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Algorithms and Mathematics: 2,500+ Years

s vahen

s &4 n o AGcbram f"'"d’#‘\ ok huyin £l ‘\

imgy
(B Vi P

= SEEERE -1 N R E |

A
N
+ 7> e
A\ ¥ e 3
F@ Foes
R : S = LT oer
+ % l":-\m+v-staﬂeges‘ < ol a1l
& i BB E N w B R R R
=1 - } iz ;1_*»‘ T F B F
i il Hia AEER R
- ) QALY l% 315 |3 iéﬁ
l ek i | - ‘ﬁ 1 ;
'}

Fast Fourier Transform

265 An Algorithm for the Machine Calculation of
mplex Fourier Series

By Jumes W. Cooley and John W. Tukey
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‘ourier coefieionts A (k) are complex and W s the principal

FFT in Matrix Form
Van Loan, 1992
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C.F. Gauss, 1805 Cooley&'l"ukey, 1965
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Computers | have Used: 10'%°x Gain in 35 Years

The first computer I... “My” first...
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razazg /" w :

10 kflop/s ‘ .
...programmed ...owned ...telnet’ed into ...multicore ...GPGPU ...manycore
Commodore VIC20 IBM PC/XT compatible IBM RS/6000-390 Pentium D GeForce 8800 Xeon Phi
1MHz MOS 6502 8088 @ 8 MHz, 640kB RAM 256 MB RAM, 6GB HDD 2 cores, 3.6 GHz 1.3 GHz, 128 shaders 1.3 GHgz, 60 cores
5 kB RAM, TV 360 kB FDD, 720x348 mono, 67 MHz Power2+, AIX 2/4-way SIMD 16-way SIMT 8/16-way SIMD
1985 1989 1994 2005 2006 2011

Computers | use, circa 2020 110 Tflop/s FP16 (ML)

Summit Dell Power Edge Dell Precision 3620 Lenovo X270 Sony Xperia XZ1
2,282,544 cores @ 3.07 GHz 80 cores @ 3GHz 3.7 GHz Xeon Quad-core 2.8 GHz Core i7 Dual-core 2.5 GHz Octa-core
200 Pflop/s, #1 in Top500 3 TB RAM Nvidia TITAN V, 64 GB RAM Mobile GPU, 16GB RAM Mobile GPU, 4GB RAM

1 Gflop/s = one billion floating-point operations (additions or multiplications) per second
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Computing Platforms Over The Years
F-16A/B, C/D, E/F,IN,1Q, N, V B52 Stratofortress

Compare: Desktop/workstation class CPUs/machines

Assembly code compatible !!

x86 binary compatible, but 500x parallelism ?!

1972 1989 1994 2006 2011 2020

Intel 8008 IBM PC/XT compatible IBM RS/6000-390 GeForce 83800 Xeon Phi Xeon Platinum 8380HL
0.2—0.8 MHz 8088 @ 8 MHz, 640kB RAM 256 MB RAM, 6GB HDD 1.3 GHz, 128 shaders 1.3 GHz, 60 cores 28 cores, 2.9-4.3 GHz
Intelligent terminal 360 kB FDD, 720x348 mono 67 MHz Power2+, AlX 16-way SIMT 8/16-way SIMD 2/4/8/16-way SIMD

x86 ISA: hiding 108x compounded performance gain over half a century


https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwiT4OTGgNPXAhWB0hoKHXG6AlcQjRwIBw&url=https://www.notebookcheck.net/Intel-s-latest-server-grade-Xeon-Platinum-8180-CPU-has-a-ridiculous-price-tag.234260.0.html&psig=AOvVaw1kw8XtT8WNzQS-eYf_Xwpk&ust=1511468354028346
http://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwik5tC_6uzSAhXHx4MKHXjiBicQjRwIBw&url=http://www.af.mil/AboutUs/FactSheets/Display/tabid/224/Article/104505/f-16-fighting-falcon.aspx&psig=AFQjCNFnY3230xQ2aPAQhffkWStxz2_UFg&ust=1490365555134916
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Programming/Languages Libraries Timeline

Popular performance programming languages
= 1953: Fortran

= 1973:C

= 1985: C++

= 1997: OpenMP
= 2007: CUDA

= 2009: OpenCL

Popular performance libraries
= 1979: BLAS

= 1992: LAPACK

= 1994: MPI

= 1995: ScalLAPACK

= 1995: PETSc

= 1997: FFTW

Popular productivity/scripting languages
= 1987: Perl

= 1989: Python

= 1995: Java

= 2000: C#

= 2012: Julia

Will | adopt something new?
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2020: What $1M Can Buy You

Dell PowerEdge R940 24U rack

4.5 Tflop/s, 6 TB, 850 W 10kW
4x 24 cores, 2.5 GHz <$1|V|

0SS FSAn-4
200 TB PCle NVMe flash
80 GB/s throughput

BittWare TeraBox

18M logic elements, 4.9 Tb/sec I/0 Nvidia DGX-A100
8 FPGA cards/16 FPGAs, 2 TB DDR4 AberSAN ZXP4 8x Tesla A100,6.5kW
90x 18TB HDD, 1 kW 5 Pflop/s, 320 GB

1.6PB raw
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SPIRAL: Al for High Performance Code

Traditionally Spiral Approach

e S B N M I s M) Spiral

High performance library &2/l
optimized for given platform performance

High performance library
optimized for given platform
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Outline

= Introduction

= Specifying computation

= Achieving Performance Portability
= FFTX: A Library Frontend for SPIRAL

= Summary

F. Franchetti, T. M. Low, D. T. Popovici, R. M. Veras, D. G. Spampinato, J. R. Johnson, M. Puschel, J. C. Hoe, J. M. F. Moura:
SPIRAL: Extreme Performance Portability, Proceedings of the IEEE, Vol. 106, No. 11, 2018.
Special Issue on From High Level Specification to High Performance Code



http://users.ece.cmu.edu/%7Efranzf/papers/08510983_Spiral_IEEE_Final.pdf
http://proceedingsoftheieee.ieee.org/upcoming-issues/from-high-level-specification-to-high-performance-code/
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SPIRAL: Al for Performance Engineering

Given:
= Mathematical problem specification
core mathematics does not change

= Target computer platform
varies greatly, new platforms introduced often

Wanted.:
= Very good implementation of specification on platform

= Proof of correctness

Signal spectrum

void fft64 (double *Y, double *X) {
»
sy = FF’ '(x) s5674 = _mm256_permute2£128_pd (s5672, s5673, (0) | ((2) << 4)):,
.o s5675 = mm256_permute2f128 pd(s5672, s5673, (1) | ((3) << 4))
%EU s5676 = _mm256_unpacklo_pd(s5674, s5675); 3
= ! s5677 = mm256 unpackhi pd(s5674, s5675);
@ s5678 = *((a3738 + 16))_;P performance
7 s5679 = *((a3738 + 17))
© s5680 = mm256_permute2f128 pd(s5678, s5679, (0) | ((2) << 4)); +
° s5681 = mm256_permute2f128 pd(s5678, s5679, (1) | ((3) << 4));
s5682 = mm256_unpacklo_pd(s5680, s5681);
s5683 = mm256_unpackhi_pd(s5680, s5681);
t5735 = _mm256_add pd(s5676, s5682);
) t5736 = _mm256_add pd(s5677, s5683); QED-
= 5 t5737 = _mm256_add pd(s5670, t5735);
t5738 = _mm256_add pd(s5671, t5736);
inter, t5739 = _mm256_sub_pd(s5670, mm256 mul pd(_mm vbroadcast sd(&(C22)), t5735));
( t5740 = _mm256_sub_pd(s5671, mm256 mul pd(_mm vbroadcast sd(&(C22)), t5736)) ;
t5741 = mm256_mul_pd(_mm vbroadcast sd(&(C23)), _mm256_ sub pd(s5677, s5683)) ;
4th Gen t5742 = mm256_mul_pd(_mm vbroadcast sd(&(C23)), _mm256_ sub pd(s5676, s5682)) ;

Intel* Core™ i7



http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&uact=8&docid=vAsx1pRWshmqkM&tbnid=OGZEFdq-QNznEM:&ved=0CAUQjRw&url=http://nanobitwallpaper.com/intel-haswell-i7/&ei=a_iiU5idNsKMqAaGuYGgDQ&bvm=bv.69411363,d.cWc&psig=AFQjCNH6vnDdvGOCz5Y4P6I3GkzOQ06S5w&ust=1403275695913880
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OL Operators

Definition
= Operator: Multiple vectors! Multiple vectors

= Stateless
= Higher-dimensional data is linearized
= Operators are potentially nonlinear

CMO % .. x C%—-1 — CNo x ... x CDNe-1

(%0, X1,y Xp—1) — M(X0,X1, .-+, Xp_1)

M :

Example: Scalar product

<., > RPxR*" =R X
n—1 -
<(33¢)¢=0 ..... n—1, (Wi)i=o0,..., n—l) > 7;;0 TiY; < .. > » F1
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Example: Safety Distance as OL Operator

closest obstacle @

[[-loo

m Passive Safety of Robots
P,: Position of closest obstacle winetme |
p,: Position of robot obot et
v,: Longitudinal velocity of robot
A, bV, ":constants

Pr

A

v2 Uy A 5
Ipr=polloc > o4V H(S 4+ 1) (52 42w+ V)

m Definition as operator

SafeDisty g4 RxR? xR? = Z;
(vr, pry Po) — (P(U?‘) < doo(p'rapo)) with  deo(Z,7) = || — 7]l

p(z) = az® + Ba + v
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Formalizing Mathematical Objects in OL

= Infinity norm 1% : R = R

(24)i=0,...n—1 — MaX;=0, . n—1 |2

m Chebyshev distance doo( )t R" xR > R

®
(z,y) = [lz —yll5%

m Vector subtraction (—)n: R® x R" — R"
(z,y) »x—y

m Pointwise comparison (<)n:R"xR"—Zj
((ﬂfi)i:o ,,,,, n—1, (Mi)i=o,..., n—l) = (2 < 4i)i=0,...n—1
= Scalar product <o 2nt REXRESR

n—1
((fﬁz‘)izo,...,n—l, (?Ji)izo,...,n—l) — > Ty
: 1=0
= Monomial enumerator (z').:R— R

r— (2')i=0,..n

m Polynomial evaluation Pz, (ag,...,an)]: R R
x +— apx’ + alxn_l +- - Fap_1x+ an

Beyond the textbook: explicit vector length, infix operators as prefix operators
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Operations and Operator Expressions
m Operations (higher-order operators)

o:(D—8S)x(S—R)—(D—R) - = =
(A,B)— Bo A A() B()
X:(D—-R)x(E—S)—=(DxE—RxS) _;4(')_,
(A, B) = ((z,y) = (Ax), B())) ~B-
B(.

m Operator expressions are operators

|l o (—)n: R" xR® - R

..........

m Short-hand notation: Infix notation

A() - B(.) = (w — A(x) — B(x)> can be expressed via (—)n : R" x R" =+ R"
(z,y) »z—y
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Basic OL Operators

| Basic operators ~ functional programming constructs FQ)
—_— —
map Pointwise,, ¢ : R" — R" —_—
(z5); = fo(zo) @ -+ @ fu_1(zn_1) - -
—_—  —
binop AtomiCe y i RXR—=R —_—  —
(337y) |—>f(ili',y) — —

map + zip Pointwise,, ., ¢ : R" x R" — R"
(@i W) = fo(20,40) &+ & fa—1(Tn—1,¥n—1)

fold Reduction,, . : R" — R
()i = fn—1(xn—1, fn—2(xn—2, fn=3( .. fo(zo,id())...)

unfold Induction,, s, : R — R" 11
= (frn(z, fp-1(..) .0 ), o0 fa(z, f1(=,1d)), fi1(z,id),id())
m Safety distance as (optimized) operator expression
SafeDisty, 4 p e =AtOMIC(; ) sacy

o (( Red uction3’($,y)i_m+y o Pointwises ;4. ©Ind uction3}(a’b)ﬁab’1 )

x ((Reductions (; y) ymax(jajyf) © POINtWIS€s, 2 (2 4) sz y ))
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Breaking Down Operators into Expressions

m Application specific: Safety Distance as Rewrite Rule
SafeDiStV,A,b,e('v 3 ) — (P[ZB, (aOJ ai, GQ)]() < dgo(a ))(7 ) )
With  ao=2, a1=Y+¢(#41), aa=(4+1) (42 +ev)

Problem specification: hand-developed or automatically produced

m One-time effort: mathematical library

dn o) — . noo(— s Sl t
() = e o (5 .

(0)n — Pointwise, ., (4.b)sach: @ € {4+, —, A, V,...}

[-[6c — Reduction,, ¢, p)smax(|al,[b])

< .,. >n— Reduction,, «, p)q4p © POINtWISE, .\ (4 ) sab

HOWARD ANTOM

Plz, (ag, - .., an)] =< (ag,...,an),. > o(z")n

(z*)n — Induction,, (, »)esap.1

Library of well-known identities expressed in OL
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Inspiration: Symbolic Integration

= Rule based Al system
basic functions, substitution

= May not succeed
not all expressions can be
symbolically integrated

= Arbitrarily extensible
define new functions as integrals

I'(.), distributions, Lebesgue integral

= Semantics preserving
rule chain = formal proof

= Automation
Mathematica, Maple

Table of Integrals

. 5. GRADSHTEYN s
I. M. RYZHIK Y

TABLE O1
INTEC( }\\I\\]'\H\
AND PRODUCTS

BASIC FORMS

n t n+H
{n I_\' dx —m.l

{2 J‘%l’!.l‘: Inx
[K}] _[m.l’l' = ny = _[ vl

4 Iu{.\']l"{ xldx =n{x)v x) = IH’ ' {xdalx

RATIONAL FUNCTIONS

(51 j

.':—|n( 4 b

I a x N
()] If.l' +a) dr={x +(a]"l—r— cnz=1
I+n l1+n,

(x4a) " (4 x—a)

[k oxtra)de=
) Il‘ e (n+ 2Nn+1)

I 3]:m J:n 1 at WOlfra.m ]
a? Cos[t]?+h2sin[t)? Mathematica
I'_

ou[FH]= —— bz )

m 1
In 33]:= J: - - - - dat
a2 (entm‘nt )z . b2 ent_rut)z
2

21

Cu[zE- 0
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2—O0L: Low-Level Operator Language

m Selection and embedding operator: gather and scatter
e ()R> R!

(73)i=0,..n—1 = T; f‘?)T ()
el’(.): Rl - R™ 6 \
(CIZ') — (O ..... O, X ,O ..... O) e4(-)

m Iterative operations: /oop

n—1
|| : (D— R)"— (D — R)
i=0
Aj (1 Ag(z) U+~ U Ay q () A ()

with Ll € {Z, V, A, [T, min, max,...}

m Atomic operators: nonlinear scalar functions
Atomicy : Rt — R?
(z) — (f(z))

—  —

fQ)
2~OL operator expressions = array-based programs with for loops
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Rule-Based Translation and Optimization

m Translating Basic OL into X-OL map loop
n—1 —
Pointwise,, 5. — > (e?oAtomicfio (e?)T) : .
. —_ — -
n—1 f()
Reducti ny T —_— =
eduction, (, vy satb — Z';o (e) -
—_ —
rC)
m Optimizing Basic OL/Z-OL
Pointwise,, ;. o Pointwisen, g, — Pointwise,, .,. map, map, fused map
, | —_ - — —_— —
Pointwise,, s oe}, — €/ o Pointwise; . —_— —> — —_—  —
—_ - — _ —
—_ - — - _ —
—_ - — _ —
—_ - — _ —
g() f() (feg)()

Captures program optimizations that are traditionally hard to do
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Last Step: Abstract Code

Code objects

= Values and types

= Arithmetic operations

= Logic operations

= Constants, arrays and scalar variables

= Assignments and control flow

Properties: at the same time
= Program = (abstract syntax) tree

Represents program in restricted C

OL operator over real numbers and
machine numbers (floating-point)

Pure functional interpretation

Represents lambda expression

(). EIectrlcaI&Com uter
€Y ENGINEERING

# Dynamic Window Monitor

let(

i3 := var("i3", TInt), i5 := var("i5", TInt),
w2 := var("w2", TBool), wl := var("wl", T Real(64)),
s8 := var("s8", T Real(64)), s7 := var("s7", T Real(64)),
s6 := var("s6", T Real(64)), s5 := var("s5", T Real(64)),
s4 := var("s4", T Real(64)), sl := var("sl", T Real(64)),
g4 := var("qg4", T Real(64)), g3 := var("q3", T Real(64)),
D := var("D", TPtr(T_Real(64)) .aligned([16, 0])),
X := var("X", TPtr(T_Real(64)) .aligned([16, 0])),
func (TInt, "dwmonitor", [ X, D ],

decl([g3, g4, sl1l, s4, s5, s6, s7, s8, wl, w2],

chain (

assign(s5, v(0.0)),
assign(s8, nth(X, V(0))),
assign(s7, V(1.0)),
loop(i5, [0..2],
chain (
assign(s4, mul(s7, nth(D, i5))),
assign(s5, add(s5, s4)),
assign(s7, mul(s7, s8))
)
)I
assign(sl, v(0.0)),
loop (i3, [0..1],
chain (
assign (g3, nth(X, add(i3, V(1)))),
assign(g4, nth(X, add(v(3), i3))),
assign(wl, sub(g3, g4)),
assign(s6, cond(geq(wl, V(0)), wl, neg(wl))),
assign(sl, cond(geg(sl, s6), sl, s6))
)
)I
assign (w2, geq(sl, s5)),
creturn (w2)
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Translating X—OL to Abstract Code

Compilation rules: recursive descent

Code (y = (Ao B)(x)) — {decl(t),Code (t= B(x)),Code (y = A(t))}

Code (y = ( ) )) — {y := 0, for(i = 0..n — 1) Code (y—l— = A?,(CE))} f()é

Code (y = (eP) ' (z)

)
Code (y = e?(:r)) — {y = 0,y[i] := x[O]} l
)

Code (y = Atomicy(x)) — y[0] := f(x[i])

— y[0] := x[]

chain (
assign(Y, v(0.0),
loop(il, [0..5],

Cleanup rules: term rewriting assign(nth(y, i1),

f (nth (X, il)))
chain(a, chain(b)) — chain([a, b]) )
decl (D, decl(E, c)) — decl([D, E], c)
loop(i, decl (D, ¢)) — decl(D, loop(i, c))

chain(a, decl (D, b)) > decl (D, chain([a, b]))

Rule-based code generation and backend compilation
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Putting it Together: One Big Rule System

Mathematical specification
SafeDisty, A, (-, ) = (Pla, (a0, a1,a2)1() < dZ () (s 50)

with ao=%, ai=Y+e(§+1), aa=(4+1) (42+eV)

OL specification

Expansion + backtracking l

OL (dataflow)
expression

Recursive descent l

2-OL (loop) expression

Confluent term rewriting l
Optimized 2-OL
expression
Recursive descent l

Final code

Abstract code int dwmonitor (float *X, double *D) {
__ ml128d ul, u2, u3, u4, u5, u6, u7, us8 , x1, x10, x13, x14, x17

int wl
Confluent term rewriting l unsigned xm = mm getcsr();
mm_setcsr( xm & Oxffff0000 | 0x0000dfecO) ;
Optimized abstract us = mm_setl pd(0.0);
u2 = mm cvtps pd( _mm addsub ps( mm setl ps(FLT MIN), mm setl
code ul = mm set pd(1.0, (-1.0));
. for(int i5 = 0; ib <= 2; i5++) {
Recursive descent l x6 = mm_addsub pd(_mm setl pd((DBL MIN + DBL MIN)), mm lo
x1 = mm addsub pd(_mm setl pd(0.0), ul);
X2 = mm mul pd(xl, x6);
C code X3 = mm mul pd(_mm shuffle pd(xl, x1, MM SHUFFLE2(0, 1)),
x4 = _mm_sub_pd(_mm_setl_pd(o 0), _mm m.Ln_pd(xS x2));
uld = mm add pd( mm max pd (_m.m_shuffle  pd(x4, x4, MM SHUFF
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Final Synthesized C Code e

int dwmonitor (float *X, double *D) {

_ ml128d ul, u2, u3, u4, u5, u6, u7, u8 , x1, x10, x13, x14, x17, x18, x19, x2, x3, x4, x6, x7, x8, x9;
int wl;

unsigned xm = mm getcsr();

_mm_setcsr(_xm & Oxf£f££0000 | 0x0000dfcO) ;

u5 = mm setl pd(0.0);

u2 = mm cvtps_pd(_mm_addsub ps(_mm setl ps(FLT MIN), mm setl ps(X[0])));

ul = mm set pd(1.0, (-1.0));

for(int i5 = 0; i5 <= 2; i5++) {

x6 = mm addsub pd(_mm setl pd((DBL MIN + DBL MIN)), mm loaddup pd(&(D[i5])))
x1l = mm addsub pd(_mm setl pd(0.0), ul);

x2 = mm mul pd(xl, x6);

x3 = mm mul pd(_mm shuffle pd(xl, x1, MM SHUFFLE2(0, 1)), x6);

SafeDisty 4 p . =AtOMIC(, ) s cy

Y=ty

o (( Reductions (,

o Pointwisez ;.. 0 Inductiong (a,b)—sab,1 )

) X ( Red UCtionQ,(a:,y)l—}maX(|x|,|y|) 0 Pointwisezxza(xjy),_}:z_y ))

for

u8 = mm cvtps_pd(_mm addsub ps(_mm setl ps(FLT MIN), mm setl ps(X[(i3 + 1)1]1)))~
u7 = mm cvtps_pd(_mm _addsub ps(_mm setl ps(FLT MIN), mm setl ps(X[(3 + i3)1])))~
x14 = mm _add pd(u8, mm shuffle pd(u7, u7, _MM SHUFFLE2(0, 1)));
x13 = mm shuffle pd(x14, x14, MM SHUFFLE2(0, 1));
u4 = mm shuffle pd(_mm min pd(x14, x13), mm max pd(x14, x13), MM SHUFFLE2(1, 0));
u6 = mm shuffle pd(_mm min pd(u6, u4), mm max pd(u6é, u4), MM SHUFFLE2(1, 0));

}

x17 = mm _addsub pd(_mm setl pd(0.0), u6);

x18 = mm addsub pd(_mm setl pd(0.0), u5);

x19 = mm cmpge pd(x17, mm shuffle pd(x18, x18, MM SHUFFLE2(0, 1)));

wl = (_mm_testc sil28( mm castpd sil28(x19), mm set epi32 (Oxffffffff, OXEEEfffff, OxEEEffEff, OXELEEEEEF)) -
(_mm_testnzc_sil28(_mm_castpd sil28(x19), _mm set epi32 (Oxffffffff, OxEEffffff, OxEEfEEfEff, OXEEEEEEEE))));
__asm nop;

if (_mm getcsr() & 0x0d) {
_mm_setcsr(_xm) ;
return -1;

}

_mm_setcsr(_xm) ;

return wl;
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Outline

= Introduction

= Operator Language

= Achieving Performance Portability
= FFTX: A Library Frontend for SPIRAL

= Summary

F. Franchetti, T. M. Low, D. T. Popovici, R. M. Veras, D. G. Spampinato, J. R. Johnson, M. Plischel, J. C. Hoe, J. M. F. Moura:
SPIRAL: Extreme Performance Portability, Proceedings of the IEEE, Vol. 106, No. 11, 2018.
Special Issue on From High Level Specification to High Performance Code



http://users.ece.cmu.edu/%7Efranzf/papers/08510983_Spiral_IEEE_Final.pdf
http://proceedingsoftheieee.ieee.org/upcoming-issues/from-high-level-specification-to-high-performance-code/
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Today’s Computing Landscape

1 Gflop/s = one billion floating-point operations (additions or multiplications) per second

1.
Intel Xeon 8380HL IBM POWER9 Nvidia Tesla A100 Google Bristlecone
2.5 Tflop/s, 205 W 768 Gflop/s, 300 W 9.7/19.5 Tflop/s, 400 W 72 qubits
28 cores, 2.9—4.3 GHz 24 cores, 4 GHz 6912 cores, 1.4 GHz
2-way—16-way AVX-512 4-way VSX-3 32-way SIMT, tensor cores

Snapdragon 835 Intel Atom C3858 Dell PowerEdge R940 Summit

15 Gflop/s, 2 W 32 Gflop/s, 25 W 3.2 Tflop/s, 6 TB, 850 W 187.7 Pflop/s, 13 MW
8 cores, 2.3 GHz 16 cores, 2.0 GHz 4x 24 cores, 2.1 GHz 9,216 x 22 cores POWER9

A540 GPU, 682 DSP, NEON 2-way/4-way SSSE3 4-way/8-way AVX + 27,648 V100 GPUs
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Platform-Aware Formal Program Synthesis

Model: common abstraction
= spaces of matching formulas

abstraction abstraction

ON
} deflnes

An® 1y
vec(v)

=

I, ®An *
N——
smp(p,u)

) L

rewriting

pick

architecture algorithm

space

space

(DFT2®I)TE (I ® (.. ...

Architectural parameter: AT Kernel:
Vector length, optimization problem size,

#processors, ... algorithm choice
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Some Application Domains in OL

Linear Transforms

DFT, — (DFT,®ILy) T, @DFT,)LY, n=km

DFT, — Po(DFT,®DFT,)Qn, n=km, gcd(k,m) =1
DFT, — R}(I; ®DFT, 1)Dy(I; ®DFT,_1)Rp, p prime
DCT-3;, — (I ®Jm) L (DCT-3,,(1/4) & DCT-3,,,(3/4))

ILm 0 —J,—1
(F2@Im) [ L1 921)
DCT-4, — S$,DCT-2, diago<pn(1/(2cos((2k + 1)7/4n)))

IMDCT,,, — (Jm@lm@lm@-]m)<<|:_ﬂ ®Im> ® (

}, n=2m

¢
WHT,, — .H1(12k1+»~+ki_1 Q@WHT 5, @ Lk, y+thy), k=K1 + -+ ke
1=

DFT,
DCT-2,
DCT-4,

|

F2
diag(1,1/v2) Fy

J2R137/8

|

|

PDEs/HPC Simulations

182

&(7) = - 7
(@ 4w||f||+°<|f||> as {1 = oo

010001 6] 1)\'/e) [F1d1e) o =1} 1110000110011100 / 1110010110101100 Viterbi 010001

:ﬂ ® 1m>> Jom DCT-45,,

Software Defined Radio

encoder decoder

F

K 1
FKF_’ H ((IQK 2 ®j Bp_ Z,j)L2K 2)
=1

F
Frorv— H ((I2K 2/1/®J1L BF zjl) (L2K 2/ ®Iy)>
=1

) mv=ming, (74 + Ba—v, 7B+ Be—U)
Y my = ming, (4 + Ba—v, 7B + Bp_v)

Synthetic Aperture Radar (SAR)

’f z‘?

o~ B

’ — ;‘ Interpolation 2D FFT
ity

SARkxm—nxn — DFTpxnolInterpgy,, nxn
Interpgym—nxn — (Interpy_, ®;In) o (I ®; Interp,,_.,)

!

n—2
Interp, s — (@ InterpSegk> @ InterpSegPruned;,
i=0

1
InterpSeg;,, — G;é'”_)k’ oiPrunedDF Ty _yn © (—) o DFT,
n
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Formal Approach for all Types of Parallelism

Multithreading (Multicore)
Vector SIMD (SSE, VIMIX/Altivec,...)
Message Passing (Clusters, MIPP)
Streaming/multibuffering (Cell)
Graphics Processors (GPUs)
Gate-level parallelism (FPGA)

HW/SW partitioning (CPU + FPGA)

AR®L, L3Y, L2¥, LY
1Sa 1Sa 1ISa
2 _
@) An, Ly O,

all-to-all

n—1
1=0
n—lir
[ A L&A, LT
: N
=0 bram

fpga fpga fpga fpga
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Modeling Hardware: Base Cases

= Hardware abstraction: shared cache with cache lines

» flka—w@
smp(p,u)

= Tensor product: embarrassingly parallel operator

—— E—
— (I ®A> () A

= \r e E—
N —

X y

= Permutation: problematic; may produce false sharing

3 = “m

Yy — L4(CU) .%=
E— — =

m —m

X y

P

P
P

A ENENEERNE

rocessor 0

rocessor 2

rocessor 3
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Example Program Transformation Rule Set

48 - 4 LB

smp(p,u)  smp(p,u) smp(p,u)
Am, I 1n — ( L ® In/p) (Ip ®(Am ® In/p)) ( L™ ® Lo/p ),

smp(p,u) smp(p, )
(IP ® '—mn/p) (" ®Lnyp )
Lmn Smp(p,,u) Smp(p,,u)
N~ pm mn/p
smp(p,u) \( Lm ?In/p )A( v I?,m ), Recursive rules
L smp(p,p) smp(p,u)

Im @An — ¥ ( L/p ®A”)
smp(p,u)
(PRI — (P oI
N e’
smp(p,u)

)@ 1,
n/u Base case rules
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Autotuning in Constraint Solution Space

DFTsg

i\é);nzlpv;ae% doub1e € AVX (2-way <C)_> Pl

Base cases Transformation rules Breakdown rules

AP TG I (I @A™ MLE" (1, SLE (A" ® L)) DFT,y —(DF Ty @ I,) T
&,42: @ o) 2 (I, ® DFT,,) L™
vec(2) Ly =Ly ®L){1,,, ®Ly ) DFT> — F»>

w AT Iy —»(A™ " ®1,,) ® L

vec(2)

((F20I)T3(L@F)L30L ) TS (Lo L (F28h))(L38L
~~ ~~
vec(2) vec(2)

Expansion + backtracking

(). EIectrlcaI&Com uter
€Y ENGINEERING

Z-OL (loop)
expression
Optimized 2-OL
expression

V

Abstract code

|

Optimized abstract
code

|

C code



Carnegie Mellon

> EREINEERVG
Translating an OL Expression Into Code
Constraint Solver Input: DFTg

AV X ( 5 Vway (C) OL specification
Output - Expansion + backtracking
Ruletree, expanded into
OL ExprESSIon : Recursive descent ‘,
((FQ@IQ)T‘AQL (I» ®F2)Lg® I> ) Tg (12 & Lg (Fo® 12)) (Lg@ I ) Z-OL (loop)
~ ~ expression
vec(2) vec(2)
Z-OL: ‘ Confluent term rewriting»ll
1 1 Optimized 2-OL
2 = :
( 2 (812®(j)2F2M21p:m—>w2i+3 %2®(J)2) )3 (S(jb@%zFQGZz@(j)z)) ® 12_' - expression
7i=0 4 j=0 Recursive descent l
Abstract code
C Code: ‘ Confluent term rewriting‘,
void dft8(_Complex double *Y, Complex double *X) { Optimized abstract
__m256d s38, s39, s40, s41,... code (icode)
__m256d *al7, *al8; .
al? = ((_m256d *) X); Recursive descent
s38 = *(al7);
s39 = *((al7 + 2));
t38 = _mm256_add pd(s38, s39);
t39 = mm256_sub pd(s38, s39);

s52 = mm256_sub_pd(s45, s50);
*((al8 + 3)) = s52;
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Symbolic Verification for Linear Operators

m Linear operator = matrix-vector product
Algorithm = matrix factorization

r 1 11 M- *v - - - Yr v - v - - -

i1 = S S T | PSS P | I TS I | AV ?
1 1 -1 | S P | AV TR | AV RS T | AV IR o
= T A B R U | RS | N B |

DFT, = (DFT, ®1,)T4(I, @ DFT5) L5

[ 1
[— [— [— [—
I

m Linear operator = matrix-vector product
Program = matrix-vector product

1 1 1 171 [O]

1 5 -1 —j5| |1] _

. 11 _il-lg|l =7? DFT4([0,1,0,0])
1 -5 -1 5] [O]

Symbolic evaluation and symbolic execution establishes correctness
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= Introduction

= Operator Language

= Achieving Performance Portability
= FFTX: A Library Frontend for SPIRAL

= Summary

F. Franchetti, D. G. Spampinato, A. Kulkarni, D. T. Popovici, T. M. Low, M. Franusich, A. Canning, P. McCorquodale, B. Van
Straalen, P. Colella: FFTX and SpectralPack: A First Look, Workshop on Parallel Fast Fourier Transforms (PFFT).
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FFTX and SpectralPACK

Numerical Linear Algebra Spectral Algorithms

LAPACK

LU factorization
Eigensolves
SVD

SpectralPACK
Convolution
Correlation
Upsampling
Poisson solver

{,

FFTX

DFT, RDFT
1D, 2D, 3D,...
batch

BLAS

BLAS-1
BLAS-2
BLAS-3

Define the LAPACK equivalent for spectral algorithms

= Define FFTX as the BLAS equivalent
provide user FFT functionality as well as algorithm building blocks

= Define class of numerical algorithms to be supported by SpectralPACK
PDE solver classes (Green’s function, sparse in normal/k space,...), signal processing,...

= Library front-end, code generation and vendor library back-end
mirror concepts from FFTX layer

FFTX and SpectralPACK solve the “spectral motif” long term
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Example: Poisson’s Equation in Free Space

Partial differential equation (PDE) Solution characterization

A(2) =p d:R3 SR
. D3 1
3 Ar||Z]| |Z||
D = supp(p) CR
Poisson’s equation. A is the Laplace operator Q — /D pd:):
Approach: Green’s function
N g q B} 1
= [ GE - ey =G5 p@, 6@ = g
D Ar||Z][2

Solution: ¢(.) = convolution of RHS p(.) with Green’s function G(.). Efficient through FFTs (frequency domain)

Method of Local Corrections (MLC)
~ 1
G =
T drflk — Nl 3

P. McCorquodale, P. Colella, G. T. Balls, and S. B. Baden: A Local Corrections Algorithm for Solving Poisson's Equation in Three Dimensions.
Communications in Applied Mathematics and Computational Science Vol. 2, No. 1 (2007), pp. 57-81., 2007.

if k 7£ N Green’s function kernel in frequency domain

C. R. Anderson: A method of local corrections for computing the velocity field due to a distribution of vortex blobs. Journal of Computational Physics,
vol. 62, no. 1, pp. 111-123, 1986.
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Algorithm: Hockney Free Space Convolution

/
130
p:R> >R
N 130 * >< 65
33 » /«
130
33 - 1 . . 65
Gk:47‘(‘|‘k—N’[[H% 1fk:7£Nu

Convolution via FFT

96

96
O(7) = (G * p)(Z)

Hockney: Convolution + problem specific zero padding and output subset
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FFTX C Code: Hockney Free Space Convolution

fftx plan pruned real convolution plan(fftx real *in, fftx real *out, fftx complex *symbol,
int n, int n_in, int n_out, int n freq) ({
int rank = 3,
batch _rank = 0,

fftx plan plans[5];
fftx plan p;

tmpl = fftx create zero temp real(rank, &padded dims) ;
plans[0] = fftx plan guru copy real (rank, &in dimx, in, tmpl, MY FFTX MODE SUB) ;
tmp2 = fftx create temp complex(rank, &freq dims);
plans[1l] = fftx plan guru dft r2c(rank, &padded dims, batch_ rank,
sbatch_dims, tmpl, tmp2, MY FFTX MODE_SUB) ;
tmp3 = fftx create temp complex(rank, &freq dims);
plans[2] = fftx plan guru pointwise c2c(rank, &freq dimx, batch rank, &batch dimx,
tmp2, tmp3, symbol, (fftx callback)complex scaling,
MY _FFTX MODE SUB | FFTX_PW_POINTWISE) ;
tmp4 = fftx create temp real(rank, &padded dims) ;
plans[3] = fftx plan guru dft c2r(rank, &padded dims, batch_ rank,
&batch dims, tmp3, tmp4, MY FFTX MODE_SUB) ;
plans[4] = fftx plan guru copy real (rank, &out dimx, tmp4, out, MY FFTX MODE SUB) ;
p = fftx plan compose (numsubplans, plans, MY FFTX MODE TOP) ;

return p;

} Looks like FFTW calls, but is a specification for SPIRAL
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FFTX Backend: SPIRAL

Other C/C++ Code

FFTX call site
fftx plan(..)

fftx execute (..

FFTX call site
fftx plan(..)

fftx execute (..

AV
8/ \

Paradigm
Plug-In:
GPU

Paradigm
Plug-In:
Shared memory

SPIRAL module:

Code synthesis, trade-offs
reconfiguration, statistics

Code module 1

Pruned FFT
OpenMP + AVX2

Code module 2
|/O Pruned

Convolution
CUDA

() EIectrlcaI&Com uter
€Y ENGINEERING

Extensible platform
and programming
model definitions

Core system:
SPIRAL engine

Automatically
generated tuned
components and
special cases
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Synthesis: FFTs and Spectral Algorithms

1D DFT on 3.3 GHz Sandy Bridge (4 Cores, AVX)

performance [Gflop/s]
50

45
40
35
30
25
20
15

10

Intel IPP

o —r—r—rTr- e e e T T T T T

2 4 8 16 32 64 128 256 512 1k 2k 4k 8k 16k 32k 64k 128k256k512k 1M 2M 4Mm

Performance of 2x2x2 Upsampling on Haswell
3.5 GHz, AVX, double precision, interleaved input, single core

Performance [Pseudo Gflop/s]
20
18
16
14

FFTW 3.3.4
H Intel MKL 14.0.3
B SPIRAL generated

12
10

8
6
4 ‘
2 I

. | I |

7 15 23 31 39 47 55 63 71 79 87 95 103 111 119

Input data cube edge length

1D Batch DFT (Nvidia GTX 480)

performance [GFlop/s] , single precision

600

500

Nvidia cuFFT 4.0
400

300
200

Spiral-generated

100

™T ™r—Trrr—r— ™r—Trrr—r—t ™ T T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
size {log, N)

PFA SAR Image Formation on Intel platforms
performance [Gflop/s]

M 3.0 GHz Core 2 (65nm) M 3.0 GHz Core 2 (45nm)

50 W 2.66 GHz Core i7 W 3.0 GHz Corei7

Spotlight
Synthetic
Aperture Radar

Signal Proces

40

30

20

10

16 Megapixels 100 Megapixels
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SPIRAL for Single Node/Shared Memory

Dynamic range:

= <1W- 10 kW

1 to 500/41k cores (CPU/GPU)
500 MB -6 TB RAM

1 Gflop/s — 200 Tflop/s

20 years of release dates

..one source code, one tool, always highest performance...
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From Cell Phone To Supercomputer

DFT on Samsung Galaxy S I| Global FFT (1D FFT, HPC Challenge)

Dual-core 1.2 GHz Cortex-A9 with NEON ISA
al-core 2.2 Gz Fortex-Azwt performance [Gflop/s]
performance [Gflop/s]

2 10000

6.4Tflop/s

theoretical peak

6.4 Tflop/s on
Spiral-generated BIUEGenE/P

Spiral
pthreads, NEON

s 1000

®

100

o -y UPC coalesced transpose
FFTW-NEON 10
0.5 NEON, no threading
0, . . . : : . | INC ANC 16NC 2R 4R B8R 16R 32R
16 32 64 128 256 512 1,024 2,048 BlueGene/P node cards and racks
DFT size

Samsung i9100 Galaxy S i BlueGene/P at Argonne National Laboratory
Dual-core ARM at 1.2GHz with NEON ISA 128k cores (quad-core CPUs) at 850 MHz

F. Gygi, E. W. Draeger, M. Schulz, B. R. de Supinski, J. A. Gunnels, V. Austel, J. C. Sexton, F. Franchetti, S. Kral,
C. W. Ueberhuber, J. Lorenz, “Large-Scale Electronic Structure Calculations of High-Z Metals on the BlueGene/L Platform,”
In Proceedings of Supercomputing, 2006. 2006 Gordon Bell Prize (Peak Performance Award).

G. Almadsi, B. Dalton, L. L. Hu, F. Franchetti, Y. Liu, A. Sidelnik, T. Spelce, I. G. Tanase, E. Tiotto, Y. Voronenko, X. Xue,
“2010 IBM HPC Challenge Class Il Submission,” 2010 HPC Challenge Class Il Award (Most Productive System).
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Current Research Directions

SPIRAL for Graphs

Edited

epner and John Gi

A=L+U  (hizlo + lo->hi)
LxU=B
ANB=C

sum(C)2 = 4 triangles
-~ . . L] L] ol
Graph Algorithms in the A . I [ . (
Language of Linear Algebra : . s .
. . e . 1 2
. LEL LN 12

# OL Algorithm Specification
Accum(i4, 1, X.N-1,
Accum X(i6, [ i4, 0 ], i4,
Dot ([ i6, add(i4, V(1)) 1,
[ i4, add(i4, V(1)) 1,
sub (sub (X.N, i4), V(1)))

A=A+ %OzmAgoOé[n )

HW/SW Co-Design

DFTas6

traniorm
DF T 256

DFQ\ ruletree
Ly B Jg)Dg(Fa®ly)... i
n—1

: ’jéo S (a1 Gt s

~ 5"1\

Host code Device code

N

Fat binary

Spiral for Quantum Computing

Circuit Description
T Lt Topocgy
: ﬂ aFTan0as cnorono,z E i

o001, gy 8 Tqubt Fourler
1020} transform to qublcs 0,81 Aeply 2 ONOT from qublz 0 - 2
(08100 ' — 7
gCirc(arch, [ ([0.3.1], qFT ), ([@,2]. qCNOT)]):
—

qEmbed([®,3,1], arch, qFT} * gEmbed([®,2], arch, gCNOT)

Reord([8,1,3,2], arch, F)*Junc((8,2,1,3], F)*Tensor(qFT(3), I(2))*Junc((®,2,1.3], B)*Reord((8,1,3,2], arch, B)
e sty A e e A

Swap([3.2]. 4) 11041 Swap{[3.21, 4)
0101
qCirc{subarch, [ ([8], gHT), . BhH
Tensor (1(4), (CNOT(8->1) *CNOT{1->B}*CNOT(8->1))) | Tensor {I(4), (CNOT(8->1) *CNOT(1->@) 0T (8->L3))
Tensor{I{d), (CNOT{1-28)*CHOT(B->1)* T(1-50))) LI ‘ Tensor (1(4), (CNOT(L-»@)*CNOT (! (1->8)1)

SPIRAL as Al in Compilers

Python NumPy/SciPy program
= DSL program = specification

SnowWhite

High Level Reasoning

C++ MPI + CUDA program

Intoducionto
Teor s

source

e ols
o
S

LINEAR
ALCERRA

Parser

High level High level
optimization PAPPA optimization

Low level
optimization

Low level
optimization

ISA level IR

Backend
optimization

Backend
optimization

Understands and
manipulates algorithms,
data flow, computational
patterns, and motifs
Object code (formerly known as dwarfs)

Object code
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SPIRAL: Al for High Performance Code

Algorithms Correctness

| Tools for Practical
I Software Verification
int dwmonitor (float *X, double *D) { BT ‘
_ ml28d ul, u2, u3, ud4, u5, u6, u7, ud,... \ L, 2o
unsigned xm = mm_getcsr() ; i '

_mm setcsr( xm & OXEEEE0000 | 0x0000dfc0) ;
U5 = _mm_setl pd(0.0); performance
u2 _mm_cvtps_pd(_mm addsub_ps(

_mm setl_ps(FLT MIN), mm setl ps(X[0]))) I
ul = _mm_set pd(1.0, (-1.0)) ; ‘m
|_— for(int i5 = 0; i5 <= 2; i5++) {

x¥6 = mm_addsub pd( mm setl pd((DBL MIN QED'
+DBL MIN)) , _mm loaddup_pd(&(D[15] Yyy:

_mm addsub_pd( mm setl_pd(D 0), ul);
_mm_mul_pd(xl, x6) ;

x1
X2

Elementary
/ Linear Afgebra

Hardware

4th Gen
Intel” Core™ i7
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https://www.dropbox.com/s/7mmuy8uyo4hirgm/FourRuns.mp4
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SPIRAL 8.2.0: Available Under Open Source

<2 Spiral - ] X

m Open Source SPIRAL available
m non-viral license (BSD)

m Initial version, effort ongoing to i .
open source whole system

m  Commercial support via SpiralGen, Inc.

m Developed over 20 years

m Funding: DARPA (OPAL, DESA, HACMS,
PERFECT, BRASS), NSF, ONR, DoD HPC, JPL,
DOE, CMU SEl, Intel, Nvidia, Mercury

B PROCEEDINGS®
= Open sourced under DARPA PERFECT, f“eed'“gs ke

continuing under DOE ECP

Encyclopedia of

Parallel Computing

m Tutorial material available online

www.spiral.net

F. Franchetti, T. M. Low, D. T. Popovici, R. M. Veras, D. G. Spampinato, J. R. Johnson, M. Plischel, J. C. Hoe, J. M. F. Moura:
SPIRAL: Extreme Performance Portability, Proceedings of the IEEE, Vol. 106, No. 11, 2018.
Special Issue on From High Level Specification to High Performance Code



http://www.spiral.net/
http://users.ece.cmu.edu/%7Efranzf/papers/08510983_Spiral_IEEE_Final.pdf
http://proceedingsoftheieee.ieee.org/upcoming-issues/from-high-level-specification-to-high-performance-code/
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