is chaotic and elements fluctuate wildly in sign and magnitude. When looking at

the true error e = xsolution − x, the residual is r = Ae or per element this gives

ri =
∑

aijej . This means, when filtering the residual vector, the filter selects a wide,

random assortment of rows. However, after a few iterations of Gauss-Seidel, the high

frequency errors in the solution are dampened which results in elements of the error,
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e, to have much more similar sign and magnitude. This now means the terms in

the summation for each element of the residual do not cancel out from randomness

in the error vector and now higher-degree nodes which sum many small error terms

have a higher residual. For this reason, in the later iterations, the filter operation

will naturally select rows with a higher average degree and will require longer to

compute the update. While putting together the full end-to-end application is dis-

cussed in Chapter 6 as a potential direction for future work, here we investigate the

performance of the Filter-Update modified solver for a fixed number of iterations to

mimic how these stationary methods are often used in larger applications.

Figure 4.4: Runtime for 5,000 iterations of Gauss-Seidel vs. Filter-Update modified
Gauss-Seidel across synthetic matrices of various sizes. The runtime when using a
threshold-based filter that is set such that about 1% of the dimensions are used to
compute the update in each iteration is as much as 24.1x faster based on a speed-
of-light performance model for the filter and update operations.

Focusing on a set number of iterations , the speedup from using the filter-
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update approach is far more dramatic. When selecting a subset of the matrix that

is 1% of the entire system, a 15.6 - 24.1x speedup can be seen from using the

filter-update Gauss-Seidel solver over Gauss-Seidel for 5000 iterations as shown in

Figure 4.4. Here smaller sizes tend to have larger speedups while the larger sizes

show slightly less. This effect becomes even more extreme as the number of iterations

is lowered even further to 1000 iterations as seen in Figure 4.5. Here the speedup

across the same matrices range from 27.4 - 40.2x. These results further demonstrate

the trend that the computation phase becomes more expensive as the filter focuses

on nodes of higher and higher degree after more iterations.

Figure 4.5: Runtime for 1,000 iterations of Gauss-Seidel vs. Filter-Update modified
Gauss-Seidel across synthetic matrices of various sizes. The runtime when using a
threshold-based filter that is set such that about 1% of the dimensions are used to
compute the update in each iteration is as much as 40.2x faster based on a speed-
of-light performance model for the filter and update operations.

Here the result from running a set number of iterations can be expected. By
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fixing the number of iterations, the filter-update solver performs less compute and

arrives at a less accurate solution than the standard Gauss-Seidel output. Instead,

another approach is to set a looser convergence threshold. As these fixed-point

iterative methods are not typically run to the true solution, a much earlier stopping

point can be used instead to focus on damping high frequency noise. Here, the

convergence criterion is set by running until the relative residual is less than 0.5 as

seen in the following equation.

∥r(k)∥2 < τ∥b∥2, r(k) = b−Ax(k), τ = 0.5. (4.1)

The results from this experiment can be seen in Figure 4.6. Initializing with

a zero vector, the number of iterations required to converge for Gauss-Seidel ranged

from 880-951 while the number of iterations for the filter-update model was 3400-

3700 iterations. As a result, the filter-update model achieves a 4.2 - 7.0× speedup

over Gauss-Seidel across the evaluated sizes for this earlier stopping condition. Here,

the speedup is still higher than when running until the traditional convergence

criterion but the 3.6-4.5× increase in number of iterations for the filter-update model

does dampen the possible performance gain. As discussed in Chapter 6, determining

the optimal filter-update stopping criterion for integration into broader Multigrid

methods remains an important area for future work.

Given these results from a speed-of-light analysis, the benefit from adapting

these iterative numerical methods to the filter-update model can be seen. When

starting from a poor initial guess, the filtering operation enables computing upon a

smaller portion of the data while providing an update that is still generally in the

correct direction to enable convergence. From this exploration, it can be seen that

the increase in number of iterations required to converge is still small enough such
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Figure 4.6: Runtime for Gauss-Seidel and Filter-Update modified Gauss-Seidel while
using the ∥r(k)∥2/∥b∥2 < 0.5 stopping condition. The threshold is set such that
approximately 1% of the data is passed through the filter in each iteration. Under
this earlier stopping condition, the filter-update approach achieves a speedup of up to
7×, slightly exceeding the performance gains observed under traditional convergence
criterion.
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that this problem sees as much as a 6.8x speedup over the traditional approach. As

this initial guess is refined to be closer to solution, other state-of-the-art methods

may be better fit to get an exact answer. Given these initial results, further research

on the algorithm side remains to explore how these filter and update operations can

be leveraged in other applications to make use of future PIM systems.

4.5 Summary

This chapter demonstrated how various iterative algorithms can be effectively ex-

pressed using the Filter-Update model. For optimization algorithms like gradient

descent, the filter-update pattern is a natural fit that has been explored in prior lit-

erature, making its mapping to this programming model straightforward. However,

for other domains, such as sparse linear solvers, this chapter illustrated how algo-

rithms must be explicitly redesigned to take advantage of near-memory acceleration

on systems with highly constrained computational capabilities. Ultimately, as estab-

lished by the Filter-Update model, utilizing a declarative specification over regions

of memory enables effective hardware-software co-design, allowing novel algorithms

to successfully leverage near-memory compute.

However, memory-centric systems encompass a much broader design space

than capability-limited PIM hardware. Emerging and future systems integrate more

general-purpose logic and specialized accelerators within a shared address space.

This can be seen from the emergence of CXL Type-2 devices [37], buffer-integrated

FPGAs like Samsung AxDIMM [50], and logic-integrated memory like Aquabolt-XL

[80]. For these highly capable platforms, restricting computation to simple filter and

update operations leaves significant hardware potential underutilized.

To fully exploit these advanced architectures, the following chapter intro-
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duces the Magic Memory programming model, which provides a more generalized

abstraction. When the underlying hardware is capable of arbitrary, complex compu-

tation, the declarative specification can be elevated from simple element-wise opera-

tions to persistent mathematical invariants. Chapter 5 explores how declaring these

invariants between memory regions allows shared-memory systems to autonomously

manage complex sparse data formats and dynamically orchestrate how and when

computation occurs.
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Chapter 5

Magic Memory

As established in the thesis of this dissertation, the extent to which data orches-

tration can be abstracted away from the programmer depends on the capabilities

of the underlying hardware. While previous chapters addressed limited-compute

PIM architectures, this chapter explores memory-centric systems equipped with

more general-purpose logic and a shared address space. For these systems, we in-

troduce the Magic Memory programming model. In this approach, programmers

provide a declarative specification over memory regions by defining computations

as persistent invariants. This chapter demonstrates that this specification carries

sufficient information for the system to manage data orchestration, allowing it to

simplify managing complex sparse data structures and perform incremental compu-

tation behind the scenes. Finally, the feasibility of this model is evaluated through

a prototype CPU-FPGA implementation of an interactive PageRank application.
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5.1 Magic Memory Programming Model

For memory-centric systems where more general purpose computation is available

near memory, a programming model that exploits that capability is needed. With a

wider range of capabilities, the declarative specification between regions of memory

that describes computation can be generalized to a mathematical formula that the

system can effectively maintain.

In a shared memory system, the Magic Memory programming model treats

these specifications on regions of memory as an invariant that is constantly main-

tained. Input Magic Memory regions store data used as input to the Magic Memory

function, while output Magic Memory regions store the function’s output based on

the input region’s values. When new data is written to the input memory region(s),

the values in the output memory region(s) are updated to maintain the invariant.

By describing the computation between memory regions, the input and output data

can be stored in various places across the system, and this complexity can be hid-

den from the user. The mathematical basis of the function describing the relation

between the memory regions allows a code generation system, like SPIRAL [62], to

understand the computation and generate a program or hardware for a wide range

of architectures.

The programmer’s specification over a region declares that the value of a

function is held over one or more other regions. Following this each memory region

is accessed with ordinary loads and stores. There is no schedule, no kernel launch

and no synchronization that needs to occur in the program. These operations are

handled behind the memory interface. A store to an input region is what obliges

the output to change and a load from the output region is when the computation is

required to correct.
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Maintaining the relationship between memory regions is now owned by the

system instead of the programmer. This is manifested with three key responsibil-

ities of the system. The first is that the system owns the physical representation

of the each memory region and this does not need to mirror the logical view that

is seen from the program. This is especially apparent when working with sparse

data structures which can be logically viewed as a dense matrix while physically

stored using any number of sparse data formats. The second responsibility is that

the system is able to determine how to perform the computation that is declared

by the invariant. As the specification between memory regions does not dictate the

implementation, the system as the flexibility to perform this computation eagerly

after a store to an input occurs or lazily by waiting until a load seeks to read the

output value. Here the only constraint, is that the appropriate value is returned to

the programmer. The last part of this is that the system is responsible for the place-

ment and movement of the data. As the region can be located on whichever device

in the system is best suited for the computation, the system is responsible for the

data movement and transformations necessary in order to leverage the appropriate

hardware.

1 int (* graph_mx )[ NUM_NODES ] = mx_malloc ( sizeof (int[ NUM_NODES ][

NUM_NODES ]));

2 mx_set_property (graph_mx , MX_DEVICE_TYPE , MX_FPGA );

3 mx_set_property (graph_mx , MX_DIMENSION , MX_MATRIX );

4 mx_set_property (graph_mx , MX_DATA_TYPE , MX_INT );

5 mx_set_property (graph_mx , MX_SPARSE_TYPE , MX_CSR );

6 mx_set_property (graph_mx , MX_ROWS , NUM_NODES );

7 mx_set_property (graph_mx , MX_COLS , NUM_NODES );

8

9 float* pagerank_mx = mx_malloc ( NUM_NODES * sizeof (float));
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Figure 5.1: For x86 systems, Magic Memory regions utilize the virtual memory
addresses outside of the user space and the kernel space. Here, the input Magic
Memory region is a dense matrix which represents a graph while the output Magic
Memory region is a vector with the PageRank of each node of the graph.

10 mx_set_property ( pagerank_mx , MX_DEVICE_TYPE , MX_FPGA );

11 mx_set_property ( pagerank_mx , MX_DATA_TYPE , MX_FLOAT );

12

13 // Add some edges to the graph

14 graph_mx [0][1] = 1;

15 graph_mx [0][4] = 1;

16 graph_mx [1][2] = 1;

17 graph_mx [1][3] = 1;

18 graph_mx [1][4] = 1;

19 graph_mx [2][3] = 1;

20 graph_mx [3][4] = 1;

21

22 mx_setup ( pagerank_mx , graph_mx , PAGERANK );

23
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24 for(int i = 0; i < NUM_NODES ; i++) {

25 printf (" PageRank of Node %d: %f\n", i, pagerank_mx [i]);

26 }

27

28 graph_mx [2][4] = 1;

29 printf ("\ nAdding edge from Node 2 to 4 to the graph\n\n");

30

31 printf ("Graph Adjacency Matrix \n");

32 for(int i = 0; i < NUM_NODES ; i++) {

33 for(int j = 0; j < NUM_NODES ; j++) {

34 printf ("%d ", graph_mx [i][j]);

35 }

36 printf ("\n");

37 }

38 for(int i = 0; i < NUM_NODES ; i++) {

39 printf (" PageRank of Node %d: %f\n", i, pagerank_mx [i]);

40 }

Listing 5.1: PageRank Algorithm using Magic Memory. Here the GraphBLAS

Template Library (GBTL) [81] PageRank algorithm is used to describe the invariant

between Magic Memory regions

Figure 5.1 illustrates how the virtual memory allocation of a Magic Memory

program can exist in an x86 system, and Listing 5.1 shows a code snippet for this

program. The user virtual memory space only uses the lower 48 bits of the 64

available bits in the x86 system with the kernel virtual memory only using a small

portion of those upper bits. Magic Memory takes advantage of this and is allocated

in the unused address space of x86 systems. This large address space that is available

enables dense addressing for large sparse data structures. Then, as described later

on, these addresses are able to be translated and utilize a wide range of sparse
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data structures. Furthermore, since Magic Memory regions are allocated within the

conventional virtual address space, these regions can be relocated across devices,

allowing users to utilize various hardware accelerators with minimal change to the

original program.

This program also demonstrates how key information regarding each region

of memory is determined. Each memory region maintains key metadata in order to

understand the data structure that is being stored there. This includes information

on where the data should reside, the dimensionality of the data, data type, sparse

format to use if any and the size of each dimension. Here, it should be noted that the

programmer is not necessarily responsible for specifying every property. If properties

are are not outlined by the programmer, default values are assumed based on the

known information. For instance, if the size of a dimension is not known, the data

type and number of bytes used to allocate the memory region can be used to infer

the length of a vector. Other attributes of the API and compute stack are outlined

in the next section.

5.2 Magic Memory API

Magic Memory is made accessible to the programmer through a simple header-only

C library designed to mimic the C standard library as seen in Table 5.1. The input

and output Magic Memory regions are allocated using Magic Memory equivalent

versions of the malloc and calloc functions. This function returns an illegal address

by taking advantage of the fact that x86_64 virtual address space only uses 48 of the

64 available bits. The extra 16 bits are then used to identify each Magic Memory

region that is allocated, with each region having 256TB of addressable memory.

This enables Magic Memory to support a dense address space for very large sparse
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data structures. While the calloc function allows the data to be initialize with all

0s, the memcpy function allows for bulk data transfers so a Magic Memory region

does not necessarily need to use individual loads and stores for initialization. Here,

it can be noted that these operations do not necessarily allocate the memory that

the program asks for. As the system is able to own the physical representation of

the data, the required allocation for a region of memory is not required to happen

until a load or store occurs. This enables the system to wait until the programmer

describes other properties of the memory region such as the device and sparse data

format before performing any memory allocation. Following this, any attempt to

read or write a Magic Memory address triggers a segmentation fault and invokes a

custom segmentation fault signal handler. This handler reads the 16 most significant

bits in order to identify which Magic Memory region is being read. The handler goes

on to decode the violating instruction and extracts relevant information, including

the type of memory transaction (read or write), the address being accessed, and the

register to store the result (for read instructions).

An invariant is declared as an expression in a domain-specific library for

linear algebra. An expression written against BLAS [82] or GraphBLAS [83] carries

its operand shapes explicitly, from which the dimensionality of the output region

and its dependence on the inputs follow directly. The declaration therefore supplies

everything the system requires, and nothing below the invariant table depends on

how the expression was written. The dependence tracking and the representation

of each region can be determined based on the knowledge of what the computation

requires. The implementation described here does not yet include this front end.

The invariant type is drawn from a fixed enumeration, and the system dispatches

on it to select a maintenance routine for a given pair of regions, with each routine
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Table 5.1: The Magic Memory API. Allocation and initialization mirror the C
standard library; the remaining functions declare invariants between regions and
configure their representation.

Function Description

Allocation and initialization
mx_malloc Allocates a Magic Memory region of the given size

and returns a non-canonical address encoding its re-
gion identifier.

mx_calloc As mx_malloc, for an array of elements, with the region
zero-initialized.

mx_memcpy Copies data from a conventional address into a Magic
Memory region, initializing the region’s backing repre-
sentation and metadata.

mx_free Releases a region and its associated metadata.
Declaring computation
mx_setup Declares an invariant of the given type between a source

region and a destination region, recording the depen-
dence in the invariant table.

mx_set_property Sets a property of a region — the device on which it
resides, its element type, its dimensionality, its sparse
representation, or its extents.

Representation access
mx_get_CSR_view Returns a view of a region’s underlying compressed rep-

resentation, for use by a backend that operates on it
directly rather than through the logical interface.

free_csr Releases a view obtained from mx_get_CSR_view.

written by hand. This is a demonstration of the layers beneath the table rather

than of the table’s population, and the enumeration should be read as standing in

for the expression that a domain-specific front end would produce.

Key metadata on each Magic Memory region is stored in a struct that is

created when each region is allocated. This metadata as shown in Table 5.2 contains

information regarding the size, whether the region is sparse, where this data is

actually stored, which other Magic Memory regions depend on the values from this

region, and what the relationship is between the Magic Memory regions. Upon
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Table 5.2: Region properties set through mx_set_property.

Property Values Meaning

MX_DEVICE_TYPE MX_CPU, MX_FPGA, Where the region’s data resides and
where its invariant is maintained.

MX_PIM, MX_RRAM
MX_DATA_TYPE MX_INT, MX_FLOAT Element type.
MX_DIMENSION MX_SCALAR, MX_VECTOR, Logical shape of the region.

MX_MATRIX
MX_SPARSE_TYPE MX_DENSE, MX_CSR, MX_COO Physical representation used for the

region’s backing store.
MX_ROWS integer Number of rows in the logical view.
MX_COLS integer Number of columns in the logical

view.

each Magic Memory load or store that occurs, a segmentation fault occurs due to

the illegal address that is being accessed. When the Magic Memory signal handler

decodes the index and region that the original program attempted to write, the

system references the corresponding struct to glean enough information to update

the appropriate sparse or dense data structure and can propagate this information

across the system as needed.

5.3 Magic Memory Consistency

By introducing implicit invariants between distinct regions of memory, the Magic

Memory programming model breaks the assumptions of traditional memory consis-

tency models. Because writes to an input magic memory region implicitly alter the

state of a corresponding output region, the precise temporal ordering of load and

store transactions becomes critical to program correctness.

In traditional architectures, performance is heavily based on reordering in-

dependent memory transactions. This reordering occurs at two distinct levels, both

of which pose challenges for magic memory regions. First, at the hardware level,
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out-of-order (OoO) execution pipelines and memory disambiguation predictors dy-

namically reorder loads and stores to different physical addresses to hide latency.

Because the CPU hardware is unaware of the spatial dependency between a Magic

Memory input and output region, it may incorrectly issue a load to the output

region before the requisite store to the input region has committed to memory. Sec-

ond, at the software level, optimizing compilers statically schedule instructions and

frequently reorder memory accesses at compile time. Because the input and output

regions reside at different addresses, the compiler cannot recognize the dependency

between them. Consequently, optimizations can invert the program order of these

dependent memory transactions.

To prevent both hardware and software from reordering these transactions,

explicit synchronization is required. Memory barriers (fences) and compiler direc-

tives must be inserted between accesses to dependent input and output regions.

While a sequence of independent loads or stores to a single magic memory region

can still be freely reordered, any transition between interacting regions requires a

strict barrier. This ensures that all preceding stores to an input region are glob-

ally visible and that compiler instruction scheduling remains consistent with the

program order before subsequent dependent loads are issued.

5.4 Sparse Data Structures

Magic Memory presents a dense access interface to data that is physically stored

in a compressed form, and assumes responsibility for maintaining that compressed

representation as the program reads and writes it. By hiding the sparse data for-

mat from the programmer, the system introduces a clean separation between the

application description and the underlying hardware implementation.
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5.4.1 Dense Interface for Sparse Data

A program addresses a Magic Memory matrix as though it were a dense two-

dimensional array, using the familiar double-subscript form A[i][j]. Assignment

to a position that is not currently stored is a legal operation and causes the entry

to appear as normal and a read of such a position returns zero. The compressed

representation is never named in the source program, and no code manipulates row

pointers or column indices of the sparse format directly. This behavior is illustrated

in Figure 5.2 where the logical view from the programmer’s perspective differs from

the representation in hardware.

Figure 5.2: Dense versus sparse view of a matrix as seen from Magic Memory.
Logically from the programmer’s perspective, the entire matrix is available and
stored in memory but Magic Memory hides the compressed physical representation
that only tracks the nonzero elements.

A graph of |V | vertices can be logically viewed as an adjacency matrix A

of dimension |V | × |V | in which aij is nonzero when an edge runs from i to j.

Inserting the edge (i, j) is simply the assignment A[i][j] = w, and deleting it is

the assignment A[i][j] = 0. No separate mutation interface is required, and no

distinction is drawn between a graph that is being modified and one that is being

read. Traversal of a vertex’s neighborhood, correspondingly, is a simple iteration
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over A[i]. This manner of describing graph algorithms will be relevant as section 5.7

develops PageRank as a case study in which both paths are exercised.

5.4.2 Physical Representation and Format Selection

Abstracting the data structure is critical because there exists a wide range of sparse

formats and a substantial body of work on tailoring them to both the structure of

the sparsity and the computation the data will feed. Coordinate (COO) storage

keeps an explicit triple for every nonzero and is trivial to build but wasteful to

traverse. Blocked and vectorized formats such as BCSR and ELLPACK trade a

controlled amount of explicit zero padding for regular access patterns that suit wide

SIMD units. Higher-dimensional generalizations, such as compressed sparse fiber,

extend the same principle to tensors. A parallel line of work treats format selection

itself as a first-class problem, either by choosing among formats at runtime based

on measured properties of the input, or by generating format-specific code from a

declarative specification of the computation [84–86].

5.4.3 Managing the CSR Backend

For Magic Memory, the Compressed Sparse Row (CSR) format is utilized as the

standard backend representation for sparse matrices. An m× n matrix A with nnz

nonzeros is stored as three arrays. There is a value array and a column-index array,

each of length nnz, holding the nonzeros of A in row-major order, and a row-pointer

array of length m + 1. Entry i of the row-pointer array gives the index at which

row i begins in the other two arrays, so that row i occupies the half-open range

[rowptr[i], rowptr[i+1]) and rowptr[m] = nnz. Row lengths are therefore implicit in

the differences between adjacent pointers, and the nonzeros of a row are contiguous
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Interface operation Effect on the CSR representation Cost

Read A[i][j], stored Search row i for column j O(log nnz i)
Read A[i][j], not stored Search row i, return 0 O(log nnz i)
Write nonzero, stored Update the value array in place O(log nnz i)
Write nonzero, not stored Insert; shift arrays, adjust row pointers O(nnz)
Write zero, stored Delete; shift arrays, adjust row pointers O(nnz)
Iterate A[i] Sequential scan of row i O(nnz i)

Table 5.3: Operations on the Magic Memory dense interface and their effect on the
underlying CSR representation. nnz i denotes the number of stored nonzeros in row
i.

in memory.

That contiguity is what makes CSR fast to traverse and what makes it,

in practice, immutable. Reading row i is a sequential scan of two arrays, which

perfectly matches the streaming behavior that PIM systems depend on. Writing

a value that is already stored is equally cheap, since it touches one element of the

value array and leaves the structure untouched.

However, writing a nonzero into a position that is currently a structural zero

requires shifting every subsequent entry of the value and column-index arrays by one

and incrementing every row pointer above i. A single-element write costs O(nnz).

This asymmetry is severe enough that standard practice traditionally avoids the

operation entirely: sparse structures are usually built once in a mutable format

such as COO, converted to CSR, and thereafter treated as read-only.

Table 5.3 enumerates what each operation on the dense interface costs against

the underlying CSR representation. The essential observation is that while the

programmer’s interface is uniform, the underlying physical costs are highly non-

uniform. A read of a structural zero is indistinguishable to the program from a read

of a stored nonzero, and returns 0 in both cases, but the search that produces the
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answer is performed either way. As shown in the table, two entries are asymptotically

worse than the rest because they induce structural changes rather than simple value

updates. Deletion is the mirror of insertion. Assigning zero to a stored position

removes the entry outright as the value and column-index arrays are shifted down

by one, and every row pointer above i is decremented. Magic Memory stores no

explicit zeros.

5.5 Graph Degree

Consider computing the degree of every vertex in a graph. Expressed against a

dense adjacency matrix, the degree is a reduction over a row,

di =
|V |−1∑
j=0

[
aij ̸= 0

]
,

and a program written in those terms must examine every entry of the row. The

materialized view of Section 5.4.1 improves on this by visiting only the stored entries,

reducing the cost of the full degree distribution from Θ(|V |2) to Θ(nnz). Neither is

necessary, because neither needs to happen at query time at all.

Rather than computing d from A when it is asked for, a program declares

that d stands in a fixed relationship to A and leaves the memory system to keep it

true:

1 int (* graph_mx )[ NUM_NODES ] = mx_malloc ( sizeof (int[ NUM_NODES ][ NUM_NODES

]));

2 mx_set_property (graph_mx , MX_DIMENSION , MX_MATRIX );

3 mx_set_property (graph_mx , MX_SPARSE_TYPE , MX_CSR );

4 mx_set_property (graph_mx , MX_ROWS , NUM_NODES );

5 mx_set_property (graph_mx , MX_COLS , NUM_NODES );
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6

7 int * graph_degree_mx = mx_malloc ( NUM_NODES * sizeof (int));

8

9 mx_setup ( graph_degree_mx , graph_mx , INV_21 );

10

11 graph_mx [0][3] = 1;

12 graph_mx [1][3] = 1;

13 graph_mx [2][3] = 1;

After the three stores, graph_degree_mx holds the degree of every vertex. No

traversal was written, no reduction was invoked, and no view was taken.

5.5.1 Differential Maintenance

The graph degree algorithm provides an example of an invariant admits a differential

update. When a store changes aij from vold to vnew, the handler has in hand the

previous value of the entry, the value being written, and the current value of the

affected outputs. The correction to the degree follows from those three quantities

alone:

δ =
[
vnew ̸= 0

]
−

[
vold ̸= 0

]
, di += δ, dj += δ, (5.1)

with δ ∈ {−1, 0, +1} and both endpoints updated because the graph is undirected.

An insertion into an empty position contributes +1, a deletion contributes −1, and

a store that overwrites a nonzero with another nonzero contributes nothing and

touches no output at all.

Three properties of (5.1) are what make the maintenance cheap enough to

perform eagerly upon a store to the graph. The work is constant per store and

independent of the degree of either endpoint, of nnz, and of |V |. The correction reads

no part of the adjacency structure beyond the entry being written, so no traversal is
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triggered and no additional rows are brought into cache. The two outputs it touches

are single words, so a store to the graph becomes a store to the graph plus at most

two scalar read-modify-writes.

While graph degree provides one such example of an invariant that can be

transformed into differential compute, many more operations are possible. Invari-

ants that can be expressed as linear transformations are possible as due to linearity

f(a + δ) = f(a) + f(δ). This means that by tracking the change to magic memory

input regions upon a store, the new output value can be computed just from eval-

uating the function based on the delta. In the current Magic Memory prototype,

the differential handlers that execute Equation 5.1 are systematically defined by

the runtime. However, because the invariant is declared algebraically, it is theoreti-

cally possible for a code-generation system to automatically derive these differential

update kernels directly from the programmer’s high-level specification. Developing

the compiler infrastructure to automatically synthesize these differential hardware

handlers remains an active area of future work.

5.6 Prototype Magic Memory System

The Magic Memory programming model is initially prototyped using a CPU-FPGA

system. This setup serves as a proxy for a memory-centric system, establishing a

shared memory environment between the host processor and a near-memory accel-

erator. The evaluation system consists of an Intel i7-10700 CPU running CentOS

6, connected to a Stratix 10 MX FPGA via PCIe Gen 3. In this prototype, the

FPGA is responsible not only for computing the invariants between Magic Memory

regions, but also for managing the physical storage of the input and output data.

The system that is used to prototype Magic Memory can be seen in Fig-
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Figure 5.3: Magic Memory on CPU-FPGA System.

ure 5.3. The CPU and FPGA are connected via PCIe and each possesses its own

main memory. On the FPGA, two key hardware acceleration modules exist, a data

management module for sparse data structures and a compute kernel for maintain-

ing an invariant. Here control status registers (CSRs) serve to track the appropriate

metadata regarding problem parameters and the data within each memory region.

An input and output FIFO are present for receiving and responding to load and

store transactions that are redirected to the FPGA from the CPU.

To evaluate the feasibility of this programming model, we first measure the

base cost of the abstraction layer. Because this prototype utilizes a standard PCIe

connection rather than a native cache-coherent interconnect (such as CXL), the

hardware cannot natively trap and route memory accesses. Instead, this system

emulation relies on the OS-level signal handler as described in Section 5.4.1. When

the host CPU issues a load or store to a Magic Memory region, it triggers a page

fault. The software handler intercepts this fault, decodes the memory instruction,

and manually routes the transaction to the FPGA by writing it to a memory-

mapped FIFO over the PCIe bus. Consequently, every Magic Memory access incurs

a software context-switch penalty. Table 5.4 quantifies this abstraction overhead by
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comparing a direct memory-mapped FIFO access against an access routed through

the Magic Memory signal handler framework.

Read (µs) Write (µs)

Memory-Mapped Access 5.46 0.54
Magic Memory 6.6 1.57
Difference 1.14 1.03

Table 5.4: Memory Mapped FIFO Latency

To quantify this abstraction overhead, a latency test was conducted to mea-

sure one million consecutive read and write accesses to the FPGA’s memory-mapped

FIFO. As shown in Table 5.4, routing these accesses through the Magic Memory

programming model adds approximately 1.0 to 1.1 microseconds of latency per trans-

action compared to direct FIFO writes. On the evaluation system, this translates

to an overhead of approximately 3,000 CPU cycles required to trap the memory

address and execute the abstraction logic.

Although this software penalty is non-trivial, it is comparable in magnitude

to other severe architectural memory stalls, such as a Translation Lookaside Buffer

(TLB) miss or a lower-level cache miss. More importantly, this 3,000-cycle overhead

is largely an artifact of this specific user-space emulation rather than a fundamental

limitation of the programming model. The bulk of this latency stems from the

expensive context switches required to move the CPU between user mode and kernel

mode when invoking the signal handler before the program can resume.

This overhead can be dramatically reduced in future iterations by utiliz-

ing hardware interrupts instead of POSIX signals, which would bypass much of the

OS-level routing and avoid the expensive switching between operating modes. Alter-

natively, booting and running the machine directly in kernel mode would eliminate
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the user-to-kernel context-switching penalty entirely. While operating exclusively

in kernel mode is not ideal from a security and isolation standpoint, it provides

a viable architectural workaround to solve the context-switching bottleneck during

prototype evaluation.

5.7 Magic Memory Example: PageRank

As a first example, this programming model is realized for the popular PageRank

[87] algorithm using an FPGA. In the PageRank algorithm, the graph nodes are

assigned a rank based on the number of edges coming in and out of each node. The

graph is allocated using a Magic Memory input region, the ranking for each node is

allocated to a Magic Memory output region, and the relation between the two regions

is defined as the PageRank algorithm. This enables data analysts to observe the

effects of adding or removing an edge from the graph from a single store to memory.

In the magic memory input region, the sparse nature of the graph is hidden from

the programmer, and a single load or store to memory is needed to update the

graph data structure. The magic memory output region is allocated on the FPGA

allowing for a specialized sparse matrix vector multiplication (SpMV) accelerator

to be leveraged to perform the primary computation in the PageRank algorithm.

In this example, the algorithm implemented using Magic Memory benefits because

of its iterative nature, the stream of updates to a sparse data structure, and the

frequency of these updates.

PageRank is a common algorithm used by search engines to rank web pages

in search results. This algorithm uses the links coming to and from each page and

the quality of the pages that the links come from in order to create the ranking. In

PageRank, the input region is the graph of hyperlinks in matrix format with each
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element being the probability of jumping from node to node. An important property

of a hyperlink matrix is that the sum of every column must be one. Therefore if a

node (column) has no outgoing edges (elements within a column), that column will

have a uniform distribution such that this property is maintained.

The PageRank algorithm then iteratively performs a Sparse Matrix dense

Vector (SpMV) multiplication. The matrix representing the graph is multiplied

by the current PageRank and the PageRank is updated with the output of this

operation. This process is repeated until the difference between each iteration is less

than some small epsilon. The output memory region stores the rank of each node in

the input graph. While SpMV is a computation common in many graph applications,

efficient SpMV is difficult due to the large amount of accesses to random memory

locations. For this reason, a high performance hardware accelerator on the FPGA

would greatly improve the performance of this application along with many more.

With Magic Memory, the graph is allocated as a matrix in a Magic Memory

input region and the PageRank vector is allocated as a Magic Memory output on

an FPGA. When writing the Magic Memory input region, the memory address is

broken down to determine the row and column index of the data access. The row

and column index are then used to index into the sparse data structure that is used

to store the graph. By hiding the sparse data format from the programmer, this

introduces a level of separation between the application description and the software

or hardware implementation that is used behind the scenes in order to achieve good

performance.

The core computation of PageRank (SpMV) is implemented in hardware on

the FPGA to take advantage of the sparse data format. The Compressed Sparse

Row (CSR) representation of the matrix, the read pattern of the data and column
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arrays follows a simple sequential pattern which lends itself to using a burst coalesced

Load-Store Unit (LSU). This LSU buffers contiguous memory requests for the largest

possible burst. In order to utilize this hardware, each row is stored as a chunk of

elements of a fixed size with the excess entries simply set to 0. By using a set size,

the loop that iterates over the nonzeros of each row is able to be fully unrolled at

compile time with no extra control logic inside the loop needed to check to see if

the end of the row has been reached. This also allows for the LSU selected to have

a bandwidth that matches the number of entries needed to fill the fully unrolled

loop. Since each element of the output vector can be computed independently, the

loop that iterates over these elements is pipelined and a loop iteration is able to be

scheduled every cycle.

5.8 Evaluation

The FPGA being targeted for this application is a Stratix 10 PAC card with 32 GB of

DDR4 memory. As a comparison to Magic Memory, we use a CPU implementation

that also computes the SpMV using the CSR representation of the matrix. This

program is run on an Intel Xeon Platinum 8256 as a baseline comparison.

Various different types of datasets were used to evaluate the FPGA design.

The first example utilizes a graph with 100k nodes, where each node has 32 edges.

This graph is constructed in such a way that it perfectly fits the hardware generated

for the FPGA and serves to provide an upper bound on the performance that can

be expected from hardware. Following this, other graphs with other average degrees

are used to investigate how this kernel fairs for graphs that do not always use the

maximum bandwidth to load useful data. In Figure 5.4, the runtime of SpMV

for various different graph sizes is shown. Due to the nature of the hardware, the
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Figure 5.4: Comparison of SpMV kernel on FPGA versus baseline CPU implemen-
tation. All graphs used to generate the sparse matrix have 100,000 nodes which
makes the SpMV operation a 100k x 100k sparse matrix multiplied by a 100k dense
vector. By varying the number edges in graph, the sparsity of the matrix is changed

number of elements in each row of the matrix does not affect the running time of

the FPGA. For this reason, for a graph where the maximum number of edges for

each node is less than the block size (32 in this case) and a set number of nodes,

the runtime is constant. This can be observed in the figure where the blue bars are

a constant height. For the CPU implementation, the average degree of the graph

is directly correlated with the runtime of the graph. However, even with graphs of

an average degree of 4 the FPGA implementation is still able to provide a near 6x

improvement over the baseline CPU implementation.
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These performance results on the prototype CPU-FPGA system serve as

a proof of concept that a declarative specification over regions of memory carries

sufficient information for the system to automate data orchestration and leverage

specialized hardware accelerators. The 6x performance improvement observed in

Figure 5.4 represents a direct comparison of the isolated SpMV kernel executing on

the FPGA versus the CPU baseline. While this measurement strictly evaluates the

kernel performance rather than the end-to-end application overhead, it illustrates

how the Magic Memory abstraction can be utilized. From the programmer’s per-

spective, the graph is interacted with through a dense, two-dimensional interface.

The programmer writes no instructions for resizing the CSR format used to insert

or remove edges and does not need to define burst-coalesced Load-Store Unit (LSU)

configurations. As the declarative specification defines the invariant between the

regions, the runtime is granted the flexibility to physically represent the data in

CSR and route the heavy computation to a highly optimized, format-specific SpMV

kernel on the FPGA.

Furthermore, this proof of concept demonstrates that the system can as-

sume responsibility for dynamic orchestration. In the interactive PageRank scenario,

where edges are continuously added or removed, the programmer simply performs

standard memory stores to update the graph. The Magic Memory system is respon-

sible for recognizing that the graph has been modified and invariant requires the

recomputation of the PageRank vector. When this recomputation is triggered, the

system seamlessly invokes the accelerated SpMV kernel without any explicit syn-

chronization or kernel-launch directives from the host program. This demonstrates

that for memory-centric systems equipped with a shared address space, delegating

the physical representation and orchestration to the system allows programmers to
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seamlessly benefit from specialized hardware while focusing solely on the high-level

mathematics of their application.

5.9 Summary

In this chapter, the Magic Memory programming model was presented for memory-

centric systems with a shared address space and general purpose compute capability.

In this model, computation is expressed by declaring persistent mathematical in-

variants between regions of memory, which the system automatically maintains. As

the system understands the logical mathematical object within a region of memory,

the system is able to manage the physical representation. This abstraction proves

especially useful for managing dynamic sparse data structures where elements must

be inserted and removed.

The declarative specification of the invariant allows the system to manage

how and when computation occurs. The system can relocate computation to near

memory accelerators and manage whether the computation occurs lazily or eagerly

upon loads or stores to a memory region. When applicable, the system can further

optimize execution by performing a differential computation to incrementally up-

date the outputs as the input memory regions change. To validate this programming

model, this was prototyped on a CPU-FPGA system with an interactive PageRank

application. This example demonstrates how describing computation using a spec-

ification between regions of memory enables the system the ability to efficiently

orchestrate data movement, manage sparse representations, and determine how and

when computation occurs.
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Chapter 6

Conclusion

For memory-centric systems, the diversity and difficulty in programming these sys-

tems have made them difficult to adopt for domain experts interested in applications

that could serve to benefit from them. Most existing APIs and approaches require

developers to write a program specific to a single hardware target which rigidly de-

scribes the number of processing units, scratchpad capacity, transfer granularity and

communication topology. Meanwhile, none of these features are necessarily trans-

ferrable between hardware targets or next generation systems. For domain experts

interested in sparse linear solvers or graph algorithms where the data movement re-

quirement serves as the performance bottleneck, using these memory-centric systems

without abstractions becomes a difficult and constantly evolving task. This disser-

tation asserts that the appropriate level of abstraction for these memory-centric

systems comes from expressing computation as a declarative specification on re-

gions of memory where key operations identified from the algorithm also map well

to the machine.

To support this thesis, this dissertation presents two key programming mod-
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els for memory-centric systems. The first is the Filter-Update model for capability-

limited PIM architectures. In iterative algorithms commonly used in optimization

problems or for linear solvers, the elements of memory to be used to participate in

each iteration can be selected using a filter. The update then applies an accumula-

tion operation which enables the solution to progress closer to a solution. This pair

of operations is not only common enough across a broad class of iterative numerical

methods but also simple enough to be run on hardware with extremely constrained

capabilities. Neither of these operations require a floating-point unit, hardware mul-

tiplier, or communication between processing elements and does not require many

instructions. Neither operation is required to retain state beyond the element that

is being filtered or updated. This simplicity allows this programming model to be

agnostic to the hardware that is present in the system while dramatically reducing

memory bandwidth bottlenecks.

The second is the Magic Memory programming model that is designed for

shared-memory systems with more capable near-memory accelerators. In this model

computation is described as a persistent mathematical invariant between regions of

memory. As the system understands the mathematical object within a region of

memory, it is able to manage dynamic sparse data formats and orchestrate data

movement across devices. The invariant further carries enough information such that

the system is able to have the flexibility to determine when and how computation

occurs without explicit instructions from the programmer.

Specifically, this dissertation provides the following contributions:

• Identified filter and update as the primitives for capability-limited PIM. These

two operations are expressive enough to carry a broad class of iterative nu-

merical methods, yet cheap enough to run on hardware with no floating-point
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unit and no communication between processing units.

• Demonstrated how iterative solvers can be co-designed with PIM hardware.

Algorithms can be adapted to fit the Filter Update programming model for

approaches that traditionally do require the entire dataset. This was high-

lighted by adapting Gauss-Seidel, a memory-bandwidth bound problem, using

filter-update operations so that the filter update modified algorithm is still

able to converge within a similar number of iterations.

• A characterization of the data-movement versus iteration-count trade-off. Fil-

tering reduces per-iteration traffic but increases iterations to convergence, and

the model pays only where the first effect dominates. Filtered gradient descent

reduced cumulative data movement by 3.9× at 1.5× more iterations and filter-

update modified Gauss-Seidel converged 3.81–6.29× faster across systems from

107,400 to 10.7 million unknowns. The characterization also locates where the

trade-off inverts, as the filter selects higher-degree rows in late iterations.

• Declarative specification over memory regions is sufficient for managing data

orchestration. From the Magic Memory programming model and the interac-

tive PageRank application, this work shows that a mathematical description of

computation between memory regions carries enough information for a system

to determine what data must move and when. Individual loads and stores to

memory are able to trigger computation eagerly or lazily and even differential

compute can be used to maintain the correct state.

• Abstracted physical memory layouts behind a dense logical interface. By spec-

ifying what the data within a region of memory represents, the physical layout

within memory can be hidden from the programmer. This is demonstrated
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by using standard dense addressing to sparse matrix. Behind the logical in-

terface, the data are represented using a compressed sparse row (CSR) format

where the runtime silently manages the complexity of inserting and removing

elements.

6.1 Lessons Learned

While developing the Filter-Update and Magic Memory programming models for sci-

entific applications and graph analytics, several practical insights regarding the co-

design of algorithms, software abstractions, and memory-centric hardware emerged:

Algorithmic co-design with the hardware is necessary. Memory-centric

hardware cannot be treated as a simple accelerator for core kernels in any algo-

rithm. Achieving performance requires mathematical co-design with the operations

that the hardware is able to perform efficiently. For example, filtering gradient de-

scent reduces per-iteration data movement but inherently increases the total num-

ber of iterations required to converge. Similarly, executing parallel PIM updates

for Gauss-Seidel required introducing an upfront graph-coloring algorithm to safely

manage dependencies and prevent divergence. Developers must be willing to trade

off strictly following the original algorithm for near memory acceleration.

PIM must natively support both processing and memory. When attempt-

ing to utilize Processing-In-Memory devices to gain significant performance improve-

ments, the hardware must seamlessly integrate both aspects without hidden data-

movement penalties. For the vectors that are stored in filter or update regions, there

are still instances in iterative algorithms where the entire or a different portion of

the vector needs to be read for certain computation. For this reason, while PIM
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hardware may enable loading or storing less data, it does not remove all need to read

data from that region of memory. For many current devices, data must be moved

between host memory and PIM-enabled memory, or undergo expensive layout trans-

lations (e.g., from interleaved to contiguous), before computation can even begin.

For memory-bandwidth-bound applications, the entire goal of PIM is to eliminate

data movement by computing where the data already resides. Furthermore, PIM ap-

proaches must not compromise standard DRAM transfer rates because operations

like Filter-Update still require bulk data movement back to the host. Degraded

outbound transfer bandwidth makes it difficult to surpass traditional baselines.

Native floating-point support is not a strict prerequisite. A common as-

sumption is that the lack of native floating-point support in near-memory hardware

is a dealbreaker for scientific applications. As shown in this work, this is not the

case. By mapping only highly simplified operations (such as magnitude threshold-

ing and basic updates) to PIM, alternative techniques like soft-float representations

can be used effectively. The lesson is that PIM does not need to replace the host

processor. PIM can focus on efficiently performing basic operations while leaving

more arithmetically intensive operations for the more capable host hardware.

Declarative specifications on virtual memory are the appropriate abstrac-

tion. Finally, the most significant software lesson is that forcing programmers

to manage architectural details—such as bank locations, transfer granularities, or

scratchpad capacities—destroys portability. By shifting to declarative specifications

over regions of memory, the programmer simply defines the mathematical invariants

and operations. This delegates the complex, hardware-specific orchestration of data

movement and physical layout to the underlying system, proving that hardware
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capability, rather than programmer burden, should dictate how data are managed.

6.2 Future Work

This thesis has served as a demonstration on how memory-centric architectures can

be made useful for algorithms that target large-scale, memory-bound problems. By

demonstrating that operations as simple as filter and update can yield significant

reductions in data movement, this research has showed that mapping complex scien-

tific applications to capability-limited hardware can lead to performance improve-

ments. Building on this, there remain several avenues for algorithmic, hardware,

and software extensions.

6.2.1 Designing New PIM Hardware

From a hardware perspective, new microarchitectures can be designed in order to

support filter and update operations even more efficiently in PIM hardware.

At the bank level, new processing units can be designed to more effectively

match the internal DRAM bandwidth for these operations. For example, prelimi-

nary work has been done which places a SIMD core in which the width matches the

global data line (GDL) that connects each bank. As seen in Figure 6.1, for an archi-

tecture where the GDL width is 128 bits and these operations are performed upon

32-bit data, a SIMD core with 4 lanes enables the processing units to match the

bandwidth of the data that is read from each bank. The precise SIMD width here is

not necessarily fixed and can be matched to the memory technology. For instance,

while a 128-bit GDL uses a 4-lane 32-bit SIMD core, a GDDR implementation could

utilize a 256-bit GDL matched with an 8-wide SIMD core.

To execute the filter and update algorithms, each SIMD core has three SIMD
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Figure 6.1: Potential bank-level PIM hardware for supporting Filter-Update opera-
tions. In this microarchitecture the SIMD width is matched to the size of the global
row buffer and global data line (GDL) in order to support peak bandwidth.

registers for storing the operands and the output. As the dense data vector is

distributed across multiple banks, each bank tracks the subset of the vector that it

holds by storing the starting index of the first element in the bank within a dedicated

register or within local memory. While the filter operation maps cleanly to the SIMD

hardware, performing the update operation requires more consideration. As the

update data are a sparse list of index value pairs, this requires writing indices that

are scattered and non-adjacent. For this reason this design proposes a specialized

set of instructions that restricts write accesses to the row buffer to only the first

lane.

Future work looks to investigate microarchitectural enhancements to the

bank-level processing unit itself. In particular, incorporating a dedicated local

scratchpad memory into each bank’s compute tile is being explored to buffer sparse

outputs. By providing a local scratchpad to compact and organize filtered elements
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before they cross the memory bus this seeks to further bridge the gap between in-

ternal DRAM bandwidth and sustained compute throughput. Other possibilities

include exploring subarray-level PIM architectures. If subarray-level PIM can be

engineered to efficiently support random accesses, it could yield even greater paral-

lelism than the bank-level approach for these Filter-Update workloads.

Expanding Algorithmic Targets While this thesis has focused heavily on adapt-

ing sparse linear solvers for filter and update operations, it remains to be seen what

other applications could fit this computational model. Future work must investi-

gate how the Filter-Update model can be applied to more complex, hierarchical

algorithms, such as algebraic multigrid. By working with domain experts who can

leverage these operations to augment state-of-the-art approaches within their own

specialties, it is highly likely that more algorithms can be adapted to reduce data

movement. For instance, the Filter-Update methodology could be deployed not

only to create sparsified smoothers within an algebraic multigrid hierarchy, but also

to optimize the transitions between finer and coarser grids. Applying dynamic,

magnitude-based filtering during the restriction (fine-to-coarse) and prolongation

(coarse-to-fine) phases could significantly reduce the data movement required to

project residuals and interpolate corrections across grid levels, unlocking further

performance gains for massive scientific workloads.

High Bandwidth PIM Microarchitectures On the hardware front, current

commercial PIM systems are heavily limited by the effective bandwidth they achieve,

often struggling to reach the full throughput of the original memory interface. Future

work remains to design new PIM microarchitectures capable of sustaining peak

bandwidth for sparse workloads. From this, it remains to be seen what the true
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performance ceiling for filter-update modified algorithms could be.

Semantic Capture of Magic Memory Invariants With respect to the Magic

Memory programming model, approaches like LibraryX [63] enable using a high-

level, domain-specific library to describe invariants between memory regions. Li-

braryX is a framework that can perform semantic capture by interpreting library

calls as a specification. It creates an equivalent dataflow representation that is

then passed into a code-generation system like SPIRAL. By deeply integrating this

framework within Magic Memory, library calls, like those utilizing a GraphBLAS

mathematical formulation, can serve as the declarative specification for the invari-

ant. Code generation systems like SPIRAL [62] can then utilize this specification

to automatically generate instructions optimized for whichever heterogeneous archi-

tectures are present within the system.

Automatic Derivation of Differential Updates Currently, Magic Memory

invariants are described as explicitly defined relationships between memory regions.

However, when an invariant is maintained eagerly, the system only needs to compute

the differential update for the specific value that changed rather than recomputing

the entire state. In these cases, future work remains on taking the declarative

specification between regions of memory and automatically deriving what the exact

differential update computation is and when this would be possible.
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