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Abstract

Offline reinforcement learning (RL), which seeks to learn an optimal policy using offline data, has
garnered significant interest due to its potential in critical applications where online data collection
is infeasible or expensive. This work explores the benefit of federated learning for offline RL, aiming
at collaboratively leveraging offline datasets at multiple agents. Focusing on finite-horizon episodic
tabular Markov decision processes (MDPs), we design FedLCB-Q, a variant of the popular model-free
Q-learning algorithm tailored for federated offline RL. FedLCB-Q updates local Q-functions at agents
with novel learning rate schedules and aggregates them at a central server using importance averaging
and a carefully designed pessimistic penalty term. Our sample complexity analysis reveals that, with
appropriately chosen parameters and synchronization schedules, FedLCB-Q achieves linear speedup in
terms of the number of agents without requiring high-quality datasets at individual agents, as long as
the local datasets collectively cover the state-action space visited by the optimal policy, highlighting the
power of collaboration in the federated setting. In fact, the sample complexity almost matches that of the
single-agent counterpart, as if all the data are stored at a central location, up to polynomial factors of the
horizon length. Furthermore, FedLCB-Q is communication-efficient, where the number of communication
rounds is only linear with respect to the horizon length up to logarithmic factors.

Keywords: offline RL, federated RL, Q-learning, the principle of pessimism, sample complexity, linear

speedup, collaborative coverage
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1 Introduction

Offline RL (Levine et al., 2020), also known as batch RL, addresses the challenge of learning a near-optimal
policy using offline datasets collected a priori, without further interactions with an environment. Fueled
by the cost-effectiveness of utilizing pre-collected datasets compared to real-time explorations, offline RL
has received increasing attention. However, the performance of offline RL crucially depends on the quality
of offline datasets due to the lack of additional interactions with the environment, where the quality is
determined by how thoroughly the state-action space is explored during data collection.

Encouragingly, recent research (Li et al., 2022; Rashidinejad et al., 2021; Shi et al., 2022; Xie et al., 2021b)
indicates that being more conservative on unseen state-action pairs, known as the principle of pessimism,
enables learning of a near-optimal policy even with partial coverage of the state-action space, as long as the
distribution of datasets encompasses the trajectory of the optimal policy. However, acquiring high-quality
datasets that have good coverage of the optimal policy poses challenges because it requires the state-action
visitation distribution induced by a behavior policy employed for data collection to be very close to the
optimal policy. Alternatively, multiple datasets can be merged into one dataset to supplement insufficient
coverage of one other, but this may be impractical when offline datasets are scattered and cannot be easily
shared due to privacy and communication constraints.

Federated offline RL. Driven by the need to harvest multiple datasets to address insufficient coverage,
there is a growing interest in implementing offline RL in a federated manner without the need to share
datasets (Khodadadian et al., 2022; Woo et al., 2023; Zhou et al., 2023). For model-based RL, a study
has proposed a federated variant of pessimistic value iteration (Zhou et al., 2023), which requires sharing
of model estimates. On the other hand, for model-free RL, while Woo et al. (2023) introduced a federated
Q-learning algorithm that achieves linear speedup with collaborative coverage of agents, due to the absence
of pessimism, it still carries the risk of overestimation on state-action pairs that are insufficiently covered by
the agents. Indeed, it remains unknown whether the principle of pessimism can be implemented in federated
offline RL to eliminate the risk of overestimation, while fully utilizing the collaborative coverage provided
by agents, and without sharing datasets or model estimates.

Our goal in this paper is to develop a federated variant of Q-learning (Watkins and Dayan, 1992) for
offline RL, which allows agents to learn a near-optimal Q-function with improved sample efficiency and
relaxed coverage assumption. In the single-agent case, pessimism is implemented by penalizing the value
estimates by subtracting a penalty term measuring the uncertainty of the estimates (Shi et al., 2022; Yan
et al., 2023). However, federated settings are communication-constrained, implying that agents only have a
limited chance of synchronization and they perform multiple local updates without knowing other agents’
training progress. Allowing multiple local updates leads to higher uncertainty of local Q-estimates beyond
the control of the pessimism penalty, potentially impacting both sample complexity and communication
efficiency. This underscores the technical challenge of incorporating pessimism while managing local updates
and raises the question:

How to judiciously incorporate the principle of pessimism in federated RL without hurting its sample and
communication efficiency?



1.1 Owur contribution

This work presents a federated Q-learning algorithm with pessimism for offline RL, which achieves lin-
ear speedup and low communication cost, while requiring only collaborative coverage of the optimal policy.
Formally, we consider episodic finite-horizon tabular Markov decision processes (MDPs) with S states, A
actions, and horizon length H. A total number of M agents, each with K trajectories (collected using its
local behavior policy), collaborate in a federated setting with the help of a central server to learn the optimal
policy. Our main contributions are summarized as below; see also Table 1 for a detailed comparison.

e Federated Q-learning for offline RL. We propose a federated offline QQ-learning algorithm named
FedLCB-Q, which involves iterative local updates at agents and global aggregation at a central server
with scheduled synchronizations. We introduce essential components that implement pessimism com-
pensating for the uncertainty in both local and global Q-function updates. First, to address the
uncertainty arising from independent local updates, we employ learning rate rescaling at local agents
and importance averaging at server aggregation. The former restricts the drifts of local Q-estimates
by rapidly decreasing the learning rates during local updates, and the latter reduces uncertainty of
the aggregated Q-estimates by assigning smaller weights to rarely updated local values. Additionally,
for every global aggregation, a global penalty calculated based on aggregated visitation counts is sub-
tracted from the aggregated global Q-estimate. These design choices play a crucial role in achieving
both sample and communication efficiency while preventing the overestimation of the Q-function.

e Linear speedup with collaborative single-policy coverage. Our analysis of sample complexity
of FedLCB-Q (see Theorem 1) demonstrates that FedLCB-Q finds an e-optimal policy, as long as the
total number of samples per agent T'= K H exceeds
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where C},, denotes the average single-policy concentrability coefficient of all agents (see (9) for the
formal definition). This shows linear speedup in terms of number agents M, which is achieved with a
significantly weaker data requirement at individual agents than prior art. In truth, each agent affords to
have a non-expert dataset collected by a sub-optimal behavior policy, as long as all agents collectively
cover the state-action pairs visited by the optimal policy, even they don’t cover the entire state-action
space as in Woo et al. (2023). The bound nearly matches the sample complexity obtained for a single-
agent pessimistic Q-learning algorithm (Shi et al., 2022) with a similar Hoeffding-style penalty, up to

a factor of H, as if all the datasets are processed at a central location.

e Low communication cost. Under appropriate choices of synchronization schedules, FedLCB-Q re-
quires approximately O(H) rounds of synchronizations to achieve the targeted accuracy (see Corol-
lary 1), which is almost independent with the size of the state-action space and the number of agents.
The analysis suggests that frequent synchronizations are not necessary, outperforming prior art (Woo
et al., 2023).

1.2 Related work

Offline RL. Offline RL addresses the problem of learning improved policies from a logged static dataset.
The main challenge of offline RL is how to reliably estimate the values of unseen or rarely visited state-action
pairs. To tackle this challenge, most offline RL algorithms prevent agents from taking uncertain actions by
regularizing the policy to be close to the behavior policy (Fujimoto and Gu, 2021; Fujimoto et al., 2019; Siegel
et al., 2020) or penalizing value estimates on out-of-distribution state-action pairs (Kostrikov et al., 2022;
Kumar et al., 2020; Liu et al., 2020; Wu et al., 2019), which is also known as the principle of pessimism.
Recently, the pessimistic approach has been developed and theoretically studied for various RL settings,
such as model-based approaches (Jin et al., 2021; Kidambi et al., 2020; Kim and Oh, 2023; Li et al., 2022;
Rashidinejad et al., 2021; Xie et al., 2021b; Yin and Wang, 2021; Yu et al., 2020), policy-based approaches
(Xie et al., 2021a; Zanette et al., 2021), and model-free approaches (Shi et al., 2022; Uehara et al., 2023; Yan



type roference number of coverage sample' communication
agents complexity rounds
VI-LCB (Xie et al., 2021b) 1 single Ho5C" -
model-based | pEvy Ady (Xie et al., 2021b) 1 single Hsc -
VI-LCB (Li et al., 2022) 1 single HISC -
LCB-Q (Shi et al., 2022) 1 single Hsc -
modelfree LCB-Q-Adv (Shi et al., 2022) 1 single HiSQC*
FedAsynQ (Woo et al., 2023) M collaborative ﬁvﬁgﬁ Zla—]v\;[
FedLCB-Q (Theorem 1) M collaborative % H

Table 1: Comparison of sample complexity upper bounds of model-based and model-free algorithms for
offline RL to learn an e-optimal policy in finite-horizon non-stationary MDPs, where logarithmic factors and
burn-in costs are hidden. Here, S is the size of state space, A is the size of action space, H is the horizon
length, M is the number of agents, C* and Cj,, denote the single-policy concentrability and the average
single-policy concentrability, respectively (cf. (7) and (8)), and davg is the minimum entry of the average
stationary state-action occupancy distribution of all agents. We follow standard conversion to translate the
best sample complexity in Woo et al. (2023) to the finite-horizon setting for comparison.

et al., 2023). Most of these works have focused on the single-agent case and suggested that the state-action
visitation distribution induced by the behavior policy should cover that of the optimal policy (Rashidinejad
et al., 2021; Shi et al., 2022; Yan et al., 2023), and the distribution mismatch among the two visitation
distributions governs the hardness of offline RL (Li et al., 2022). Another interesting work (Shi et al., 2023)
considered offline RL from multiple perturbed data sources, requiring a centralized setting in which an agent
has full access to all the datasets.

Federated RL. There has been an increasing interest in federated and distributed RL, driven by the need
to address more realistic constraints, including privacy, communication efficiency, and data heterogeneity, as
well as training speedup. Recent works have investigated federated RL from various perspectives, such as
robustness to adversarial attacks (Fan et al., 2021; Wu et al., 2021), environment or task heterogeneity (Jin
et al., 2022; Wang et al., 2023; Yang et al., 2023; Zhou et al., 2023), as well as sample and communication
complexities under asynschronous sampling (Khodadadian et al., 2022; Woo et al., 2023) and online sampling
(Zhang et al., 2024; Zheng et al., 2023). For model-based RL, Zhou et al. (2023) studied a pessimistic variant
of value iteration with multi-task offline datasets under the federated setting and showed the improved sample
efficiency by sharing representations of common task structures. However, for model-free RL, although Woo
et al. (2023) provided a federated Q-learning algorithm that achieves linear speedup in terms of the number
of agents with relaxed coverage assumption for individual agents, it still requires agents to cover the entire
state-action space uniformly due to the lack of pessimism.

Q-learning. Characterizing the finite-sample complexity of single-agent Q-learning has been examined
extensively under various data collection and function approximation schemes, including but not limited
the synchronous setting (Beck and Srikant, 2012; Even-Dar and Mansour, 2003; Li et al., 2024; Wainwright,
2019), the asynchronous and offline setting (Li et al., 2024, 2021; Qu and Wierman, 2020; Shi et al., 2022;
Yan et al., 2023), the online setting (Bai et al., 2019; Jin et al., 2018; Wang et al., 2019), under function
approximation (Chen et al., 2019; Fan et al., 2020; Xu and Gu, 2020), to mention just a few.



Notation. In this paper, we use A(S) to refer to the probability simplex over aset S, and [K] := {1,--- , K}
for any positive integer K > 0. In addition, f(-) = O(g(-)) or f < g (resp. f(-) = Q(g(-)) or f = g) indicates
that f(-) is order-wise not larger than (resp. not smaller than) g(-) up to some logarithmic factors. The
notation f < g signifies that both f < g and f 2 ¢ simultaneously hold.

2 Background and problem formulation

2.1 Background

Basics of episodic finite-horizon MDPs. Consider an episodic finite-horizon MDP represented by
M = (87 A H, {Ph}hH:h {Th}}?:l)’

where S is the state space of size S, A is the action space of size A, H is the horizon length, P, : Sx A — A(S)
and rp : § x A — [0,1] denote the probability transition kernel and the reward function at the h-th time
step (1 < h < H), respectively.

A policy is denoted by © = {m, }1_,, where 7, : S — A(A) specifies the probability distribution over the
action space at time step h in state s. With slight abuse of notation, we use m,(s) to denote the selected
action when the policy 7, is deterministic. For h =1, ..., H, the value function V;"(s) of policy 7 is defined
as the expected cumulative rewards starting from state s at step h by following m, i.e.,

Vir(s) =E

H
rt(st,at) sp = 5] , (1)

t=h

where the expectation is taken over the randomness of the trajectory {s, at, rt}fi ;, induced by the policy =
as well as the MDP transitions according to a; ~ m¢(-| s¢) and spy1 ~ Pi(-| s, ar). Similarly, the Q-function
Q7 (s,a) of a policy 7 at step h in state-action pair (s, a) is defined as

(s

H
Qh(s,a) =1u(s,a) +E Z ¢(s¢, ay ’8h=8,ah=a]7 (2)
=h+

where the expectation is again over the randomness induced by 7 and the MDP transitions.

It is well-known (Puterman, 2014) that one can always find a deterministic optimal policy 7* = {m} }L_, |
which maximizes the value function (resp. the Q-function) simultaneously over all states (resp. state-action
pairs) among all policies. The resulting optimal value function V* = {V}* }th1 and optimal Q-functions
Q* = {Q;}L, are denoted respectively by

Vii(s) = Vi (s) = maxViT(s),  Qj(s,a) = Qf (s,a) = maxQf(s,a)

for any (s,a,h) € S x A x [H]. Given an initial state distribution p € A(S), the expected value of a given
policy m and that of the optimal policy 7* at the initial step are defined respectively by

Vi (p) = B VT(s)] and V(p) 5= Buy e [Vi (1)) 3)

Bellman equations. Of crucial importance are the Bellman equations that connect the value functions
across different time steps (Bertsekas, 2017). For any policy 7, it follows that

Qh(s;a) =rn(s,a) + Evep, ., [Vila (s))] (4)

for all (s,a,h) € S x A x [H], where V7 ,(s) = 0 for any s € S. Moreover, Bellman’s optimality equation
says that

Qh(s,0) =7i(s,a) + Eanp, ., [Viia (s))] (5)

for all (s,a,h) € S x A x [H], and the optimal policy satisfies 7} (s) = arg max,c 4 Q7 (s, a).



2.2 Problem formulation: federated offline RL

In offline RL, one has access to a offline dataset containing episodes collected by following some behavior
policy. Here, we formulate a federated version of the offline RL problem with M agents, where each agent
has access to a local offline dataset. For 1 < m < M, the offline dataset D™ at agent m is composed of K
episodes,! each generated independently according to a behavior policy u™ = {u}f}{f:l, resulting in

K
mo.__ m m m m m m
D™ = {(Sk,h a‘k,la Tk,lv . ~7Sk,Hv ak,Ha rk,H)}k_la

where the initial state s;*; ~ p is drawn from some initial state distribution p € A(S), si'y, aiy,, i, are the
state, action and reward at step h in the k-th episode, ai", ~ pj'(-|s3",) and ri%, = ra(siy, ai'y,)-

Goal. The goal of federated offline RL is to learn an e-optimal policy 7 = {7}/, satisfying
Vi(p) — Vf(P) <e

using the history dataset D = {Dm}l <m<p Without sharing the local offline datasets, with the help of a

parameter server. Furthermore, it is greatly desirable to achieve as high accuracy as possible, in a memory-
and communication-efficient manner.

Metric. Obviously, the success of offline RL highly relies on the quality of the history dataset. In order to
define the metric, let us first introduce the occupancy distributions df (s) and dJ (s, a) induced by policy
at step h, given by

d7(s) =P(sp = s|s1 ~ p,m), d7 (s,a) =P(sp = s|s1 ~ p,m)mh(als). (6)

Recent works (Rashidinejad et al., 2021; Shi et al., 2022; Xie et al., 2021b) have advocated the notion of
single-policy concentrability, which measures the mismatch between the occupancy distributions induced by
the optimal policy 7* and the behavior policy u, with the benefit that this assumes away the need for the
offline dataset to cover the entire state-action space, which is often impractical. Li et al. (2022) offered a
more refined notion called single-policy clipped concentrability, defined as follows.

Definition 1 (single-policy clipped concentrability). The single-policy clipped concentrability coefficient
C* € [1/5,00) of a behavior policy u is defined to be the smallest quantity that satisfies

max mln{dh (Saa)v 1/5} S C*,
(h,s,a)E[H]xSx A d)(s,a)

(7)

where we adopt the convention 0/0 = 0.

The single-policy clipped concentrability coefficient C* < oo is finite whenever the behavior policy covers
the state-action pairs visited by the optimal policy, rather than having to cover the entire state-action space.
Recall that since 7* is deterministic, df " (s,a) = df (s)I(a = 77 (s)), that is, df (s, a) is non-zero only for
the optimal action a = 7j(s). Compared with the unclipped counterpart introduced in Rashidinejad et al.
(2021), the clipping of the occupancy distribution dg*(s, a) by the threshold 1/S ensures that C* will not
be excessively large when d’g* (s) is highly concentrated in a small number of states in state space.

In the federated setting, we further introduce a tailored notion that highlights the potential benefit of
collaborative learning in the presence of multiple agents. For ease of notation, denote

di(s)=df" (s) and dp(s,a) = di (s,a)

as the occupancy distributions induced by the behavior policy u'™ at agent m. Based on these, we define
the average occupancy distributions as

M M
av, ]' m av, ]' m
d;8(s) = i E dp'(s) and d;®(s,a) = i E dy(s,a). (8)
m=1

1For simplicity, we assume all the agents have the same number of episodes. It is straightforward to generalize to the scenario
when the local offline datasets have different sizes.




Algorithm 1: Federated pessimistic Q-learning (FedLCB-Q)
1: Parameters: horizon length H, number of agents M, total number of episodes per agent K,
synchronization schedule T (K), target error § € (0, 1), ¢; = log (%), cp > 0.
2: Initialization: set Q{",(s,a) =0, Vomh(s) =0, N, (s,a) =0, no"fh(s,a) =0, Non(s,a) =0,
no,n(s,a) = 0 for all (m,s,a,h) € [M] xS x Ax [H +1].
for k=1,---,K do
/* Update the local Q-estimate and visitation counts at each agent x/
1 (Q¥'smy",) = Local-Q-learning ();
2 | if k€ T(K) then
/* Agent-to-server communication */
3 Agents communicate @}, and nj", to the server;

/* Global pessimistic averaging in a server */
4 (Qk.h> Vi, Tk,n) = Global-pessimistic-averaging();
/* Server-to-agent communication x/
5 Server communication Q. p, Vi,n and Ny p to agents;
/* Synchronize local Q-estimates */
for (m,s,a,h) € [M] xS x Ax [H| do
L ngh(s,a) = Qk,n(s,a), V,gbh(s) = Vin(s)

return: Cj = {QK,h}he[H] and 7 = {WKyh}hE[H]'

Definition 2 (average single-policy clipped concentrability). The average single-policy concentrability coef-
ficient C,, € [1/S,00) of multiple behavior policies {11 }me(ar) is defined to be the smallest quantity that
satisfies
in{dy" 1/8
ax min{ ng(s,a)7 /St
(h,s,a)€[H]xSx.A d;"®(s,a)

< Chgr (9)

where we adopt the convention 0/0 = 0.

An important implication of the above definition is that, as long as the agents collaboratively cover the
state-action pairs visited by the optimal policy, the average single-policy concentrability coefficient C3,, < oo
is finite. Therefore, this is much weaker than the coverage requirement in the single-agent case.

3 Proposed algorithm and theoretical guarantees

In this section, we first introduce the proposed model-free federated offline RL algorithm called FedLCB-Q,
followed by its theoretical performance guarantees.

3.1 Algorithm description

We introduce a federated variant of Q-learning algorithm for offline RL, called FedLCB-Q, that learns a near-
optimal Q-function without overestimation on unseen components of the state-action space. The complete
description of FedLCB-Q is provided in Algorithm 1, with its agent-end and server-end subroutines described
in Algorithm 2 and Algorithm 3 respectively. On a high level, FedLCB-Q performs local Q-function updates
at all the agents using its own local offline dataset, and occasionally, globally aggregates the local estimates
in a pessimistic fashion at a central server. To facilitate flexible communication patterns, we follow a
synchronization schedule 7 (K), which contains the indices of episodes where communication occurs between
the agents and the server.

To begin, FedLCB-Q initializes the local estimate (Qg%, and V') at each agent m € [M] and the global
estimates (Qo,, and Vj ) at the server as follows:

Qo' (s,a) =0, Voh(s,a) =0, for all (s,a,h) € S x Ax [H +1], (10a)
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Figure 1: FedLCB-Q with M agents and a central server. Each agent m performs local updates on its
local Q-table Q}* for each kth episode in a local history dataset D"™. When synchronization is scheduled at
k € T(K), the agents send their local Q-tables to the server and the server aggregates the Q-tables into a
global Q-table and synchronizes local Q-tables.

Qo,n(s,a) =0, Von(s,a) =0, for all (s,a,h) € S x A [H +1]. (10b)
Then, FedLCB-Q proceeds the following steps for each episode k € [K].

1. Local updates: Each agent m samples the kth trajectory {(sth, gy r,’&’h) th1 from its local offline
datasets D™. For each step h € [H], agent m updates its local Q-estimate QY as follows:

(1- ngfh(sa a)>QZl—1,h(S’a) + nz’;’fh(&a)(?”i’fh + anll,h+1(skm,h+1)) if (s,a) = (SZA,Lha @th)

ﬁLh(S’ a) otherwise

Qﬁh(sa a) = {
(11)

where 73", (s, ) is the learning rate, whose schedule will be specified later, and V™, ; (s) is set as
Vil (8) = Vi n(s) = Vigyn(s), forall (m,s,hk) € [M] xS x[H+1] x K], (12)

where ¢(k) denotes the most recent episode where aggregation occurs before the kth episode, i.e.,

(k) = H}E,X{l <k <k:KeT(K)}.

2. Pessimistic aggregation: If synchronization is scheduled at episode k, i.e., k € T(K), each agent
sends its local Q-estimate to a central server for aggregation after finishing the local update for the

kth episode. Then, the server updates the global Q-estimate Q) 5 by averaging the local Q-estimates
and subtracting a penalty as follows:

M
V(s,a) € S x A: Qrn(s,a) = <Z aﬂ“s,a)@ﬂ“s,a)) — By n(s,a), (13)

where oy, = [a],(5,a)](s,a)es5x 4 € [0, 1]54 is an entry-wise weight matrix assigned to agent m for each
h € [H], and By (s, a) is a penalty term (to be specified later below) that introduces the pessimism
preventing the overestimation of unseen state-action pairs. Accordingly, the global value estimate is
updated as

V(s,a) €S x A: Vien(s) = max {Vb(k)’h(s), meaj(Qk,h(s, a)} ) (14)



Algorithm 2: Local-Q-learning (agents)
1: form=1,---,M do
Sample the k-th trajectory {(sg",, a1 Sk'hy1) Hhey from D™
forh=1,--- ,H do
for (s,a) € S x Ado
L Qﬂh(sﬂ) = QZT—L}L(S’CL% Vk%(s) = V/ﬁl,h(s)

// Update the local counters and learning rates

1 iy (Sitns ag'y) = nity p(Sitps agy) + 1
m m m o\ _ M(H+1)
2 nk’h(sk’h’ak’h) T Ny (ST psaity ) M (H+DnGR, (870507 ,)
// Update local Q-estimates
3 Qﬁh(szh’ a?h) = (1 - nﬂh(sﬁha akm,h))Qan,h(SZ?hvazh) + W}??h(sva)(rgfh + Vk"i1,h+1(5km,h+1))

Algorithm 3: Global-pessimistic-averaging (server)
1: for (s,a,h) € S x Ax [H] do
// Update the average counter
M
1| nea(s,a) =, nia(s,a), Nin(s,a) = Ny n(s,a) + ng.n(s, a)
// Compute global penalty and averaging weights

2 By n(s,a) = Nky(h}(I:;))f}}};(:f()s’a)\/ ]\ifif(iq:) if Ny (s,a) > 0, otherwise, By ,(s,a) =0
3 form=1.---M do

m _ 1 Ny n(s,a)+M(H+1)ng", (s,a) oo ; m _ 1
4 t ap'n(s,a) = 37 N (5.0) T o (,0) if iy, (s, a) > 0, otherwise, o, (s, a) = ;

// Update global Q-estimates
M
5 Qu,n(s,a) =>4 akm’h(s,a)QZ?h(s, a) — B n(s;a)

Vien(s) = max {V, ) n(s), maxae 4 Qr (s, a) }
7 T,n(8) = argmax,c 4 Qr,n(s,a) if Vi n(s) = maxqe4 Qr,n(s,a), otherwise, mp 1 (s) = m,k),n(5)

where the outer maximum ensures a monotonic update, as we explain later in the analysis. If Vi 5 (s) =
maxqe 4 Qr,n (S, a), the global policy is updated as 74, ,(s) = arg max, ¢ 4 Qk,x (5, a), otherwise my, 5 (s) =
T,(k),n(8). After aggregation, the server sends the global Q-function and value estimates to every agent,

where
V(k,m) € T(K) x [M]: Qitn = Qr.hy Vilh = Vi (15)

At the end of K episodes, FedLCB-Q outputs a global Q-estimate @;L(s, a) = Qg n(s,a) for all (s,a,h) €
S x A x [H] and a solution policy 7, (s) = 7k 4 (s) for all (s,h) € S x [H]. For simplicity, we assume that
the aggregation step always occurs after the last episode K, i.e., K € T(K).

3.2 Choices of key parameters

The success of FedLCB-Q relies on careful and judicious selections of key algorithmic parameters, in a data-
driven manner, which we detail below. To begin, let us introduce the following useful notation, which pertains
to the counters for visits of agents on each state-action pair (s,a) € S x.A. For any (m, k, h) € [M]x [K]|x[H],

e 1", (s,a): the number of episodes in the interval (.(k), k] during which agent m visits (s, a) at step h,
e, niy(s,a) = {u(k) <i<k:(s],ay,) = (s,a)}]

e N;",(s,a): the number of episodes in the interval [1, k] during which agent m visits (s,a) at step h,

Le., NI (s,a) = {1<i<k: (87, aih) = (s,a)}.

e 1y p(s,a): the total number of episodes in the interval (¢(k), k] during which all agents visit (s,a) at
step h, i.e., ngp(s,a) = Zﬁle n’,;“’h(s,a) =Huk)<i<k: (sTh,aTh) = (s,a)}|.



e N i(s,a): the total number of episodes in the interval [1, k] during which all agents visit (s, a) at step
h, ie., Nin(s,a) =0 Ny (s,a) = {1 <i <k (s, al%) = (s,a)}].

Pessimism in the federated RL. In offline RL, pessimism is key to preventing the overestimation of Q-
function on unseen state-action space. For a single-agent case, the pessimism is implemented by subtracting
a penalty term computed based on the visiting counter of an agent for each state-action pair, which makes
the estimation highly dependent on the quality of agents’ datasets (Rashidinejad et al., 2021). For example,
when an agent has non-expert data collected using a highly sub-optimal behavior policy, it is inevitable
to subtract a large penalty for optimal actions that cannot be reached with the agent’s behavior policy,
and this leads to slow convergence or convergence to a sub-optimal policy close to the behavior policy. In
the federated setting, from the perspective of a server, as the aggregated information from multiple agents
increases confidence, it is natural to be less pessimistic compared to an individual agent. Based on this
intuition, given some prescribed probability § € (0,1), we suggest a global penalty computed with the
aggregated counters of agents at k € T(K):

(H+1)ng,n(s,a) cp(2H4 .
Bk,h(s,a) = {Nk,h,(S,a)+an)h(S,a) Nk’hl(s’a) if Nk,h(&@) >0 ’ (16)

0 if Nk,h(s,a) =0

where (; = log (%) and cp is some positive constant. Here, the penalty for each state-action pair
decreases as long as the agents collectively explore the state-action pair enough. This relaxes the dependency

on an individual agent and prevents the estimated policy from being restricted to a local behavior policy.

Local update uncertainty. To guarantee that the pessimism introduced by the global penalty is enough
to prevent overestimation on rarely seen state-action pairs, the penalty should dominate the uncertainty of
the Q-estimates. However, when agents independently update their own local Q-estimates without frequent
communication, the global penalty, which is subtracted only at the aggregation step, may fail to cover the
increasing uncertainty of the local Q-estimates during local updates. To handle this, we propose a choice
of key parameters (learning rates Ny, and averaging weights aﬁ?h) that effectively controls the uncertainty
arising from the local updates as follows.

e Importance averaging. In the federated setting, agents have offline datasets with heterogeneous
distributions induced by different behavior policies, leading to imbalanced uncertainty of local Q-
estimates.To minimize the uncertainty of the averaged estimate, we propose the following entrywise
weighting scheme for averaging:

1 Nuwy,n(s,0)+F(H+1L)Mni, (s,a) .
(s a) = {M Nin(s,a)+Hng,p(s,a) if 74 n(s,a) > 0 . (17)

Yhoh ﬁ if ngp(s,a)=0

By assigning smaller weights to less frequently updated local Q-estimates with smaller n}c’fh(s, a), which
has high uncertainty, the averaged Q-estimate can always maintain an uncertainty level low enough to
be dominated by the global penalty, regardless of the heterogeneity in local data distributions. The
idea aligns with the notion of importance averaging introduced by Woo et al. (2023), which favors
frequently updated local Q-values. Nevertheless, our approach differs in that, unlike Woo et al. (2023),
where the assigned weights are determined solely based on local counters n;", in a myopic manner,
our weights, factoring in the global counter N, j, limit bias towards specific agents as the training
of local Q-estimates stabilizes. The weighting scheme, mindful of the entire training progress, prevents
some local values that have undergone intense updates recently from dominating the global learning
of the Q-function, preserving the information accumulated through old updates.

e Learning rates rescaling. Local updates without synchronization increase the deviation of local Q-
estimates, and this increases the variance of the global Q-estimate at aggregation. However, requiring
agents to communicate frequently may be too stringent for many applications in the federated setting.
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To address this issue, we propose a novel choice of learning rate that exhibits slower decay based on a
global counter N, (), and faster decay during local updates according to the local counter npy:

Mn(5:0) = dih) (18)

L(k),h(8,a) + M(H + 1)ng?, (s, )

The rescaling of the learning rate is crucial to obtain linear speedup without frequent synchronizations.
The gradual decay with a global counter allows more aggressive updates of the Q-estimates once
collective information from all agents is aggregated, which enables convergence speedup. On the other
hand, the fast decrease in learning rates during local updates ensures that agents adaptively slow down
their drifts and maintain low variance of their local Q-estimates, without overly restricting the length
of local updates. We will further discuss how this effectively reduces the variance of local estimates in
Section 4.1.

The computation of the global penalty (16) and importance averaging (17) at a server requires local counters
”th(s, a) from every agent, and determining the learning rates (18) at each agent requires access to recently
aggregated global counters N,y 5 (s,a). Therefore, for FedLCB-Q with the specified parameters choices,
agents and a server additionally exchange the updated local and global counters at every aggregation step.

3.3 Theoretical guarantees

Given the parameters described above, we now give sample complexity guarantees on the performance of
the proposed FedLCB-Q algorithm.

Theorem 1. Consider § € (0,1) and let T be the solution policy of FedLCB-Q. If a synchronization schedule
T(K) is independent of trajectories in datasets D and satisfies

H2S5C), . K Tu 2
< ]V; £ and 7_:1 <1+ I (19)

for any u > 1, where 1, is the number of episodes between the (u—1)-th and the u-th aggregations. Denoting
the total number of samples per agent T = KH, the following holds:

* T H7SC§V CQ H4SC;V Cl
Vi(p) =Vilp) < e |\ =7 -+ T (20)

at least with probability 1 — §, where (1 = log (%) and ¢ > 0 is some universal constant.

Theorem 1 implies that as long as the initial synchronization occurs early and the synchronization intervals
do not increase too rapidly (cf. (19)), FedLCB-Q is guaranteed to find an e-optimal policy, i.e., Vi*(p) —
V" (p) < g, for any target accuracy e € (0, H], if the total number of samples per agent T" exceeds

5 (H1SCi
Me? ’

Linear speedup without expert datasets. The value function gap shows linear speedup with respect to
the number of agents M, highlighting the benefit of collaboration. Notably, the guarantee holds even when
every agent has low-quality datasets collected by some sub-optimal behavior policy, as long as agents’ local
data distributions collectively cover the distribution of the optimal policy, where the average single-policy
concentrability C},, (cf. (9)) is finite. On the other end, when performing offline RL using a single agent, it
requires that the behavior policy of the single agent individually cover the optimal policy, i.e., C* < oo (cf.
(7)), which is much more stringent. Therefore, federated offline RL enables policy learning that otherwise

will not be possible in the single-agent setting. Specializing to the case M = 1, our bound nearly matches
HSsc*
52

A few implications are in order.

the sample complexity bound 6( obtained for a single-agent pessimistic Q-learning algorithm with

a similar Hoeffding-style penalty (Shi et al., 2022), up to a factor of H.
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Figure 2: Illustration of the periodic synchronization with constant period 7 and the exponential synchro-
nization with a rate (1 + ).

Comparison with offline RL using shared datasets. To benchmark the tightness of our bound, let us
consider the minimax lower bound of the sample complexity for single-agent offline RL (Li et al., 2022), as if
we collect all the agents’ datasets at a central location. Note that the effective single-policy concentrability
coefficient (cf. (7)) for the combined datasets D, = UM_, D™ becomes

: T 1 1 m* 1 O*\,
ax mln{ih (s,a), 1/S} _ ax min{d} a{z, a), 1/S} _ Caw
(h.sa)€[H]xSx A S™Y_ d7 (s, a) (h,s,a)E[H]xSx A Md; (s, a) M

(21)

leading to the minimax lower bound (Li et al., 2022)

~ [ H*SC*
Q| —2£ ).
Me?
~<H7SC*

Comparing with the sample complexity bound of FedLCB-Q, obtained as O ME;VE), this suggests that

the performance of FedLCB-Q is near-optimal up to polynomial factors of H? even when compared with the
single-agent counterpart assuming shared access to all agents’ datasets.

Communication efficiency. Theorem 1 suggests initiating the first synchronization early and avoiding
rapid increases in synchronization intervals (cf. (19)) to ensure fast convergence. This is attributed to large
deviations among agents in the early stages, arising due to coarse Q-estimates and large learning rates,
which diminish as training proceeds. For communication efficiency, it is essential to design a synchronization
schedule that meets the constraints with the least number of synchronizations. We investigate the following
two specific synchronization schedules for FedLCB-Q:

(a) Periodic synchronization: For a fixed period 7 > 1, communication between agents and a server is
available for every 7 episodes, i.e., 7; = 7 for all ¢ > 1, and we denote the synchronization schedule as
%eriod (K, T)~

(b) Exponential synchronization: For a fixed ratio v > 0, initializing 7 = H, set 7, = [(1 + v)7i—1]
for each ¢ > 2. Under this scheduling, agents communicate frequently at initial iterations, but the
period between aggregation steps increases exponentially with the rate of (1 4+ «) and synchronization
occurs rarely as training proceeds enough. We denote the synchronization schedule as Texp (K, 7).

Now, we analyze the number of communication rounds required to achieve a target accuracy, for each
scheduling scheme.

12



3 *
Corollary 1. For any given ¢ € (0,1) and target error e € (0, min{H, i if“g }, suppose the total number

of samples per agent T = KH satisfies

_H 7SC’:Vg

T Me?2
and FedLCB-Q performs under the periodic synchronization scheduling, i.e., T(K) = Tperiod(K,T), with
T <4/ HSJCQ:“&T, or the exponential synchronization scheduling, i.e., T (K) = Texp (K, ), with v = % Then,

each schedule requires the number of synchronizations at most

MK
(Periodic)  |Tperiod (K, T)| S\ | T (22a)
P \/ H2SCy,,

(Exponential) | Texp (K, )| S H, (22b)

respectively, and the solution policy ©™ of FedLCB-Q is guaranteed to be an e-optimal policy at least with
probability 1 — 6.

Corollary 1 implies that FedLCB-Q requires only O(H ) aggregations to achieve the target accuracy under
appropriate synchronization schedules, such as the exponential synchronization schedule. Notably, the num-
ber of communication rounds is nearly independent of the size of the state-action space, the total number of
episodes, or the number of agents, and this outperforms prior art (Woo et al., 2023). Furthermore, analysis
suggests that exponential synchronization with a modest rate v = 2/H is a key to achieving such communi-
cation efficiency. With our strategic choices of learning rates, local Q-estimates stabilize as training proceeds,
and thus agents can perform more local updates than previous rounds without increasing uncertainty beyond
the control of the global pessimism penalty. Exponential synchronization reduces the number of synchroniza-
tions by capturing the additional room for local updates arising from the stabilization of Q-estimates. On
the other hand, periodic synchronization does not exploit this benefit, even if we set the period 7 maximally
under (19) due to which it necessitates more communication rounds, which increase with K and M.

4 Analysis

In this section, we will outline useful properties of FedLCB-Q and the key steps of the proof of Theorem 1,
deferring the details, such as proofs of supporting lemmas, to Appendix A and B.
Throughout the paper, we adopt the following shorthand notation

Ph,s,a = Ph('|saa) € [Ov HIXS’ (23)
which represents the transition probability vector given the current state-action pair (s,a) at step h. In

addition, define P, € {0,1}1*5 as the empirical transition vector at step h of the k-th episode at agent m,

namely
By (s) =1(s = s 41), forallsesS. (24)

These are the notations pertaining to the counters for visits of agents on each state-action pair (s,a) €
S x A. For any (m,k,h) € [M] x [K] x [H],

o [',(s,a): a set of episodes in the interval (.(k), k] during which agent m visits (s,a) at step h, i.e.,
Uin(s,a) = {u(k) <i < k:(s],a%) = (s,a)}.

e L7, (s,a): a set of episodes in the interval [1,k] during which agent m visits (s,a) at step h, i.e.
Lity(s,a) = {1 <i < k: (sf), ) = (s,0)}.

We also introduce the following notation related to the synchronization schedule 7 (K). For any positive
integer k and u,

e t,: the index of episodes, after which the uth synchronization occurs.
e 7,: the number of local updates (episodes) taken between the (u — 1)th and the uth synchronizations.

e ((k): the most recent episode where the aggregation occurs before the kth episode.

¢(k): the minimum index of aggregation occurring after k-th episode.

13



4.1 Basic facts

Error recursion of Q-estimates. We begin with the following key error decomposition of the Q-estimate
at each synchronization, whose proof is provided in Appendix B.1.

Lemma 1 (Q-estimation error decomposition). Consider a Q-function Q™ = {Q7 (s,a)}{a)xsx.4 and value
function V™ = {VT(s) }m)xs induced by a policy w. Then, for any [H] x S x A and k € T(K), the error
between QF and Q,pn is decomposed as follows:

QZ(Sa a) - Qk,h(57 CL) = wowkvh(s’ a)(Q;IF(Sv a’) - QO,h(S, a))

=:D7(s,a,k,h): initialization error

M
+ Z Z Wi n(8,@)(Phs,a — PIR)VT pia

m=14ieL, (s,a)

=:Ds(s,a,k,h): transition variance
o (k)

JrZBtwh s, a) H A b (8, @)

w' =u+1

=:D3(s,a,k,h): global penalty

M
+ Z Z w?k,h(saa)Ph,s,a(Vhﬂ-s-l - ViTl,h-',-l)v (25)

m=14eL, (s,a)

=:D7 (s,a,k,h): recursion

where LiY, (s,a) = {1 < i < k: (s},a]},) = (s,a)} and []%},(s,a) = {u(k) < i < k: (s3,afy) = (s,a)}.
And, for simplicity, we use the shortened notations defined as

1 Zf Nk,h(s,a) =0
Av,h(sa@ = { N.(1),n(s,a) otherwise v =0(k), (26a)

N n(s,a)+Hng,p(s,a)

1 if Ngn(s,a)= O

Wi n(s,a) = 26b
O’k’h( ) {0 otherwise (26b)
ok
H+1 Ni, n(s,a) .
il L . 26

’L k: h(S a) Nk7h(8,a) +an,h(57a) H Nt h(s CL +H7lt h(s (1) , 1€ k,h(s’a) ( C)

Equally favoring episodes within the same local update round. According to the decomposition
(25) in Lemma 1, for any (s,a,h) € S x A x [H], the Q-estimation error at episode k significantly depends on
the weighted sum of transition difference for each episode where the local update occurs, namely Ds(s, a, k, h).
Intuitively, the weight w]} (s, a) assigned to each episode ¢ balances the accumulation of information from
old and new updates. Our choice of learning rates, which decreases fast during local updates, as illustrated
in Figure 3a, ensures that the weight w!™ , (s, a) within the same local update round is always equal for all
episodes and agents, as shown in (26¢) and Figure 3b. The uniform weights allow the transition information
of each episode to be accumulated evenly, regardless of other transitions that occur in future episodes
or other agents’ episodes. This is essential to keep variance arising from local updates low, especially
when a synchronization interval is long. Assigning equal weight to every episode allows to fully utilize
transitions observed during local updates without forgetting old information, regardless of the length of the
synchronization interval.

Bounded visitation counters. We next introduce the following lemma regarding the visitation counters,
whose proof is provided in Appendix B.2.
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Figure 3: Illustration of the rescaled learning rates (1"}, (s,a)) and the episode weights (w4, 5 (s, a)) induced
by the learning rates of two agents m = 0,1 for episodes 1 < i < 60, where H = 5, the occupancy
distribution of each agent on (s,a,h) € S x A x [5] is d (s,a) = 0.7 and d} (s,a) = 0.3, respectively, and the
synchronization schedule is 7(60) = {10, 30,60}.

Lemma 2 (Concentration bound on the visitation counters). Consider any § € (0,1) and some universal
constant ¢y > 0, and let

._ 2|S||A|KH _ 4G
o = log (5 and Ko(s,a,h) = M (s,a) (27)
Then, for all (s,a,h) € S x A x [H], the following holds
when k > Ko(s,a,h) : %kMdZVg(s,a) < Nin(s,a) < 2kMd;%(s, a), (28a)
when k < Ko(s,a,h) : Ni.n(s,a) < 8o/c1 (28b)

with probability at least 1 — 9.

Monotonic and pessimistic global value updates. Note that the global value estimate is always
monotonically non-decreasing, i.e., for &/, k € T(K) it holds

Vs e S: th(s) > Vk/’h(s) when k' < k, (29)

which follows directly from the update rule (14). Moreover, we have the following important lemma regarding
the pessimistic property of the value estimate, whose proof is provided in Appendix B.3.

Lemma 3 (Pessimistic global value). Recall Qi n, Vin, and myp in Algorithm 1. Let mp = {7k n}he[m)-
Given any 6 € (0,1), for all (k,h) € T(K) x [H], it holds with probability at least 1 — § that

) 4CBC12H4

V(s,a) e S x A: |Da(s,a,k,h)| < Ds(s,a,k,h) < ¢maX{Nk7h(s,a), s (30a)

V(s,a) € S x A: Qrn(s,a) < QpF(s,a) < Qj(s,a), (30Db)
VseS: Vien(s) S VR (s) < Vir(s). (30¢)

In words, Lemma 3 makes concrete the role of the penalty term in dominating the variability of the value
estimates due to stochastic transitions, and ensures that the estimated value is a pessimistic estimate of the
true optimal value function.
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4.2 Proof of Theorem 1
Now we are ready to provide the proof of Theorem 1, which is divided into several key steps as follows.

Step 1: decomposition of the performance gap. The performance gap between the solution policy 7
of Algorithm 1 after K episodes and the optimal policy 7* can be bounded as follows:

VE(0) = Vi (p) = Eayop [V (51)] — Eayrop [V (51)]
Q Eay oy [V (52)] = By [Vie (51)]

#(K)
(11) 1 .
S TU(ES1~p (Vi (s1)] — Esinp [Vtml(sl)])
v=1
=*Z%Zd1 = Vi 1(9))
vl ses
<1 S > df (s — Vi n(s)), (31)
B K}?el[a;[( v=1 TUSES " ot

where (i) follows from Lemma 3, and (ii) follows from the monotonicity property in (29) and Zf(:f) T, = K.
Since 7% = {7} }re[m) is deterministic, for any k € T(K) and h € [H], it follows that

> dp (s — Vien(s) =D _d (s,75(5)) (Vir () = Vien(s))

seS seS

<D dy (5, (9))(Qh(s,m () = Quen(s, mi(5))). (32)

SES

where the inequality holds because Qg 1 (s, 7/ (s)) < maxqea Qr,n(s,a) < Vi i(s) due to (14).
To continue, applying Lemma 1 by setting 7 = 7*, the Q-estimate error after k episodes is decomposed
as follows:

Q1 (s,a) — Qr.n(s,a) = D’f*(&a, k,h) + Da(s,a,k,h) + D3(s,a,k, h) + DZ* (s,a,k,h)
< DY (s,a,k,h) + Df (s,a,k,h) +2Ds(s,a,k, h), (33)

where the second line follows from Lemma 3. Finally, inserting the decomposition (33) and (32) back into
(31), we control the performance gap with the following terms:

Vit(p) — Vlﬁ (p)

< — max Ty Zd” (s) {D’T ($, 75 (), tos h) + DT (s,77(5), tw, h) + 2D3(s, 775(s), to, h)

m%(] (D1, + Dap +2D3 ), (34)

for which we shall aim to bound each term individually, adopting the following short-hand notation:

B(K)
D = Z TUZd” DI (s,77(8), ty, h) for i € {1,4},
= s€S
B(K)
Dspi= > 7, > df (s)Ds(s,m}(s),tu, h). (35)
v=1 seS
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Step 2: Bounding the decomposed terms. Here, we derive the bound of the decomposed terms
separately as follows under the event that (28) holds, which is denoted as & and holds with probability at
least 1 — 6.

e Bounding D; ;. Using the fact that 0 < Q7 (s, 7}(s)) — Qo,n(s, 7% (s)) < H, which follows from
Lemma 3, it follows

H(K)
Din=Y_ 7Y di (s,m(s)wo.e,.n(s,m(s)(Qh(s,m7i(5)) — Qon(s, mh(5)))
v=1 seS
(K)
< Z T1,Zdh s, 5 (8))wo,t, 1 (S, T (8) H
v=1 sES
. #(K)
=H dj (s,m(5)) Y 7I{Ny, (s, 7 (s)) = 0}, (36)
seS v=1

where the last line follows from (26b). To continue, note that

(K)
> TNy, (s, mh(s)) = 0} = > T I{Ny, 1(s, 75 (s)) = 0}
v=1 UE[(b(K)]:t'vSKU(sJ‘—Z(s)7h)

< KO(Svﬂ-;(S)vh)?

since under the event &, Ny, 1(s, 75 (s)) > 0 when t, > Ko(s, 7} (s), h). Plugging the above inequality
and the definition of Ky(s, 7} (s), h) back to (36) leads to

Dyp < HY dy (s, m5(5))Ko(s, w5 (s), h)
sES

_ HZ min{d} " (s, 7} (s)),1/S} (12C0> " (s, 7 (s))

s€ES dan 8 7Th(s)) M min{d}ﬂ;* (57 W;(S))7 I/S}
HC’* S
- Yavgh
s (37)
where the last line follows from the definition of C}, and the fact that
dp, (s, mh(s *
T < 1—|—d7r 3 (5))S) = 1+d} (s)S) =2S.

Sze;smln{dh (s, 75 (s)) l/S} Z( ) ;( h )

e Bounding Ds;. The range of Ds(s,a,k,h) is bounded as shown in the following lemma, whose

proof is provided in Appendix B.4.

Lemma 4. For any (s,a,h) € SX Ax[H] and k € T(K), if Ny n(s,a) =0, Ds(s,a,k,h) =0, and if,
Nin(s,a) > 0, the following holds:

cpCiH* 4ep(iH?
Ds(s,a,k,h) € [\/Nk7h(s,a)’\/Nk7h(s,a)] : (38)

With the above lemma in hand, recalling (35) gives

Dy = Z o Y dfy (s,775(8)) Ds(s, 74 (5), 1w, )

v=1 sES

$(K) TepC I

< Zdﬂ' S ﬂ—h Z maX{Ntmh(S)’]T;;(s))’ 1} (39)

SES
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According to Lemma 2, N, »(s,a) > 1t,Md;®(s,a) holds if ¢, > Ko(s,a,h) under the event &.

Therefore,
#(K)
H4 H
< o H? + T
Z max{Ny, n(s,a),1} v:tv<KZO(s,a,h) v v;tv>KZO(s,a,h) Y\ max{Ny, n(s,a),1}
o4
< H’K h v
< o(s,a,h) + Z T max{N, n(s,a),1}
v:ity, >Ko(s,a,h) v

»(K)

HA
SJ H2K0(87a7h) + Z To
v=1

—_—. 4
Mt,d;"®(s, a) (40)

Plugging the above inequality and the definitions of Ko (s, (s),h) (cf. (27)) and Cj,, to (39), we

obtain
77 (s))
Do s 7 2 e S S i T )
sES v=1 se8
HQC:vg Z S 7Th< ) + H4C§vg7-3 ( ,’TZ(S)))z
Inln{d’r s, (s)),1/5} ot = mln{d7r 77 (s)),1/S}
0 H?CLeS [HCz,.5 4 -
< avg avg Ty
~TTM Z VT,
u) H?C},.S H*SKC}, (41)

N M M )
where (i) holds due to the Cauchy-Schwarz inequality and the fact that

&7 (5,73 (5)) L B~
2 il (5,7 (5)), 1/5] §§9<1+dh (5,71 (s))5) = 3 (147 (9)5) =25,

seS SES

and the last line (ii) follows from the Cauchy-Schwarz inequality and the fact that E¢(_I§) 7, = K and

Z‘MK) 7 <1+ log K, with the latter following from Lemma 6 (see Appendix A).

e Bounding D, ;. In the following lemma, whose proof is provided in Appendix B.5, we extract the
recursive formulation of D, j, as follows.

Lemma 5. Consider any 6 € (0,1). For any h € [H], the following holds with probability at least 1—0:

#(K)

M
Z Ty Z a7 (s,a) Z Z Wit 1 (8,0) P s.a(Viiey = Vi) nt1)

(s,a)eSxA m=1ieLy , (s,a)

(K)
,S Oaux + < ) Z Tu Z dh+1 Vh+1( ) W?l,—lyh_"l(s))’ (42)

= seS

H2KSCy, H?SCY,
where oaux = 1/ 7+ =

Step 3: Recursion. Combining the bounds of the decomposed errors (cf. (37), (41), and (42)), for any
h € [H], we obtain the following recursive relation:

$(K)
SOy di(s) = Vi,.n(8))
v=1 seES
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#(K)

SOk + ( l) Z 7'uZ:d1 ) (Vi (s) = Vit (s))

u=1 seS
(i) 1 ¢(K) 1
S (0 + Hr) + (1 + ﬁ) Z Tu+1 Zd1 ) (Viiga(s) = Vs (s))
u=1 seS
(ii) 9\ 2 P!
< Ot H) (14 2) 0 7 a7 (6) (Vi) — Vinn9)) (43)
u=1 seS

where (i) holds because V;*, ;(s) — Vi, ny1(s) < H and (ii) holds due to the condition @ <1+ 2 for all
1 <u < @(K) and the fact that Vi*, (s) > Vi, ny1(s) shown in Lemma 3, and we denote "

b HC’;VgS HQCa*\,g \/H4s ek \/H%S e H?SQ,*Vg “
BE g i (44)

for any k € [K]. Then, by invoking the recursion (H — h + 1) times, it follows that

ZHZ% ) (Vie(s) = Vi, n(s))

= sES
52 4 O) 2
S O+ Hry) + (14 =) 1y, + H) + (14 —) Z T stl (Vitsa(5) = Vi nya(s))
s€
<(9K+H71)+(1+2)2(9t +HT1)+'~~+<1+f)2(H ey ¢ + Hry)
~ H S(K)—1 H S(K)—H+h—1
< HOk + H?n (45)

where the second line follows from the fact that Vz_ ,(s) — Vi, m41(s) = 0 for any k € [K], and the last line
holds because 0, < 0 for any k < K and (1 + %)Q(H_h"’l) <1+ F)2H <et
Finally, by plugging the above bound into (31), we obtain the bound of the performance gap as follows:

#(K)

Vi'(p) = Vi'(p) ?%XZ%Z% = Veu n(9))

seS

1

H3SC;Vg /HGSCa*Vg Tl T=HK /H7SC;Vg H4SC’;Vg )

where the last line holds if 7 < 4/ M and this completes the proof.

5 Discussions

We investigated federated offline RL, which enables multiple agents with history datasets to collaboratively
learn an optimal policy, without sharing datasets. We proposed a federated offline Q-learning algorithm
called FedLCB-Q, which iteratively performs local updates with rescaled learning rates at agents, and global
aggregation with weighted averaging and global penalty at a server, which effectively controls the uncertainty
in both local and global Q-estimates. Our sample complexity analysis demonstrates that FedLCB-Q achieves
linear speedup in terms of the number of agents requiring only collective coverage of agents’ datasets over the
distribution of the optimal policy, not restricted to the quality of individual datasets. Furthermore, we showed
that FedLCB-Q is communication-efficient, requiring only O(H) synchronizations under the exponential
synchronization scheduling. For future exploration, this work paves the way for many interesting directions,
some of which are outlined below.
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Tightening H dependency. Although our sample complexity bound is nearly optimal with respect to
most salient problem parameters, such as state space size and single-policy concentrability coefficient,
it falls short of optimality in terms of horizon length compared to the minimax sample complexity
lower bound in the single-agent setting (Xie et al., 2021b). Closing this gap and improving sample
complexity with variance reduction techniques, as proposed by Shi et al. (2022), will be an interesting
avenue for future exploration.

e Beyond episodic tabular MDPs. Extending episodic tabular MDPs, it would be interesting to broaden
our analysis framework to encompass other RL settings, including, the infinite-horizon setting and the
integration of function approximation.

e Improving robustness. Our work focuses on a scenario in which agents collect datasets from a com-
mon MDP without any disturbances. Yet, in real-world scenarios, some agents may possess datasets
collected from perturbed MDPs. This introduces the need for additional considerations regarding ro-
bustness, as discussed in Shi et al. (2023). Therefore, enhancing our work to effectively handle the
variability or noisiness of MDPs would be a compelling avenue for improvement.

o Multi-task RL. In many applications with multiple clients, multi-task learning, where clients have
heterogeneous goals, holds significant interest due to diversity in clients. It will be of great interest to
extend our work to the multi-task RL setting (Jin et al., 2022; Yang et al., 2023; Zhou et al., 2023),
which enables agents to learn their own optimal policies for their personalized goals while benefiting
from collaboration by sharing common features of tasks.
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A Technical lemmas

Freedman’s inequality. We provide a user-friendly version of Freedman’s inequality (Freedman, 1975).
See Li et al. (2024, Theorem 6) for more details.

Theorem 2 (Li et al. (2024, Theorem 6)). Consider a filtration Fo C F1 C Fo C -+, and let By, stand
for the expectation conditioned on Fy,. Suppose that Y, = ZZ=1 Xy € R, where { X} is a real-valued scalar
sequence obeying

| Xx| <R and Er_1 [Xk] =0 forallk >1
for some quantity R < co. We also define
W= B [X7].
k=1

In addition, suppose that W, < o? holds deterministically for some given quantity o2 < oo. Then for any
positive integer m > 1, with probability at least 1 — § one has

2m

2 4
Y, < \/Smax{W U—}log2—m + gRlog 5 (47)

mny 2m 5
We next present a basic analytical result that is useful in the proof.

Lemma 6. Consider any sequence {x,},=1.. z where x, > 1 for all z and let X, = 2221 .. Then, for
any Z > 1, it follows that

Proof. For Z =1, X(1) = % = 1. For Z > 1, suppose the claim holds for Z — 1. Then, it holds for Z as
follows:

X,
X(Z):X(z—1)+;—zz§1+1ogXZ,1+1— <"

Xz
§1+logXZ_1—log< ; !

) =1+log Xz, (48)
zZ

where the first inequality follows from the induction hypothesis and xz = Xz — Xz _1, the second inequality
follows from logy <y — 1 for any y > 0. By induction, this completes the proof. O

Last but not least, we have the following useful properties regarding the parameters introduced in (26c).

Lemma 7. For any (s,a,h) € S x Ax [H], k' <k € T(K), where we denote u = ¢(k), and i € L}, (s,a).
Then, it follows that:

2H
. - 49
wz,k,h(s7a') — Nk,h(sﬂa’) +an,h(sva)’ ( a)

Z‘ Y Walsa) <1, (49b)
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M
H+1)ng g
Yo > wWhasa) < U+ Vi : (49¢)

m=1jelr  (s,a) Nien & Hrg
M
2H
Z Z (Wil n(s,0)) < ) (49d)
M1 je Ly (s.a) Nk’h(s,a) +an7h(s,a)
0o M 1
Zntvyh(s,a) Z Z Wi, n(s,a) <ngw(s,a) (1 + H) . (49e)
v>u m=1 i€l (s,a)

Proof. For notation simplicity, we will omit (s,a) for the following proofs. Moreover, u = ¢(k) and ¢, = k.

Proof of (49a). Recalling the definition of wf} ;, in (26c) and using the fact that H > 1,

B(k)—1

o = HAL H Ney < (50)
GRh TN+ Hig, Nt w+Hng | = Ngn+ Hngp
Proof of (49b). By rearranging the terms,
INDIIRTIED ) olb e et
Jrk,h T
= ey (sna) e T Niyw +Hng, n oot N, +Hngp
T R G No
= Ne,on + Hng, it Ny, on+Hng g,
— (gk:) <1 Ntvfhh ) ﬁ) Ntz—l,h
— Ny,on+Hng, g, oot 1 Ny, n+Hng g,
R qﬁ) M_ﬁ) )
=1 \acoit Ny, on+Hng g, foale Ntmh‘f'Hnt h
#(k)
Nt, _1,h
=1- e 51
wl;[l Niyw + Hng, p — o1

Proof of (49c). Let v = ¢(k'), i.e., k¥’ = t,. Similarly to the proof of (49b), by arranging some terms, we
obtain the upper bound as follows:

" Ha+1 (k) Ni in

m=1jeim h@,a) m=1jelmn , (s.a)

k
(H + 1)ng, n di(—[) Ni, 1

Niyn+Hng,n \ 20 Nepn + Hig, p
(k)—1
_ HA Dy, 11 _ Nen
Nk,h“‘an,h Ntm,h+Hntw,h
H+ 1)ng
< (H + D)ng . (52)
Nign+ Hngp,
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Proof of (49d). Using the bound in (49a) and (49b),

M
2H
m 2 m
W = max wo < max W < ——mMm. 53
Z Z ( ]7k7h) (me[M],jGLLn J,k h) Z Z j kb me[M],jeLy, J,k,h = Nk,h"‘an,h ( )

m=1jeELy, m=1jEL,

Proof of (49¢). Recall that k = t,,. Then, reusing the intermediate result derived in (52),

0 M v—1
m (H +1)ng, Ny, oh
n s, a w; n
1; tv,h( )2;1 mz Jto,h Z to hNtmh-i-Hnt h H Ntm,h‘FHntm,h
>u m=1liel , (s,a) v>u R
=Bx,h
n v—1
(H+Dng,p Y 2t [ T] Bun
[e'e) 1 v—1
= (H+1)ne,n Z 77 (1= Bopn) (H ﬂm)
v>u T=u
1
Sngn|l+ 7)) (54)

B Proofs for main results

B.1 Proof of Lemma 1

For any (h,s,a) € [H] x S x A and k € T(K), according to the pessimistic aggregation update rule in (13),
the estimate error of Q function at the k-th iteration can be written as follows:

m=1

Qr(s,a) = Qrn(s,a) = Qi(s,a) (Z o (s, a)Qi (s, a)) + By,n(s, a)

M
= Z O‘Z:Lh(s’ (Z) (QZ(Sv CL) - Qzl,h(sv a’)) + Bk,h(sv CL), (55)
m=1

where the last equality holds by the fact Z o (s,a) = 1.
Then, invoking the local update rule in (11), for any i such that (87, aiy,) = (s,a), the local Q-estimate
error at each agent m can be written as follows:

Qn (Saa) in(s:a)
= (1 =ni(s,a)(Qf(s,a) = Q% 1(s,a)) + 0 (s,a)(QR(s,a) — rn(s,a) = PILV™ i)
= (L=nih(s,0))(Qh(s,a) = Q%4 j(s,a)) + 0 (s, a)(rn(s,a) + Phs,aViiyr — rals,a) — PRV i)
={1-n h(s a))(QZ(Sva) it1n(s;a))
+07(8,0) Prs,a (Vi — Vi h+1) + 058, 0)(Pr,s,a — PIR)ViZ1 hits (56)

where the second line follows from the Bellman’s equation. Then, by invoking the relation recursively, the
local Q-estimate error at each agent m obeys the following relation:

Q;Lr(57 a’) - th(sa a) = H (1 - 77%(37 CL)) (QZ(& CL) - QL(]C)J’L(S? a))
ielfﬁh(&a)
+ Nin(s,a) H (1 =n7h(8,0)) Prs,a(Viipr — V%4 pin)

i€l (s,a) {i>ijeliy), (s,a)}
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+ Z 77?}1(5» a) H (1- 77;'7}1(37 a))(Pn,s,a — Pi%)ViTl,thlv (57)

i€l (s,a) {i>ijely, (s,a)}

where [}, (s, a) denotes a set of episodes where agent m has visited (s, a) at step h within (.(k), k].
By inserting (57) to (55) and letting v = ¢(k), we obtain the following recursive relation for u-th local
updates:

Qh(s,a) — Qrn(s, a)

M
= Z ath(Sa a) H (1 - 77??};(57 a’)) (QZ(& (L) - QL(k),h(87 CL)) + Bk,h(sa a)

i€l (s,a)

=Xo,n(s,a)

M
+ Z Z agp (s, a)ny (s, a) H (1- n;?h(sa a)) | Prs,a(Vir = ViZ4 hs1)

m=1ieli", (s,a) {i>@j€l, (s,a)}

M
+> D el anlisa) I[I -9 ) | (Pruse— PHIV 100

m=1iel, (s,a) {i>i:jely, (s,a)}
= )\v,h(sva) (Q;zr(s (Z) - QL(k') h(s (l)) + By, h(s a)
(H + 1 m
Z Z Prsa(Vigr = Vi1 1)

Ni, (s, a)+Hnt n(s,a) et (o.0)

+ (H+1) Z Z (Phs,a — PIR)VT pga - (58)

Ni, (s, a)—|—Hnt w(s,a) it (o)

Here, the last line holds by invoking the definitions in (17) and (18) and observing with abuse of notation
(omit (s,a) when it is clear)

i’y (s, a)nip (s, a) I[I Q-9

{i>ijely, (s,a)}

1 Nygyn + M(H + Dnpy, M(H +1) 1:[" (NL@),h +M(H +1)(n", +j — 1)>

= Ngn + Hng Ny +MH +1)nfy, ok Ny + M(H +1)(nf, + 4)

1 Ny + M(H + 1)y, M(H +1) Ny +MH +1)n],
M N+ an,h NL(i),h + M(H + 1)71?7,1 NL(i),h + M(H + 1)n};’?h
o (H+1) (H+1)
Niw+Hngpn Ny + Hng,p
where the last line holds since (i) = «(k) for i € [}, (s,a) and k € T(K) leads to k = ty() = to.

Then, by invoking the above recursive relation for each aggregation, the Q-estimate error after k episodes
is decomposed as follows:

Qh(s,a) — Qrn(s,a)

(59)

#(k) B(k) #(k)
= H Auh(8,a)(QF(s,a) — Qon(s,a)) + ZBtu,h (s,a) H Az,h (8, a)
u=1 r=u+1

=wo,k,h(8,a)
(k) M Hal #(k)
IO Nont Hun [T Xen(s.a) | (Pusa— POV

u=1m= 116[{" h(q a) r=u+1

=wi,k,n(s,a)
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He1
2.2 2 Ny o+ Hnp g [I 2en(sia) | Prsa(Viia = Vit i)

u=1m= lzelt h(sa) ’ wt p=u+1

= wo,k,n(8,a)(QR (s, @) — Qo,n(s,a))

M

m m m
+ E E Wi n(8,0)(Phs,a — PR)Vi% pga
m=14eLy, (s,a)

o(k) o(k)
+Y Buals,a) [T Aenls,a)
u=1 r=u+1
M
+ Z Z Wik, n (8,0) Phys,a(Viiy = Vily py)- (60)

m=1ieLy, (s,a)

Here, Ay in(s,a), wokn(s,a), and w; kn(s,a) can be simply written as described in (26a), (26b), and (26¢),
respectively, which will be proved momentarily. For notational simplicity, we omit (s, a) in the derivations.

Proof of (26a). Consider k = t,. First, consider a case that N,y 5 = 0. If ngp =0, Ay, = 271\7/1[:1 gl =
1. Otherwise, if ng p > 0, where there exists at least one agent m € [M] that visits the state-action at least
once until k-th episode, it follows that

FS

h(M(H—i—l)(j—l))

<M (H+ l)nk no M(H +1)j
M m M i
Neh nkh (H +1)( Jl))
_ Thih 0. 61
S s (Y oy
meE[M]np, =0\ , mE[M]:nZ’fh>O Jj=1
=0

=0

On the other hand, when N, 5 > 0,

7% L(k)h+MH+ nkhﬁ< L(k)h+M(H+1)(]1))

B k),h + (H + 1)ng ol Nyry,n + M(H +1)

L(k) n+ M(H+1)np, Nik),n __ Nuawn
Nokyn + (H+ Vg Ngyn + MH +1)njy, N+ Hng

Ms

(62)

m=1

Proof of (26b). According to (26a), if Ny 5(s,a) = 0, then A, p(s,a) = 1 for all 1 < u < ¢(k). Thus,
wok,n(s,a) = 1. Otherwise, let the epsiode when (s,a) is visited at step h by any of the agents for the
first time be j. Then, Ay(;),n = 0 because N, ;) (s,a) = 0. Thus, if Ny x(s,a) > 0, it always holds that

wo kn(s,0) = [T05) Aun(s,0) = 0.
Proof of (26¢). For i such that ¢(i) = u, by rearranging terms and applying (26a),

é(k)

.L 17
= H
“ Ni,n+ Hng, p | M, h+HTlt R

H+1 N,
_ . Hd+1 I1 _ NMwh ) (63)
Niw+Hrgp \ 22 Negn+Hng,on
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B.2 Proof of Lemma 2

Consider any given 0 € (0,1) and (k, s,a,h) € [K] xS x Ax [H]. Note that N}, (s,a) ~ Binomial(k, d}" (s, a))
for all m € [M]. Then recall the definition of Ny ;,(s, a) in Section 3.2, we can view Ny 1,(s,a) = Z%Zl N (s, a)
as a sum of kM independent Bernoulli variables with expectation v := E[Ny 5 (s, a)] = kMd;"®(s,a). There-
fore, applying Chernoff bound (see Mitzenmacher and Upfal (2005, Theorem 4.4)) yields:

vte[0,1] : P(|N(s,a) —v| > vt) <exp (—e1vt?), (64a)
Vi>1 : P(N{(s,a) —v > tv) <exp(—civt), (64b)
for some universal constant ¢; > 0.

Armed with above facts and notations, now we are ready to prove (28). First, applying (64a) with t = %,
we arrive at:

P (fN,;’fh(s,a) —v|> %) <exp (—c—) <9, (65)

where the last line follows from the condition that v = kMd;"®(s,a) > ﬁ log (%)
To continue, when v = kMd;®(s,a) < -log (1/4), applying (64b) with t = 410576(11/6) > 1 gives:

> 4log (1/9)
C1

P (N,??h(s, a) — ) < exp(—4log(1/6)) <. (66)

Summing up (65) and (66) and taking the union bound over (k,s,a,h) € [K] x S x A x [H| complete
the proof by showing that:

when k> |S||A|KH> . kMdYE v

3v
1 = - < N/ < — < 2kMd3®
ClMdZVg Og( 5 2 9 = k,h(sva) = 9 = h >

when k < ——log ('S”A'KH> LN () < S log <|5|A|KH)
C ’ &1

o ]

holds with probability at least 1 — 2.

B.3 Proof of Lemma 3
B.3.1 Proof of (30a)

Noticing that the (30a) involves two terms of interest, and we start with bounding Ds(s,a, k,h). For any
(s,a,h) € S x Ax [H| and any k € T(K), we can rewrite Da(s,a,k, h) as

Dy(s,a,k, h) = ZZX”M (67)

i=1 m=1

where X[}, (s,a) = Wiy ,(8,0)(Prs,a — PV 1 {8, al,) = (s,a)}. To continue, we first introduce
Lemma 8, whose proof is provided in Appendlx B.3.3.

Lemma 8. For any (k,s,a,h) € S x Ax [H] and N € [1, MK], let

Xhn(s,0:N) = @7 1, (5,0 N)(Phs.a — PRV (s, a) = (s,0)}, (68)
where
H+1 o N, n(s,a)
Wil (s, a; N) = N+ Hnpn(s,a) 1T No (s, a)t7+ Hnen(s,0) I7(s,a; N), (69)
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and I;’}L(s,a; N) = H{Zm, LN 1h(s a)+ >, {(s;”};,a%) = (s,a)} < N}. Then, for any § € (0,1),
the following holds:

E M
S1H4(?
ZZ Lk‘hsa’N)| N : (70)

at least with probability 1 — §, where we denote (1 = log (W)

Armed with the above lemma, for any (s,a,k,h) € S x A x [K] x [H] where k € T(K), the following
holds by setting N = N (s, a):

kK M

DD X7n(sa; Nials, )

=1 m=1

SLHA(?

hen N, 0: D k. h) < _—
when Nj (s, a) > |Da(s,a,k,h)| < Nen(s,@)

< (71)

with probability at least 1 —¢. As it is obvious that Ds(s,a, k, h) = 0 when Ny (s, a) = 0 from the definition
of Dy(s,a,k,h), we arrive at

S1HA(2
Nk,h(s, (I) '

kM
ZZ zkh s,a; Ni,n(s,a))

=1

|Dy(s,a,k,h)| < < (72)

Finally, combining the results for Ds(s,a,k,h) (cf. (72)) and Ds(s,a,k,h) (cf. (38) in Lemma 4), we

conclude that for any (s,a,k,h) € S x A x [K] x [H] with k € T(K), it holds with probability at least 1 — ¢
that
S1HAC? cpC2HA
Dy(s,a,k,h)| < = < Ds(s,a,k,h). 73
| 2( )| \/Nk,h(s,a) Nkﬁ(s,a) 3( ) ( )

B.3.2 Proof of (30b) and (30c)

For all (h,s,a,k) € [H] xS x A x T(K), it is clear that Q}*(s,a) < Q}(s,a) and V" (s) < Vi (s) by
definition. Hence, it suffices to show that

Qui(s.a) < Qi (s.a) and Vin(s) < Vi*(s)
for all (h,s,a, k) € [H] x & x A x T(K), which we will prove by an induction argument as below.

e Base case. When h = H + 1, for all (s,a,k) € S x A x T(K), the relation always holds since
Qr.a+1(s,0) =0 < QFfy(s,a) and Vi myi(s) = 0 < Vih  (s) according to the definition of Q m11
and Vj, g41, respectively.

e Induction. When h € [H], suppose the relation holds for h + 1, i.e., Qrnt1(s,a) < Qp’(s,a) and
Vien1(s) < Vit (s) for all (s,a,k) € S x A x T(K). First, we will verify the Q-estimates at step h
are pessimistic. For any (s,a,k) € S x A x T(K), applying Lemma 1,

WE(s,a) — Qrn(s,a) = DT*(s,a,k,h) + Da(s,a, k, h) + Ds(s,a, k,h) + Dy*(s,a, k, h). (74)

We control the above four terms one at a time. Here, DT*(s,a,k, h) > 0 since Q}*(s,a) > Qo n(s,a) =
0. In addition, according to (30a), |D2(s,a, k,h)| < Dg( s,a,k, h) And it is clear that Dy > 0 due to

V]’erl > Vk7h+l > ‘/L('L'),h+17 (75)

where the first inequality holds by the induction assumption, and the last inequality arises from the
monotonicity of the global value update in (14). Therefore, it is clear that for any (s,a,k) € S x A x
T(K), the Q-estimates at step h are pessimistic, i.e.,

e (s,a) = Qrn(s,a) > 0. (76)
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Next, to show that value estimates at step h are pessimistic, recalling the global update in (14),

Viik(s) = Vien(s) = Qp* (s, k0 (s)) — max{mgx Qr,n(5,a), Viyn(s)}
= Q3" (s, m,n(s)) — max Qo (s, )
= Q3" (5, Tho,n(5)) = Qro,n (8, Tho 0 (5)) > 0, (77)

where ko denotes the most recent episode satisfying Vi 1 (s) = max, Qi,,n(s,a) and k > ko € T(K),
and the last inequality holds because 7, ,(s) = .1 (5) and Q3* (s, a) — Qry,n (s, a) > 0 can be similarly
verified using (74) and (75) for ky. Now, we verify that @} (s a) > Qr,n(s,a) and V™% (s) > Vi u(s)
holds at step h for any (s,a,k) € S x A x T(K), and this directly completes the induction argument.

B.3.3 Proof of Lemma 8

To begin with, for any time step h € [H], we denote the expectation conditioned on the trajectories j < i of
all agent as

V(i m) € ] % (M) Bl =B 1 {50070 Vikr )y oy {500 @t en]: (79)

Armed with this notation, fixing N, it is easily verified that E(; [)N(ZW}C(S, a; N)| = 0 since then V™, , | can
be regarded as fixed and (P, 5, — PJ7,) is independent from @[ , (s, a; N).

Consequently, we can apply Freedman’s inequality (see the ﬁéer—friendly version provided in Theorem 2)
and control the term of interest for any (s,a,k,h) € S x A x [K]| x [H] and N € [1, M K] as below:

k M
) 32H4 3H? /81H4
SN XPals.aiN) «/83141 + 32g1 <4/ S Q Si (79)

i=1 m=1

at least with probability 1 —¢. Here, (i) and (ii) arises from the following definition and facts about B; and
BQZ

B3 Y B [( Thon(s,a; N))Q} = (80)

=1 m=1
~ 2H?
By = ‘Xm ,;N‘<— 81
2 (i,m)rgﬁﬁ(x[z\/f] “k’h(sa )| = N (81)

where the proofs of (80) and (81) are provided as below, respectively.

Proof of (80). In view of that the events happen at any time step h are independent from the transitions
in later time steps including P/, we have w’y ; (s,a; N) is independent from (P s o — P/)V;™; ;. 1, which
yields

M?r
M= i=

ZZ]E(zm) zkh(saN))]:

i=1 m=1

E, m)[( mh(s a; N)) ]VarPh,s,a(‘/iTl,h—i-l)

1 1

.
I

M
§H2 Z]E(zm) 1khsaN))]
i=1 m=1
20 4H*
< H®N —_ 82
<y () 4 (52)
where the penultimate inequality holds by the fact that |&}"} (s, a; N)| < 2
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Proof of (81). For any (i,m,h) € [k] x [M] x [H] and fixed N € [1, M K], it is observed that

X5, @5 N)| = (6755, 0 N) (Prsia = PIVI a7 025) = (5, )}

< ik (8, N)| N Prsa — PRl IViZ pgalloo < N (83)

where the last inequality follows from [[V™) , i llc < H, [[Ph,s,a — P}l < 1, and [@] , (s,a; N)| < 28

B.4 Proof of Lemma 4

With slight abuse of notation, we will omit (s,a) from some notation when it is clear from the context for
simplicity in this proof. Recall the definition of D3(s,a,k, h) in (25) and the global penalty defined in (16).
When Ny, i (s,a) = 0, the global penalties are all 0, which yields Ds(s,a,k,h) = 0. Therefore, it suffices to
focus on the case when Ny 5, (s,a) > 0 and show that for cg =81, ¢, = 4 and ¢; =1,

o(k) 2 4 2H4
CICBCIH CuCB<1
Ds(s,a, k, h) § B [T Awats. ) ‘ i
(s,a, b1 (S, ) h(s,a) € l\/Nk,h(S,a) \/Nk,h(saa) )

u' =u+1

Towards this, for any (s,a) € S x A, we consider a more general term as below: for any integer z > 1,

z

“\ (HA+1)ny,, C2H4
ZBt h H )\,h_zz\(]k,h+£17tltu}jh C?Vtt,h H Au'.h

u' =u+1 u=1 w'=u+1
z z
=/cp(iH* Z (1= Aun) H Au b
u=1 u'=u+1

= \/MY(Z) (85)

where the penultimate equality follows from

(H 4+ 1)ng, n(s,a)
Ny, + Hnyg, n(s,a)

=1— Ay n(s,a)

for all (s,a) € S x A, and the last equality arises by defining

-y Ntlh(l_A“’h) I Ao (86)
u=1 w

u' =u+1

As a result, to show (84), it suffices to verify that

© {\/ oTERn) % thfs,a)} : (87)

which we proceed by an induction argument.

Proof of (87) by induction. To begin with, for the basic case z = 1, it is easily verified that

L if >0
y(1)=q VT T (88)
0 if nyy =0

since when n, , > 0 we have A; 5(s,a) = 0, and otherwise A1 5(s,a) = 1. Then suppose (87) holds for z —1,

namely,
Cy Cy
Y(z—-1
(z—1) € [\/Ntzl,}f\/Ntzl,h] ) (89)
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we hope to show (87) holds for z. Towards this, we first show the upper bound in (87) holds for z as follows:

(1—=Azn)
(2 Cu Ntzfl,h n 1 (H—l— 1)ntz7h
TV Ne_ o N+ Hng Ny Nieow + Hnyg
Cy Ne, 1 on n 1 (H+Dngn
Ne_w \| Neoow + Hne_ Ni.w Ne.on + Hng,
o Cy Ntz 1,h + i (H-i—l)nthh
Ni..n Ni,n+Hng p ¢y N, oo+ Hng

o Cy Ntz—lyh + i 1 Ntz A T N 1+ Ntz 1,h
Ni,on Ne,n+Hng,n o Vo Ni,on+Hng, Ny,on+Hnyg,

< )
Nin

(90)

(H+1)ntz h(s a)

where (i) follows from the induction assumption and — T — (=X, n(s,a)) forall (s,a) € Sx A,

the penultimate equality holds by
Ne. yn Neew =Ny +Hngn  (H+Dng g

B Nen+Hngp Ny,on+Hng, p Ni.w+Hngp'

. . . N
and the last inequality arises from ,/é (1 + Nt}ti}}nht}> <1 as long as ¢, > 4.

Analogous to (90), the lower bound of Y (z) is derived as below:

1
Y(2) =Y(z—=1)An+ 4/ N, (1 —Azn)
S Cl Ni. 0 (H+1)ng_n
TV Ny Neow + Hng Ntz, Ne.n + Hng
c Ntzfl,h n 1 H+ 1)nt h
Ny, Ne,on +Hny Ny n Nip+Hngp,

Cl
b
N, n

>

(91)

where the first inequality follows from the induction assumption and % (1= A, n(s,a)) for

all (s,a) € S x A, and the last equality holds when 1 > ¢;. Finally, by induction arguments, (87) holds for
any z € ¢(K), and this completes the proof.

B.5 Proof of Lemma 5

Recall the definition of Dy (see (35) and (25)), D4, can be rewritten as follows:

P(K) M
Din=>Y 7 > di(s0)> Y Wl p(s:0)Phsa(Vis — Vigyne)

v=1 (s,a)eSxA m=1ieLy , (s,a)

@ P(K) v M

1 *

= Z Ty Z dz (Sa Cl) P}L787G(V}:(+1 - ‘/;ufhh“rl) Z Z wﬁv,h(sva)
v=1 (s,a)eSx.A u=1 m=1 \€ly’ , (s,a)

=Yu,v,n(8,a)
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B(K) v
= Z Z Z dz* (S7 CL) Z Ph,s,a(V};»l - V;‘/u,l,thl)'l/}u,v,h(Sa a)7 (92)

(5,a)ESXA v=1 t, 1 <j<t, u=1

where (i) holds by rewriting the sum as >, ;m L (sa) = Yot Y icim . (5,) and the last equality holds by
the definition of 7. b v

To further control (92), we introduce the following lemma that bounds the expectation form (92) by an
empirical version; the proof is postponed to Appendix B.5.1.

Lemma 9. Consider any § € (0,1). For any h € [H], the following holds:

B(K) v
Z Z Z d;{* (87 a) Z Ph,S,a(V};»l - V;ufl,thl)l/}u,v,h(S’ a)

(5,0)ESXA v=1 t,_1<j<t, u=1

< 1 d;{ s, a)

~ M Z Z avg ntu,h S,a ZPhsa Vh+1 V;fu 1,h+1)wuv h(S a) + Oaux,1 (93)
(s,a)eSx A v=1 5a u=1

at least with probability 1 — §, where

HZKSCh,  H2SCr,
Oaux,1 ,S Vi + i (94)

Then, applying concentration bounds, Dy, is bounded as follows:

P(K) v
D1 ™ (s,a) N
Dan S 37 > > dfvg ntv,h(sa @) Phs,a(Vig1 = Veuoi bt 1) Vuw,n (85 @) + Oauxt

(s,a)ESx A v=1 u=1 §,a
¢(K) P(K)

—
=

1 s, a
M Z Z avg Ph sa(Vigs = Veuint1) Z Nty b (8, @) w0 0 (S, @) + Caux,1
(s,a)ESXA u=1 5a v=u
) 1 E) 1
< M Z Z avg 22 Ph 8 a(Vh+1 ‘/tu—l»h+1)ntu,h(sv a) <]— + ﬁ) + Caux,1 (95)

(s,a)eSxA u=1

where (i) follows from Lemma 9, and (ii) holds because

] M
Z ne, n(s,a) Z Z wiy, n(s,a) <ng, n(s,a) (1 + %) (96)

v>u m=14el” | (s,a)

according (49e) in Lemma 7.
To continue, we introduce the following lemma that transfers the distribution at time step h to the
distribution at time step h + 1; the proof is provided in Appendix B.5.3.

Lemma 10. Consider any § € (0,1). For any h € [H], the following holds:

B(K)

Y Y e g )P (Vi Vi o)
u=1 (s,a)ESxA Md,™(s,a a) "

3(K)
S Z Tu Z A1 (8) (Vi1 (8) = Vi1 ht1(8)) + Taux,2 (97)
u=1 seS

at least with probability 1 — §, where

H2KSC? HSCY,

avg avg

M M

Oaux,2 =
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Armed with the above lemma, rearranging the terms in (95) and applying Lemma 10,

#(K)
n s,a
D4 5 ( ) Z Z wdﬂ- (S a)Ph s G(Vh+1 ‘/tu,_l,h—i-l) + O—aux,l

avg
u=1 (s,a)ESx.A Md)™(s, )
#(K)
(1 + ) Z Tu Zdh-H Vh+1( 5) — Vtu_l,h+1(s)) + Oaux,1 + Taux,2,
—_————
u=1 SES

='0aux

and this completes the proof.

B.5.1 Proof of Lemma 9

Consider any given (s,a) € S x A and v € [1,$(K)]. Before proceeding, we introduce some notation and
auxiliary terms. Let

Gv,h('sv a) = Z Ph,s,a(v}:_t,_l - ‘/tu_l,h—&-l)"/)u,v,h(sa a)' (98)
u=1
Then, for any t,_1 < j < t,, we introduce the following auxiliary variables:
m v m m dr’ s, a
Y/ = Z (d;g(s,a) —I{(s,a) = (sj_’h,ajyh)}) da’i'g((sa))Gv’h(s’a) (99)
(s,a)ESx A h A%
vm m m m dg* (870‘) ~—7,m
Y/, = Z (dit(s,a) =I{(s,a) = (s}, al)}) mav,ﬁ (s,a), (100)
(s,a)eSx.A h ’
where we define
é;]}’;m(s’ a) — w;gj7,7;(5;a)Ph,S,a(V}f+l - V;fufthrl) + (1 - w;zj’,?(saa))Gvfl,h(sv a) %f v>1 (101)
’ Ph,s,a(vh+1 - ‘/O,thl) if v=1
and
JIm (s, a) = (H +1)(ne, n(s,a) —{(s,a) = (s, a]3,)})
ok t,_1,h(8:@) + (H + 1) (e, n(s,a) —I{(s,a) = (s4,a7,)})
(H + 1) el x (b st \ [ Gomyy T (850) = (857 037 1) 1) (102)

Ntv Lh(sia) + (H +1)(3 m/,j/)e[M]x(tv,l,tv]\{(j,m)}H{(Sva) (3 i’ h’ay’llh)}).

We replaced Gy (s, a) with a surrogate G;%m(s, a), where the visits of agent m on (s,a) at the j-th episode
are masked regardless of the actual visits of agent m on (s,a). The surrogate is carefully designed to remove
the dependency on the event I{(s,a) = (s7%, a7} )} from Gy x(s,a) while maintaining close distance to the
original value G, 5, (s, a).

Before continuing, we introduce some useful properties of the above defined auxiliary terms whose proofs
are provided in Appendix B.5.2: for any v € [¢(K)],

Gv h(S a) — {wv,v,h(sa a)Ph,s,a(V}f+1 - Wu,l,thl) + (]- - ¢v,v,h(s; a))Gvfl,h(Sva) lf v > 1 (103&)

Ph,s,a(V}L_l - ‘/O,h+1) ifo=1 ’
0< G, 3" (s,a), Gyn(s,a) < H, (103b)
Gl ()~ Gon(ov)] < min {11 2H} (1030)
vh ’ R o ’ Ntv,h(sa (1) .

Now, we are ready to prove (93). Towards this, we first observe that moving the first term in the
right-hand side of (93) to the left-hand side, and multiplying by a factor of M, yields

B(K)

M o
Z Z Z Z d;lr* (S’ a’) - M”tu,h S, a Z Ph s,a Vh+1 V;tu 1,h+1)wu v h(s (l)

(s,0)ESx A v=1 \m=1t,_1<j<t, u=1
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0 ¢K) [ M M d’r*(s a)
= Z Z Z Z dzvg(sva) - z_:lngz,h(sva') %Gmh(s,a)

(s,a)ESXA v=1 \m=1t,_1<j<t,

(i) - = avg < _ m .m d’ﬁ* (s,a)
- E : E : E :dh (S,CL) - E H{(Sva) = (Sj,h’aj,h)} dz;ng(S a) GUJL(S’CL)
Jj=1 ’

(s a)@Sx.Amzl j=1

« K M
av, m m dj, (Sa a)
- Z Z (d58(s,a) —I{(s,a) = (s}, a}",)}) m v, ( Z Z hs (104)

Jj=1 (s,a)eSxA h ) j=1m=1
where (i) holds by plugging in (98) and ny, (s, a) = Zi\f:l ny" 1, (s,a), (ii) follows from Efg) >t <<ty 1=

K and Ef(zl) ny ,(s,a) = ijl I{(s,a) = (s}%,a}%)}, and the last equality arise from the definition of Y},
n (B.5.1).
Therefore, the above fact shows that to prove (93), it is suffices to show:

K M K M _ K M N
Z Z Z Z )/J?;LL + Z Z ( j7,7;L - 37,7;1) /S Ma'aux,1~ (105)
j=lm= j=1m=1

j=1m=1

We will control the two essential terms separately as below:

. Controlllng ’Z =1 Z To begin with, we observe that the approximate é;%m (s,a) (defined

n (101)) is independent of agent m’s visits on (s,a) at the j-th episode since Vi, | p+1, Gu—1,1(S,a)

m=1 jh

are independent of the j-th episode and wv v h "'(s,a) is independent from agent m’s visits on (s, a) at
the j-th episode (see (102)). It follows that Ey—l[?ﬁl] = 0, where we denote

Ej1[] = E [ [{(s}:af), Vil icimreqn] -

Thus, applying the Freedman’s inequality for each h € [H|, we can show that the following holds:

K M
S 2H 8, 2H
DD Vih| < /8Wlog ==+ 2 Blog =

j=1m=1

S W/ H2MKSCE

avg

+ HSCj

avg

(106)
at least with probability 1 — §, where B and W is obtained as follows:

V7] < 203 (1 4+ dF (5,7(5))

S)
K M . dﬂ(tha j,h Jm (.m _m ’
DD B {(Y ”<ZZE@WM i |\ @Gty Cothn (5 )
(

r§1€a§<G¢(J) T (s, m(s)) <4SCy H =: B (107)

) 5
j=1m=1 j=1m=1 SJ h? jh)
K M ™ x
<305 St o) (TG st
j=1m=1se8 dy= (s, m(s)) =0
K .

<3S A ) G T 4 )

j=1seSm=1

<H20ngZMdh s, () (1 + df (s,7%(s))S)

j=1seS
<2H?*SCY, MK =W (108)

avg

. S—im o m m . dr” (s,7* (s * *
using the fact that |G¢(j]?)7h(sj)h, ajy,)| < H shown in (103b) and min{d;?* ((s,m((s)))),us} < 1+d7 (s,7(5))S.
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Bound on the approximation gap of SN/']"}L The approximation gap of }N/j”}L is bounded as follows:

M T (s,a) , ~_
S S (@ (s,0) — H(s,0) = (7% aT)}) el Gty )~ G (s, a))

avg
v=1 m=1t,_1<j<t, (s,a)ESxA dy, (57 a)
i o(K) M dr (s,a) |~
= Z Z I{(s,a) = (s7%,aj%)} (1 — d}'(s,a)) m )G;j{m(s, a) — Gy p(s,a)
v=1 m=11,_1<j<t, (s,a)ESX.A h ’
o B(K) M *
(1) dy (s,a) 2H?
< I = (s . a™ h 1% i o
= th <j< te.a) (Sj’h,aj’h)}dzvg(sva) mm{]\/'t,,,h(saa)7 }
v=1 m=1t,_1<j<ty (s,a)ESx.A
(K) .
(iif) dr (s, 7*(s)) 2H?
< C; * h o ing ————— H
B ngnh(ﬂ ) il dy (s m (), 178} ™™ \ N s,
v 2H2C (1+df s [ (s () .
Vg; +ap (3 7*(s))9) ; min mvntv,h(saﬂ- (s))
c;vgfﬂs (109)

where (i) holds because wv " (s, a) = 7/’;{,7;7( a) if (s}y,,a7y) # (s,a) and é;g}m(s a) = Gy (s, a)
according to (103a), (i) follows from (103c), (111) naturally holds according to the definition of C

avg’
. () g
(iv) holds because mn (A (s () /5] = L+df (s,

7*(s))S, and (v) holds because for any z € [¢(K)],

Nty ,h 577T 5)) *
—r—" = <1+ log (V, 110
Z N (e S 1108 (oo (), (110)
according to Lemma 6.

Now, combining the bounds obtained above (cf. (106) and (109)) into (105), we conclude that

by Y/ < JH2MKSC*, + H?SC*_ = HIKSCL, | HPSCL, 111
;’mlzl ~ avg+ avg — M + M ( )

which completes the proof.

B.5.2 Proof of (103)

Proof of (103a). We will proof (103a) by considering different cases separately. When v = 1, we have

Gun(s,a) = Phsa(Vigr = Vi, nt1)¥1,1,0(s,a)

M
= Ph,S,a(VI:-s-l - VO,h-H) Z Z wml,h(s, a) = Ph,S,a(Vi:-;-l - VO,h-&-l) (112)

m=1 iEl:’{ n(s,a)

where the second equality follows from the definition of 1, ., (s, a) in (92), and the last equality holds since

M
H+1 H+1
Y. > wihalsa)= H A Dep _ Hd Doy

m=Liely"  (s,a) Nty h + Hng,y (H + 1D)ne, n
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When v > 1, invoking the definition of w}, , in (26c) yields that for any u < v,

Yu,v,n(8, a) Z Z wit, n(s,a)

m= 116[7’ 5 (s,a)
— (H+ 1 ntu,h 111 Nt; h
Nt h+Hng, p frule Nt nt+Hng p
_ (H+ Dny, p H Ni,on Nty 1 h
Ny v on+Hng, | n ol Nt wtHng n | Nepw+Hng, g
= wu,vfl,h(s’ a)( - 1/]v,v,h(sv a)) (113)

where the second equality holds by ¢(i) = u for all i € I} ;(s,a) and the fact Zn]\;{:1 >

i€l 4 (s,a) 1
. N A (H+1)ng, n—(H+1)ny,
Ny, .n, and the last equality holds by 1 — ¢, n(s,a) =1 — I\éH:Jlr)g:zU[hh = —leonih (Nt h)z;h:t (h Jnen
Neooon
Nty n+Hne, n'
Consequently, inserting the above fact back into (98) complete the proof by showing that

Gv h Z Ph s,a Vh+1 ‘/tu,l,thl)?/]u,v,h(sv CL)
u=1
v—1
= Ph,Sya(VI:Jrl - Wv—l,h+1)wv,ﬂ,h(s7 a) + Z Ph,S,G(VI:Jrl - ‘/tu—l,h‘i’l)/(/)u,v,h(sa a’)
u=1
v—1
= Ph,Sya(VI:Jrl - V;fvfl,]'H*l)wv,v,h(sv a) + (]- - wv,v,h(sa a)) Z Ph-,Sya(Vi:%»l - %u717h+1)¢u,vfl,h(87 a’)
u=1
= Ph,S,a(VI:+1 - V;fv—l,fH*l)wv,v,h(s, a) + (1 - wv,v,h(sa a))GU*Lh(Sa (L). (114)

Proof of (103b). First, applying (30c) in Lemma 3 gives Gy 5(s,a) > 0. Then we focus on deriving the
upper bound G, 1,(s,a). Towards this, we observe that

th thsa Vh+1 Vvtu 1h+1)wuvh(s a)
u=1
S Ph,s,a(v}:;r] - ‘/O,thl) Z wu,v,h(sv a)
u=1

S H Z wu,v,h(& a)

u=1

v M
=HY > S wh u(s.a) | <H, (115)

u=1m=1 iel:’; n(s,a)

where the first and second inequalities hold by the fact Py s o (Vi) — Vi, nt1) < Phsa(Vi — Vons1) < H
for any = € [¢(K)] (see the monotonicity of the value estimates in (14) and the basic bound ||V}, [l < H),
the last equality arises from the definition of ¢, . 5 (s, a) in (92), and the last inequality follows from (49Db)
in Lemma 7. o

Similarly, the same facts hold for G;j;m(s, a), which can be derived in the same manner. We omit it for
conciseness.

Proof of (103c). Consider v = ¢(j). If v = 1, combing (103a) and (101) directly gives é;%’m(s,a) =

Gy n(s,a). Then we turn to the case when v > 1 and bound the term of interest in two different cases,
respectively.
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e When (s7,a7%) # (s,a). In this case, invoking the definition in (102) gives

~_ H + 1)ng, p(s,a) iy
I (s, a ( =1 7"(s,a), 116
'(/)v,v,h ( ) Nt,, L h(s ) (H + )ntv,h(s, a) v,v,h ( ) ( )
which indicates (see the definition in (101))

G, 37" (s,a) = Gyu(s,a) (117)

e When (s7%,a7%) = (s,a). In view of (103a) and (101), it holds that:
|é;%m(8a Cl) - Gv,h(57 CL)|
(0,27 (5,0) = V(5 0) P (Viras = Vi) + (un(s, @) = 6,07 (5,0) Gom1,n(5,.0)
= ‘( 1},1),}1,(57 CL) - J;zj h (5 a))(Gv—l,h(Sv a) - Ph,s,a(Vh*_Fl - ‘/tl,_17h+1)’

Yoo (5,0) = B, 25 (5,0) e { Gy (5, ), | Prsaly [Vitgs = Vi i}

Q)
<H

¢v,v,h(57a) - Jq)_z; h (3 a)‘

(ii) 2H? }
<mindH, "\ 118
< { Ny 1(.0) (118)

where (i) holds by (103b), || Py s.al1 =1, and ||V;5,, — Wv_17h+1||oo < H. Here, (ii) can be verified by

(iii)

0 < Yyun(s,a)— ~v_f}’7f(8 a)

_ (H + 1)ny, w(s,a) B (H +1)(ne, ,n(s,a) —{(s,a) = (sT, a],)})
© Neyoa(s,a) + (H + Dng,p(s.a) - Neyoyn(s,0) + (H + 1) (n,,n(s.a) = H{(s,a) = (s7%, a}%)})
_ (H 4 1)ny, (s, a) (H +1)(ng, n(s,a) — 1)
N,y n(s,a) + (H+ Dng, p(s,a) Ntv_l,h(s,a) + (H + 1)(ne, n(s,a) — 1)
(H+1)
= Ny yn(s,a) + (H A+ Dng, n(s,a)
. 2H
<m1n{1,w}. (119)

where (iii) holds by the fact that 74 s monotonically increasing with = when a,z > 0.

B.5.3 Proof of Lemma 10
For each j € [K], let

mn m dﬂ-* (87 a)
Z;‘?h = Z (]I{(s,a) = (S?haajrfh)} —dp, (5>G)) ]\/IZT(SQ)P}I,S,G(V}:+1 - W¢<j)_1,h+1)~ (120)
(s,a)ESx.A oA

Then, to prove Lemma 10, it suffices to show ’Eszl Zn]\f ijh Caux,2-

. Since Vi, _,,n+1 is fully determined by the events before the j-th episode, ]Ej,l[Z;flh] = 0, where we
enote

Ej—l['] = E['H(th,aﬁ), ‘/Z?L-i-l}i<j,m’€[M]]'
Thus, we can apply the Freedman’s inequality as follows:

K
2H 8 2H H2KSC* HSC*
< 4/8Wlog = + —Blog =— < ave ave 121
gmz n| = e os T gblos 5 S MM (121)
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using the following properties:

20, H o ) 4HSCY,
1255 < =37~ <Z(1 +dy (s,m (s))5)> < — =B (122)
sES
K M K M * 2
djy (s, i)
>3 1< 22 3 B | (i oo~V it
j=1m=1 j=1m=1 J:h 4,k
K M * 2
dp (s,7(s))
< H* dpt (s, m*(s)) <hv’
2 2 2 o) (it o)
H2C K d”*(s 7™ (s))
S (BT (1 3 )
M ses,j; Md;5 (s, m*(s)) Z A
H?Cy, A .
= ED D dn (s, () (L + df) (s,77(5))S)
seS j=1
2H2KSC’;‘Vg
M ’ (123)
. « dr" (s,m* (s
which follows from that fact 0 < [|[V}",; — Vi, ), n+1lleec < H and min{df* ((s,m((s))))us} < 14df (s, (s))S.

B.6 Proof of Corollary 1

Note that if T' < % it always holds that

HSC:,, T
MT > H°SC},, and H < % (124)
3 *
as long as ¢ < H and ¢ < ifavg Now, we obtain the number of communication rounds of the specified
schedules, periodic and exponential synchronization.
. .. . HSC3, T . . .
Periodic synchronization. Consider 7 = 17%—. Then, since MT 2, 2 HSCj,, the value gap is

bounded as

. _Hiscn /H7SOa*V m® [HSCx, H7SCs,
Vis(p) = Vi"(p) S VT £+ £+ \/ e S T . (125)

In this case, the number of synchronizations ¢(K) = |Tperiod (I, 7)| is

K MK MT H?
= —_— < x x .
oK) [ 1 H2S5C}, H35C? €

T avg avg

Exponential synchronization. Using the fact that MT 2> HSC}, and i, = H < \/% when

avg
H35C}, .
e < 2& the value gap is bounded as

M
_ H*SC* H7SC* H3 \/HS H7SC*
* _ T avg avg avg avg
Vis(p) = Vi"(p) S UT +/ S UT (126)

To continue, note that if v = % and 7y = H, for any u > 1, 7, is bounded as

1 ule 2 ule
1 7) < u<(1 —) :
( T ==ty
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since ) ) 5 5
(1 g)ms (L )1 = {(1 + H)”J < (14 g)m

given the fact that 7, > H for any ¢ > 1. Then, considering the minimum number of synchronizations
P(K) = |Texp(K,7)| satistying

(K) #(K)

1\u—1 1\ oK)
;TU>H§(1+H) :H2(<1+ﬁ> _1)7K7
we obtain
K
o(K) = ﬁi({ffﬂ <14+ H)log (35 +1) S H (127)
H

because 75 <log(1l +z) for any z > —1.
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