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Nonconvex	es;ma;on	problems	are	everywhere

Empirical	risk	minimiza_on	is	usually	nonconvex

minimizex f(x; y)
<latexit sha1_base64="U/EGOcNts0bf3sBN1SdI/CkRosw="></latexit><latexit sha1_base64="0e9QGoq5EseQq3LcovcSl/1SGBI="></latexit><latexit sha1_base64="0e9QGoq5EseQq3LcovcSl/1SGBI="></latexit><latexit sha1_base64="ficezuxbu2b4UIFHum2I+GcSRVA="></latexit>

Loss	func_on	may	be	nonconvex
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Nonconvex	es;ma;on	problems	are	everywhere

Empirical	risk	minimiza_on	is	usually	nonconvex

minimizex f(x; y)
<latexit sha1_base64="U/EGOcNts0bf3sBN1SdI/CkRosw="></latexit><latexit sha1_base64="0e9QGoq5EseQq3LcovcSl/1SGBI="></latexit><latexit sha1_base64="0e9QGoq5EseQq3LcovcSl/1SGBI="></latexit><latexit sha1_base64="ficezuxbu2b4UIFHum2I+GcSRVA="></latexit>

Loss	func_on	may	be	nonconvex

• nonlinear	regression	
• low-rank	matrix	comple_on	
• blind	deconvolu_on	
• dic_onary	learning	
• learning	mixture	models	
• deep	learning	
• genera_ve	adversarial	networks	
• …	
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Nonconvex	op;miza;on	may	be	super	scary

There	may	be	bumps	everywhere	and	exponen_ally	many	local	op_ma

e.g.	1-layer	neural	net	[Auer,	Herbster,	Warmuth	’96;	Vu	’98]
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Convex	relaxa;on

Relaxa_on

Examples:

`1
<latexit sha1_base64="BHavJmaTRGkykwxH7QIl1X2DblA="></latexit><latexit sha1_base64="oP0LKIpUilOP+vAvw6Lo8n6DdvY="></latexit><latexit sha1_base64="oP0LKIpUilOP+vAvw6Lo8n6DdvY="></latexit><latexit sha1_base64="SVT6nt8U/r6YnifS6df5Q6qdeY0="></latexit>

• sparse	recovery	(				-minimiza_on)	[Donoho	’06],	[Candès,	Romberg,	Tao,	’16]	

• phase	retrieval	and	low-rank	matrix	es_ma_on	(liking	and	SDP)	[Candès	et	
al.,	’13],	[Jaganathan	et	al.,	’13],	[Waldspurger	et	al.,	’15]

• MAXCUT	(SDP	relaxa_on)	[Goemans	&	Williamson	’95]

• subspace	clustering	(SSC)	[Elhamifar	&	Vidal,	’12]
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Convex	op;miza;on

Pros:

• mature	theory	+	efficient	algorithms	

• strong	performance	guarantees



6

Convex	op;miza;on

Pros:

• mature	theory	+	efficient	algorithms	

• strong	performance	guarantees

Cons:

• much	higher	computa5on/memory	cost	(e.g.	liking)

yi = |aT
i x|2 = aT

i xxT ai
<latexit sha1_base64="1EgG6R51qDTFR70aFVsRJ+s57Yw="></latexit><latexit sha1_base64="IqZQoXvoALJT8QhEiK2mKNWSpIE="></latexit><latexit sha1_base64="IqZQoXvoALJT8QhEiK2mKNWSpIE="></latexit><latexit sha1_base64="KHCh6yiar1yMUrFfiVRsVvYq2+c="></latexit>
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Convex	op;miza;on

Pros:

• mature	theory	+	efficient	algorithms	

• strong	performance	guarantees

Cons:

• much	higher	computa5on/memory	cost	(e.g.	liking)

yi = |aT
i x|2 = aT

i xxT ai
<latexit sha1_base64="1EgG6R51qDTFR70aFVsRJ+s57Yw="></latexit><latexit sha1_base64="IqZQoXvoALJT8QhEiK2mKNWSpIE="></latexit><latexit sha1_base64="IqZQoXvoALJT8QhEiK2mKNWSpIE="></latexit><latexit sha1_base64="KHCh6yiar1yMUrFfiVRsVvYq2+c="></latexit>

)
<latexit sha1_base64="Gx/z2fdKRaGJP+lTfgpeQCWivvI="></latexit><latexit sha1_base64="VkW0Mpir6Q/RYG5O978/bXszMAw="></latexit><latexit sha1_base64="VkW0Mpir6Q/RYG5O978/bXszMAw="></latexit><latexit sha1_base64="KNMEbXF2qhg5AQGoGjwPToVzz9M="></latexit>

yi = aT
i Xai, i = 1, . . . , m

<latexit sha1_base64="zlejsXjga5Pm4G2rEPA+HVQqZ00="></latexit><latexit sha1_base64="nj/jj+Mlk4/1Z4cGtysFIBjfs3s="></latexit><latexit sha1_base64="nj/jj+Mlk4/1Z4cGtysFIBjfs3s="></latexit><latexit sha1_base64="tEtK9mSkKSeKwL1kaobo0tRicBc="></latexit>

X
<latexit sha1_base64="GppjRJ4+TZjVI164VVRNOLlRSCM="></latexit><latexit sha1_base64="3kWGhCZtIGt9WDedNiALEcEoPwg="></latexit><latexit sha1_base64="3kWGhCZtIGt9WDedNiALEcEoPwg="></latexit><latexit sha1_base64="+sZawIHjbRFmxFhDsKskRDTug9Y="></latexit>find

s.t.

X ⌫ 0
<latexit sha1_base64="L3KRLxTAQNZYMkttJtw4bxkJuBQ="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit>
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)
<latexit sha1_base64="Gx/z2fdKRaGJP+lTfgpeQCWivvI="></latexit><latexit sha1_base64="VkW0Mpir6Q/RYG5O978/bXszMAw="></latexit><latexit sha1_base64="VkW0Mpir6Q/RYG5O978/bXszMAw="></latexit><latexit sha1_base64="KNMEbXF2qhg5AQGoGjwPToVzz9M="></latexit>

yi = aT
i Xai, i = 1, . . . , m

<latexit sha1_base64="zlejsXjga5Pm4G2rEPA+HVQqZ00="></latexit><latexit sha1_base64="nj/jj+Mlk4/1Z4cGtysFIBjfs3s="></latexit><latexit sha1_base64="nj/jj+Mlk4/1Z4cGtysFIBjfs3s="></latexit><latexit sha1_base64="tEtK9mSkKSeKwL1kaobo0tRicBc="></latexit>

X
<latexit sha1_base64="GppjRJ4+TZjVI164VVRNOLlRSCM="></latexit><latexit sha1_base64="3kWGhCZtIGt9WDedNiALEcEoPwg="></latexit><latexit sha1_base64="3kWGhCZtIGt9WDedNiALEcEoPwg="></latexit><latexit sha1_base64="+sZawIHjbRFmxFhDsKskRDTug9Y="></latexit>find

s.t.

X ⌫ 0
<latexit sha1_base64="L3KRLxTAQNZYMkttJtw4bxkJuBQ="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="jgJPdSlqOI0vss5mUzlE6nJQwTk="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="+G4RFuvIOUlbMxbSF3W9ics06Do="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="GLT2OugTws5yzGPWdqKIuxlvDyI="></latexit><latexit sha1_base64="aLZ9RZTgB5L3taPK8IIV9J7uPuY="></latexit>

• many	problems	have	no	effec_ve	convex	relaxa_on
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Nonconvex	problems	are	solved	on	a	daily	basis	…

• Fineup	algorithm	for	phase	retrieval	

• Gradient	descent	for	robust	regression	

• EM-algorithm	for	parameter	es_ma_on	

• alterna_ng	minimiza_on	for	dic_onary	learning	

• “back	propaga_on”	for	training	deep	neural	nets	

• Simulated	annealing	and	MCMC

Simple	algorithms	(such	as	gradient	descent)	are	oken	remarkably	
successful	for	solving	nonconvex	problems	in	prac5ce
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Why?



9

Nonconvex	op;miza;on	with	performance	guarantees

See	h%p://sunju.org/research/nonconvex/	for	a	detailed	list	of	references.

Phase	retrieval:	[Gerchberg-Saxton,	’72],	[Netrapalli	et	al.	’13],	
[Candes,	Li,	Soltanolkotabi,	’15],	[Wei,	’15],	[Chen	&	Candes,	
’16],	[Waldspurger,	’16],	[Wang	et	al.	’18],	and	many	others	…

Matrix	comple5on:	[Keshavan	et	al.,	’09],	[Jain	et	al.	’12],	
[Hardt,	’13],	[Jin	et	al.,	’16],	[Wei,	’16],	[Zheng	&	Lafferty,	’16],	
[Sun	&	Luo,	’16],	[Ding	&	Chen,	’18],	and	many	others	…

Landscape	analysis:	[Sun	et	al.	’15],	[Ge	et	al.,	’16],	[Mei,	Bai	
&	Montanari,	’16],	[Li	et	al.	’18],	[Soltanolkotabi	et	al.,	’17],	
[Davis	et	al.,	’17],	[Ge	&	Ma,	’17],	[Ge	et	al.,	’17],	[Ballard	et	
al.,	’17]

Blind	deconvolu5on:	[Li	et	al.	’16],	[Lee	et	al.,	’16],	[Ling	&	
Strohmer,	’16],	[Huang	&	Hand,	’17],	…

Blind	calibra5on:	[Cambareri	&	Jacques,	’16],	[Ling	&	
Strohmer,	’16],	[Li,	Lee	&	Bresler,	’17]

Dic5onary	learning:	[Arora	et	al.,	’14],	[Sun	et	al.,	’15],	
[Chauerji	&	Bartleu,	’17]

Spectral	ini5aliza5on:	[Keshavan	et	al.,	’09],	[Netrapalli	et	al.	
’13],	[Sun	et	al.,	’15],	[Lu	&	Li,	’17]

Stochas5c	gradient	methods:	[Ghadimi	&	Lan,	’13],	[De	Sa	et	
al.,	’14],	[Rong,	’15],	[Jin	et	al.,	’16],	[Wang,	MaJngly	&	Lu,	
’17],	[Tripuraneri	et	al.,	’18]
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Tutorial	outline

Part	I:	Overview

Spectral	ini_aliza_on	

Local	refinement:	algorithm	and	analysis

Part	II:	Phase	retrieval:	a	case	study

Part	III:	Low-rank	matrix	es_ma_on

Part	IV:	Closing	remarks
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Signal	es;ma;on	from	nonlinear	measurements

Sensing	vectors:Unknown	vector:

arbitrary	“channel”

Model:

aT
i x\

<latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit> P(yi | aT
i x\)

<latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit>

yi
<latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit>

x\ 2 Rn
<latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit>

{ai}m
i=1 ⇢ Rn

<latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit>
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Signal	es;ma;on	from	nonlinear	measurements

Sensing	vectors:Unknown	vector:

arbitrary	“channel”

Model:

aT
i x\

<latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit><latexit sha1_base64="nNIEremEQk6FqBvgD/Ze5ZGNfKc="></latexit> P(yi | aT
i x\)

<latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit><latexit sha1_base64="rgPOaeOqS06IlnktoXlI2gazVHk="></latexit>

yi
<latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit><latexit sha1_base64="qIlIi1zTqT7EDFgyWtPji4LIUzU="></latexit>

x\ 2 Rn
<latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit><latexit sha1_base64="hbWqBRPCt35Vg/0NDizJCtJvB7c="></latexit>

{ai}m
i=1 ⇢ Rn

<latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit><latexit sha1_base64="6Fu8Uerfl5yr2HaJuHL5FgwrPIc="></latexit>

Examples:

Nonlinear	sensors:

Imaging:

Logis_c	regression:

yi = f(aT
i x\) + wi

<latexit sha1_base64="kqqlhCwTf3dLGWMvxrN8eufoupE="></latexit><latexit sha1_base64="kqqlhCwTf3dLGWMvxrN8eufoupE="></latexit><latexit sha1_base64="kqqlhCwTf3dLGWMvxrN8eufoupE="></latexit><latexit sha1_base64="kqqlhCwTf3dLGWMvxrN8eufoupE="></latexit>

yi ⇠ Poisson(aT
i x\)

<latexit sha1_base64="0YWl7GrVy9shhjzPrbOaqNDDfTc="></latexit><latexit sha1_base64="0YWl7GrVy9shhjzPrbOaqNDDfTc="></latexit><latexit sha1_base64="0YWl7GrVy9shhjzPrbOaqNDDfTc="></latexit><latexit sha1_base64="0YWl7GrVy9shhjzPrbOaqNDDfTc="></latexit>

yi ⇠ Bernoulli
⇥
Logit(aT

i x\)
⇤

<latexit sha1_base64="mN+aZheUr/nxzGJfYiw1WVB1p9c="></latexit><latexit sha1_base64="mN+aZheUr/nxzGJfYiw1WVB1p9c="></latexit><latexit sha1_base64="mN+aZheUr/nxzGJfYiw1WVB1p9c="></latexit><latexit sha1_base64="mN+aZheUr/nxzGJfYiw1WVB1p9c="></latexit>
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Example:	Phase	Retrieval

Reconstruct																		without	the	phase	informa5on

Applica5ons:

• Phase	retrieval	(X-ray	crystallography,	diffrac_ve	imaging,	…)	

• Blind	deconvolu_on	

• Channel	es_ma_on	

• Spectral	factoriza_on

Nobel	Prize	for	Watson,	Crick,	
and	Wilkins	in	1962	based	on	
work	by	Rosalind	Franklin

Fig	credit:	Stanford	SLAC

x\ 2 Cn
<latexit sha1_base64="omn6V7LTuHarqoNjyOBElqH0O4o="></latexit><latexit sha1_base64="omn6V7LTuHarqoNjyOBElqH0O4o="></latexit><latexit sha1_base64="omn6V7LTuHarqoNjyOBElqH0O4o="></latexit><latexit sha1_base64="omn6V7LTuHarqoNjyOBElqH0O4o="></latexit>

y1 =
���ha1, x

\i
���
2

<latexit sha1_base64="R3TtcFInLyRHnmtNjOHQ/Lloubs="></latexit><latexit sha1_base64="dtvcjnu5jAPywS5vLVvlRpBEE6A="></latexit><latexit sha1_base64="dtvcjnu5jAPywS5vLVvlRpBEE6A="></latexit><latexit sha1_base64="5KUL/tN3bwzePoFcPhYD/II5OFk="></latexit>

y2 =
���ha2, x

\i
���
2

<latexit sha1_base64="ksBVErxhuKKT8YRzrCuLTyejhG4="></latexit><latexit sha1_base64="moZuqN0PqeG3MNJoe33+blOP7/s="></latexit><latexit sha1_base64="moZuqN0PqeG3MNJoe33+blOP7/s="></latexit><latexit sha1_base64="bZszT+qhMd2p+yvOtv0mZriDTJ4="></latexit>

ym =
���ham, x\i

���
2

<latexit sha1_base64="NUwaSdURiW1DuCdNq34uP/cSvUA="></latexit><latexit sha1_base64="b/dZK+nowLNOTVIXPkIc2rDp9vw="></latexit><latexit sha1_base64="b/dZK+nowLNOTVIXPkIc2rDp9vw="></latexit><latexit sha1_base64="PcwZmzUCvB7MDxdsqwJOaDDhcjM="></latexit>
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Empirical	risk	minimiza;on

M-es5mator:

bx = arg min
x2Rn

1

m

X

i

Loss(yi, a
T
i x) + �(x)

<latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit>
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Empirical	risk	minimiza;on

M-es5mator:

bx = arg min
x2Rn

1

m

X

i

Loss(yi, a
T
i x) + �(x)

<latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit>
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Empirical	risk	minimiza;on

M-es5mator:

bx = arg min
x2Rn

1

m

X

i

Loss(yi, a
T
i x) + �(x)

<latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit>
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Empirical	risk	minimiza;on

M-es5mator:

bx = arg min
x2Rn

1

m

X

i

Loss(yi, a
T
i x) + �(x)

<latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit>

Challenges:

Nonconvex	loss	func_ons	(e.g.	phase	retrieval)

Nonconvex	regularizers

�(x) =kxkp
p

<latexit sha1_base64="1EMpZGT2ET/tD7aF4+XaS461C8M="></latexit><latexit sha1_base64="rflDc+z9CdB7MHMhz3gW+razFrE="></latexit><latexit sha1_base64="rflDc+z9CdB7MHMhz3gW+razFrE="></latexit><latexit sha1_base64="Ok3ulzVzClJye0b1/VoNk0lbmFA="></latexit>

for	 0 < p < 1
<latexit sha1_base64="wWBj8JIBeYv1vmMjXrj3SgVsYdw="></latexit><latexit sha1_base64="zCef9QSNhBrfzVVBV3z8gHDj84s="></latexit><latexit sha1_base64="zCef9QSNhBrfzVVBV3z8gHDj84s="></latexit><latexit sha1_base64="SzIIpf9j3w5MUbGaXIxDtyqWD4I="></latexit>

minimizex
1

m

X

i

(yi � (aT
i x)2)2

<latexit sha1_base64="jwPoEZJ+xhKE4VyB51Zs1XH2BgM="></latexit><latexit sha1_base64="xjbXh27uF8Y+13zmIU3M7GczDNQ="></latexit><latexit sha1_base64="xjbXh27uF8Y+13zmIU3M7GczDNQ="></latexit><latexit sha1_base64="OUnnJlNEnYAs1xZ9eG87BMqHB6Y="></latexit>



priordata	fidelity
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Empirical	risk	minimiza;on

M-es5mator:

bx = arg min
x2Rn

1

m

X

i

Loss(yi, a
T
i x) + �(x)

<latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit><latexit sha1_base64="iBYt3NocNFIJ7V9k+LuXtRqSntE="></latexit>

Challenges:

Nonconvex	loss	func_ons	(e.g.	phase	retrieval)

Nonconvex	regularizers

�(x) =kxkp
p

<latexit sha1_base64="1EMpZGT2ET/tD7aF4+XaS461C8M="></latexit><latexit sha1_base64="rflDc+z9CdB7MHMhz3gW+razFrE="></latexit><latexit sha1_base64="rflDc+z9CdB7MHMhz3gW+razFrE="></latexit><latexit sha1_base64="Ok3ulzVzClJye0b1/VoNk0lbmFA="></latexit>

for	 0 < p < 1
<latexit sha1_base64="wWBj8JIBeYv1vmMjXrj3SgVsYdw="></latexit><latexit sha1_base64="zCef9QSNhBrfzVVBV3z8gHDj84s="></latexit><latexit sha1_base64="zCef9QSNhBrfzVVBV3z8gHDj84s="></latexit><latexit sha1_base64="SzIIpf9j3w5MUbGaXIxDtyqWD4I="></latexit>

minimizex
1

m

X

i

(yi � (aT
i x)2)2

<latexit sha1_base64="jwPoEZJ+xhKE4VyB51Zs1XH2BgM="></latexit><latexit sha1_base64="xjbXh27uF8Y+13zmIU3M7GczDNQ="></latexit><latexit sha1_base64="xjbXh27uF8Y+13zmIU3M7GczDNQ="></latexit><latexit sha1_base64="OUnnJlNEnYAs1xZ9eG87BMqHB6Y="></latexit>

Nonconvex optimization may be super scary

There may be bumps everywhere and exponentially many local optima

e.g. 1-layer neural net (Auer, Herbster, Warmuth ’96; Vu ’98)

Projected power method 3/ 50

Nonconvex	op_miza_on	with	
performance	guarantee?
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Where	is	hope?
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PCA:	a	classical	success	story	of	nonconvex	op;miza;on

minimizex f(x) =
���xxT � M

���
2

F
<latexit sha1_base64="t+va0hUTkzaO+Ytyc58lFH3AO9Y="></latexit><latexit sha1_base64="T7viRiOGS5iSnMKDqSs0/UmucD4="></latexit><latexit sha1_base64="T7viRiOGS5iSnMKDqSs0/UmucD4="></latexit><latexit sha1_base64="waLiJ2t+5lto/LXefmFHpvLjVu0="></latexit>

Find	the	best	rank-one	approxima_on	of	a	symmetric	PSD	matrix M
<latexit sha1_base64="2vimspSnDcyTuckamz6k3XFi0Ik="></latexit><latexit sha1_base64="uaHaVpw8uB6QAw1gf7D+n5Qy3Tg="></latexit><latexit sha1_base64="uaHaVpw8uB6QAw1gf7D+n5Qy3Tg="></latexit><latexit sha1_base64="HcyJOhK8htICWRyMKF4fzf9o3Jk="></latexit>

Nonconvex,	but	global	op5mal	solu_on	is	well-known.
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PCA:	a	classical	success	story	of	nonconvex	op;miza;on

minimizex f(x) =
���xxT � M

���
2

F
<latexit sha1_base64="t+va0hUTkzaO+Ytyc58lFH3AO9Y="></latexit><latexit sha1_base64="T7viRiOGS5iSnMKDqSs0/UmucD4="></latexit><latexit sha1_base64="T7viRiOGS5iSnMKDqSs0/UmucD4="></latexit><latexit sha1_base64="waLiJ2t+5lto/LXefmFHpvLjVu0="></latexit>

Find	the	best	rank-one	approxima_on	of	a	symmetric	PSD	matrix M
<latexit sha1_base64="2vimspSnDcyTuckamz6k3XFi0Ik="></latexit><latexit sha1_base64="uaHaVpw8uB6QAw1gf7D+n5Qy3Tg="></latexit><latexit sha1_base64="uaHaVpw8uB6QAw1gf7D+n5Qy3Tg="></latexit><latexit sha1_base64="HcyJOhK8htICWRyMKF4fzf9o3Jk="></latexit>

Nonconvex,	but	global	op5mal	solu_on	is	well-known.

M = U diag {�1,�2, . . . ,�n} UT
<latexit sha1_base64="VuG9KQuc5tc2nTf5Tj0Q6le/lAs="></latexit><latexit sha1_base64="y4q0Tzzekfa9gvfp9nt9JetMmxg="></latexit><latexit sha1_base64="y4q0Tzzekfa9gvfp9nt9JetMmxg="></latexit><latexit sha1_base64="im/CE1WZIwvcfzf46EcEqndBUsg="></latexit>

1.	Eigenvalue	decomposi_on:

2.	Find	the	dominant	eigenvector: xopt =
p
�1 u1

<latexit sha1_base64="HWfi79rYpi6SZQDiOjfDD4WtUuM="></latexit><latexit sha1_base64="ii00WCz38ONf5sZaeiZNPnQId68="></latexit><latexit sha1_base64="ii00WCz38ONf5sZaeiZNPnQId68="></latexit><latexit sha1_base64="uvEXzo8uo+1stMjbn15N/K6v04k="></latexit>

Eckart-Young	Theorem:	
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The	op;miza;on	landscape	of	PCA

minimizex f(x) =

�����xxT �

1 1
1 1

������

2

F
<latexit sha1_base64="rlHCAQ5Trgvd2q23MoTk394gwWg="></latexit><latexit sha1_base64="8oPB2ILm3qRsstIazqrw85CPxvY="></latexit><latexit sha1_base64="8oPB2ILm3qRsstIazqrw85CPxvY="></latexit><latexit sha1_base64="8/2UAB6yusTnQlSJ6vswd2z1Szg="></latexit>

Cri_cal	points	are	either	global	op5ma	or	strict	saddles	[see	Part	III	for	details]

Example:
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In	many	problems:	nonconvex	but	benign	landscapes

Under	certain	sta5s5cal	models,	we	see	benign	global	geometry:	
cri_cal	points	are	either	global	op_ma	or	strict	saddles

intractable	(worst-case) tractable	(typical	case)
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Empirical	risk	and	popula;on	risk

Example:	phase	retrieval	with	Gaussian	designs ai
i.i.d.⇠ N (0, In)

<latexit sha1_base64="e2UCfHY7SzVMjdTR9g28tN5RCus="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="q+1Cf/Vuqlns+sbH9Lny9reMmWo="></latexit>

with yi = (aT
i x\)2

<latexit sha1_base64="2IWxZWUmRV/qCOXAdiJTT6u2N3U="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="jDuvMO/AXNmV9AaEUVY32HxgGM8="></latexit>

minimizex fm(x) =
1

m

mX

i=1

(yi � (aT
i x)2)2

<latexit sha1_base64="Fqpj3wLFFDoKVpkSuUxjcDLRrK4="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="c8Ts0ju2oCCsvMoKj7TsNZwLcQM="></latexit>
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Empirical	risk	and	popula;on	risk

Example:	phase	retrieval	with	Gaussian	designs ai
i.i.d.⇠ N (0, In)

<latexit sha1_base64="e2UCfHY7SzVMjdTR9g28tN5RCus="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="q+1Cf/Vuqlns+sbH9Lny9reMmWo="></latexit>

with yi = (aT
i x\)2

<latexit sha1_base64="2IWxZWUmRV/qCOXAdiJTT6u2N3U="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="jDuvMO/AXNmV9AaEUVY32HxgGM8="></latexit>

minimizex fm(x) =
1

m

mX

i=1

(yi � (aT
i x)2)2

<latexit sha1_base64="Fqpj3wLFFDoKVpkSuUxjcDLRrK4="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="c8Ts0ju2oCCsvMoKj7TsNZwLcQM="></latexit>

“law	of	large	numbers”

m ! 1
<latexit sha1_base64="lvSQmEJLNy4wGjdE7vCU9+RcxHc="></latexit><latexit sha1_base64="UEf8OYtGnDtgcGz0z9e/yeHuDF4="></latexit><latexit sha1_base64="UEf8OYtGnDtgcGz0z9e/yeHuDF4="></latexit><latexit sha1_base64="a7+cqlYOPlsJgCqiQmjN5IbAnA4="></latexit>

minimizex f(x) = E (y1 � (aT
1 x)2)2

<latexit sha1_base64="XJwnUW4KXoYqi13+Tzgua2YTsPY="></latexit><latexit sha1_base64="se6UBriLeQdP4gZ2uu9J1Ar6qbE="></latexit><latexit sha1_base64="se6UBriLeQdP4gZ2uu9J1Ar6qbE="></latexit><latexit sha1_base64="up3pqDjO3UWP9oR7B4t3i6y3pIc="></latexit>
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Empirical	risk	and	popula;on	risk

Example:	phase	retrieval	with	Gaussian	designs ai
i.i.d.⇠ N (0, In)

<latexit sha1_base64="e2UCfHY7SzVMjdTR9g28tN5RCus="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="7ErFX0V8eGvjJCCVALEP+IfU828="></latexit><latexit sha1_base64="q+1Cf/Vuqlns+sbH9Lny9reMmWo="></latexit>

with yi = (aT
i x\)2

<latexit sha1_base64="2IWxZWUmRV/qCOXAdiJTT6u2N3U="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="J2itMEVcnwPk0oVb7MD8ytIk9Dk="></latexit><latexit sha1_base64="jDuvMO/AXNmV9AaEUVY32HxgGM8="></latexit>

minimizex fm(x) =
1

m

mX

i=1

(yi � (aT
i x)2)2

<latexit sha1_base64="Fqpj3wLFFDoKVpkSuUxjcDLRrK4="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="aS//E5vg554pfvAOxiryod83jg0="></latexit><latexit sha1_base64="c8Ts0ju2oCCsvMoKj7TsNZwLcQM="></latexit>

“law	of	large	numbers”

m ! 1
<latexit sha1_base64="lvSQmEJLNy4wGjdE7vCU9+RcxHc="></latexit><latexit sha1_base64="UEf8OYtGnDtgcGz0z9e/yeHuDF4="></latexit><latexit sha1_base64="UEf8OYtGnDtgcGz0z9e/yeHuDF4="></latexit><latexit sha1_base64="a7+cqlYOPlsJgCqiQmjN5IbAnA4="></latexit>

minimizex f(x) = E (y1 � (aT
1 x)2)2

<latexit sha1_base64="XJwnUW4KXoYqi13+Tzgua2YTsPY="></latexit><latexit sha1_base64="se6UBriLeQdP4gZ2uu9J1Ar6qbE="></latexit><latexit sha1_base64="se6UBriLeQdP4gZ2uu9J1Ar6qbE="></latexit><latexit sha1_base64="up3pqDjO3UWP9oR7B4t3i6y3pIc="></latexit>

f(x1, x2) = 3 + 3(x2
1 + x2

2)
2 � 6x2

1 � 2x2
2

<latexit sha1_base64="v0NnMnFejj3dHXYFliWI8LxKpPU="></latexit><latexit sha1_base64="/RQMtOu4wdl9JJee9fYdVaklPws="></latexit><latexit sha1_base64="/RQMtOu4wdl9JJee9fYdVaklPws="></latexit><latexit sha1_base64="fNK+jtesdAIFkR31mYGp3lO+hLc="></latexit>

x1
<latexit sha1_base64="l4mqEX1l+y5ui0Z7rOM2ziaCwno="></latexit><latexit sha1_base64="LMZkOmMWbw+LsqDWk2Uc1hFIuuE="></latexit><latexit sha1_base64="LMZkOmMWbw+LsqDWk2Uc1hFIuuE="></latexit><latexit sha1_base64="6dzC88RGUVxNWNqUUeBZSjOzJgY="></latexit>

x2
<latexit sha1_base64="KkAM9oSMnwecebjCbMZJggwKdK4="></latexit><latexit sha1_base64="EBZGwDJ71SpG5o73okDs5NoZBUE="></latexit><latexit sha1_base64="EBZGwDJ71SpG5o73okDs5NoZBUE="></latexit><latexit sha1_base64="jkTZSc2PU+1tEctvYxvyOZ/tuu4="></latexit>
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Sample	complexity:		

how	large						needs	to	be?m
<latexit sha1_base64="mxap30eTCkcrqPmdwozHMenRl8A="></latexit><latexit sha1_base64="0McV3xaokTIzvjAQ5rHHWDBLE0c="></latexit><latexit sha1_base64="0McV3xaokTIzvjAQ5rHHWDBLE0c="></latexit><latexit sha1_base64="J9SmuxnJlCtIGKB23xGuwtY5XzM="></latexit>
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Landscape	analysis	for	phase	retrieval

minimizex2Rn f(x) =
1

4m

mX

i=1

⇥
yi � (aT

i x)2
⇤2

<latexit sha1_base64="GDMw6Oxs9DzuI6XVaJP07XA6ueg="></latexit><latexit sha1_base64="5NhCrSyXbAPbe3VPVE1vyTvDGk4="></latexit><latexit sha1_base64="5NhCrSyXbAPbe3VPVE1vyTvDGk4="></latexit><latexit sha1_base64="BFDCc1ZGybBCztTUuEMMgEE6RDg="></latexit>

Theorem:	(informal)	[Sun,	Qu,	Wright,	’16]

Let																													.	When																											,	w.h.p.,ai
i.i.d.⇠ N (0, I)

<latexit sha1_base64="nRNJ6X3ZIGxoLGUsqBHqVeA95FE="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="fbWJjnkjVKlrPwAnlfz0K/7zWIA="></latexit><latexit sha1_base64="yyDF0xy/V3UMAVkIH2UHWBTzgiA="></latexit><latexit sha1_base64="yyDF0xy/V3UMAVkIH2UHWBTzgiA="></latexit><latexit sha1_base64="E1V/diwdN966u8TiDaufoEk8Y44="></latexit><latexit sha1_base64="E1V/diwdN966u8TiDaufoEk8Y44="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="ftjXJMKpjseMvu6Zo/1jmmgBkI0="></latexit><latexit sha1_base64="E1V/diwdN966u8TiDaufoEk8Y44="></latexit>

m & n log3 n
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All	local	(and	global)	minimizers	are	of	the	form

All	other	cri_cal	points	of											are	strict	saddles	(i.e.	there	exist	escape	
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Landscape	analysis	for	phase	retrieval
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Theorem:	(informal)	[Sun,	Qu,	Wright,	’16]
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More	general	results	on	the	landscapes	of	empirical	risk

empirical	risk: minimizex fm(x) =
1

m

mX
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“law	of	large	numbers”
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Uniform	convergence	of	
gradient	and	hessian
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Example:	binary	linear	classifica;on
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Nonlinear	least-squares:
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Example:	binary	linear	classifica;on
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Benign	landscapes	lead	to	efficient	algorithms	
with	polynomial	complexity



Examples are given in Sec. 5. In Sec. 6 we illustrate how the SPC method can be used for 
practical purposes. 

2. Saddle points 

In the MF landscape, a design configuration with N optimization variables is a point in an N-
dimensional space. The critical points in the landscape are the points for which the gradient of 
MF vanishes. If the matrix of the second-order derivatives of MF (i.e. the Hessian) with 
respect to the optimization variables has only nonzero eigenvalues, the critical point is called 
non-degenerate. An important characteristic of non-degenerate critical points is the number of 
negative eigenvalues of the Hessian, the so-called Morse index (MI). A negative eigenvalue 
indicates that the critical point is a maximum along the direction defined by the corresponding 
eigenvector of the Hessian. Therefore, minima have MI = 0, maxima have MI = N, and SP’s 
have MI values between 1 and N-1. 

In an intuitive analogy we can think about the MF landscape as a mountain scenery, where 
the height at a certain position is the MF value of the corresponding configuration. There, the 
SPs are the mountain passes in the landscape. In two dimensions, a SP is a maximum in one 
direction (called the downward direction, indicated in Fig. 1(a) by the green curve) and a 
minimum along the other direction (red curve), which is perpendicular to the first one. In two 
dimensions all SP’s have MI = 1. Two-dimensional SP’s are connected to two minima, i.e. 
when we choose for local optimization two starting points close to each other, but on opposite 
sides of the saddle, they will lead to two distinct minima after optimization [Fig. 1(b)]. 

 

Fig. 1. a) Saddle point in a MF landscape with two variables var1 and var2. b) Optimization on 
both sides of the saddle leads to two distinct local minima. 

Saddle points that are connected with only two minima are particularly useful. In the N-
dimensional case, SP’s with MI = 1 have this property. They have one downward direction, 
and they are minima in all directions perpendicular to the downward one. Intuitively, the 
downward direction of an N-dimensional SP with MI = 1 is similar to the downward direction 
of a two-dimensional saddle point. When certain quite general conditions are met, in global 
searches with a fixed number of variables all minima are connected in a network. In this 
network, each link between minima contains a SP with MI = 1 [10–14]. The network for a 
certain region of interest in the design space can be found link by link, by detecting for each 
minimum the SP’s with MI = 1 that are connected to it, and then by repeating the procedure 
for the new minima found on the other side of the SP’s that have been detected. For global 
searches that are sufficiently simple, e.g. for the search corresponding to the well-known 
Cooke triplet [10], the entire network can be found in this way. However, when the number of 
components increases, detecting SP’s with MI = 1 without a-priori knowledge of the MF 
landscape [10,11,14, 19–22] becomes time-consuming. In this paper we show that in certain 
global optimization problems a-priori knowledge does exist. By using an intrinsic property 
present in the lens design landscape (and perhaps elsewhere as well), the existence of so-
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Generic	results	and	algorithms	for	benign	landscapes

• Trust-region	[Sun	et	al.	’16]	

• Perturbed	GD	[Jin	et	al.	’17]	

• Perturbed	accelerated	GD	[Jin	et	al.	’17]	

• Natasha	[Allen-Zhu	’17]	

• Cubic-regularized	method	[Agarwal	et	al.,	’17]

Gradient	decent	with	random	ini_aliza_on	escapes	saddles	almost	surely	
[Lee	et	al.,	’16]

Saddle	escaping	algorithms	with	polynomial	complexity:

Fig.	credit:	Turnhout	et	al.
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Much	stronger	guarantees	are	possible	
by	studying	specific	problems!
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Tutorial	outline

Part	I:	Overview

Spectral	ini_aliza_on	

Local	refinement:	algorithm	and	analysis

Part	II:	Phase	retrieval:	a	case	study

Part	III:	Low-rank	matrix	es_ma_on

Part	IV:	Closing	remarks
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

Empirical loss minimization

minimizex f(x) = 1
m

mÿ

k=1

Ë!
a€
k x

"2 ≠ yk
È2

• Initialization by spectral method

• Gradient iterations: for t = 0, 1, . . .

xt+1 = xt ≠ ÷t Òf(xt)
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Recover																		from							random	quadra_c	measurements

yi =
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2
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Common	theme:	two-stage	approach
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• Find an initial point within a nice local basin surrounding x¯

• Carefully proceed via iterative optimization procedures without
leaving this local basin
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

minimizex f(x) = 1
4m
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"2 ≠ yk
È2

• spectral initialization: x0 Ω leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·
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Rationale of two-stage approach
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2.	Careful	itera_ve	local	refinement	

(e.g.	gradient	descent)

1.	Ini5aliza5on:	find	an	ini_al	point	within	

a	local	basin	close	to	x\
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Common	theme:	two-stage	approach
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• Find an initial point within a nice local basin surrounding x¯

• Carefully proceed via iterative optimization procedures without
leaving this local basin
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

minimizex f(x) = 1
4m

mÿ

k=1

Ë!
a€
k x

"2 ≠ yk
È2

• spectral initialization: x0 Ω leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·

11/ 46

x
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i
initial guess z0
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Find an initial point within a nice local basin surrounding x¯

spectral initialization: x0

eigenvector of certain data matrix • Find an initial point within a nice local basin surrounding
x1Find an initial point within a nice local basin surrounding

x2

2.	Careful	itera_ve	local	refinement	

(e.g.	gradient	descent)

1.	Ini5aliza5on:	find	an	ini_al	point	within	

a	local	basin	close	to	x\
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A	spectral	method	for	ini;aliza;on
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Spectral	Ini;aliza;on

Model:

yi ⇡ f(aT
i x\), i = 1, 2, . . . , m
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Spectral	Ini;aliza;on

Model:

Spectral	ini5aliza5on:

Dm =
1

m

mX

i=1

T (yi)aia
T
i x1 = top	eigenvector(Dm)1.	 2.	

PHD:	principal	Hessian	direc_on	[Li	’92],	[Keshavan	et	al.	’10],	[Netrapalli	et	al.	’13]

yi ⇡ f(aT
i x\), i = 1, 2, . . . , m
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Why	doe	it	work?

The	model:

The	data	matrix:

Dm =
1

m

mX

i=1

T (yi)aia
T
i E

h
T (y)aaT

i
= �1I + (�2 � �1)x

\(x\)T
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“Law	of	large	numbers”

yi ⇡ f(aT
i x\), i = 1, 2, . . . , m
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“Law	of	large	numbers”

�1 = E T (y)with																								,

Similar	approaches	used	in	matrix	comple_on,	blind	deconvolu_on,	…

�2 = E
h
T (y)(aT x\)2

i
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Why	does	it	work?	The	determinis;c	case

The	data	matrix:

PaRern	matching:

Correlated	paRerns:	higher	weights	

Uncorrelated	paRerns:	lower	weights

Op8mal	row	selec8on

21

(p1, . . . , pm) = argminp �max

 X

i

pi

✓
I � aia

T
i

||ai||2
◆⌦2

!
Convex	opPmizaPon	problem:	minimize	error	exponent.

 
10−3

10−2

10−1

Fig. 2: Optimal selection probabilities for a non-uniform matrix. The
plot is an equal-area projection of the entire unit hemisphere in R3.
Each row in the matrix is represented by a point on the plot; the color
represents the optimal selection probability computed using cvx.

where
γ
(2)
a = lim

N→∞− 1

N
log E ∣∣z(N)∣∣4 . (17)

To compute γ
(2)
a , we define

R
(2)
A (p) = m∑

i=1 pi (P ⊥ai
⊗P ⊥ai

⊗P ⊥ai
⊗P ⊥ai

) , (18)

and have
γ
(2)
a = − logλmax (R(2)A (p)) . (19)

R
(2)
A (p) is an n4 × n4 matrix, but it can be applied in time O(mn4)

instead of the naive O(n8). So finding the largest eigenvalue is not
as complex as one might naively expect.

Figure 1(b) illustrates our argument and shows just how good the
replica method approximation is. We have plotted, on a logarithmic
scale, the error trajectory of many trials as the iterations proceeded.
(Only 150 randomly-selected trials are shown to prevent the figure
from getting too cluttered). We have also plotted the logarithm of
the average error, which matches the linear trendline predicted by the
annealed error exponent γa, and the average of the logarithm of the
error trajectories, which matches the linear trendline predicted by our
approximation for the quenched error exponent γq . The quenched
values are clearly more representative of the typical performance of
the algorithm than the annealed ones. The close match indicates that
our approximation is valid. For comparison purposes, we have also
plotted the upper bound provided by Strohmer et al. [5].

3. OPTIMAL ROW-SELECTION PROBABILITIES

Given a matrix A, we may wish to choose the row selection probabil-
ities p1, p2, . . . , pm that provide the fastest convergence. A tractable
way to do this is to optimize the annealed error exponent γa, which
measures the decay rate of the MSE. This is equivalent to the follow-
ing optimization problem:

(p1, . . . , pm) = argmin
p∈∆n−1 λmax(RA(p)), (20)

where ∆n−1 is the unit simplex in Rn. The function λmax(RA(p))
is convex [15], as is the set ∆n−1, so (20) is a convex optimization
problem (more specifically, it is a semidefinite programming prob-
lem). Thus, finding the optimal probability distribution p is quite
tractable. Note that Dai et al. recently considered an optimized ran-
domized Kaczmarz algorithm [11], in which the row-selection prob-
abilities were chosen to optimize a bound on the MSE’s decay rate.
However, we optimize the exact decay rate of the MSE.
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Fig. 3: Quenched average squared errors versus RKA iteration under
the uniform, Dai et al.’s approximate optimal, and optimal row selec-
tion probabilities, for the 1000 x 3 matrix described in the text.The
average is taken over 1007 trials.

To illustrate the kind of improvement possible by optimizing the
row selection probabilities, and develop some intuition on the opti-
mum choice, we computed the optimal values for a matrix of size
300 × 3. The elements of the matrix were chosen as independent
Gaussian random variables with a variance of 0.5; the columns had
means 0.5, 1, and 2, respectively. We used the cvx convex optimiza-
tion software package to compute the optimal row selection probabil-
ities for this matrix [16,17].

Since the problem is invariant to the scale and sign of each rows,
each row in the matrix A can be represented as a point on the unit
hemisphere. Thus, the matrix and row probabilities can be illustrated
as in Figure 2 by plotting each row as a point on a 2D projection
of a unit hemisphere. We used the Lambert equal-area projection,
which is measure-preserving and therefore allows us to accurately
visualize the sampling density everywhere in the space. The darker
points represent rows that are selected with high probability in the
optimal selection scheme; the lighter ones are selected with lower
probability. We would expect an optimal scheme to choose rows that
are far from any other rows with higher probability than rows that are
in close proximity to many other rows, in order to reduce redundancy
and cover the whole space. The figure conforms to this intuition.

Figure 3 illustrates the improvement of the optimal randomiza-
tion scheme over simply choosing rows uniformly at random. After
20 iterations, the optimal scheme has an error 36 dB lower than the
uniform scheme, and 12 dB lower than the sub-optimal scheme of
Dai et al.

Of course, in practice, there is a tradeoff between the computa-
tion time saved by needing fewer iterations and the computation time
spent determining the optimal row selection probabilities in advance.
The main purpose of the exact optimization proposed in this work
is to develop intuition and validate sub-optimal heuristics. A fast or
on-line method for approximating the optimal probabilities would be
very beneficial for large-scale problems.

4. CONCLUSIONS

We provided a complete characterization of the randomized Kacz-
marz algorithm. This included an exact formula for the MSE and
the annealed error exponent characterizing its decay rate, plus an ap-
proximation for the quenched error exponent that captures the typical
error decay rate. We also explored choosing the row-selection proba-
bilities to achieve the best convergence properties for the algorithm.
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Cosine	similarity:

Performance	guarantees:		

[Gaussian	measurements]
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[Lu	&	Li,	’17]

Precise	analysis
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Why	do	we	care	about	a	precise	analysis?

1.	Order-wise	es_mates	are	not	good	enough	for	prac__oners

Vehicle	for	commute Energy	consump5on

Bike O(distance)
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Credit:	Yoram	Bresler
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Why	do	we	care	about	a	precise	analysis?

2.	From	precise	analysis	to	op5mal	designs

1.	Order-wise	es_mates	are	not	good	enough	for	prac__oners
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Precise	Asympto;c	Characteriza;ons

High-dimensional																					,	linear	sample	complexity
m

n
! ↵ > 0m, n ! 1

i.i.d.	Gaussian	sensing	ensemble

Se]ng:

Proposi5on:	[Lu	and	Li	’17]	Under	a	few	technical	condi5ons*:

where	analy5cal	formulas	are	given	for										,													and	⇢(↵)

*These	results	were	recently	extended	in	[Mondelli	&	Montanari,	’17],		with	some	
technical	condi_ons	relaxed

↵c,min
<latexit sha1_base64="vN38aXOKFzlCZF0Rp3l/E3AzK/8="></latexit><latexit sha1_base64="vN38aXOKFzlCZF0Rp3l/E3AzK/8="></latexit><latexit sha1_base64="vN38aXOKFzlCZF0Rp3l/E3AzK/8="></latexit><latexit sha1_base64="vN38aXOKFzlCZF0Rp3l/E3AzK/8="></latexit>

↵c,max
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⇢(x\, x1)
P�!

(
0, if ↵ < ↵c,min,

⇢(↵), if ↵ > ↵c,max,
<latexit sha1_base64="W5wBoTmedqJpHWaNF2hh2EV94AI="></latexit><latexit sha1_base64="R9Cl7t1VDyNOVNVtY3fTjYNLjn0="></latexit><latexit sha1_base64="R9Cl7t1VDyNOVNVtY3fTjYNLjn0="></latexit><latexit sha1_base64="oPcyr9GnqETDxxNcCKwtESzb5Uo="></latexit>



39

Phase	transi;ons

Uncorrelated	phase: ↵ < ↵c,min

uninforma_ve

slow	convergence

Recall ↵ = m/n
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Correlated	phase: ↵ > ↵c,max

concentra_on	on	the	surface	of	a	cone

rapid	convergence	in																		stepsO(log n)

⇢(x\, x1)
P�! ⇢(↵) > 0
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Phase	transi;ons

Uncorrelated	phase: ↵ < ↵c,min

uninforma_ve

slow	convergence

Related	phenomena:	spiked	model	[Baik,	Ben	Arous	&	Peche,	’05]	
low-rank	perturba_on	of	random	matrices	[Benaych-Georges	&	Nadakudi_,	’11]	
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Is	the	asympto;c	predic;on	useful?
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Theore;cal	predic;ons	vs.	simula;ons
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= m/n

⇢(x\, x1)
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Designing	the	pre-processing	func;on
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Quadra_c	measurements:

Dm =
1

m

mX

i=1

T (yi)aia
T
i

1.	Trimming	[Chen	&	Candes	’15]

T (y) = y 1[0,t](y)

2.	Subset	[Wang,	Eldar,	Giannakis	’16]

T (y) = 1(yi > t)

yi = (aT
i x\)2
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Designing	the	pre-processing	func;on
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Designing	the	pre-processing	func;on
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From	Sharp	Predic;ons	to	Op;mal	Design

Dm =
1

m

mX

i=1

T (yi)aia
T
i

For	any	fixed				,	what	is	the	op5mal	pre-processing	func_on												?

Challenge:	func_onal	op_miza_on

[Mondell	&	Montanari,	2017]:	op_mal	func_on	to	minimize	phase	transi_on	threshold

↵ T ⇤
↵ (y)
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From	Sharp	Predic;ons	to	Op;mal	Design

Dm =
1

m

mX

i=1

T (yi)aia
T
i

For	any	fixed				,	what	is	the	op5mal	pre-processing	func_on												?

Challenge:	func_onal	op_miza_on

[Mondell	&	Montanari,	2017]:	op_mal	func_on	to	minimize	phase	transi_on	threshold

Uniformly	op5mal	solu_on:

T ⇤(y) = 1 � Es[p(y|s)]
Es[s2p(y|s)]

Finding	a	minimum	norm	solu_on	in	an	
affine	subspace	of	finite	co-dimension	

↵ T ⇤
↵ (y)
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Uniformly	Op;mal	Pre-Processing
Example:

T ⇤(y) =
y � 1

2y + 1

op_mal
yi ⇠ Poisson[(aT

i x\)2]
<latexit sha1_base64="4Ou6QL+Kbi1jSzxZiNSdnas2tMs="></latexit><latexit sha1_base64="oENGgCGeakxCkmRbrr7lyvYtnEM="></latexit><latexit sha1_base64="oENGgCGeakxCkmRbrr7lyvYtnEM="></latexit><latexit sha1_base64="GRK9Uwu6uCyRtgSUh7d8G2DCAXs="></latexit>
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Uniformly	Op;mal	Pre-Processing
Example:

T ⇤(y) =
y � 1

2y + 1

op_mal

Uniformly	op5mal	solu5on

Trimming	scheme:	[Candes	&	Chen,	’15]

[Mondell	&	Montanari,	2017]

yi ⇠ Poisson[(aT
i x\)2]

<latexit sha1_base64="4Ou6QL+Kbi1jSzxZiNSdnas2tMs="></latexit><latexit sha1_base64="oENGgCGeakxCkmRbrr7lyvYtnEM="></latexit><latexit sha1_base64="oENGgCGeakxCkmRbrr7lyvYtnEM="></latexit><latexit sha1_base64="GRK9Uwu6uCyRtgSUh7d8G2DCAXs="></latexit>
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Beyond	the	Gaussian	assump;on

Extensions to physical setups

Random masking + di↵raction

random	mask	+	diffrac_on

Towards	physical	setups:	coded	diffrac_on

Figure	credit:	Candes	et	al.	’11
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Coded	diffrac;on
Coded di↵raction

source
sample phase plate

di↵raction patterns
Coded di↵raction

source
sample

di↵raction patterns

Coded di↵raction

source
sample

di↵raction patternsCoded di↵raction

source
sample

di↵raction patterns

Measurements:	Fourier	transform	of	randomly	modulated	samples

��F(w � x)
��2 , w 2 Patterns

<latexit sha1_base64="U6A8aS5nSVJ807O6YdQskX5G15Y="></latexit><latexit sha1_base64="tHBOdCcVe6kJFpavRV/LcmzaJl8="></latexit><latexit sha1_base64="tHBOdCcVe6kJFpavRV/LcmzaJl8="></latexit><latexit sha1_base64="bmPzeMjaflwe7M5x/8QlUO2iUMo="></latexit>

Figure	credit:	Candes	et	al.	’11
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Performance	of	spectral	method	for	coded	diffrac;on

(a) Original image.

(b) proposed – � = 4. (c) truncated – � = 4.

(d) proposed – � = 6. (e) truncated – � = 6.

(f) proposed – � = 12. (g) truncated – � = 12.

Figure 1: Performance comparison between the proposed spectral method and the truncated spectral initial-
ization of [CC17] for the recovery of a digital photograph from coded diffraction patterns.
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Original	image

(a) Original image.

(b) proposed – � = 4. (c) truncated – � = 4.

(d) proposed – � = 6. (e) truncated – � = 6.

(f) proposed – � = 12. (g) truncated – � = 12.

Figure 1: Performance comparison between the proposed spectral method and the truncated spectral initial-
ization of [CC17] for the recovery of a digital photograph from coded diffraction patterns.

4

;	trimming	T (·)
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↵ = 6
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Figure	credit:	Mondelli	&	Montanari,	’17
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Figure 1: Performance comparison between the proposed spectral method and the truncated spectral initial-
ization of [CC17] for the recovery of a digital photograph from coded diffraction patterns.
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;	op_mized								T (·)
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Common	theme:	two-stage	approach
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

minimizex f(x) = 1
4m

mÿ

k=1

Ë!
a€
k x

"2 ≠ yk
È2

• spectral initialization: x0 Ω leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·
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2.	Careful	itera_ve	local	refinement	(e.g.	

gradient	descent)	to	stay	within	the	local	basin
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)
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È2

• spectral initialization: x0 Ω leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·
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Common	theme:	two-stage	approach
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2.	Careful	itera_ve	local	refinement	(e.g.	

gradient	descent)	to	stay	within	the	local	basin

⇡ h � i
initial guess z0

x
basin of attraction

Find an initial point within a nice local basin surrounding x¯

spectral initialization: x0

eigenvector of certain data matrix
1.	Ini5aliza5on:	find	an	ini_al	point	within	

a	local	basin	close	to	x\
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A	nonlinear	least	squares	formula;on

given: yi =
���aT

i x\
���
2

, i = 1, . . . , m
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minimizex2Rn f(x) =
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4m
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⇥
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i x)2
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pros:	oken	exact	as	long	as	sample	size	is	sufficiently	large

cons:											is	nonconvexf(x)
<latexit sha1_base64="kDDpRvicN40VOpMfaKiu+v0XLOA="></latexit><latexit sha1_base64="tKq8m4ixc9wjUY0iEr4ayP3ErPQ="></latexit><latexit sha1_base64="tKq8m4ixc9wjUY0iEr4ayP3ErPQ="></latexit><latexit sha1_base64="LYqaJhXMSK8wQR0zpV6V2NpSRTM="></latexit>

computa5onally	challenging!
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Wir;nger	flow	(Candès,	Li,	Soltanolkotabi	’14)
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Computa;onal	cost

A :=
⇥
aT

i x
⇤
1im
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Gradient	descent:	performance	guarantees?



Asymptotic notation

• f(n) . g(n) or f(n) = O(g(n)) means

lim
n→∞

|f(n)|
|g(n)| ≤ const

• f(n) & g(n) means

lim
n→∞

|f(n)|
|g(n)| ≥ const

• f(n) � g(n) means

const1 ≤ lim
n→∞

|f(n)|
|g(n)| ≤ const2
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First theory of WF

dist(xt,x\) := min{‖xt ± x\‖2}

Theorem 1 (Candès, Li, Soltanolkotabi ’14)
Under i.i.d. Gaussian design, WF with spectral initialization achieves

dist(xt,x\) .
(

1− η

4

)t/2
‖x\‖2,

with high prob., provided that step size η . 1/n and sample size:
m & n logn

• Iteration complexity: O
(
n log 1

ε

)

• Sample complexity: O(n logn)
• Derived based on (worst-case) local geometry
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Improved theory of WF

dist(xt,x\) := min{‖xt ± x\‖2}

Theorem 2 (Ma, Wang, Chi, Chen ’17)
Under i.i.d. Gaussian design, WF with spectral initialization achieves

dist(xt,x\) .
(

1− η

2

)t
‖x\‖2

with high prob., provided that step size η � 1/ logn and
sample size m & n logn.

• Iteration complexity: O
(
n log 1

ε

) ↘ O
(

logn log 1
ε

)

• Sample complexity: O(n logn)
• Derived based on finer analysis of GD trajectory
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Gradient descent theory revisited
Consider unconstrained optimization problem

minimizex f(x)
0.2 0.4 0.6 0.8 1

0.9

1

t

f(t)/
p
1 + t2

1

Two standard conditions that enable geometric convergence of GD

• (local) restricted strong convexity (or regularity condition)
• (local) smoothness

∇2f(x) � 0 and is well-conditioned
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Gradient descent theory revisited

f is said to be α-strongly convex and β-smooth if

0 � αI � ∇2f(x) � βI, ∀x

`2 error contraction: GD with η = 1/β obeys

‖xt+1 − x\‖2 ≤
(

1− α

β

)
‖xt − x\‖2

• Condition number β/α determines rate of convergence
• Attains ε-accuracy within O

(β
α log 1

ε

)
iterations
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What does this optimization theory say about WF?

Gaussian designs: ak i.i.d.∼ N (0, In), 1 ≤ k ≤ m

Finite-sample level (m � n logn)

∇2f(x) � 0

but ill-conditioned︸ ︷︷ ︸
condition number � n

(even locally)

Consequence (Candès et al ’14): WF attains ε-accuracy within
O
(
n log 1

ε

)
iterations if m � n logn
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Generic optimization theory gives pessimistic bounds

WF converges in O(n) iterations

Step size taken to be η = O(1/n)

This choice is suggested by optimization theory

Does it capture what really happens?
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Numerical efficiency with ηt = 0.1

0 100 200 300 400 500
10-15

10-10

10-5

100

Vanilla GD (WF) converges fast for a constant step size!
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A second look at gradient descent theory
Which local region enjoys both strong convexity and smoothness?

∇2f(x) = 1
m

m∑

k=1

[
3
(
a>k x

)2 − (a>k x\
)2]
aka

>
k

• Not sufficiently smooth if x and ak are too close (coherent)

• x is incoherent w.r.t. sampling vectors {ak} (incoherence region)

Prior works suggest enforcing regularization (e.g. truncation,
projection, regularized loss) to promote incoherence
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• x is incoherent w.r.t. sampling vectors {ak} (incoherence region)

Prior works suggest enforcing regularization (e.g. truncation,
projection, regularized loss) to promote incoherence
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Encouraging message: GD is implicitly regularized

region of local strong convexity + smoothness

··

GD implicitly forces iterates to remain incoherent with {ak}
maxk

∣∣a>k (xt − x\)
∣∣ .
√

logn ‖x\‖2, ∀t

— cannot be derived from generic optimization theory; relies on
finer statistical analysis for entire trajectory of GD
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Theoretical guarantees for local refinement stage

Theorem 3 (Ma, Wang, Chi, Chen ’17)
Under i.i.d. Gaussian design, WF with spectral initialization achieves
• maxk

∣∣a>k xt
∣∣ .
√

logn ‖x\‖2 (incoherence)

• dist(xt,x\) .
(
1− η

2
)t ‖x\‖2 (linear convergence)

provided that step size η � 1/ logn and sample size m & n logn.

• Attains ε accuracy within O
(

logn log 1
ε

)
iterations
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Key proof idea: leave-one-out analysis

For each 1 ≤ l ≤ m, introduce leave-one-out iterates xt,(l)
by dropping lth measurement
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Key proof idea: leave-one-out analysis
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No need of sample splitting

• Several prior works use sample-splitting: require fresh samples at
each iteration; not practical but helps analysis
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• This tutorial: reuses all samples in all iterations
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Questions

So far we have presented theory for

spectral initialization + vanilla gradient descent (WF)

Questions:

• Is carefully-designed initialization necessary for fast convergence?
• Can we further improve sample complexity?
• Robustness vis a vis noise and outliers?
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Is carefully-designed initialization necessary for fast convergence?



Initialization
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• Spectral initialization gets us reasonably close to truth

• Cannot initialize GD from anywhere, e.g. it might get stucked at
local stationary points (e.g. saddle points)

Can we initialize GD randomly, which is simpler and model-agnostic?
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• Spectral initialization gets us reasonably close to truth

• Cannot initialize GD from anywhere, e.g. it might get stucked at
local stationary points (e.g. saddle points)

Can we initialize GD randomly, which is simpler and model-agnostic?
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Numerical efficiency of randomly initialized GD
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A geometric analysis
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• if m & n log3 n, then (Sun et al. ’16)
◦ there is no spurious local mins
◦ all saddle points are strict (i.e. associated Hessian matrices have

at least one sufficiently negative eigenvalue)

• With such benign landscape, GD with random initialization
converges to global min almost surely (Lee et al. ’16)

No convergence rate guarantees for vanilla GD!
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Exponential growth of signal strength in Stage 1
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Numerically, O(logn) iterations are enough to enter local region

72



Exponential growth of signal strength in Stage 1

0 50 100 150

10-4

10-2

100

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error

1

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error
��hxt, x\i

�� : signal component

1

Numerically, O(logn) iterations are enough to enter local region

72



Exponential growth of signal strength in Stage 1

0 50 100 150

10-4

10-2

100

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error

1

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error
��hxt, x\i

�� : signal component

1

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error
��hxt, x\i

�� : signal component O(log n)

1

Numerically, O(logn) iterations are enough to enter local region

72



Exponential growth of signal strength in Stage 1

0 50 100 150

10-4

10-2

100

0 50 100 150

10-4

10-2

100

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error

1

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

relative `2 error
��hxt, x\i

�� : signal component

1

Numerically, O(logn) iterations are enough to enter local region

72



Linear / geometric convergence in Stage 2
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Numerically, GD converges linearly within local region

73



Linear / geometric convergence in Stage 2

0 50 100 150 200
t : iteration count

10-5

100
d
is
t(

x
t ;

x
\ )
=k

x
\ k

2

n = 100
n = 200
n = 500
n = 800
n = 1000

� � hx
t ,

x
\
i� �

� � x
t
�
hx

t ,
x
\
ix

\
� �
!

si
gn

al
co

m
po

ne
nt

!
re

si
du

al
co

m
po

ne
nt

re
la

ti
ve

` 2
er

ro
r

1

Numerical e�ciency of randomly initialized GD
÷t = 0.1, ai ≥ N (0, I), m = 10n

0 50 100 150 200
t : iteration count

10-5

100
d
is
t(

x
t ;

x
\ )
=
kx

\ k
2

n = 100
n = 200
n = 500
n = 800
n = 1000

Randomly initialized GD enters local basin within a few iterations

15/ 48

��hxt, x\i
��

��xt � hxt, x\ix\
��
! signal component
! residual component

linear convergence

1
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Theoretical guarantees for randomly initialized GD

These numerical findings can be formalized when ai i.i.d.∼ N (0, In):

Theorem 4 (Chen, Chi, Fan, Ma ’18)
Under i.i.d. Gaussian design, GD with x0 ∼ N (0, n−1In) achieves

dist(xt,x\) ≤ γ(1− ρ)t−Tγ‖x\‖2, t ≥ Tγ

for Tγ . logn and some constants γ, ρ > 0, provided that step size
η � 1 and sample size m & n poly logm
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Theoretical guarantees

Theorem 1
Under i.i.d. Gaussian design, GD with x0 ≥ N (0, n≠1In) achieves

dist(xt,x¯) Æ “(1 ≠ fl)t≠T“ Îx¯Î2, t Ø T“

with prob. 1 ≠ o(1) for T“ . logn and some small constants “, fl > 0,
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• Stage 1: takes O(logn) iterations to reach dist(xt,x\) ≤ γ
• Stage 2: linear convergence

• near-optimal compututational cost:
— O

(
logn+ log 1

ε

)
iterations to yield ε accuracy

• near-optimal sample size: m & npoly logm
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Experiments on images

• coded diffraction patterns
• x\ ∈ R256×256

• m/n = 12
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GD with random initialization

xt

GD iterate
〈xt,x\〉x\

signal component
xt − 〈xt,x\〉x\

perpendicular component

use Adobe Acrobat to see animation
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Saddle-escaping schemes?
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Figure 3: The trajectory of (↵t,�t), where ↵t and �t represent the signal and the perpendicular components
of the GD iterates. (a) The results are shown for n = 1000 with m = 10n, ⌘t = 0.01, 0.05, 0.1, and kx\k

2

= 1,
the same instance as plotted in Figure 1. (b) The results are shown for n = 1000 with m approaching infinity,
⌘t = 0.01, 0.05, 0.1, and kx\k
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= 1. The red dots represent the population-level saddle points.

statistical observation plays a crucial role in characterizing the dynamics of the algorithm without the
need of sample splitting.

It is worth emphasizing that the entire trajectory of GD is automatically confined within a certain region
enjoying favorable geometry. For example, as we shall make precise in Section 4, the GD iterates are al-
ways incoherent with the design vectors, stay sufficiently away from any saddle point, and exhibit desired
smoothness conditions. Such delicate geometric properties underlying the GD trajectory are not explained
by prior works. In light of this, convergence analysis based on global geometry [SQW16] — which provides
valuable insights into algorithm designs with arbitrary initialization — results in suboptimal (or even pes-
simistic) computational guarantees when analyzing a concrete algorithm like GD. In contrast, the current
paper establishes near-optimal performance guarantees by paying particular attention to finer dynamics of
the algorithm. As will be seen later, this is accomplished by heavily exploiting statistical models in each
iterative update.

2 Why random initialization works?
Before diving into the proof of the main theorem, we pause to develop intuitions regarding why random
initialization is expected to work. We will build our understanding step by step: (i) we first investigate the
dynamics of the population gradient sequence (the case where we have infinite samples); (ii) we then turn
to the finite-sample case and present a heuristic argument assuming independence between the iterates and
the design vectors; (iii) finally, we argue that the true trajectory is remarkably close to the one heuristically
analyzed in Step (ii), which arises from a key property concerning the “near-independence” between {xt}
and the design vectors {ai}.
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the first entry and the 2nd through the nth entries of xt, respectively. Since x

\
= e

1

, it is easily seen that

xt
ke1 = hxt,x\ix\

| {z }

signal component

and


0

x

t
?

�

= x

t � hxt,x\ix\

| {z }

perpendicular component

(6)

represent respectively the components of xt along and perpendicular to the signal direction. In what follows,
we focus our attention on the following two quantities that reflect the sizes of the preceding two components2

↵t := xt
k and �t :=

�

�

x

t
?
�

�

2

. (7)

Without loss of generality, assume that ↵
0

> 0.

2.1 Population dynamics
To start with, we consider the case where the iterates {xt} are constructed using the population gradient
(or equivalently, when the sample size m approaches infinity), i.e.

x

t+1

= x

t � ⌘rF (x

t
).

Here, rF (x) represents the population gradient given by

rF (x) := �
�

3kxk2
2

� 1

�

x+ 2

�

x

\>
x

�

x

\,

which essentially computed by rF (x) = E[rf(x)] = E
⇥

{(a>
i x)

2 � (a

>
i x

\
)

2}aia
>
i x

⇤

assuming that x and
the ai’s are independent. Simple algebraic manipulation reveals the dynamics for both the signal and the
perpendicular components:

xt+1

k =

�

1 + 3⌘
�

1� kxtk2
2

� 

xt
k; (8a)

x

t+1

? =

�

1 + ⌘
�

1� 3kxtk2
2

� 

x

t
?. (8b)

Assuming that ⌘ is sufficiently small and recognizing that kxtk2
2

= ↵2

t + �2

t , we arrive at the following
population-level state evolution for both ↵t and �t (cf. (7)):

↵t+1

=

�

1 + 3⌘
⇥

1�
�

↵2

t + �2

t

�⇤ 

↵t; (9a)
�t+1

=

�

1 + ⌘
⇥

1� 3

�

↵2

t + �2

t

�⇤ 

�t. (9b)

This recursive system has three fixed points:

(↵,�) = (1, 0), (↵,�) = (0, 0), and (↵,�) = (0, 1/
p
3),

which correspond to the global minimizer, the local maximizer, and the saddle points, respectively.
We make note of the following key observations in the presence of a randomly initialized x

0, which will
be formalized later in Lemma 1:

1. the ratio ↵t/�t of the size of the signal to the perpendicular components increases exponentially fast;

2. the size ↵t of the signal component keeps growing until it plateaus around 1;

3. the size �t of the perpendicular component drops towards zero.

In other words, when randomly initialized, (↵t,�t
) converges to (1,0) rapidly, thus indicating rapid conver-

gence of xt to the truth x

\, without getting stuck around undesirable saddle points. We also illustrate these
phenomena numerically. Set n = 1000, ⌘t ⌘ 0.1 and x

0 ⇠ N
�

0, n�1

In

�

. Figure 4 displays the dynamics of
↵t/�t, ↵t, and �t, which are precisely as discussed above.

2Here, we do not take the absolute value of xt
k. As we shall see later, the x

t
k’s are of the same sign throughout the execution

of the algorithm.

6

Randomly initialized GD never hits saddle points in phase retrieval!
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Other saddle-escaping schemes

iteration
complexity

num of iterations needed
to escape saddles

local iteration
complexity

Trust-region
(Sun et al. ’16) n7 + log log 1

ε n7 log log 1
ε

Perturbed GD
(Jin et al. ’17) n3 + n log 1

ε n3 n log 1
ε

Perturbed accelerated
GD

(Jin et al. ’17)
n2.5 +

√
n log 1

ε n2.5 √
n log 1

ε

GD
(Chen et al. ’18) logn+ log 1

ε logn log 1
ε

Generic optimization theory yields highly suboptimal convergence
guarantees
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Even simplest possible nonconvex methods
are quite efficient for phase retrieval

smart sample saddle
initialization splitting escaping



Can we further improve sample complexity?



Improving search directions

WF (GD): xt+1 = xt − η

m

∑

k

∇fk(xt)

z

x

locus of {∇fk(z)}

Problem: descent direction might have large variability
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Solution: variance reduction via trimming
More adaptive rule: xt+1 = xt − η

m

∑
k∈Tt ∇fk(xt)

z

x

• Tt trims away excessively large grad components

Tt :=
{
k :

∥∥∇fk(xt)
∥∥

2 . typical-size
{∥∥∇fl(xt)

∥∥
2

}
1≤l≤m

}

Slight bias + much reduced variance
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Summary: truncated Wirtinger flow

(1) Regularized spectral initialization: x0 ← principal component of

1
m

∑
k∈T0

yk aka
∗
k

(2) Follow adaptive gradient descent

xt = xt − ηt
m

∑
k∈Tt

∇fk(xt)

Adaptive and iteration-varying rules: discard high-leverage data
{yk : k /∈ Tt}
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Theoretical guarantees (noiseless data)
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Rationale of two-stage approach
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• Find an initial point within a nice local basin surrounding x¯

• Carefully proceed via iterative optimization procedures without
leaving this local basin
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Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

minimizex f(x) = 1
4m

mÿ

k=1

Ë!
a€
k x

"2 ≠ yk
È2

• spectral initialization: x0 Ω leading
eigenvector of certain data matrix

• gradient descent:

xt+1 = xt ≠ ÷ Òf(xt), t = 0, 1, · · ·
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Theorem 5 (Chen, Candès ’15)

Suppose ak i.i.d.∼ N (0, In) and sample size m & n. With high prob.,

dist
(
xt,x\

)
:= min ‖xt ± x\‖2 ≤ ν (1− ρ)t ‖x‖2

where 0 < ν, ρ < 1 are universal constants
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Empirical success rate (noiseless data)

m : number of measurements (n =1000)
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Empirical success rate vs. sample size
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Stability vis a vis noise and outliers?



Stability under noisy data

• Noisy data: yk = |a∗kx\|2 + ηk

• Signal-to-noise ratio:

SNR :=
∑
k |a∗kx\|4∑

k η
2
k

≈ 3m‖x\‖4
‖η‖2

• i.i.d. Gaussian design ak i.i.d.∼ N (0, In)

Theorem 6 (Chen, Candès ’15)
Relative error of TWF converges to O( 1√

SNR)
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Relative MSE vs. SNR (Poisson data)

SNR (dB) (n =1000)
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 m = 6n
 m = 8n
 m = 10n

Slope ≈ -1

Empirical evidence: relative MSE scales inversely with SNR
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This accuracy is nearly un-improvable (empirically)

Comparison with ideal MLE (with phase info. revealed)

ideal knowledge: yk ∼ Poisson(
∣∣a∗kx\

∣∣2 ) and εk = sign
(
a∗kx

\)
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truncated WF

genie-aided MLE

Little loss due to
missing phases!
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This accuracy is nearly un-improvable (theoretically)

• Poisson data: yk ind.∼ Poisson( |a∗kx\|2 )

• Signal-to-noise ratio:

SNR ≈
∑
k |a∗kx\|4∑
k Var(yk)

≈ 3‖x\‖22

Theorem 7 (Chen, Candès ’15)
. Under i.i.d. Gaussian design, for any estimator x̂,

inf
x̂

sup
x: ‖x‖2≥log1.5 m

E
[
dist (x̂,x) | {ak}

]

‖x‖2
& 1√

SNR
,

provided that sample size m � n

91



This accuracy is nearly un-improvable (theoretically)

• Poisson data: yk ind.∼ Poisson( |a∗kx\|2 )

• Signal-to-noise ratio:

SNR ≈
∑
k |a∗kx\|4∑
k Var(yk)

≈ 3‖x\‖22

Theorem 7 (Chen, Candès ’15)
. Under i.i.d. Gaussian design, for any estimator x̂,

inf
x̂

sup
x: ‖x‖2≥log1.5 m

E
[
dist (x̂,x) | {ak}

]

‖x‖2
& 1√

SNR
,

provided that sample size m � n

91



Robust recovery vis a vis outliers

Consider now two sources of corruption: sparse outliers and bounded
noise

yi = |a>i x\|2 + ηi + wi, i = 1, . . . ,m,

• ‖η‖0 ≤ s ·m: sparse outlier, where 0 ≤ s < 1 is fraction of
outliers

• w: bounded noise

Motivation: outliers happen with sensor failures, malicious attacks ...
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Robust recovery vis a vis outliers

Goal: develop algorithms that are oblivious to outliers, and
statistically and computationally efficient

• performs equally well regardless of existence of outliers
• small sample size: ideally m � n
• large fraction of outliers: ideally s � 1
• low computational complexity and easy to implement
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Existing approaches are not robust in the presence
of arbitrary outliers

• Spectral initialization would fail: leading eigenvector of Y can
be arbitrarily perturbed

Y = 1
m

m∑

i=1
yiaia

>
i (WF)

or Y = 1
m

m∑

i=1
yiaia

>
i 1{|yi|.mean({yi})} (TWF)

• GD would fail: search directions can be arbitrarily perturbed

xt+1 = xt − η

m

m∑

i=1
∇fk(xt)
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m∑

i=1
yiaia

>
i 1{|yi|.mean({yi})} (TWF)

• GD would fail: search directions can be arbitrarily perturbed

xt+1 = xt − η

m

m∑

i=1
∇fk(xt)
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Solution: median truncation

Median is often more stable for various levels of outliers
• well-known in robust statistics to be outlier-resilient

Measurements
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mean threshold
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1500
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2500
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mean threshold

median threshold

Measurements
0

500

1000

1500

2000

2500

|2|1=20|x|2,  s=0.1

median threshold

mean threshold

top-k threshold

no outliers small outlier magnitudes large outlier magnitudes

Key idea: “median-truncation” — discard samples adaptively
based on how large sample gradients/values deviate from median
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Median-truncated gradient descent

(1) Median-truncated spectral initialization: x0 ← leading eigenvector
of

Y = 1
m

m∑

i=1
yiaia

>
i 1{|yi|.median({yi})}

(2) Median-truncated gradient descent:

xt+1 = xt − η

m

∑

k∈Tt

∇fk(xt),

where

Tt =
{
k :

∣∣yk − |a>k xt|
∣∣ . median

({∣∣yk − |a>k xt|
∣∣})}

96



Performance guarantees

Theorem 8 (Zhang, Chi and Liang ’16)

Assume ‖w‖∞ ≤ c1‖x\‖22, and ai i.i.d.∼ N (0, In). If m & n logn and
s . s0, then with high prob., median-TWF/RWF yields

dist(xt,x\) . ‖w‖∞‖x\‖2
+ (1− ρ)t‖x\‖2, t = 0, 1, · · ·

for some constants 0 < ρ, s0 < 1

• Exact recovery when w = 0 but with a constant fraction of
outliers s � 1
• Stable recovery with additional bounded noise
• Resist outliers obliviously: no prior knowledge of outliers (except

sparsity)
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Numerical experiment with both dense noise and
sparse outliers
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TWF with outliers

median-RWF with outliers

median-TWF with outliers

TWF without outliers

Median-TWF with outliers achieves almost identical accuracy as
TWF without outliers
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Tutorial outline

• Part I: Overview

• Part II: Phase retrieval: a case study
◦ Spectral initialization
◦ Local refinement: algorithm and analysis

• Part III: Low-rank matrix estimation

• Part IV: Closing remarks



Motivation
Low-rank matrix estimation problems arise in many applications
A popular example is recommendation systems: how to predict
unseen user ratings for movies?

? ? ? ?

?

?

??

??

???

?

?

figure credit: E. Candes
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Low-rank modeling

? ? ? ?

?

?

??

??

???

?

?

figure credit: E. Candes

A few factors explain most of the data

How to exploit (approx.) low-rank structure in prediction?
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Low-rank modeling

? ? ? ?

?

?

??

??

???

?

?

figure credit: E. Candes

A few factors explain most of the data −→ low-rank approximation

How to exploit (approx.) low-rank structure in prediction?
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Other problems with low-rank matrices

• sensor network localization
• structure from motion
• system identification and time series analysis
• spatial-temporal data modeling, e.g. video, network traffic, ..
• face recognition
• quantum state tomography
• community detection
• ...
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Rank-constrained optimization

Rank-constrained optimization:
minimizeM∈Rn×n F (M) s.t. rank(M) ≤ r,

where F (M) is convex in M , and r � n

• useful model for many low-rank estimation problems;
• computationally intractable.
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Convex relaxation

Convex relaxation:

minimizeM∈Rn×n F (M) s.t. ‖M‖∗ ≤ ζ

where ‖ · ‖∗ is nuclear norm — convex relaxation of rank

• Pros: mature theory; versatile to incorporate other constraints
• Cons: run-time in O(n3); even M itself takes O(n2) storage

Question: can we develop algorithms that work with computational
and memory complexities nearly linear in n?
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Burer-Monteiro factorization

Matrix factorization:

minimizeU ,V f(U ,V ) := F (UV >)

where M = UV >, where U ,V ∈ Rn×r.

• pioneered by Burer, Monteiro ’03
• highly non-convex
• global ambiguity: for any orthonormal R ∈ Rr×r and α 6= 0,

UV > = (αUR)(α−1V R)>

i.e. if (U ,V ) is a global minimizer, so does (αUR, α−1V R)
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Revisiting PCA

Given PSD M ∈ Rn×n (not necessarily low-rank), solve low-rank
approximation problem (best rank-r approximation):

M̂ = argminZ ‖Z −M‖2F s.t. rank(Z) ≤ r︸ ︷︷ ︸
nonconvex optimization!

Solution is truncated eigen-decomposition (Eckart-Young theorem)
• let M = ∑n

i=1 σiuiu
>
i be EVD of M (σ1 ≥ · · · ≥ σn), then

M̂ =
r∑

i=1
σiuiu

>
i

— nonconvex, but tractable
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Optimization viewpoint

Factorize Z = XX> with X ∈ Rn×r. We’re interested in the
landscape of

f(X) := 1
4‖XX

> −M‖2F

To simplify exposition: set r = 1.

f(x) = 1
4‖xx

> −M‖2F

Definition 9 (critical points)
A first-order critical point (stationary point) of f satisfies

∇f(x) = 0
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Several types of critical points

Figure credit: Li et al. ’16
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Critical points of f(x)

x is critical point, i.e. ∇f(x) = (xx> −M)x = 0

m
Mx = ‖x‖22x

m
x aligns with eigenvectors of M or x = 0

Since Mui = σiui, set of critical points is given by

{0} ∪ {√σiui, i = 1, . . . , n}
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Categorization of critical points

Critical points can be further categorized based on Hessians:

∇2f(x) := 2xx> + ‖x‖22I −M

• For any non-zero critical points xk := √σkuk:

∇2f(xk) = 2σkuku>k + σkI −M

= 2σkuku>k + σk

(
n∑

i=1
uiu

>
i

)
−

n∑

i=1
σiuiu

>
i

=
∑

i:i 6=k
(σk − σi)uiu>i + 2σkuku>k

• If σ1 > σ2 ≥ . . . ≥ σn≥0, then
◦ k = 1: ∇2f(x1) � 0 → local minima
◦ 1 < k ≤ n: λmin(∇2f(xk)) < 0, λmax(∇2f(xk)) > 0

→ strict saddle
◦ x = 0: ∇2f(0) � 0 → local maxima (or strict saddle)
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Good news: benign landscape

For example, for 2-dimensional case f(x) =
∥∥∥∥xx> −

[
1 1
1 1

]∥∥∥∥
2

F

global minima x = ±
[
1
1

]
& strict saddle x =

[
0
0

]
, and ±

[
1
−1

]

— No “spurious” local minima!
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Key messages from landscape analysis

f(X) := 1
4‖XX

> −M‖2F, X ∈ Rn×r

If σr > σr+1:
• all local minima are global: X contains top-r eigenvectors (up

to orthonormal transformation)
• strict saddle points: all stationary points are saddle points

except global optimum
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Low-rank recovery with few measurements

Consider linear measurements:

y = A(M), y ∈ Rm, m� n2

where M ∈ Rn×n is rank-r (r � n) and PSD (for simplicity).

• Consider least-squares loss function:

f(X) := 1
4‖A(XX> −M)‖2F

• If A is isotropic (i.e. E[A∗A] = I), then

E[f(X)] = 1
4‖XX

> −M‖2F

• Does f(X) inherit benign landscape?
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Landscape preserving under RIP

Definition 10
Rank-r restricted isometry constants δr is smallest quantity obeying

(1− δr)‖M‖2F ≤ ‖A(M)‖2F ≤ (1 + δr)‖M‖2F, ∀M : rank(M) ≤ r

Key message: benign landscape is preserved when A satisfies RIP
e.g., when A follows the Gaussian design

Theorem 11 (Bhojanapalli et al. ’16, Ge et al. ’17)

If A satisfies RIP with δ2r <
1
10 , then

• all local min are global: any local minimum X of f(·) satisfies
XX> = M

• strict saddle points: any non-local min critical point X of f(·)
satisfies λmin[∇2f(X)] ≤ −2

5σr
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Landscape without RIP

Matrix completion:

Complete M from partial entries Mi,j , (i, j) ∈ Ω

where (i, j) is included in Ω independently with prob. p

find low-rank M̂ s.t. PΩ(M̂) = PΩ(M)

In matrix completion, RIP does not hold
→ need to regularize loss function by promoting incoherent

solutions
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Incoherence for matrix completion

Definition 12 (Incoherence for matrix completion)

A rank-r matrix M with eigendecomposition M = UΣU> is said to
be µ-incoherent if

∥∥U
∥∥

2,∞ ≤
√
µ

n

∥∥U
∥∥

F =
√
µr

n
.

e.g.




1 0 0 · · · 0
0 0 0 · · · 0
... ... ...
0 0 0 · · · 0




︸ ︷︷ ︸
hard µ=n

vs.




1 1 1 · · · 1
1 1 1 · · · 1
... ... ...
1 1 1 · · · 1




︸ ︷︷ ︸
easy µ=1
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Regularization

One possible regularizer:

Q(X) =
n∑

i=1
(‖e>i X‖2︸ ︷︷ ︸

row norm

−α)4
+ :=

n∑

i=1
Qi(‖e>i X‖2)

where α is regularization parameter, and z+ = max{z, 0}
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MC has no spurious local minima under proper
regularization

Consider regularized loss function

freg(X) = 1
p
‖PΩ(XX> −M)‖2F + λQ(X)︸ ︷︷ ︸

promote incoherence

where λ: regularization parameter

Theorem 13 (Ge et al, 2016)
If sample size n2p & µ4nr6 logn and if α and λ are chosen properly,
then with high prob.,
• all local min are global: any local minimum X of freg(·) satisfies
XX> = M

• saddle points that are not local minima are strict saddles
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Initialization-free theory

Implications:

• Under benign landscape, local search algorithms that can find
local minima are often sufficient, regardless of initialization
• Key algorithm issue: how to escape saddle points
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Saddle-point escaping algorithms

• Vanilla GD with random initialization: converges to global
minimizers almost surely, but no rates are known (Lee et al. ’16)

• Second-order algorithms (Hessian-based): trust-region methods,
... (Sun et al. ’16)

• First-order algorithms: (perturbed) gradient descent, stochastic
gradient descent, ... (Jin et al. ’17)

Open problem: does MC converge fast with random initialization?
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Gradient descent for matrix completion

Let M = X\X\>. Observe

Yi,j = Mi,j + Ei,j , (i, j) ∈ Ω

where P ((i, j) ∈ Ω) = p and Ei,j ∼ N (0, σ2)1.

minimize
∥∥∥PΩ

(
M̂ − Y

)∥∥∥
2

F
s.t. rank(M̂) ≤ r

minimizeX∈Rn×r f(X) =
∑

(j,k)∈Ω

(
e>j XX

>ek − Yj,k
)2

︸ ︷︷ ︸
unregularized least-squares loss

1can be relaxed to sub-Gaussian noise and asymmetric case.
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Gradient descent for matrix completion

(1) Spectral initialization: let U0Σ0U0> be rank-r
eigendecomposition of

1
p
PΩ(Y ).

and set X0 = U0 (Σ0)1/2

(2) Gradient descent updates:

Xt+1 = Xt − ηt∇f
(
Xt), t = 0, 1, · · ·
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Gradient descent for matrix completion
Define optimal transform from the tth iterate Xt to X\ as

Qt := argminR∈Or×r
∥∥XtR−X\

∥∥
F

Theorem 14 (Noiseless MC, Ma, Wang, Chi, Chen ’17)

Suppose M = X\X\> is rank-r, incoherent and well-conditioned.
Vanilla GD (with spectral initialization) achieves
• ‖XtQt −X\‖F . ρtµr 1√

np‖X\‖F,
•
∥∥XtQt −X\

∥∥ . ρtµr 1√
np‖X\‖, (spectral)

•
∥∥XtQt −X\

∥∥
2,∞ . ρtµr

√
logn
np ‖X\‖2,∞, (incoherence)

where 0 < ρ < 1, if step size η � 1/σmax and sample complexity
n2p & µ3nr3 log3 n

• vanilla gradient descent converges linearly for matrix completion!
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Numerical evidence for noiseless data

50 100 150 200 250 300 350 400 450 500
10-15

10-10

10-5

100

Relative error of XtXt> (measured by ‖·‖F , ‖·‖ , ‖·‖∞) vs. iteration
count for MC, where n = 1000, r = 10, p = 0.1, and ηt = 0.2
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Noisy matrix completion

Theorem 15 (Noisy MC, Ma, Wang, Chi, Chen ’17)
Under sample complexity of Theorem 14, if noise satisfies
σ
√

n
p � σmin√

κ3µr log3 n
, then GD iterates satisfy

∥∥XtQt −X\
∥∥

F .
(
ρtµr

1√
np

+ σ

σmin

√
n

p

)
∥∥X\

∥∥
F,

∥∥XtQt −X\
∥∥

2,∞ .
(
ρtµr

√
logn
np

+ σ

σmin

√
n logn
p

)
∥∥X\

∥∥
2,∞,

∥∥XtQt −X\
∥∥ .

(
ρtµr

1√
np

+ σ

σmin

√
n

p

)
∥∥X\

∥∥

• minimax entrywise error control in
∥∥XtXt> −X\X\>∥∥

∞
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Numerical evidence for noisy data
Set SNR := ‖M‖2

F
n2σ2

10 20 30 40 50 60 70 80
-90
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-20

-10

Squared relative error of the estimate X̂ (measured by
‖·‖F , ‖·‖ , ‖·‖2,∞) and M̂ = X̂X̂> (measured by ‖·‖∞) vs. SNR,
where n = 500, r = 10, p = 0.1, and ηt = 0.2
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Related theory

minimizeX∈Rn×r f(X) =
∑

(j,k)∈Ω

(
e>j XX

>ek − Yj,k
)2

Related theory promotes incoherence explicitly:

• regularized loss (solve minX f(X) +Q(X) instead)
◦ e.g. Keshavan, Montanari, Oh ’10, Sun, Luo ’14, Ge, Lee, Ma ’16

• projection onto set of incoherent matrices
◦ e.g. Chen, Wainwright ’15, Zheng, Lafferty ’16

Xt+1 = PC
(
Xt − ηt∇f

(
Xt
))
, t = 0, 1, · · ·
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Quadratic sampling
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Y likelihood: fY |X(y | x} unknown signal: X observation: Y

� X y n p

1

Wirtinger flow (Candès, Li, Soltanolkotabi ’14)

Empirical loss minimization

minimizex f(x) = 1
m

mÿ

k=1

Ë!
a€
k x

"2 ≠ yk
È2

• Initialization by spectral method

• Gradient iterations: for t = 0, 1, . . .

xt+1 = xt ≠ ÷t Òf(xt)

10/ 29

X

1

0

2

-1

1

2
0

0

3

4

1

1

0

-1

-1

2
1

-1

3

1

r

AX yi = ka>
i Xk2

2

Recover X\ ∈ Rn×r from m random quadratic measurements

yi =
∥∥a>i X\

∥∥2
2, i = 1, . . . ,m

Applications: quantum state tomography, covariance sketching, ...
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Gradient descent with spectral initialization

minimizeX∈Rn×r f(X) = 1
4m

m∑

k=1

(∥∥a>kX
∥∥2

2 − yk
)2

Theorem 16 (Quadratic sampling)

Under i.i.d. Gaussian designs ai i.i.d.∼ N (0, I), GD (with spectral
initialization) achieves
• maxl

∥∥a>l (XtQt −X\)
∥∥

2 .
√

logn σ2
r(X\)
‖X\‖F

(incoherence)

• ‖XtQt −X\‖F .
(
1− σ2

r(X\)η
2

)t
‖X\‖F (linear convergence)

provided that η � 1
(logn∨r)2σ2

r(X\) and m & nr4 logn
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Demixing sparse and low-rank matrices

Suppose we are given a matrix

M = L︸︷︷︸
low-rank

+ S︸︷︷︸
sparse

∈ Rn×n

Question: can we hope to recover both L and S from M?
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Applications

• Robust PCA

• Video surveillance: separation of background and foreground
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Nonconvex approach

• rank(L) ≤ r; if we write the SVD of L = UΣV >, set

X? = ULΣ1/2; Y ? = V Σ1/2

• non-zero entries of S are “spread out” (no more than s fraction
of non-zeros per row/column), but otherwise arbitrary

Ss =
{
S ∈ Rn×n : ‖Si,:‖0 ≤ s · n; ‖S:,j‖0 ≤ s · n

}

minimize
X,Y ,S∈Ss

F (X,Y ,S) := ‖M −XY > − S‖2F︸ ︷︷ ︸
least-squares loss

+ 1
4‖X

>X − Y >Y ‖2F
︸ ︷︷ ︸

fix scaling ambiguity

where X,Y ∈ Rn×r.
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Gradient descent and hard thresholding

minimizeX,Y ,S∈Ss F (X,Y ,S)

• Spectral initialization: Set S0 = Hγs(M). Let U0Σ0V 0> be
rank-r SVD of M0 := PΩ(M − S0); set X0 = U0 (Σ0)1/2 and
Y 0 = V 0 (Σ0)1/2

• for t = 0, 1, 2, · · ·
◦ Hard thresholding: St+1 = Hγs(M −XtY t>)
◦ Gradient updates:

Xt+1 = Xt − η∇XF
(
Xt,Y t,St+1)

Y t+1 = Y t − η∇Y F
(
Xt,Y t,St+1)
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Efficient nonconvex recovery

Theorem 17 (Nonconvex RPCA, Yi et al. ’16)

Set γ = 2 and η = 1/(36σmax). Suppose that

s . min
{

1
µ
√
κr3

,
1

µκ2r

}

Then GD+HT satisfies

∥∥XtY t> −L
∥∥2

F .
(

1− 1
288κ

)t
µ2κr3s2σmax

• O(κ log 1/ε) iterations to reach ε-accuracy
• For adversarial outliers, optimal fraction is s = O(1/µr);

Theorem 17 is suboptimal by a factor of √r
• extendable to partial observation models
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Tutorial outline

• Part I: Overview

• Part II: Phase retrieval: a case study
◦ Spectral initialization
◦ Local refinement: algorithm and analysis

• Part III: Low-rank matrix estimation

• Part IV: Closing remarks



A growing list of “benign” nonconvex problems

• blind deconvolution / self-calibration

• dictionary learning

• tensor decomposition

• robust PCA

• mixture linear regression

• Gaussian mixture models

• etc...
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Topics we did not cover

• other algorithms: alternating minimization, stochastic gradient
descent, mirror descent, singular value projection, etc...

• additional structures: e.g. sparsity, piece-wise smoothness

• saddle-point escaping algorithms
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