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Abstract

Reinforcement learning (RL), which strives to learn desirable sequential decisions based
on trial-and-error interactions with an unknown environment, has achieved remarkable success
recently in a variety of domains including games and large language model alignment. In the face of
unknown environments with unprecedentedly large dimensionality, making the best use of available
samples inevitably lies at the core of RL, especially in ubiquitous sample-starved scenarios such as
clinical trials and autonomous driving. To understand and tackle the challenges of sample efficiency,
substantial progress has been made recently by developing a finite-sample theoretical framework
to analyze the algorithms of interest and design provably optimal algorithms in terms of sample
efficiency. Nevertheless, existing results still fall short with regards to the statistical understanding
and algorithmic optimality in a wide range of RL settings. Moreover, motivated by countless
scenarios with large dimensionality or sim-to-real gaps, sample efficiency needs to be considered
along with scalability and robustness — two equally important principles in RL.

This thesis breaks down the sample barriers of various RL formulations, taking additional
scalability and robustness into account. Specifically, for online RL that allows for adaptive inter-
actions with the environment, this thesis provides the first provable regret-optimal model-free RL
algorithm with a small burn-in cost — an initial sampling burden needed for the algorithm to
exhibit the desired performance — while maintaining its memory efficiency for scalability. For offline
RL that only has access to historical datasets, this thesis proposes the first provable near-optimal
model-free offline RL algorithm without the need of performing model estimation, and settles the
sample complexity by establishing the minimax optimality of model-based offline RL algorithms
without burn-in cost. Finally, for a robust variant of standard RL — distributionally robust RL, this
thesis uncovers a surprising fact that promoting additional distributional robustness in the learned
policy is neither necessarily harder nor easier than standard RL in terms of sample requirements,
which depends heavily on the prescribed uncertainty set. This thesis closes by providing the first
provable near-optimal algorithm for offline robust RL that can learn under simultaneous model

uncertainty and limited historical datasets.
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Chapter 1

Introduction

When contemplating the process of learning, especially within an unfamiliar environment, the
first thing that comes to mind is probably establishing a loop involving interacting with the real-world
environment and updating of knowledge to enhance performance. In this context, reinforcement
learning (RL) is a prominent framework that provides a general and mathematical formulation
of the learning process including the learner (or called an agent), the environments, and their
interactions. Specifically, RL introduces several key concepts to formulate the learning process: 1)
action: how the agent moves to interact with the environment; 2) state: the status of the agent
and the environment; 3) policy: the strategy the agent employs to select an action; 4) reward: the
immediate feedback the agent receives post-interaction with the environment. Equipped with these
principles, the learning problems can be naturally described by RL framework as searching for an
optimal sequential decision-making policy to maximize the long-term cumulative rewards gained

through trial-and-error within an unknown environment.

1.1 Overview

As a fast-growing subfield of artificial intelligence, RL has achieved remarkable success in diverse
areas of human endeavor, such as games (Silver et al., 2017), large language model alignment
(OpenAl, 2023; Ziegler et al., 2019), healthcare (Fatemi et al., 2021; Liu et al., 2019), and robotics
and control (Kober et al., 2013; Mnih et al., 2013). These noteworthy accomplishments are largely
due to the vast volume of interactive data that fuels the learning of the policy. Today, data-driven
methodologies are progressively vital in enhancing various aspects of human life. Then it is natural

to ask:
In designing data-driven RL algorithms, what should we consider?

Sample efficiency is arguably a cornerstone of contemporary RL that cannot be overlooked.
Contemporary RL problems typically involve unprecedentedly large environments and models of
the policies (OpenAl, 2023; Silver et al., 2017). Consequently, an agent may need to accumulate
vast amounts of data from these extensive environments to learn an effective policy, especially in
ubiquitous data-starved applications. This challenge is further magnified as the environment’s
complexity increases exponentially in terms of the horizon length, a characteristic inherent to
RL’s sequential problem structure. Moreover, data collection can be limited by privacy, expensive,

time-consuming, or even high-stakes issues, for instance, in clinical trials, online advertisements,



and autonomous systems (Best et al., 2018; Fulbright, 2017; McGinnis et al., 2011; Saengkyongam
et al., 2023). Consequently, understanding and improving the sample efficiency of RL algorithms
inevitably lie at the core of cutting-edge RL research and are the key enabler for future advances.

In order to evaluate and compare the sample efficiency of RL algorithms in high dimension,
a recent body of works sought to develop a finite-sample theoretical framework to analyze the
algorithms of interest, with the aim of delineating the dependency of algorithm performance on all
salient problem parameters in a non-asymptotic fashion (Dann et al., 2017; Kakade, 2003). Such finite-
sample guarantees are brought to bear towards understanding and tackling the sample efficiency
challenges in the sample-starved regime commonly encountered in practice and have achieved
tremendous progress. Nevertheless, existing statistical understanding and provable algorithm
performance are still far from adequate in both theory and practice, due to technical challenges and
the broadness and diversity of RL world.

In light of this, this thesis concentrates on understanding and breaking sample size barriers
for different RL problems using the finite-sample theoretical framework. Prior to proceeding further,
it is also worth emphasizing two other vital facets of algorithm performance that we consider in

data-driven RL problems, as outlined below:

e Algorithm scalability. Given that the dimensions of environments encountered in practical
applications are often substantial, the scalability of RL algorithms is of critical importance,

particularly when memory and computational resources are constrained.

e Robustness to uncertainty. Robustness is highly desirable since the performance of the learned
policy in training environment could significantly deteriorate due to the uncertainty and
variations of the test environment induced by random perturbation, rare events, or even
malicious attacks (Mahmood et al., 2018; Zhang et al., 2021a).

In this thesis, driven by the principles previously mentioned, we concentrate on surmounting
sample barriers across various RL tasks by offering statistical insights and designing sample-efficient
algorithms with provable non-asymptotic guarantees. These efforts can be paired with two equally
significant principles - scalability and robustness. RL problem formulations can be classified
in numerous ways, according to the objectives of tasks, task-specific structures, and sampling
mechanisms, i.e., available data collection methods. Bearing this in mind, this thesis will focus on
three RL settings with distinct sampling mechanisms and objectives - online RL, offline RL, and
distributionally robust RL, which we will introduce shortly.

Specifically, this thesis focuses on the widely studied Markov decision processes (MDPs), whose
salient problem parameters (i.e., the number of states, actions, and the effective horizon) could be
enormous in modern RL applications. We consider two sets of MDPs that have been extensively
studied - finite-horizon MDPs and discounted infinite-horizon MDPs, which shall be separately

introduced in Chapter 2.1. These two settings are generally alike except for the configuration of the



accumulated reward, which gives rise to distinct technical challenges. For either or both of the two
settings, we evaluate and compare the statistical performance of RL algorithms mainly through the
lens of sample complexity — namely, the number of samples needed for an algorithm to output,
with probability approaching one, a policy whose resultant value function is at most € away from
optimal (called “c-accuracy” throughout).

The rest of this chapter is organized as follows. Chapter 1.2 to Chapter 1.4 provide an overview
of the main results of this thesis in understanding or breaking the sample barriers in a variety of RL
settings. Chapter 1.5 summarizes the related works. Finally, Chapter 1.6 describes the organization
of the rest of the thesis.

1.2 Online RL

An agent in online RL is only allowed to draw sample trajectories by executing a policy in the
unknown Markov decision process (MDP), where the initial states are pre-assigned and might even
be chosen by an adversary. Careful deliberation needs to be undertaken when deciding what policies
to use to allow for effective interaction with the unknown environment, how to optimally balance
exploitation and exploration, and how to process and store the collected information intelligently
without causing redundancy. Consequently, simultaneously achieving the desired sample efficiency
and memory efficiency for algorithm scalability is particularly challenging when it comes to online

RL scenarios.

1.2.1 Regret-optimal model-free RL? A sample size barrier

To facilitate discussion, let us take a moment to summarize the state-of-the-art theory, focusing on
minimizing cumulative regret — a metric that quantifies the performance difference between the
learned policy and the true optimal policy — with the fewest number of samples. For the formal
definition of regret, please refer to Chapter 3.1. Here and throughout, we denote by S, A, and
H the size of the state space, the size of the action space, and the horizon length of an episodic
finite-horizon MDP, respectively, and let T" represent the sample size. The immediate reward gained

at each time step is assumed to lie between 0 and 1.

Fundamental regret lower bound. Following the arguments in Auer et al. (2002); Jaksch et al.
(2010), the recent works Domingues et al. (2021); Jin et al. (2018) developed a fundamental lower

bound' on the expected total regret for this setting. Specifically, this lower bound claims that: no

1t is worth emphasizing that Domingues et al. (2021) adopts the notation T" to represent the number of trajectories
(with each trajectory containing H samples), while the present chapter employs K to denote the number of sample
trajectories and 1T' = K H the total number of samples. Consequently, the lower bound developed in Domingues et al.
(2021) for non-stationary finite-horizon MDPs reads Q(v H3SAK), or equivalently, Q(v H2SAT) using the notation
adopted herein.



matter what algorithm to use, one can find an MDP such that the accumulated regret incurred by

the algorithm necessarily exceeds the order of
(lower bound) VH?SAT, (1.1)

as long as T' > H?SA.? This sublinear regret lower bound in turn imposes a sampling limit if one

wants to achieve € average regret.

Model-based RL. Moving beyond the lower bound, let us examine the effectiveness of model-
based RL — which can be interpreted as a “plug-in” statistical approach — start by computing an
empirical model for the unknown MDP, and output a policy that is (near)-optimal in accordance
with the empirical MDP (Agrawal and Jia, 2023; Azar et al., 2017; Efroni et al., 2019; Jaksch et al.,
2010; Pacchiano et al., 2021). In order to ensure a sufficient degree of exploration, Azar et al. (2017)
came up with an algorithm called UCB-VI that blends model-based learning and the optimism
principle, which achieves a regret bound 5(\/@) that nearly attains the lower bound (1.1) as
T tends to infinity. Caution needs to be exercised, however, that existing theory does not guarantee

the near optimality of this algorithm unless the sample size T surpasses
T > S3AHS,

a threshold that is significantly larger than the dimension of the underlying model. This threshold
can also be understood as the initial burn-in cost of the algorithm, namely, a sampling burden
needed for the algorithm to exhibit the desired performance. In addition, model-based algorithms
typically require storing the estimated probability transition kernel, resulting in a space complexity
that could be as high as O(S?AH) (Azar et al., 2017).

Model-free RL. Another competing solution paradigm is the model-free approach, which circum-
vents the model estimation stage and attempts to learn the optimal values directly (Bai et al., 2019;
Jin et al., 2018; Strehl et al., 2006; Yang et al., 2021). Noteworthily, Q-learning and its variants
(Watkins and Dayan, 1992), which apply stochastic approximation (Robbins and Monro, 1951)
based on the Bellman optimality condition, are among the most widely used model-free paradigms.
In comparison to the model-based counterpart, the model-free approach holds the promise of low
space complexity, as it eliminates the need of storing a full description of the model. In fact, in a
number of previous works (e.g., Jin et al. (2018); Strehl et al. (2006)), an algorithm is declared to

be model-free only if its space complexity is 0o(S?AH) regardless of the sample size T'.

2Given that a trivial upper bound on the regret is T, one needs to impose a lower bound T > H?SA in order for
(1.1) to be meaningful.



o Memory-efficient model-free methods. Jin et al. (2018) proposed the first memory-efficient
model-free algorithm — which is an optimistic variant of classical Q-learning — that achieves
a regret bound proportional to v/T with a space complexity O(SAH). Compared to the
lower bound (1.1), however, the regret bound in Jin et al. (2018) is off by a factor of v H
and hence suboptimal for problems with long horizon. This drawback has recently been
overcome in Zhang et al. (2020c) by leveraging the idea of variance reduction (or the so-called
“reference-advantage decomposition”) for large enough 7. While the resulting regret matches
the information-theoretic limit asymptotically, its optimality in the non-asymptotic regime is

not guaranteed unless the sample size T exceeds (see Zhang et al. (2020c, Lemma 7))
T > 56A4H28,

a requirement that is even far more stringent than the burn-in cost imposed by Azar et al.
(2017).

o A memory-inefficient “model-free” variant. The recent work Ménard et al. (2021) put forward
a novel sample-efficient variant of Q-learning called UCB-M-Q, which relies on a carefully
chosen momentum term for bias reduction. This algorithm is guaranteed to yield near-optimal
regret 5(\/ H2SAT ) as soon as the sample size exceeds T' > S Apoly(H ), which is a remarkable
improvement vis-a-vis previous regret-optimal methods (Azar et al., 2017; Zhang et al., 2020c).
Nevertheless, akin to the model-based approach, it comes at a price in terms of the space and
computation complexities, as the space required to store all bias-value function is O(S2AH)
and the computation required is O(ST'), both of which are larger by a factor of S than other
model-free algorithms like Zhang et al. (2020c). In view of this memory inefficiency, UCB-M-Q
falls short of fulfilling the definition of model-free algorithms in Jin et al. (2018); Strehl et al.
(2006). See Ménard et al. (2021, Section 3.3) for more detailed discussions.

A more complete summary of prior results can be found in Table 1.1.

1.2.2 Owur contributions to model-free online RL

In brief, while it is encouraging to see that both model-based and model-free approaches allow
for near-minimal regret as the sample size T tends to infinity, they are either memory-inefficient,
or burn-in sample-inefficient — require the sample size to exceed a threshold substantially larger
than the model dimensionality. In fact, no prior algorithms have been shown to be simultaneously

regret-optimal and memory-efficient unless

T > SSA* poly(H),



Range of sample sizes T’ Space

Algorithm Regret . . .
that attain optimal regret | complexity
UCB-VI
H2SAT + H*S?A S3AHS, S?AH
(Azar et al., 2017) VHISAT + | )
UCB-Q-Hoeffding
VHASAT SAH
(Jin et al., 2018) e
UC'B—Q—Bernsteln VIBSAT + 955 A3 never SAH
(Jin et al., 2018)
UCB2-Q-Bernstein VIPSAT + 955 A3 never SAH
(Bai et al., 2019)
UCB-Q-Advantage 3,1
VH2SAT + H8S?A2T SOAYH?, SAH
(Zhang et al., 2020c¢) SAT + HE57 AT | )
UCB-M-Q
VH2SAT + H*SA SAHS, S?AH
(Ménard et al., 2021) * [ )
CB-Q-Advant
Q-Advantage HZSAT + HSA [SAH™Y, 50) SAH

(Theorem 1)

Lower bound
VH2SAT n/a n/a
(Domingues et al., 2021) / /

Table 1.1: Comparisons between prior art and our results for non-stationary episodic MDPs when
T > H?SA. The table includes the order of the regret bound, the range of sample sizes that
achieve the optimal regret 6(\/ H2SAT), and the memory complexity, with all logarithmic factors
omitted for simplicity of presentation. The red text highlights the suboptimal part of the respective
algorithms.

which constitutes a stringent sample size barrier constraining their utility in the sample-starved and
memory-limited regime. The presence of this sample complexity barrier motivates one to pose a

natural question:

Is it possible to design an algorithm that accommodates a significantly broader sample

size range without compromising regret optimality and memory efficiency?

We break the sample barrier affirmatively, by designing a new model-free algorithm, dubbed
as CB-Q-Advantage, which has a space complexity O(SAH), and achieves near-optimal regret
6(\/m ) as soon as the sample size exceeds T' > SApoly(H). As can be seen from Table 1.1,
the proposed algorithm is far more memory-efficient than both the model-based approach in Azar
et al. (2017) and the UCB-M-Q algorithm in Ménard et al. (2021) (both of these prior algorithms
require S2AH units of space). In addition, the sample size requirement 7" > SA poly(H) of our
algorithm improves — by a factor of at least S°A3 — upon that of any prior algorithm that is

simultaneously regret-optimal and memory-efficient. In fact, this requirement is nearly sharp in



terms of the dependency on both S and A, and was previously achieved only by the UCB-M-Q
algorithm at a price of a much higher storage burden.

Let us also briefly highlight the key ideas of our algorithm. As an optimistic variant of
variance-reduced Q-learning, CB-Q-Advantage leverages the recently-introduced reference-advantage
decompositions for variance reduction (Zhang et al., 2020c). As a distinguishing feature from prior
algorithms, we employ an early-stopped reference update rule, with the assistance of two Q-learning
sequences that incorporate upper and lower confidence bounds, respectively. The design of our
early-stopped variance reduction scheme, as well as its analysis framework, might be of independent

interest to other settings that involve managing intricate exploration-exploitation trade-offs.

1.3 Offline RL

Limited capability of online data collection in other real-world applications — e.g., clinical trials and
online advertising, where real-time data acquisition is expensive, high-stakes, and/or time-consuming,
— presents a fundamental bottleneck for carrying such RL success over to broader scenarios. To
circumvent this bottleneck, one plausible strategy is to make more effective use of data collected
previously, given that such historical data might contain useful information that readily transfers to
new tasks (for instance, the state transitions in a historical task might sometimes resemble what
happen in new tasks). The potential of this data-driven approach has been explored and recognized
in a diverse array of contexts including but not limited to robotic manipulation (Ebert et al., 2018),
autonomous driving (Diehl et al., 2021), and healthcare (Tang and Wiens, 2021); see Levine et al.
(2020); Prudencio et al. (2023) for overviews of recent development. Nowadays, the subfield of RL
using historical data, without further exploration of the environment, is commonly referred to as
offline RL or batch RL (Lange et al., 2012; Levine et al., 2020). A desired offline RL algorithm

would achieve the target statistical accuracy using as few samples of the history dataset as possible.

1.3.1 Challenges of offline RL: distribution shift and limited data coverage

In contrast to online exploratory RL, offline RL has to deal with several critical issues resulting
from the absence of active exploration. Below we single out two representative issues surrounding
offline RL.

e Distribution shift. For the most part, the historical data is generated by a certain behavior
policy that departs from the optimal one. A key challenge in offline RL thus stems from the
shift of data distributions: how to leverage past data to the most effect, even though the

distribution induced by the target policy differs from what we have available?

e Limited data coverage. Ideally, if the dataset contained sufficiently many data samples for

every state-action pair, then there would be hope to simultaneously learn the performance of



every policy. Such a uniform coverage requirement, however, is oftentimes not only unrealistic
(given that we can no longer change the past data) but also unnecessary (given that we might

only be interested in identifying a single optimal policy).

Whether one can effectively cope with distribution shift and insufficient data coverage becomes a
major factor that governs the feasibility and statistical efficiency of offline RL.

In order to address the aforementioned issues, a recent strand of works put forward the
principle of pessimism or conservatism (e.g., Buckman et al. (2020); Chen et al. (2021a); Cui and
Du (2022); Jin et al. (2021); Kumar et al. (2020); Liu et al. (2020); Rashidinejad et al. (2021);
Uehara and Sun (2021); Xie et al. (2021b); Yin and Wang (2021); Zanette et al. (2021); Zhong
et al. (2022)). This is reminiscent of the optimism principle in the face of uncertainty for online
exploration (Azar et al., 2017; Bourel et al., 2020; Jaksch et al., 2010; Jin et al., 2018; Lai and
Robbins, 1985), but works for drastically different reasons (as we shall elucidate momentarily). One
plausible idea of the pessimism principle, which has been incorporated into offline RL approaches, is
to penalize value estimation of those state-action pairs that have been poorly covered. Informally
speaking, insufficient coverage of a state-action pair inevitably results in low confidence and high
uncertainty in the associated value estimation, and it is hence advisable to act cautiously by tuning
down the corresponding value estimate. Proper use of pessimism amid uncertainty brings about
several provable benefits (Rashidinejad et al., 2021; Xie et al., 2021b): (i) it allows for a reduced
sample size that adapts to the degree of distribution shift; (ii) as opposed to uniform data coverage,

it only requires coverage of the part of the state-action space reachable by the target policy.

1.3.2 Inadequacy of prior works

Despite extensive recent activities, however, existing statistical guarantees for the above paradigm
remain inadequate, as we shall elaborate on below. In addition, previous works have isolated an
important parameter C* > 1 — called the single-policy concentrability coefficient (Rashidinejad
et al., 2021; Xie et al., 2021b) — that measures the mismatch of distributions induced by the target
policy against the behavior policy; see Chapters 5.1.1 and 5.2.1 for precise definitions. Naturally,
the statistical performance of desirable algorithms would degrade gracefully as the distribution
mismatch worsens (i.e., as C* increases). In the sequel, considering finite-horizon non-stationary
(with horizon length H) and discounted infinite-horizon (with discount factor ) MDPs, we shall
discuss the two RL paradigms introduced in Chapter 1.2.1 — model-based RL and model-free RL —
in the scope of offline RL separately.

Model-based offline RL. When coupled with the pessimism principle in offline RL, the model-

based approach has been shown to enjoy the following sample complexity bounds.

e By incorporating Hoeffding-style lower confidence bounds into value iteration, Rashidinejad



et al. (2021); Xie et al. (2021b) demonstrated that a sample complexity of

19) ( HOSC* ) for finite-horizon MDPs

2

6(%) for infinite-horizon MDPs

(1.2)

suffices to yield e-accuracy. Such a sample complexity bound, however, is a large factor of H?

(resp. ﬁ) above the minimax lower limit derived for finite-horizon MDPs (resp. infinite-

horizon MDPs) (Rashidinejad et al., 2021; Xie et al., 2021b; Yin and Wang, 2021).

In an attempt to optimize the sample complexity, Xie et al. (2021b) leveraged the idea
of variance reduction — a powerful strategy originating from the stochastic optimization
literature (Johnson and Zhang, 2013) — in model-based RL and obtained a strengthened

sample complexity of

5<H4S210* N H6'5SC*) (13)

9 9

for finite-horizon MDPs. This sample complexity bound approaches the minimax lower limit
H4 520*
&

(i.e., the order of ) once the sample size exceeds the order of
(burn-in cost) HYSC*; (1.4)

in other words, an enormous burn-in sample size is needed in order to attain sample optimality.

Model-free offline RL. Before this thesis, it remains unknown whether the pessimism principle

can be incorporated into model-free algorithms — another class of popular algorithms that is flexible

and performs learning without model estimation — in a provably effective fashion for offline RL.

1.3.3 Owur contributions to model-free offline RL

Consider finite-horizon non-stationary MDPs, our work pins down the sample efficiency for pes-

simistic variants of model-free algorithms, under the mild single-policy concentrability assumption
(Rashidinejad et al., 2021; Xie et al., 2021b). Given K episodes of history data each of length H

(which amounts to a total number of 7' = K H samples), our main contributions are summarized as

follows.

e We first study a natural pessimistic variant of the Q-learning algorithm, which simply modifies
the classical Q-learning update rule by subtracting a penalty term (via certain lower confidence

bounds). We prove that pessimistic Q-learning finds an e-optimal policy as soon as the sample



size T exceeds the order of (up to log factor)

HSSC*

g2

where C* denotes the single-policy concentrability coefficient of the batch dataset. In com-
parison to the minimax lower bound Q(%) developed in Xie et al. (2021b), the sample
complexity of pessimistic Q-learning is at most a factor of H? from optimal (modulo some log

factor).

e To further improve the sample efficiency of pessimistic model-free algorithms, we introduce a
variance-reduced variant of pessimistic Q-learning. This algorithm is guaranteed to find an

g-optimal policy as long as the sample size T  is above the order of

H*SC*  H5SC*
+

e2

€

up to some log factor. In particular, this sample complexity is minimax-optimal (namely, as

H4S2C'*
15

low as up to log factor) for small enough e (namely, ¢ < (0,1/H]).

Regarding the scalability, both of the proposed algorithms achieve low computation cost (i.e., O(T))
and low memory complexities (i.e., O(min{T, SAH})). In comparison with model-based algorithms,
model-free algorithms require drastically different technical tools to handle the complicated statistical

dependency between the estimated Q-values at different time steps.

1.3.4 Our contributions to model-based offline RL

Existing offline algorithms either suffer from suboptimal sample complexities, or require sophisticated
techniques like variance reduction to approach minimax optimality (cf. Chapter 1.3.2). Even when
variance reduction is employed, prior algorithms incur an enormous burn-in cost in order to work
optimally, thus posing an impediment to achieving sample efficiency in data-starved applications.

All this motivates the studies of the following open questions:

Can we develop an offline RL algorithm that achieves near-optimal sample complexity
without burn-in cost? If so, can we accomplish this goal by means of a simple algorithm

without resorting to sophisticated schemes like variance reduction?

In this thesis, we settle the sample complexity of model-based offline RL by studying a
pessimistic variant of value iteration — called VI-LCB — applied to some empirical MDP. Encour-
agingly, for both finite-horizon and discounted infinite-horizon MDPs, the model-based algorithms
provably achieve minimax-optimal sample complexities for any given target accuracy level ¢ —
namely, any ¢ € (0, H| for finite-horizon MDPs and ¢ € (0, ﬁ] for discounted infinite-horizon
MDPs.

10



To be more precise, we introduce a slightly modified version C’;ipped of the concentrability

*

Slipped = C* and shall be termed the single-policy clipped

coefficient C*, which always satisfies
concentrability coefficient (see Chapters 5.2.1 and 5.1.1 for more details as well as the advantages
of this coefficient). The introduction of this new parameter leads to slightly improved sample

complexity compared to the one based on C*. The main contributions are summarized as follows.

e For finite-horizon MDPs with nonstationary transition kernels, we propose a variant of VI-LCB
that adopts the Bernstein-style penalty to enforce pessimism in the face of uncertainty. We

prove that for any given e € (0, H|, the proposed algorithm yields an e-optimal policy using

~ (H*SC?Y,
O( cllpped) (1.5)

£2

samples with high probability. A key ingredient in the algorithm design is a two-fold subsam-
pling trick that helps decouple the statistical dependency along the sample rollouts.

e For «y-discounted infinite-horizon MDPs, we demonstrate that with high probability, the VI-
LCB algorithm with Bernstein-style penalty finds an e-optimal policy with a sample complexity

of .

~ clipped

O((l —7)3€2> 0
for any given accuracy level € € (0, ﬁ] Our algorithm reuses all samples across all iterations

in order to achieve data efficiency, and our analysis builds upon a novel leave-one-out argument

to decouple complicated statistical dependency across iterations.

e To assess the tightness and optimality of our results, we further develop minimax lower bounds,

which match the above upper bounds modulo some logarithmic factors.

Remarkably, our algorithms do not require sophisticated variance reduction schemes, as long as
suitable confidence bounds are adopted. Detailed theoretical comparisons with prior art can be
found in Table 1.2.

1.4 Robust RL

While standard RL has been heavily investigated recently, its use can be significantly hampered in
practice due to the sim-to-real gap; for instance, a policy learned in an ideal, nominal environment
might fail catastrophically when the deployed environment is subject to small changes in task
objectives or adversarial perturbations (Klopp et al., 2017; Mahmood et al., 2018; Zhang et al.,
2020a). Consequently, in addition to maximizing the long-term cumulative reward, robustness

emerges as another critical goal for RL, especially in high-stakes applications such as robotics,

11
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complexity sample optimality .
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in an ang, 2021 € 3
(Y d Wang ) 2 model-based
PEVI-Adv Hisor  HSSSOr )
finite (Xie et al., 2021b) = = (0, 755] model-based
LCB-Q-Advantage HSC* . HSSC* )
(Theorem 3) 2 e (07 ﬁ] model-free
APVI/LCBVI HASC* 4 b
(Yin and Wang, 2021) = ta— (0, SC*d ;] model-based
VI-LCB f— .
(Theorem 4) et (< 45520 ) (0, H] model-based
lower bound HASCH,
(Theorem 5) — —
VI-LCB _scr
(Rashidinejad et al., 2021) (T-7)5e2 model-based
Q-LCB _scr
infinite (Yan et al., 2022a) (1—v)°e? model-free
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(Theorem 6) (1_7';5:2 (< (1_7)352) (Oa ﬁ] model-based
lower bound SCJ.pped
(Theorem 7) (I—7)%e — —

Table 1.2: Comparisons with prior results (up to log terms) regarding finding an e-optimal policy in
offline RL. The e-range stands for the range of accuracy level € for which the derived sample complex-

ity is optimal. Here, one always has Cchpp ed < C*; and the parameter dmm =

mlné,ayh{dh(s a) db 5 (s,a)>0}
employed in Yin and Wang (2021) could be exceedingly small, with dl}’L the occupancy distribution
of the dataset. While multiple algorithms are referred to as VI-LCB in the table, they correspond
to different variants of VI-LCB. Our results are the first to achieve sample optimality for the full
g-range.
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autonomous driving, clinical trials, financial investments, and so on. Towards achieving this,
distributionally robust RL (Iyengar, 2005; Nilim and El Ghaoui, 2005), which leverages insights
from distributionally robust optimization and supervised learning (Bertsimas et al., 2018; Blanchet
and Murthy, 2019; Duchi and Namkoong, 2021; Gao, 2022; Rahimian and Mehrotra, 2019), becomes
a natural yet versatile framework; the aim is to learn a policy that performs well even when the
deployed environment deviates from the nominal one in the face of environment uncertainty.

More concretely, imagine that one has access to samples from a MDP with a nominal transition
kernel under some sampling mechanisms. Standard RL aims to learn the optimal policy tailored to
the nominal kernel, for which the minimax sample complexity limit has been fully settled (Azar
et al., 2013; Li et al., 2023¢c). In contrast, distributionally robust RL seeks to learn a more robust
policy using the same set of samples, with the aim of optimizing the worst-case performance when
the transition kernel is arbitrarily chosen from some prescribed uncertainty set around the nominal
kernel; this setting is frequently referred to as robust MDPs (RMDPs).* The formal formulation
of RMDPs can be referred to Chapter 2.2. Clearly, the RMDP framework helps ensure that the
performance of the learned policy does not fail catastrophically as long as the sim-to-real gap is not
overly large.

Compared with standard MDPs, the class of RMDPs encapsulates richer models, given that
one is allowed to prescribe the shape and size of the uncertainty set. Oftentimes, the uncertainty
set is hand-picked as a small ball surrounding the nominal kernel, with the size and shape of the
ball specified by some distance-like metric p between probability distributions and some uncertainty
level 0. To ensure tractability of solving RMDPs, the uncertainty set is often selected to obey
certain structures. For instance, a number of prior works assumed that the uncertainty set can be
decomposed as a product of independent uncertainty subsets over each state or state-action pair
(Wiesemann et al., 2013; Zhou et al., 2021), dubbed as the s- and (s, a)-rectangularity, respectively.

This thesis adopts the second choice by assuming (s, a)-rectangularity for the uncertainty set.

1.4.1 Challenges of robust RL

We are interested in how the sample complexity — the number of samples needed for an algorithm
to output a policy whose robust value function (the worst-case value over all the transition kernels
in the uncertainty set) is at most ¢ away from the optimal robust one — scales with all these salient
problem parameters. Unique challenge with RMDPs arises from distribution shift induced by model
uncertainty, where the transition kernel drawn from the uncertainty set can be different from the
nominal kernel. This challenge leads to complicated nonlinearity and nested optimization in the
problem structure not present in standard MDPs. In sum, it is natural to wonder how the robustness

consideration impacts data efficiency: is there a statistical premium that one needs to pay in quest

3While it is straightforward to incorporate additional uncertainty of the reward in our framework, we do not
consider it here for simplicity, since the key challenge is to deal with the uncertainty of the transition kernel.
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of additional robustness, and how to design sample-efficient RL algorithms for RMDPs?

Statistical implications of distributional robustness. It is of fundamental importance to
understand about whether, and how, the choice of distributional robustness bears statistical
implications in learning a desirable policy, through the lens of sample complexity. Even with the
simplest sampling mechanism, i.e. the generative model (also called a simulator), there remained
large gaps between the sample complexity upper and lower bounds established in prior literature,
regardless of the divergence metric in use. For example, consider two choices of the distance-like
metric p for the uncertainty set — total variation (TV) distance and the x? divergence, which are
motivated by their practical appeals: easy to implement, and already adopted by empirical RL
(Lee et al., 2021). For the case w.r.t. the TV distance (see Table 1.3 for a summary), while the
state-of-the-art upper bound (Clavier et al., 2023) and lower bound (Yang et al., 2022) coincide
when the uncertainty level o < 1 — « is small, the upper bound can be a factor of ﬁ larger
than the lower bound when ¢ approaches 1. The situation is even worse when it comes to the
case w.r.t. the x? divergence (see Table 1.4 for a summary). More specifically, the state-of-the-art
upper bound (Panaganti and Kalathil, 2022) scales quadratically with the size S of the state space
and linearly with the uncertainty level & when o 2 1, while the lower bound (Yang et al., 2022)
exhibits only linear scaling with S and is, in the meantime, inversely proportional to o; these lead
to unbounded gaps between the upper and lower bounds as o grows.

Perhaps a more pressing issue is that, past works of robust RL failed to provide an affirmative
answer regarding how to benchmark the sample complexity of RMDPs with that of standard MDPs
over the full range of uncertainty levels, given the large unresolved gaps mentioned above. In fact,
prior works only achieved limited success in this regard — namely, demonstrating that the sample
complexity for RMDPs is the same as that of standard MDPs in the case of TV distance when the
uncertainty level satisfies o < 1 — . For all the remaining situations, however, existing sample
complexity upper (resp. lower) bounds are all larger (resp. smaller) than the sample size requirement
for standard MDPs. As a consequence, it remains unclear whether learning RMDPs is harder or

easier than learning standard MDPs.

Robust RL meets offline data. Providing robustness guarantees becomes even more relevant
in the offline setting, which can be formulated as robust offline RL, since the history data is often
inevitably collected from a timeframe where it is no longer reasonable to assume model stillness, due
to the highly non-stationary and time-varying dynamics of many real-world applications. Despite
significant amount of recent activities in robust RL and offline RL, addressing model uncertainty
and sample efficiency simultaneously remains challenging. Understanding the implications of —
and designing algorithms that work around — these challenges play a major role in advancing the
state-of-the-art of robust offline RL.
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Sample complexity
Result type Reference 0<o<l-n|1l-v<o<1
Yang et al. (2022) e R
. . S%A
Panaganti and Kalathil (2022) =772
Upper bound Clavier et al. (2023) % (I,SA;;‘%Q
Theorem 10 ﬁ %
Yang et al. (2022) ﬁ 81(415—27)
Lower bound
Theorem 11 ﬁ %

Table 1.3: Comparisons between our results and prior arts for finding an e-optimal robust policy
in the infinite-horizon RMDPs, with the uncertainty set measured w.r.t. the TV distance. Here,
S, A, v, and o € (0,1) are the state space size, the action space size, the discount factor, and the
uncertainty level, respectively, and all logarithmic factors are omitted in the table. Our results (Shi
et al., 2023b) provide the first matching upper and lower bounds (up to log factors), improving
upon all prior results.

1.4.2 Our contributions to model-based robust RL with a generative model

We focuses on developing strengthened sample complexity upper bounds on learning RMDPs with
the TV distance and x? divergence in the infinite-horizon setting (with discount factor ), using a
model-based approach called distributionally robust value iteration (DRVI) assuming access to a
generative model. Improved minimax lower bounds are also developed to help gauge the tightness
of our upper bounds and enable benchmarking with standard MDPs. The novel analysis framework
developed herein leads to new insights into the interplay between the geometry of uncertainty sets

and statistical hardness.

Sample complexity of RMDPs under the TV distance. We summarize our results and

compare them with past works in Table 1.3; see Figure 1.1(a) for a graphical illustration.

e Minimax-optimal sample complexity. We prove that DRVI reaches ¢ accuracy as soon

as the sample complexity is on the order of

(el is0))

for all o € (0,1), assuming that € is small enough. In addition, a matching minimax lower

bound (modulo some logarithmic factor) is established to guarantee the tightness of the upper
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Sample complexity 4 Sample complexity 4 )
Upper bound 5% Ao
S4 S2A t [Panaganti and Kalathil] (1 —7)te? A——
a )2 - r Upper bound [Clavier et al.] (1 —7)%e? (this work)
—~
' I
| Upper bound SAo _
I (this work) (1—)e?
SA Standard MDPs L“ 7
W T " upper & minimax lower bound ==~ (1 - ”Y) 3
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SAo SAc
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Upper & minimax lower bound
SA (this work) SA i, Standard MDPs .
(1 _ w)2;2 T (1 _ AV)KL-Q upper & minimax lower bound
A
SA(I _ ,y) Lower bound [Yang et al.] S > Lower bound [Yang et al.]
o > (=7 oL 1 1 >
S0 1 01— 01 o/1-7)
(a) TV distance (b) x? divergence

Figure 1.1: Illustrations of the obtained sample complexity upper and lower bounds for learning
RMDPs with comparisons to state-of-the-art and the sample complexity of standard MDPs, where
the uncertainty set is specified using the TV distance (a) and the x? divergence (b).

bound over the full range of the uncertainty level. To the best of our knowledge, this is the first
minimax-optimal sample complexity for RMDPs, which was previously unavailable regardless

of the divergence metric in use.

e RMDPs are easier to learn than standard MDPs under the TV distance. Given
the sample complexity O <%) of standard MDPs (Li et al., 2023c), it can be seen that
learning RMDPs under the TV distance is never harder than learning standard MDPs; more
concretely, the sample complexity for RMDPs matches that of standard MDPs when o < 1—+,
and becomes smaller by a factor of /(1 — ) when 1 —+ < o < 1. Therefore, in this case,
distributional robustness comes almost for free, given that we do not need to collect more

samples.

Sample complexity of RMDPs under the y? divergence. We summarize our results and

provide comparisons with prior works in Table 1.4; see Figure 1.1(b) for an illustration.

e Near-optimal sample complexity. We demonstrate that DRVI yields € accuracy as soon

as the sample complexity is on the order of

5 (SA(l + a)>

(1 —)ie?

for all o € (0, 00), which is the first sample complexity in this setting that scales linearly in the
size S of the state space; in other words, our theory breaks the quadratic scaling bottleneck
that was present in prior works (Panaganti and Kalathil, 2022; Yang et al., 2022). We have

also developed a strengthened lower bound that is optimized by leveraging the geometry
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Sample complexity
Result type Reference 0<o<l-n|1-7v<0o< ﬁ o> ﬁ
Panaganti and Kalathil (2022) Tl

Upper bound Yang et al. (2022) (\/ﬁsjfl()lz_;;i:)%g

Theorem 12 f‘l‘l(vl)tjﬁ

Yang et al. (2022) T Ttee

Lower bound

Theorem 13 % % %

Table 1.4: Comparisons between our results and prior art on finding an e-optimal robust policy in
the infinite-horizon RMDPs, with the uncertainty set measured w.r.t. the x? divergence. Here, S,
A, v, and o € (0,00) are the state space size, the action space size, the discount factor, and the
uncertainty level, respectively, and all logarithmic factors are omitted in the table. Improving upon
all prior results, our theory is tight (up to log factors) when o < 1, and otherwise loose by no more
than a polynomial factor in 1/(1 — 7).

of the uncertainty set under different ranges of o. Our theory is tight when ¢ < 1, and is
otherwise loose by at most a polynomial factor of the effective horizon 1/(1 — «) (regardless
of the uncertainty level o). This significantly improves upon prior results (as there exists an

unbounded gap between prior upper and lower bounds as ¢ — ).

e RMDPs can be harder to learn than standard MDPs under the x? divergence.
Somewhat surprisingly, our improved lower bound suggests that RMDPs in this case can
be much harder to learn than standard MDPs, at least for a certain range of uncertainty
levels. We single out two regimes of particular interest. Firstly, when o < 1, the sample size
requirement of RMDPs is on the order of % (up to log factor), which is provably larger
than the one for standard MDPs by a factor of ﬁ Secondly, the lower bound continues to
increase as o grows and exceeds the sample complexity of standard MDPs when ¢ 2 ﬁ

In sum, our sample complexity bounds not only strengthen the prior art in the development
of both upper and lower bounds, but also unveil that the additional robustness consideration might
affect the sample complexity in a somewhat surprising manner. As it turns out, RMDPs are not
necessarily harder nor easier to learn than standard MDPs; the conclusion is far more nuanced and
highly dependent on both the size and shape of the uncertainty set. This constitutes a curious

phenomenon that has not been elucidated in prior analyses.
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1.4.3 Our contributions to model-based robust offline RL

Two prevalent algorithmic ideas, distributional robustness and pessimism, are called out as our
guiding principles. While these two ideas have been proven useful for robust RL and offline RL
separately, tackling robust offline RL needs novel ingredients that go significantly beyond a naive
combination of existing techniques. This is because, in robust offline RL, one needs to handle
the distribution shift induced not only by the behavior policy, but also by model perturbations,
thus the penalty term derived from the pessimism principle in standard offline RL is no longer
applicable. In short, while the value function of standard RL depends linearly with respect to
the transition kernel, the dependency between the nominal transition kernel and the robust value
function unfortunately becomes highly nonlinear — even without a closed-form expression — making
the control of statistical uncertainty extremely challenging in robust offline RL. Altogether, this

naturally leads to a question:

Can we learn a near-optimal policy which is robust with respect to uncertainties and variabilities of

the environments using as few history samples as possible?

Our contributions. We provide an affirmative answer, by developing a provably efficient model-
based algorithm that learns a near-optimal distributionally-robust policy from a minimal number of
offline samples. Specifically, we consider an RMDP with S states, A actions in both the nonstationary
finite-horizon setting (with horizon length H) and the discounted infinite-horizon setting (with
discount factor 7), where the uncertainty set is taken as a small ball of size o around a nominal
transition kernel with respect to the Kullback-Leibler (KL) divergence. Given some history data
drawn by following some behavior policy 7® under the nominal transition kernel in the finite-horizon
(resp. infinite-horizon) setting, our goal is to learn the optimal robust policy 7* in the maximin
sense, which has the best worst-case value for all the models within the uncertainty set (Lyengar,

2005; Nilim and El Ghaoui, 2005). Our main results are summarized below.

e We introduce a notion called robust single-policy clipped concentrability coefficient C, €
[1/S, 00] to quantify the quality of history data, which measures the distribution shift between
the behavior policy 7® and the optimal robust policy 7* in the presence of model perturbations,
without requiring full coverage of the entire state-action space by the behavior policy. In
contrast, prior algorithms (Panaganti and Kalathil, 2022; Yang et al., 2022; Zhou et al., 2021)

— using simulator or offline data — all require full coverage of the entire state-action space.

e We propose a novel pessimistic variant of distributionally robust value iteration with a plug-in
estimate of the nominal transition kernel (Iyengar, 2005; Nilim and El Ghaoui, 2005), called
DRVI-LCB, by penalizing the robust value estimates with a carefully designed data-driven
penalty term. We demonstrate that DRVI-LCB finds an e-optimal robust policy as soon as the

~ * 5 ~ *
sample size is above O (lsfmabi 2) for the finite-horizon setting and O (%) for the

min min
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infinite-horizon setting, up to some logarithmic factor after a burn-in cost independent of ¢.
Here, P

"in 15 the smallest positive state transition probability of the optimal robust policy 7*

under the nominal kernel.

e To complement the upper bound, we further develop an information-theoretic lower bound,

* 3 *
where there exists some robust MDP such that at least 2 ( %) samples (resp. (%)
samples) are needed to find an e-optimal robust policy regardless of the choice of algorithms in
the finite-horizon (resp. infinite-horizon) setting. Hence, this corroborates the near-optimality
of DRVI-LCB with respect to all key parameters up to a polynomial factor of the horizon

length H (resp. the effective horizon length ﬁ)

To the best of our knowledge, this work is the first one to execute the principle of pessimism
in a data-driven manner for robust offline RL, leading to the first provably near-optimal algorithm
that learns under simultaneous model uncertainty and partial coverage of the history dataset. See

Table 1.5 and Table 1.6 for summaries.

Comparison with prior art under full coverage. In truth, prior works (Panaganti and
Kalathil, 2022; Yang et al., 2022; Zhou et al., 2021) have only addressed the infinite-horizon setting
under full coverage of the history data. Specializing our result to this setting, DRVI-LCB finds an

%) samples, which depends linearly with respect

to the size of the state space S (ignoring other parameters). In contrast, all prior works (Panaganti
and Kalathil, 2022; Yang et al., 2022; Zhou et al., 2021) incur sample complexities that scale at least

quadratically with respect to the size of the state space S. In addition, our bound improves the

e-optimal robust policy with at most O (

ezponential dependency on ﬁ of Panaganti and Kalathil (2022); Zhou et al. (2021) to a polynomial
dependency, as well as the quadratic dependency on 1/Ppni, (which satisfies Prpin < PX
et al. (2022) to a linear one on 1/P;

proposed DRVI-LCB even under full coverage. See Table 1.6 for detailed comparisons.

) of Yang

in- These improvements further corroborate the benefit of the

1.5 Related works

We now discuss the related works of all the works proposed in this thesis. We limit our discussions
primarily to RL algorithms in the tabular setting with finite state and action spaces, which are the

closest to our work.

1.5.1 Online RL

Online RL and the optimism principle. The optimism principle in the face of uncertainty
has received widespread adoption from bandits to online RL (Agarwal et al., 2019; Lai and Robbins,
1985; Lattimore and Szepesvari, 2020). In the context of online RL, Jaksch et al. (2010) constructed

19



Horizon Algorithm Coverage | Sample complexity
DRVI-LCB o g
finite-horizon (Theorem 14) partia Prinoe”
Lower bound ) S
(Theorem 15) el P;i;oab2s2
DRVI-LCB ) scr
infinite-horizon | (Theorem 16) partial Prin(1=)%0%e?
Lower bound ) SO
(Theorem 17) itz W

Table 1.5: Our results for finding an e-optimal robust policy in the finite/infinite-horizon robust
MDPs with an uncertainty set measured with respect to the KL divergence using history data under
partial coverage. The sample complexities included in the table are valid for sufficiently small e,
with all logarithmic factors omitted. Here, o is the uncertainty level, C*  is the robust single-policy

rob
clipped concentrability coefficient, P7. is the smallest positive state transition probability of the

nominal kernel visited by the optimal robust policy 7.

confidence regions for the probability transition kernel to help select optimistic policies in the
setting of weakly communicating MDPs, based on a variant (called UCRL2) of the UCRL algorithm
originally proposed in Auer and Ortner (2006); see also Bourel et al. (2020); Filippi et al. (2010);
Talebi and Maillard (2018) for other variants of UCRL. When applied to episodic finite-horizon
MDPs, the regret bound in Jaksch et al. (2010) was suboptimal by a factor of at least VH?S ; see
discussion in Azar et al. (2017); Jin et al. (2018). Fruit et al. (2020) developed an improved regret
bound for UCRL2 by using empirical Bernstein-style bounds, which however was still suboptimal
by a factor of at least v HS when specialized to episodic finite-horizon MDPs. In comparison, a
more sample-efficient paradigm is to build Bernstein-style upper confidence bounds (UCBs) for
the optimal values to help select exploration policies, which has been recently adopted in both
model-based (Azar et al., 2017) and model-free algorithms (Dong et al., 2019; Jin et al., 2018;
Liu and Su, 2020; Yang et al., 2021). Note that Bernstein-style uncertainty estimation alone is
not enough to ensure regret optimality in model-free algorithms, thereby motivating the design
of more sophisticated variance reduction strategies (Li et al., 2023b; Zhang et al., 2020c). As
alluded to previously, none of these works was able to achieve optimal sample complexity without
incurring a large burn-in sample size requirement; addressing this issue requires development of a
new statistical toolbox beyond what is currently available (see more details in our work (Li et al.,
2023b)). Finally, the optimism principle has been studied in undiscounted infinite-horizon MDPs
too (e.g., Jafarnia-Jahromi et al. (2020); Qian et al. (2019)).

Regret lower bound. Inspired by the classical lower bound argument developed for multi-armed
bandits (Auer et al., 2002), the work Jaksch et al. (2010) established a regret lower bound for MDPs
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Problem type Algorithm Coverage | Sample complexity
DRVI full §?4exp(0(15))
(Zhou et al., 2021) (1—7)%02e2
REVI/DRVI . 5 Aexp(0(+1))
infinite (Panaganti and Kalathil, 2022) (1—7)%o2e2
DRVI fuu SZA
(Yang et al., 2022) Prin(1=7)to%e?
DRVI-LCB _— SA
(Theorem 16) b Prn(—7)To%

Table 1.6: Comparisons between our results and prior arts for finding an e-optimal robust policy in
the infinite/finite-horizon robust MDPs with an uncertainty set measured with respect to the KL
divergence under full coverage of the history data. The sample complexities included in the table
are valid for sufficiently small e, with all logarithmic factors omitted. Here, o is the uncertainty

level, P, is the smallest positive state transition probability of the nominal kernel visited by the

optimal robust policy 7, and Ppn is the smallest positive state transition probability of the nominal
kernel; it holds Ppin < P*

min-

with finite diameters (so that for an arbitrary pair of states, the expected time to transition between
them is assumed to be finite as long as a suitable policy is used), which has been reproduced in the
note Osband and Van Roy (2016) with the purpose of facilitating comparison with Bartlett and
Tewari (2009). The way to construct hard MDPs in Jaksch et al. (2010) has since been adapted by
Jin et al. (2018) to exhibit a lower bound on episodic MDPs (with a sketched proof provided therein).
It was recently revisited in Domingues et al. (2021), which presented a detailed and rigorous proof

argument with a different construction.

1.5.2 Offline RL

Broadly speaking, at least two families of problems have been investigated in the literature that
tackle offline batch data: off-policy evaluation, where the goal is to estimate the value function of
a target policy that deviates from the behavior policy used in data collection; and offline policy
learning, where the goal is to identify a near-optimal policy (or at least an improved one compared
to the behavior policy). Our works (Li et al., 2022a; Shi et al., 2022) falls under the second category.
A topic of its own interest, off-policy evaluation has been extensively studied in the recent literature;
we excuse ourselves from enumerating the works in that space but only provide pointers to a few
examples including Duan and Wang (2020); Duan et al. (2021); Jiang and Huang (2020); Jiang
and Li (2016); Kallus and Uehara (2020); Li et al. (2014); Ren et al. (2021); Thomas and Brunskill
(2016); Uehara et al. (2020); Xu et al. (2021); Yang et al. (2020).
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Offline RL and the pessimism principle. One of the key challenges in offline RL lies in the
insufficient coverage of the batch dataset, due to lack of interaction with the environment (Levine
et al., 2020; Liu et al., 2020). To address this challenge, most of the recent works can be divided
into two lines: 1) regularizing the policy to avoid visiting under-covered state and action pairs
(Dadashi et al., 2021; Fujimoto et al., 2019); 2) penalizing the estimated values of the under-covered
state-action pairs (Buckman et al., 2020; Kumar et al., 2020). Our work follows the latter line (also
known as the principle of pessimism), which has garnered significant attention recently. In fact,
pessimism has been incorporated into recent development of various offline RL approaches, such as
policy-based approaches (Rezaeifar et al., 2022; Xie et al., 2021a; Zanette et al., 2021), model-based
approaches (Jin et al., 2021; Kidambi et al., 2020; Rashidinejad et al., 2021; Uehara and Sun, 2021;
Uehara et al., 2022; Xie et al., 2021b; Yan et al., 2022b; Yin et al., 2022; Yin and Wang, 2021; Yu
et al., 2021b, 2020), and model-free approaches (Kumar et al., 2020; Shi et al., 2022; Yan et al.,
2022a; Yu et al., 2021a).

In addition to the ones discussed in Chapter 1.3.2 that focus on minimax performance, The
recent works Yin et al. (2022); Yin and Wang (2021) further developed instance-dependent statistical
guarantees for the pessimistic model-based approach. The results in Yin and Wang (2021), however,
required a large burn-in sample size, thus preventing it from attaining minimax optimality for the
entire accuracy range. On the empirical side, model-based algorithms (Kidambi et al., 2020; Yu
et al., 2020) have been shown to achieve superior performance than their model-free counterpart
for offline RL. In addition, a number of recent works studied offline RL under various function
approximation assumptions, e.g., Jin et al. (2021); Nguyen-Tang et al. (2021); Uehara and Sun
(2021); Uehara et al. (2022); Yin et al. (2022); Zanette et al. (2021); Zhan et al. (2022), which are

beyond the scope of the current thesis.

1.5.3 Robust RL

Robustness in RL. While standard RL has achieved remarkable success, current RL algorithms
still have significant drawbacks in that the learned policy could be completely off if the deployed
environment is subject to perturbation, model mismatch, or other structural changes. To address
these challenges, an emerging line of works begin to address robustness of RL algorithms with
respect to the uncertainty or perturbation over different components of MDPs — state, action,
reward, and the transition kernel; see Moos et al. (2022) for a recent review. Besides the framework
of distributionally robust MDPs (RMDPs) (Iyengar, 2005) adopted by this thesis, to promote
robustness in RL, there exist various other works including but not limited to Han et al. (2022);
Qiaoben et al. (2021); Sun et al. (2021); Xiong et al. (2022); Zhang et al. (2021a, 2020a) investigating
the robustness w.r.t. state uncertainty, where the agent’s policy is chosen based on a perturbed
observation generated from the state by adding restricted noise or adversarial attack. Besides, Tan

et al. (2020); Tessler et al. (2019) considered the robustness to the uncertainty of the action, namely,
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the action is possibly distorted by an adversarial agent abruptly or smoothly.

Distributionally robust RL. Rooted in the literature of distributionally robust optimization,
which has primarily been investigated in the context of supervised learning (Bertsimas et al., 2018;
Blanchet and Murthy, 2019; Duchi and Namkoong, 2021; Gao, 2022; Rahimian and Mehrotra, 2019),
distributionally robust dynamic programming and RMDPs have attracted considerable attention
recently (Badrinath and Kalathil, 2021; Derman and Mannor, 2020; Goyal and Grand-Clement,
2022; Ho et al., 2018, 2021; Iyengar, 2005; Kaufman and Schaefer, 2013; Smirnova et al., 2019; Tamar
et al., 2014; Wolff et al., 2012; Xu and Mannor, 2012). In the context of RMDPs, both empirical
and theoretical studies have been widely conducted, although most prior theoretical analyses focus
on planning with an exact knowledge of the uncertainty set (Iyengar, 2005; Tamar et al., 2014; Xu
and Mannor, 2012), or are asymptotic in nature (Roy et al., 2017).

Resorting to the tools of high-dimensional statistics, various recent works begin to shift
attention to understand the finite-sample performance of provable robust RL algorithms, under
diverse data generating mechanisms and forms of the uncertainty set over the transition kernel,
where the most related ones to ours prescribe the uncertainty set via the KL divergence, the TV
distance and the x? divergence. The KL divergence is a popular choice widely considered, where
Blanchet et al. (2023); Panaganti and Kalathil (2022); Wang et al. (2023a); Xu et al. (2023); Yang
et al. (2022); Zhou et al. (2021) investigated the sample complexity of both model-based and
model-free algorithms under the simulator or offline settings. Finite-sample complexity bounds for
RMDPs with the TV distance and the x? divergence are developed for both the infinite-horizon
setting (see Table 1.3 and Table 1.4) and the finite-horizon setting in Dong et al. (2022); Xu et al.
(2023). In addition, many other forms of uncertainty sets have been considered. For example,
Wang and Zou (2021) considered an R-contamination uncertain set and proposed a provable robust
Q-learning algorithm for the online setting with similar guarantees as standard MDPs. Xu et al.
(2023) considered a variety of uncertainty sets including one associated with Wasserstein distance.
Badrinath and Kalathil (2021) considered a general (s, a)-rectangular form of the uncertainty set
and proposed a model-free algorithm for the online setting with linear function approximation to
cope with large state spaces. Moreover, various other related issues have been explored such as
the iteration complexity of the policy-based methods (Kumar et al., 2023; Li et al., 2022b), and
regularization-based robust RL (Yang et al., 2023).

1.5.4 Other related works

Model-based RL. This popular paradigm has been deployed and studied under various data
collection mechanisms, including but not limited to the generative model (or simulator) setting
(Agarwal et al., 2020b; Azar et al., 2013; Li et al., 2023¢; Pananjady and Wainwright, 2020) that

beats the state-of-the-art model-free algorithms by achieving optimality for the entire sample size
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range (Li et al., 2023c), the online exploratory setting Azar et al. (2017); He et al. (2021); Jin et al.
(2020), MDPs with bounded total reward (Zanette and Brunskill, 2019; Zhang et al., 2021b), and
Markov games (Zhang et al., 2020b). The leave-one-out analysis (and the construction of absorbing
MDPs) has been adopted by several recent works Agarwal et al. (2020b); Cui and Yang (2021); Li
et al. (2023c); Pananjady and Wainwright (2020).

Model-free RL. Another widely used paradigm is model-free RL, which attempts to learn the
optimal value function without explicit construction of the model. Q-learning is arguably among the
most famous model-free algorithms developed in the RL literature (Jaakkola et al., 1994; Szepesvari,
1997; Tsitsiklis, 1994; Watkins and Dayan, 1992), which applies the stochastic approximation
paradigm to find the fixed point of the Bellman operator and enjoys a low space complexity. Non-
asymptotic sample analysis and probably approximately correct (PAC) bounds for Q-learning and
its variants have seen extensive developments in the last several years, including but not limited
to the works of Azar et al. (2011); Beck and Srikant (2012); Chen et al. (2020); Even-Dar and
Mansour (2003); Li et al. (2023a); Wainwright (2019a); Woo et al. (2023); Xiong et al. (2020) for
the synchronous setting (the case with access to a generative model or a simulator), the works of
Beck and Srikant (2012); Chen et al. (2020, 2021c); Even-Dar and Mansour (2003); Li et al. (2023a,
2021); Qu and Wierman (2020); Wainwright (2019b); Woo et al. (2023); Xiong et al. (2020); Yin
et al. (2021a,b) for the asynchronous setting (where one observes a single Markovian trajectory
induced by a behavior policy), the works of Bai et al. (2019); Dong et al. (2019); Jafarnia-Jahromi
et al. (2020); Jin et al. (2018); Li et al. (2023b); Weng et al. (2020); Yang et al. (2021); Zhang et al.
(2021b, 2020c, 2021c) for the online setting via regret analysis, and the works of Shi et al. (2022);
Yan et al. (2022a) for the offline setting with the access to a history dataset.

It is worthnoting that the Q-learning in the asynchronous setting shares some similarity with
offline RL; note that prior results on vanilla asynchronous Q-learning require a strong uniform
coverage requirement (Chen et al., 2021¢; Li et al., 2023a; Qu and Wierman, 2020), which is stronger
than the single-policy concentrability considered herein. Moreover, Q-learning alone is known to be
sub-optimal in terms of the sample complexity in various settings (Bai et al., 2019; Jin et al., 2018;
Li et al., 2023a; Shi et al., 2022; Wainwright, 2019a).

Variance reduction in RL. The seminal idea of variance reduction was originally proposed to
accelerate finite-sum stochastic optimization, e.g., Gower et al. (2020); Johnson and Zhang (2013);
Nguyen et al. (2017). Thereafter, the variance reduction strategy has been imported to RL, which
assists in improving the sample efficiency of RL algorithms in multiple contexts, including but not
limited to policy evaluation (Du et al., 2017; Khamaru et al., 2021; Wai et al., 2019; Xu et al., 2019),
RL with a generative model (Sidford et al., 2018a,b; Wainwright, 2019b), asynchronous Q-learning
(Li et al., 2021), and offline RL (Shi et al., 2022; Yin et al., 2021b). Note, however, variance-reduced

model-free RL typically requires a large burn-in cost in order to operate in a sample-optimal fashion,
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and is hence outperformed by the model-based approach under multiple sampling mechanisms.

1.6 Thesis organization and notation

Organization. The rest of this document is organized as follows.

e Chapter 2 describes the models and backgrounds of RL considered in this thesis, in particular
standard MDPs and robust MDPs.

e Chapter 3 describes the proposed algorithm for online RL, together with its theoretical

guarantees.

e Chapter 4 and Chapter 5 describe the proposed model-free and model-based algorithms of

offline RL, respectively, together with their theoretical guarantees.

e Chapter 6 and Chapter 7 describe the proposed algorithms for robust RL with a generative

model and offline data, respectively, together with their theoretical guarantees.
e Chapter 8 concludes the thesis and discusses future directions.

e The proof details are deferred to the Appendix.

Notation. Let us introduce a set of notation that will be used throughout the thesis.

e Basic notation. We denote by A(S) the probability simplex over a set S, and introduce the
notation [N] := {1,---, N} for any integer N > 0. We adopt the convention that 0/0 = 0. We
use 1(-) to represent the indicator function. Additionally, we denote by e; the i-th standard
basis vector, with the only non-zero element being in the i-th entry and equal to 1. The KL
divergence for any two distributions P and @ is denoted as KL(P || Q).

e Notation for vectors. For any vector x € R54 (resp. € R®) that constitutes certain
values for each of the state-action pairs (resp. state), we shall often use z(s,a) (resp. x(s)) to
denote the entry associated with the (s,a) pair (resp. state s), as long as it is clear from the
context. Similarly, we shall denote by z = {xh}he[ ) the set composed of certain vectors for
each of the time step h € [H]. In addition, we often overload scalar functions and expressions
to take vector-valued arguments, with the interpretation that they are applied in an entrywise
manner. For example, for a vector = [;]1<j<pn, We have 22 = [3322]19'91- For any two vectors

x = [zi]1<i<n and y = [yi]1<i<n, the notation x <y (resp. x > y) means z; < y; (resp. x; > v;)

forall 1 <i<n.

e Big O notation. Let X = (S, A, ﬁ, o, %, %) Here and throughout, we use the standard

notation f(n) = O(g(n)) to indicate that f(n)/g(n) is bounded above by a constant as
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n grows. The notation f(n) = o(g(n)) means that lim, _,~ f(n)/g(n) = 0. The notation
f(X)=0(g(X)) or f(X) < g(X) indicates that there exists a universal constant C'1 > 0 such
that f < Cig, the notation f(X) 2 g(X) indicates that g(X) = O(f(X)), and the notation
f(X) < g(&X) indicates that f(X) < g(X) and f(X) 2 ¢g(X) hold simultaneously. Additionally,
the notation O(-) is defined in the same way as O(-) except that it hides logarithmic factors.

Additional notation. Following the convention in RL (Agarwal et al., 2019), the norm || - ||
of a matrix P = [F;;] is defined to be |[P||1 := max; > _; |P;;|. For any vector V = [Vi]1<i<n,
we define its £o, norm as ||V||oo = maxj<;<p |V;i|. For any probability vector ¢ € R (which

is a row vector) and any vector V € R, define
Vary(V) == q(VoV) —(¢V)* €R (1.7)

with ¢V = )", ¢;Vi, which corresponds to the variance of V' w.r.t. the distribution g.
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Chapter 2
Models and Backgrounds

2.1 Preliminaries of standard RL

In this subchapter, we introduce two widely-used models for standard RL, i.e., finite-horizon MDPs

and discounted infinite-horizon MDPs, respectively.

2.1.1 Basics of episodic finite-horizon MDPs

Let M = (S, A, H,{P,}L {rn}L)) represent a finite-horizon MDP, where S = {1,---S} is
the state space of size S, A := {1,---, A} is the action space of size A, H denotes the horizon
length, and P, : S x A — A(S) (resp. r;, : S x A — [0, 1]) represents the probability transition
kernel (resp. reward function) at the h-th time step, 1 < h < H, respectively. More specifically,
Pp(-|s,a) € A(S) stands for the transition probability vector from state s at time step h when action
a is taken, while ry (s, a) indicates the immediate reward received at time step h for a state-action
pair (s,a) (which is assumed to be deterministic and fall within the range [0,1]). The MDP is
said to be non-stationary when the P,’s are not identical across 1 < h < H. A policy of an agent
is represented by m = {Wh}thl with 7, : § = A the action selection rule at time step h, so that
7r(s) specifies which action to execute in state s at time step h. Throughout this sub-chapter, we

concentrate on deterministic policies.

Value functions, Q-functions, and Bellman equations. The value function V"(s) of a
(deterministic) policy 7 at step h is defined as the expected cumulative rewards received between
time steps h and H when executing this policy from an initial state s at time step h, namely,

Vi (s) = (2.1)

Zrt(st, Ti(s¢)) ‘ Sp =5

H
E )
st~ Pe(cfse,me(se)), t2h | =5

where the expectation is taken over the randomness of the MDP trajectory {s; | h < t < H}.
The action-value function (a.k.a. the Q-function) Q7 (s,a) of a policy 7 at step h can be defined

analogously except that the action at step h is fixed to be a, that is,

H
Qr(s,a) =rp(s,a) + E [ Z Tt(St, Wt(st)) ) Sp = S8,ap = a] ) (2.2)

Sh+1NPh("S7a)7 t=h+1
ser1~Pi(-|se,me(st)), t>h +
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In addition, we define V7 ,(s) = QF,(s,a) = 0 for any policy 7 and any state-action pair
(s,a) € S x A. By virtue of basic properties in dynamic programming (Bertsekas, 2017), the value

function and the Q-function satisfy the following Bellman equation:

Q7 (s,a) =rp(s,a) + E Vi (sh)]. (2.3)
s'~Py(:|s,a)

Additionally, when the initial state is drawn from a given distribution p, the expected value of a

given policy m and that of the optimal policy at the initial step are defined respectively by
W)= B D)) amd V)= B[] (2.4

1~ 1~
A policy ™ = {m;}L | is said to be an optimal policy if it maximizes the value function
simultaneously for all states among all policies. The resulting optimal value function V* = {V* }th1
and optimal Q-functions Q* = {Q7}_, satisfy

Vi(s) = Vi (s) =maxVj7(s)  and  Qj(s,a) = QF (s,a) = max Qf(s, a) (2.5)

for any (s,a,h) € S x A x [H]; here and throughout, we denote [H] = {1,--- ,H}. It is well
known that the optimal policy always exists (Puterman, 2014), and satisfies the Bellman optimality
equation:

V(s,a,h) € S x Ax [H]: Qr(s,a) =rp(s,a)+ E (Vi ()] (2.6)

SINPh("Sva)

Before proceeding, we shall also let
Phsa = Pu(-|s,a) € RM*S (2.7)
abbreviate the transition probability vector given the (s,a) pair at time step h.

2.1.2 Basics of discounted infinite-horizon MDPs

Consider a discounted infinite-horizon MDP (Bertsekas, 2017) represented by a tuple M =
{8, A, P,v,r}. The key components of M are: (i) S = {1,2,---,S}: a finite state space of
size S; (ii)) A ={1,2,---, A}: an action space of size A; (iii) P : S x A — A(S): the transition
probability kernel of the MDP (i.e., P(-|s,a) denotes the transition probability from state s when
action a is executed); (iv) v € [0, 1): the discount factor, so that ﬁ represents the effective horizon;
(v) r: 8 x A—[0,1]: the deterministic reward function (namely, r(s,a) indicates the immediate
reward received when the current state-action pair is (s, a)). Without loss of generality, the immedi-

ate rewards are normalized so that they are contained within the interval [0,1]. Throughout, we
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introduce the convenient notation

P,. = P(-|s,a) € R, (2.8)
Policy, value function and Q-function. A stationary policy 7 : § — A(A) is a possibly
randomized action selection rule; that is, 7(a | s) represents the probability of choosing a in state
s. When 7 is a deterministic policy, we abuse the notation by letting m(s) represent the action
chosen by the policy 7 in state s. A sample trajectory induced by the MDP under policy 7 can be
written as {(s¢, at) }+>0, with s; (resp. a;) denoting the state (resp. action) of the trajectory at time
t. To proceed, we shall also introduce the value function V7™ and Q-value function Q™ associated
with policy 7. Specifically, the value function V™ : & — R of policy 7 is defined as the expected

discounted cumulative reward as follows:

VseS: VT(s) =E

Zytr(st,at) | so = 8;7‘(‘] , (2.9)

t=0

where the expectation is taken over the sample trajectory {(s¢,at)}+>0 generated in a way that
ar ~ (- |s¢) and spy1 ~ P(-| s, a¢) for all ¢ > 0. Given that all immediate rewards lie within [0, 1],
it is easily verified that 0 < V7™ (s) < ﬁ for any policy 7. The Q-function (or action-state function)

of policy 7 can be defined analogously as follows:

V(s,a) e S x A: Q" (s,a) =E

o0
nytr(st, at) | so = s,a0 = a;ﬂ] , (2.10)
=0

which differs from (2.9) in that it is also conditioned on ag = a.
Let p € A(S) be a given state distribution. If the initial state is randomly drawn from p, then

we can define the following weighted value function of policy :

VT(p) = E [V7(s)]. (2.11)

s~p

2.2 Preliminaries of robust RL

Abusing the notation in standard RL, we introduce two models of robust RL. — finite-horizon robust
MDPs and discounted infinite-horizon robust MDPs (RMDPs), respectively.

2.2.1 Basics of episodic finite-horizon RMDPs

Recall that m = {m,}/_| is the policy or action selection rule of an agent, where 7, : S — A(A)

specifies the action selection probability over the action space. Slightly abusing the notation, the
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value function V™ = {v/ ’P}thl of policy 7 with a transition kernel P is defined by

V(h,s) € [H] x S: V;’P(s) =E,p

H
Zrt (st, at) ‘ sy, = s] , (2.12)
t=h

where the expectation is taken over the randomness of the trajectory {sy, ah,rh}thl generated
by executing policy 7, namely, a; ~ m(s), and s;41 ~ Pi(-| s, a;). Similarly, the Q-function
Q™F = {QZ’P}thl of policy 7 is defined as

H

Z (¢, ap) ‘ Sp, = S,ap = a] , (2.13)

t=h+1

V(h,s,a) € [H xS x A: QZ’P(s,a) =1rp(s,a) +Er p

where the expectation is again taken over the randomness of the trajectory.
Moreover, when the initial state s; is drawn from a given distribution ¢, let dZ’P(s | ¢) and
dZ’P(s, a | ) denote respectively the state occupancy distribution and the state-action occupancy

distribution induced by 7 at time step h € [H], i.e.,

V(h,s) € [H]xS:  dpF(s) =P(sp = s|s1 ~ ¢, P), (2.14a)
V(h,s,a) € [H xS x A: dZ’P(s,a) =P(sp =s|s1 ~ ¢, 7, P)mp(als), (2.14b)

which are conditioned on s; ~ ¢ and the event that all actions and states are drawn according
to policy 7 and transition kernel P. In particular, we often drop the dependency with respect to
¢ whenever it is clear from the context, by simply writing di""(s) := d""'(s| ) and d" (s, a) ==
di"(s,a ).

Finite-horizon distributionally robust MDPs. Consider a finite-horizon distributionally
robust MDP (RMDPs), denoted by Moy = (S, A, H, Z/{g(PO), {rn}L,). Different from standard
MDPs, we now consider an ensemble of probability transition kernels or models within an uncertainty
set centered around a nominal one P = {P)}T  where the distance between the transition kernels
is specified using some distance metric p of radius o > 0. Specifically, the uncertainty set around
PY with the divergence metric p : A(S) x A(S) — RT is specified as

u;;(PO) =® u;;(P,gs,a) with ug(P,(;’S’a) = {Phsa € AS) 1 p(Prsas Prsa) <o}, (2.15)

where ® denote the Cartesian product. In words, the divergence between the true transition
probability vector and the nominal one at each state-action pair is at most o; moreover, the RMDP
reduces to the standard MDP when o = 0.

Instead of evaluating a policy in a fixed MDP, the performance of a policy in the RMDP is

evaluated based on its worst-case — i.e., smallest — value function over all the instances in the
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uncertainty set. That is, we define the robust value function V™ = {V;"HL and the robust
Q-function Q™ = {Q} 7}, respectively as

0 . . 7, P T, . . 7, P
V(h,s,a) e [H xSx A: V,"7(s) = PeLI{?EPO)Vh (s), Q,° (s,a) = PeLlf?fPO)Qh (s,a),

where the infimum is taken over the uncertainty set of transition kernels.

Optimal robust policy and the robust Bellman operator. For finite-horizon RMDPs, it
has been established that there exists at least one deterministic policy that maximizes the robust
value function and Q-function simultaneously (Iyengar, 2005; Nilim and El Ghaoui, 2005). In view
of this, we shall denote a deterministic policy 7* = {ﬂZ}thl as an optimal robust policy throughout
this chapter. The resulting optimal robust value function V*° = {V;’U}thl and optimal robust
Q-function Q*° = {Qy° HL | are denoted by

V(h,s) € [H] xS : V(s) =V 7(s) = max V;7 (s), (2.16a)
V(h,s,a) e [H] x Sx A: Q;(s,a) = QZ*’J(s,a) = mTzrxeZ’U(s,a). (2.16b)

Similar to (4.1), we adopt the following short-hand notation for the occupancy distributions

associated with the optimal policy:

V(h,s) € [H]x S:  d7F(s)=d} T(s), (2.17a)
V(h,s,a) € [HIx Sx A:  dF(s,a) =d} "(s,a) = &7 (s) 1{a = 7} (s)}. (2.17b)

It turns out the Bellman’s principle of optimality can be extended naturally to its robust
counterpart (Iyengar, 2005; Nilim and El Ghaoui, 2005), which plays a fundamental role in solving
the RMDP. To begin with, for any policy 7, the robust value function and robust Q-function satisfy

the following robust Bellman consistency equation:

V(h,s,a) € [H xS x A: Q7 (s,a) =rp(s,a) + Peugr(llgo )PV};’_‘;. (2.18)

h,s,a

Additionally, the optimal robust Q-function obeys the robust Bellman optimality equation:

V(h,s,a) € [H] xS x A: Qy°(s,a) =rp(s,a) +  inf PV, (2.19)
PeUs (P, )

h,s,a

which can be solved efficiently via a robust variant of value iteration when the RMDP is known
(Iyengar, 2005; Nilim and El Ghaoui, 2005).
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2.2.2 Basics of discounted infinite-horizon RMDPs

We now turn to the definition of discounted infinite-horizon RMDPs. To characterize the cumulative
reward, with a slight abuse of the notation, the value function V™% for any policy = under the

transition kernel P is defined by

Vse S V™P(s) :=E.p [Z v'r(se, ar) ‘50 = s] , (2.20)
t=0

where the expectation is taken over the randomness of the trajectory {s: a:};°, generated by
executing policy 7 under the transition kernel P, namely, a; ~ 7(-|s;) and s;41 ~ P(-| s¢,a) for all
t > 0. Similarly, the Q-function Q™% associated with any policy = under the transition kernel P is
defined as

o0
V(s,a) e S x A: Q™ (s,a) =E, p !Z v (se, ar) ‘ S0 = 8,40 = a] , (2.21)
t=0
where the expectation is again taken over the randomness of the trajectory under policy .
Letting ¢ be some initial state distribution, we denote d™F (s |¢) and d™F (s, a | ¢) respectively

as the state occupancy distribution and the state-action occupancy distribution induced by policy

7, namely
VseS: d™F(s) = (1—7) Z’ytIP)(st =s|sg~ p,m P), (2.22a)
t=0
V(s,a) e Sx A: d™F(s,a) = (1—-7) Z’ytIP’(st =s|so~p,m P)m(als). (2.22b)
t=0

Here, the occupancy distributions are conditioned on sg ~ ¢ and the sequence of actions and states

are generated based on policy 7 and transition kernel P.

Discounted infinite-horizon distributionally robust MDPs. We now introduce the distri-
butionally robust MDP (RMDP) tailored to the discounted infinite-horizon setting, denoted by
Miop = {S,A,%Ug(PO),r}, where S, A, v, r are identical to those in the standard MDP. A key
distinction from the standard MDP is that: rather than assuming a fixed transition kernel P,
it allows the transition kernel to be chosen arbitrarily from a prescribed uncertainty set Ug(PO)
centered around a nominal kernel P° : S x A — A(S), where the uncertainty set is specified using
some distance metric p of radius ¢ > 0. In particular, given the nominal transition kernel P° and

some uncertainty level o, the uncertainty set — with the divergence metric p : A(S) x A(S) — R™
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— is specified as
UJ(P°) =ouj(pP,)  with UJ(PY,) = {Psa € A(S): p(Psa, PL,) <0}, (2.23)

where we recall that a vector of the transition kernel P or PY at state-action pair (s, a) is denoted
respectively as

Ps o = P('|S7CL) ERIXS? Pso,a = PO('|5,Q) ERIXS' (224)

)

In other words, the uncertainty is imposed in a decoupled manner for each state-action pair, obeying
the so-called (s, a)-rectangularity (Wiesemann et al., 2013; Zhou et al., 2021).

In RMDPs, we are interested in the worst-case performance of a policy 7 over all the possible
transition kernels in the uncertainty set. This is measured by the robust value function V™ and

the robust Q-function Q™ in M,qp, defined respectively as

) TO(e) e 7, P 0 — P
V(s,a) eSx A: V™9(s) = Pez}{?{PO)V (s), Q™ (s,a) = Pe&?EPO)Q (s,a). (2.25)
Optimal robust policy and the robust Bellman operator. As a generalization of properties
of standard MDPs, it is well-known that there exists at least one deterministic policy that maximizes
the robust value function (resp. robust Q-function) simultaneously for all states (resp. state-action
pairs) (Iyengar, 2005; Nilim and El Ghaoui, 2005). Therefore, we denote the optimal robust value
function (resp. optimal robust Q-function) as V*? (resp. @*7), and the optimal robust policy as 7*,

which satisfy

VseS: V*(s):=V"7(s) = max V" (s), (2.26a)

V(s,a) €S x A: Q(s,a) =Q" “(s,a) = max Q™ (s,a). (2.26b)

A key machinery in RMDPs is a generalization of Bellman’s optimality principle, encapsulated in

the following robust Bellman consistency equation (resp. robust Bellman optimality equation):

V(s,a) €S x A: Q™ (s,a) = r(s, inf PV, 9.27
(s,a) X Q™% (s,a) =r(s,a) +fy7>eul;,9(Pga) ( a)
V(s,a) eSx A: Q"(s,a) =r(s,a)+ vpeui;l(nga)PV*’”. (2.27D)

Applying (2.22) with 7 = 7*, we adopt the the following short-hand notation for the occupancy

distributions associated with the optimal policy:

VseS: d~F(s) = d™F(s), (2.28a)
V(s,a) e S x A: d*F(s,a) = d"F(s,a) = d°F(s) 1{a = 7*(s)}. (2.28b)
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The robust Bellman operator (Iyengar, 2005; Nilim and El Ghaoui, 2005) is denoted by
To(-) : RS4 — RS54 and defined as follows:

V(s,a) e Sx A: T7(Q)(s,a) =r(s,a)+ vpeuign(f}ga)PV, with  V(s) = max Q(s,a). (2.29)
Given that Q™7 is the unique fixed point of 77, one can recover the optimal robust value function
and Q-function using a procedure termed distributionally robust value iteration (DRVI). Generalizing
the standard value iteration, DRVI starts from some given initialization and recursively applies the
robust Bellman operator until convergence. As has been shown previously, this procedure converges
rapidly due to the «-contraction property of 77 w.r.t. the o norm (Iyengar, 2005; Nilim and
El Ghaoui, 2005).
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Chapter 3

Model-Free Online RL

3.1 Problem formulation

In this chapter, we investigate the online episodic finite-horizon RL setting, where the agent is
allowed to execute the MDP sequentially in a total number of K episodes each of length H. This
amounts to collecting

T = KH samples

in total. More specifically, in each episode k = 1,..., K, the agent is assigned an arbitrary initial
state s’f (possibly by an adversary), and selects a policy 7¢ = {Wﬁ}le learned based on the
information collected up to the (k — 1)-th episode. The k-th episode is then executed following the
policy 7% and the dynamic of the MDP M, leading to a length-H sample trajectory.

Goal: regret minimization. In order to evaluate the quality of the learned policies {7rk M<k<k,

a frequently used performance metric is the cumulative regret defined as follows:
K k
Regret(T) := Z (Vl*(s’f) Az (s]f)) (3.1)
k=1

In words, the regret reflects the sub-optimality gaps between the values of the optimal policy and
those of the learned policies aggregated over K episodes. A natural objective is thus to design
a sample-optimal algorithm, namely, an algorithm whose resulting regret scales optimally in the
sample size T'. Accomplishing this goal requires carefully managing the trade-off between exploration

and exploitation, which is particularly challenging in the sample-limited regime.

3.2 Algorithm and theory

In this chapter, we present the proposed algorithm called CB-Q-Advantage, as well as the accompa-

nying theory confirming its sample and memory efficiency.

3.2.1 Review: Q-learning with UCB exploration and reference advantage

This subchapter briefly reviews the Q-learning algorithm with UCB exploration proposed in Jin

et al. (2018), as well as a variant that further exploits the idea of variance reduction (Zhang et al.,
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2020c). These two model-free algorithms inspire the algorithm design in the current chapter.

Q-learning with UCB exploration (UCB-Q or UCB-Q-Hoeffding). Recall that the classical
Q-learning algorithm has been proposed as a stochastic approximation scheme (Robbins and Monro,

1951) to solve the Bellman optimality equation (2.6), which consists of the following update rule
(Watkins and Dayan, 1992; Watkins, 1989):

Qu(s,0) < (1=m@n(s,a) +n{m(s, )+ PosaVier |} (3.2)
N —

stochastic estimate of Py, 5 o Vhi1

Here, Qp, (resp. V},) indicates the running estimate of Qj (resp. V}¥), n is the (possibly iteration-
varying) learning rate or stepsize, and ﬁh,thH is a stochastic estimate of Py, s ,Vj11 (cf. (2.7)).
For instance, if one has available a sample (s, a, s') transitioning from state s at step h to s” at step
h + 1 under action a, then a stochastic estimate of Py, 5 4Vi+1 can be taken as Vj41(s’), which is

unbiased in the sense that
E[Vh+1(5/)] = PrsaVhi1

To further encourage exploration, the algorithm proposed in Jin et al. (2018) — which shall be
abbreviated as UCB-Q or UCB-Q-Hoeffding hereafter — augments the Q-learning update rule (3.2)

in each episode via an additional exploration bonus:

Q,LZJCB(S, a) + (1-— n)Q',;JCB(s, a) + n{rh(s, a) + ﬁh,s,thH + bh}. (3.3)

The bonus term by, > 0 is chosen to be a certain upper confidence bound for (ﬁh,s,a — Prsa)Vht1, an
exploration-efficient scheme that originated from the bandit literature (Lai and Robbins, 1985; Latti-
more and Szepesvari, 2020). The algorithm then proceeds to the next episode by executing/sampling
the MDP using a greedy policy w.r.t. the updated Q-estimate. These steps are repeated until the

algorithm is terminated.

Q-learning with UCB exploration and reference advantage (UCB-Q-Advantage). The
regret bounds derived for UCB-Q (Jin et al., 2018), however, fall short of being optimal, as they are
at least a factor of v H away from the fundamental lower bound. In order to further shave this VH
factor, one strategy is to leverage the idea of variance reduction to accelerate convergence (Johnson
and Zhang, 2013; Li et al., 2021; Sidford et al., 2018b; Wainwright, 2019b). An instantiation of this
idea for the regret setting is a variant of UCB-Q based on reference-advantage decomposition, which
was put forward in Zhang et al. (2020c) and shall be abbreviated as UCB-Q-Advantage throughout
this chapter.

To describe the key ideas of UCB-Q-Advantage, imagine that we are able to maintain a

collection of reference values VR = {VR}L  which form reasonable estimates of V* = {V;*}Z |
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and become increasingly more accurate as the algorithm progresses.

At each time step h, the algorithm adopts the following update rule

QR(s,0) & (1= mQR(s,0) + {5, a) + Prsa(Virs = V&) + [PV ](s,0) + 0 (3.4)

stochastic estimate of P, 5 o (Vh+1—VhR+1)

Two ingredients of this update rule are worth noting.

e Akin to the UCB-Q case, we can take ﬁh,s,a (Vh+1 — VhR+1) to be the stochastic estimate
Vir1(s") = ViR, (8') if we observe a sample transition (s, a,s’) at time step h. If Vj1q is fairly
close to the reference VhFj_l, then this stochastic term can be less volatile than the stochastic
term ﬁh,s,aVIH-l in (3.3).

—

e Additionally, the term P;,JVhF:_1 indicates an estimate of the one-step look-ahead value Pthﬁl,

which shall be computed using a batch of samples.

The variability of PthR+1 can be well-controlled through the use of batch data, at the price of

an increased sample size.

Accordingly, the exploration bonus term bfb is taken to be an upper confidence bound for the
above-mentioned two terms combined. Given that the uncertainty of (3.4) largely stems from these
two terms (which can both be much smaller than the variability in (3.3)), the incorporation of the

reference term helps accelerate convergence.

3.2.2 The proposed algorithm: CB-Q-Advantage

As alluded to previously, however, the sample size required for UCB-Q-Advantage to achieve optimal
regret needs to exceed a large polynomial S®A% in the size of the state/action space. To overcome

this sample complexity barrier, we come up with an improved variant called CB-Q-Advantage.

Motivation: early settlement of a reference value. An important insight obtained from
previous algorithm designs is that: in order to achieve low regret, it is desirable to maintain an
estimate of Q-function that (i) provides an optimistic view (namely, an over-estimate) of the truth Q*,
and (ii) mitigates the bias Q@ — Q* as much as possible. With two additional optimistic Q-estimates

in hand — }lfCB

based on UCB-Q, and Q,'j based on the reference-advantage decomposition — it
is natural to combine them as follows to further reduce the bias without violating the optimism
principle:

Qn(sn,ap) < min {QE(Sh,ah), QKB (sn, an), Qh(siuah)}' (3.5)

This is precisely what is conducted in UCB-Q-Advantage. However, while the estimate Q;’f obtained

with the aid of reference-advantage decomposition provides great promise, fully realizing its potential
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in the sample-limited regime relies on the ability to quickly settle on a desirable “reference” during
the initial stage of the algorithm. This leads us to a dilemma that requires careful thinking. On the
one hand, the reference value VR needs to be updated in a timely manner in order to better control
the stochastic estimate of P, 5, (Vh+1 — VhRH). On the other hand, updating VR too frequently
incurs an overly large sample size burden, as new samples need to be accumulated whenever VR is
updated.

Built upon the above insights, it is advisable to prevent frequent updating of the reference
value VR, In fact, it would be desirable to stop updating the reference value once a point of sufficient
quality — denoted by VRfinal — has been obtained. Locking on a reasonable reference value early
on means that (a) fewer samples will be wasted on estimating a drifting target thhil’ and (b) all

ensuing samples can then be dedicated to estimating the key quantity of interest PthTIinal.

Remark 1. In Zhang et al. (2020c), the algorithm UCB-Q-Advantage requires collecting 5(SAH 6)
samples for each state before settling on the reference value, which inevitably contributes to the

large burn-in cost.

The proposed CB-Q-Advantage algorithm. We now propose a new model-free algorithm that

allows for early settlement of the reference value. A few key ingredients are as follows.

o An auziliary sequence based on LCB. In addition to the two optimistic Q-estimates Q}R: and
Q,LLJCB described previously, we intend to maintain another pessimistic estimate Q,';CB < Qy
using the subroutine update-1lcb-q, based on lower confidence bounds (LCBs). We will also

maintain the corresponding value function VhLCB, which lower bounds V}*.

o Termination rules for reference updates. With Vh'-CB < V;¥ in place, the updates of the

references (lines 15-18 of Algorithm 1) are designed to terminate when
Vi(sp) < VECB(sp) +1 < Vir(sp) + 1. (3.6)

Note that VhR keeps tracking the value of V}, before it stops being updated. In effect, when
the additional condition in lines 15 is violated and thus (3.6) is satisfied, we claim that it is
unnecessary to update the reference VhR afterwards, since it is of sufficient quality (being close
enough to the optimal value V;*) and further drifting the reference does not appear beneficial.
As we will make it rigorous shortly, this reference update rule is sufficient to ensure that
Vi, — VhR| < 2 throughout the execution of the algorithm, which in turn suggests that the
standard deviation of 13h757a(Vh+1 - VhRH) might be O(H) times smaller than that of 13;1757th+1
(i.e., the stochastic term used in (3.2) of UCB-Q). This is a key observation that helps shave
the addition factor H in the regret bound of UCB-Q.

o Update rules for QVB and QR. The two optimistic Q-estimates QU B and QR are updated
h h h h

using the subroutine update-ucb-q (following the standard Q-learning with Hoeffding bonus
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Algorithm 1: CB-Q-Advantage

1 Parameters: some universal constant ¢y, > 0 and probability of failure § € (0, 1);
2 Initialize Qh(s,a),Q}LfCB(s,a),Q,Ff(s,a) «— H; Vi (s), VhR(s) +— H; Q}LLCB(s,a) + 0;
VIECB(s) + 0; Ny(s,a) < 0;
et (s,a), 0% (s, a), 2 (s, a), 3% (s, a), 6% (s, a), BR(s,a) < 0; and uyet(s) = True for all
(s,a,h) € S x A x [H].
for Episode k =1 to K do

3
4 Set initial state s1 < sF.
5 for Step h=1 to H do
6 Take action ay, = 7} (sy) = arg max, Qn(sn, a), and draw sp1 ~ Pp(- | sp, an).
// sampling
7 Ni(sp,an) < Np(sn,an) + 1; n < Np(sp,ap). // update the counter
8 Ny II}I}@ // update the learning rate
9 QgCB(sh,ah) < update-ucb-q(). // run UCB-Q; see Algorithm 6
10 Q,';CB(sh,ah) < update-1lcb-q(). // run LCB-Q; see Algorithm 6
11 QR (sp,ap) + update-ucb-q-advantage(). // estimate QR; see Algorithm 6
/* update Q-estimates using all estimates in hand, and update value
estimates */
12 Qn(sh,an) < min {QR (sn, an), QR (sn,an), Qn(sn,an)}-
13 Vi(sp) < maxg Qp(sp, a).
14 ViECB(s1,) + max {max, Q5B (sp, a), Vi-B(sp) }.
/* update reference values */
15 if Vi(sn) — VhLCB(Sh) > 1 then
16 L VhR(Sh) — Vh(sh).
17 else if u,f(sp) = True then
18 L VhR(Sh) < Vh(Sh), uref(sh) = False.

Jin et al., 2018)) and update-ucb-q-advantage, respectively. Note that QF continues to be
( p q g y p
updated even after VhR is no longer updated.

Q-learning with reference-advantage decomposition. The rest of this subchapter is devoted
to explaining the subroutine update-ucb-q-advantage, which produces a Q-estimate QR based
on the reference-advantage decomposition similar to Zhang et al. (2020c). To facilitate the imple-
mentation, let us introduce the parameters associated with a reference value VR, which include six

different components, i.e.,

(15 (s, @), 75 (s, 0), 152 (5, @), 032 (5, 0), 8 (5, 0), BE (5, ) 3.7

for all (s,a, h) € S x Ax [H]. Here 1 (s, a) and o1 (s, a) estimate the running mean and 2nd

moment of the reference [PthR:rl] (s,a); 13%(s,a) and 03%(s,a) estimate the running (weighted)
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mean and 2nd moment of the advantage [Py (Vi1 — VhFirl)] (s,a); BR(s,a) aggregates the empirical
standard deviations of the reference and the advantage combined; and last but not least, 55(3, a) is
the temporal difference between B,'f(s, a) and its previous value.

As alluded to previously, the Q-function estimation follows the strategy (3.4) at a high level.

Upon observing a sample transition (sp,ap, sp+1), we compute the following estimates to update

QR(sn,an).

e The term ﬁh@a (Vh+1 — VhRH) is set to be Vii11(spy1) — Vhil(ShJ'_l), which is an unbiased
stochastic estimate of Py, s, (Vh+1 — VhR+1)'

e The term [P,V,R,](s,a) is estimated via u;ff’R (cf. line 9). Given that this is estimated using
all previous samples, we expect the variability of this term to be well-controlled as the sample

size increases (especially after VR is locked).

e The exploration bonus bR(s,a) is updated using BR(sy,as) and 68 (sp, ap) (cf. lines 5-6 of
Algorithm 6), which is a confidence bound accounting for both the reference and the advantage.
Let us also explain line 6 of Algorithm 6 a bit. If we augment the notation by letting bS’nH(s, a)
and BE’"H(S, a) denote respectively b(s,a) and Bf(s,a) after (s,a) is visited for the n-th

time, then this line is designed to ensure that

bR (5,0) + (1 = 0,) BR(s,0) = B (s, q).

With the above updates implemented properly, Q,Ff provides the advantage-based update of the
Q-function at time step h, according to the update rule (3.4).
3.2.3 Theoretical guarantees

Encouragingly, the proposed CB-Q-Advantage algorithm manages to achieve near-optimal regret

even in the sample-limited and memory-limited regime, as formalized by the following theorem.

Theorem 1. Consider any § € (0,1), and suppose that ¢y, > 0 is chosen to be a sufficiently large

universal constant. Then there exists some absolute constant Cy > 0 such that Algorithm 1 achieves

Regret(T) < Cj (\/HQSAT log* SI?%T + H%S Alog? S?T> (3.8)

with probability at least 1 — §.

Theorem 1 delivers a non-asymptotic characterization of the performance of our algorithm

CB-Q-Advantage. Several appealing features of the algorithm are noteworthy.
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Algorithm 2: Auxiliary functions

1

2

3

4

10
11

12
13

14

15
16

17
18

Function update-ucb-q():

ucB UCB H?log 55T
Q) ~F(sn,an) — (1=n,)Qy, (Sh,ah)+77n(7“h(8h,ah)+Vh+1(8h+1)+6b ?)

Function update-1cb-q():
H3 log SAT
LB (s, an) + 1 (Th(Sh, an) + ViEER (sp41) — cb/ #) :

Function update-ucb-q-advantage ():

/* update the moment statistics of VhR */
[,u;lef, U;lef, u;’ld", U?Ld"](sh, ap) < update-moments ();

/* update the accumulative bonus and bonus difference */

[6R, BR](sp, an) < update-bonus();

FCB(shyan) < (1= 1)

R R R (sh,an) H?log 24T
by, < By (sh,an) + (1 —np) =52 + o= 57—
/* update the Q-estimate based on reference-advantage decomposition */

QR (sn,an)
(1= 0) QR (sn an) + 1 (rn(sn, an) + Vi (sni1) — ViRey (sna) + it (sn, an) + bR);
Function update-moments():
H;ff(shv ah) - (1 o %)M;Lef(sh’ ah) + %Vhal(sh_,_l); // mean of the reference
J;Lef(sh,ah) — (1- %)J;Lef(sh,ah) + %(Vhﬁl(sh_,_l))z; // 2 moment of the reference
15 (sny an) = (1= nu) 5™ (sny an) + nn (Vasa (sn11) = Vi1 (sni1)); // weighted
average of the advantage

2 .
O’Edv(sh, ah) — (1 — nn)azdv(sh, ah) + M (Vh+1(8h+1) — VhRi’_l(Sthl)) . // weighted ond
moment of the advantage

Function update-bonus():
B (sp, ap) <

log S5+ ref ref 2 adv adv 2.
ch - (\/Uh (s> an) — (5 (s, an)) +\/ﬁ\/0h (s> an) — (13 (s, an)) ),
(SS(S}L, ah) < BgeXt(Sh,ah) — BE(Sh,ah);
BE(S}Z, ah) < BZeXt(Sh, ah).

Regret optimality. Our regret bound (3.8) simplifies to
Regret(T") < 5(%) (3.9)
as long as the sample size T exceeds
T > SApoly(H). (3.10)

This sublinear regret bound (3.9) is essentially optimal, as it coincides with the existing lower

bound (1.1) modulo some logarithmic factor.
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e Sample complexity and substantially reduced burn-in cost. As an interpretation of our theory

(3.9), our algorithm attains e average regret (i.e., --Regret(T) < &) with a sample complexity

6(SAH4>‘

e2

Crucially, the burn-in cost (3.10) is significantly lower than that of the state-of-the-art memory-
efficient model-free algorithm (Zhang et al., 2020c) (whose optimality is guaranteed only in
the range T > S% A poly(H)).

e Memory efficiency. Our algorithm, which is model-free in nature, achieves a low space
complexity O(SAH). This is basically un-improvable for the tabular case, since even storing
the optimal Q-values alone takes O(SAH ) units of space. In comparison, while Ménard et al.
(2021) also accommodates the sample size range (3.10), the algorithm proposed therein incurs

a space complexity of O(S2AH) that is S times higher than ours.

o Computational complexity. An additional intriguing feature of our algorithm is its low
computational complexity. The runtime of CB-Q-Advantage is no larger than O(T'), which is
proportional to the time taken to read the samples. This matches the computational cost of
the model-free algorithm UCB-Q proposed in Jin et al. (2018), and is considerably lower than
that of the UCB-M-Q algorithm in Ménard et al. (2021) (which has a computational cost of at
least O(ST)).

3.3 Analysis

In this chapter, we outline the main steps needed to prove our main result in Theorem 1.

3.3.1 Preliminaries: basic properties about learning rates

Before continuing, let us first state some basic facts regarding the learning rates. Akin to Jin et al.

(2018), the proposed algorithm adopts the linearly rescaled learning rate

_H+1
- H+n

(3.11)

Tin

for the n-th visit of a state-action pair at any time step h. For notation convenience, we further

introduce two sequences of related quantities defined for any integer N > 0 and n > 1:

Tin Hz‘]\in—l-l(l - 771')7 it N > n, N .
N _ N [[L,(1—=m)=0, if N>0,
M =% 1, if N=n, and Ny = (3.12)
1, if N =0.
0, if N<n
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Algorithm 3: CB-Q-Advantage (a rewrite of Algorithm 1 that specifies dependency on

k)
1 Parameters: some universal constant ¢, > 0 and probability of failure § € (0,1);
2 Initialize Q) (s, a), Q)% (s,a), QR (s,a) « H; Q-®(s,a) + 0; N2(s,a) « 0;
Vii(s), VRl( ) < H; ,uref( a), O’;Lef( a), ,u?ld"( s, a), J?Ld"(s,a),55(8,&),B,’3(5,a) + 0; and
ul ;(s) = True, for all (s,a,h) € S x A x [H].
3 for Episode k =1 to K do
4 Set initial state s1 «+ s’f.
5 for Step h=1 to H do
6 Take action af = 7¥(s),) = arg max, Q¥ (s¥, a), and draw st_H ~ Py(-| sk, ab).
// sampling
7 Nk(sh,ah) Nk 1(S£,ah) +1; n <+ Nk(sh,ah) // update the counter
8 Ny gi}l // update the learning rate
9 ,LLJCB k“(sz,a’}j) <+ update-ucb-q(). // run UCB-Q; see Algorithm 6
10 LB (s k) « update-1cb-q(). // run LCB-Q; see Algorithm 6
11 QR k+1(sh,ah) + update-ucb-q-advantage(). // estimate QF; see
Algorithm 6
/* update Q-estimates using all estimates in hand, and update value
estimates */
12 Q‘H(sh, af) + min {QR k+1(sh, ar), ,LfCB’kH(s’fL, af), Qk(sk,af)};
13 Vk+1(sh)  max, Qkﬂ(s'ﬁ, a).
14 VhLCB k“(sﬁ) + max {maxa I,‘lCB’kH(s’,i, a), VhLCB’k(s’Z)}.
/* update reference values */
15 if VI (sh) — VEBR(6E) S 1 then
16 | VR”““( By« VEFL(sE),  ulbi(sh) = True;
17 else if uf .(sf) = True then
18 | VR B (g — VY s),  ufE(sh) = False.

As can be easily verified, we have

N 1, if N>0

> oy = ’ (3.13)
—t 0, if N=0.

The following properties play an important role in the analysis.

Lemma 1. For any integer N > 0, the following properties hold:

N nN
Z - g for all <a<l, (3.14a)
ne

N | =

43



2H

N oH o0

< = Ny2 o 272 nN <1

1gla<XNnn <V El(nn) < NE N < (3.14b)
n= =n

Proof. See Appendix A.2. O

3.3.2 Additional notation used in the proof

In order to enable a more concise description of the algorithm, we have suppressed the dependency
of many quantities on the episode number k in Algorithms 1 and 6. This, however, becomes
notationally inconvenient when presenting the proof. As a consequence, we shall adopt, throughout

the analysis, a more complete set of notation, detailed below.
° (sfl, ah) the state-action pair encountered and chosen at time step h in the k-th episode.

e kj'(s,a): the index of the episode in which (s, a) is visited for the n-th time at time step h; for
the sake of conciseness, we shall sometimes use the shorthand k™ = k}!(s,a) whenever it is

clear from the context.

e kj'(s): the index of the episode in which state s is visited for the n-th time at time step h; we

might sometimes abuse the notation by abbreviating k™ = kj!(s).

° P,’f € {0, 1}1X|S|: the empirical transition at time step h in the k-th episode, namely,
PE(s)=1(s=sk,,). (3.15)

In addition, for several parameters of interest in Algorithm 1, we introduce the following set of

augmented notation.

e N(s,a) denotes Ny (s,a) by the end of the k-th episode; for the sake of conciseness, we
shall often abbreviate N¥ = NF(s,a) or N¥ = NF(sf, a¥) (depending on which result we are

proving).

e QF(s,a), Vi¥(s), and QUCBk(s,a) denote respectively Qy(s,a), Vi(s) and QYB(s,a) at the
beginning of the k-th episode.

o QLCBE s,a) and VB (5) denote respectively QLCB and VECB(s) at the beginning of the
h h h
k-th episode.
. Q}Ff’k(s, a), VhR’k(s) and u® (s) denote respectively QR (s, a), VR(s) and uyet(s) at the beginning
of the k-th episode.
o [Iu;lef,k’ O_}rlef,k’ N?Ldv,k, a}aldv,k’ 55,]@" BR k] denotes [:UJ;Lefa O.;Lef’uzdv’ adv 55,BR] at the begmnmg of
the k-th episode.
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For any given vector V € R®, we define the variance parameter w.r.t. Pj, s, (cf. (2.7)) as
follows

2 2

Varhrsya(v) = E |:(V(S/) - Ph757a‘v) i| - Ph,s,a (V2) - (Ph’s’av) :

/
S NPh,s,a

(3.16)

3.3.3 Key properties of Q-estimates and auxiliary sequences

In this subchapter, we introduce several key properties of our Q-estimates and value estimates,
which play a crucial role in the proof of Theorem 1. The proofs for this subchapter are deferred to
Appendix A.3.

Properties of the Q-estimate Q’}sz monotonicity and optimism. We first make an important
observation regarding the monotonicity of the value estimates Qﬁ and V,f. To begin with, it is
straightforward to see that the update rule in Algorithm 3 (cf. line 12) ensures the following

monotonicity property:
M(s,a) < QF(s,a) for all (s,a,k,h) € S x A x [K] x [H], (3.17a)
which combined with line 13 of Algorithm 3 leads to monotonicity of V(s) as follows:
thH(S) = iﬂ (s,ﬂ,’frl(s)) < in (8, 7T2+1(5)) < th(s). (3.17b)

Moreover, by virtue of the update rule in line 12 of Algorithm 3, we can immediately obtain (via

induction) the following useful property
E’k(s,a) > QF(s,a) for all (k,h,s,a) € [K] x [H] xS x A. (3.18)

In addition, Qfl and th form an “optimistic view” of @} and V¥, respectively, as asserted by

the following lemma.

Lemma 2. Consider any § € (0,1). Suppose that cp, > 0 is some sufficiently large constant. Then
with probability at least 1 — 6,

Qh(s.a) 2 Qj(s,a)  and  Vii(s) 2 Vi (s) (3.19)

hold simultaneously for all (s,a,k,h) € S x A x [K] x [H].

Lemma 2 implies that QZ (resp. th) is a pointwise upper bound on Q7 (resp. V}*). Taking
this result together with the non-increasing property (3.17), we see that QIfL (resp. V,f) becomes an
increasingly tighter estimate of Q} (resp. V) as the number of episodes k increases. This important

fact forms the basis of the subsequent proof, allowing us to replace V;* with th when upper bounding
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the regret. Combining Lemma 2 with (3.18), we can straightforwardly see that with probability at
least 1 — ¢:

Qs’k(s,a) > Qi (s,a) for all (k,h,s,a) € [K] x [H] x S x A. (3.20)

Properties of the Q-estimate Q,LZCB ks

pessimism and proximity. In parallel, we formalize
the fact that QLCB * and VLCB k provide a “pessimistic view” of Q3 and V}*, respectively. Furthermore,
it becomes increasingly more likely for QhCB’k and Qﬁ to stay close to each other as k increases,
which indicates that the confidence interval that contains the optimal value @} becomes shorter

and shorter. These properties are summarized in the following lemma.

Lemma 3. Consider any 6 € (0,1), and suppose that ¢, > 0 is some sufficiently large constant.
Then with probability at least 1 — 0,

QrF(s,a) <Qp(s,a)  and  VEPH(s) < Vir(s) (3.21)
hold for all (s,a,k,h) € S x Ax [K] x [H], and

H K 6 SAT
H°SAlog 25+
ZZ]I (Qh st a I;LCB’k(slfL,alfL) > 5) S % (3.22)

h=1 k=1
holds for all e € (0, H].

Interestingly, the upper bound (3.22) only scales logarithmically in the number K of episodes,

thus implying the closeness of Q};CBk

and Qfl for a large fraction of episodes. Note that it is
straightforward to ensure the monotonicity property of VhI‘CB’I€ from the update rule in Algorithm 3

(cf. line 14):

VECBHRL () > VEBE sy for all (s, k, k) € S x [K] x [H], (3.23)

which in conjunction with (3.21), implies that VhLCB ok

(s) gets closer to V;*(s) as the number of
episodes k increases. Together with the monotonicity of th (cf. (3.17b)), an important consequence
is that the reference value VhR will stop being updated shortly after the following condition is met

for the first time (according to lines 15-18 of Algorithm 1)
k LCB,k *
Vil(s) SV, 70 (s) + 1< Vir(s) +11 for all s € S. (3.24)

Properties of the reference VhR’k. The above fact ensures that VhR’k will not be updated too
many times. In fact, its value stays reasonably close to V,f even after being locked to a fixed value,
which ensures its fidelity as a reference signal. Moreover, the aggregate difference between VhR’k and

the final reference VhR’K over the entire trajectory can be bounded in a reasonably tight fashion
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(owing to (3.22)), as formalized in the next lemma. These properties play a key role in reducing the

burn-in cost of the proposed algorithm.

Lemma 4. Consider any 6 € (0,1). Suppose that ¢, > 0 is some sufficiently large constant. Then
with probability exceeding 1 — &, one has

[ViE(s) — V¥ (s)] < 2 (3.25)
for all (k,h,s) € [K] x [H] xS, and
H K
Z Z ( - VhR’K(SIZ))
h=1 k=1
H K
<S5 (Qh shoah) = QP (sh, af)) 1 (Qh(shoaf) — QP (shaf) > 1) (3.26)
h=1k=1
< H%SAlog & (3.27)

6

In words, Lemma 4 guarantees that (i) our value function estimate and the reference value
are always sufficiently close (cf. (3.25)), and (ii) the aggregate difference between VhR’k and the
final reference value VhR’K is nearly independent of the sample size T' (except for some logarithmic
scaling).

3.3.4 Main steps of the proof
We are now ready to embark on the regret analysis for CB-Q-Advantage, which consists of multiple

steps as follows.

Step 1: regret decomposition. Lemma 2 allows one to upper bound the regret as follows
K K k
Regret(T Z Vi (sh) Z VE(s¥) (s’f)) (3.28)
k=1 k=1

To continue, it boils down to controlling V{¥(s¥) — Vf’k( ¥). Towards this end, we intend to examine

ViE(sk) —vir (sh) across all time steps 1 < h < H, which admits the following decomposition:

fo( ) — Vh( ) Qh( hvah) Qh (shaa;i)
_Qh(shaah) Qr(sk,ab) + Qr(sk,af) — QF (sf, af)

2 Qf(sh. al)) — Q(sh,af) + Py stk (Vi — Vi)

lll ﬂ_k) * ,n_k)
= Qr (s, ap) — Qh(sk,af) + (P, skak PR (Vires = Vile) + Vi (shign) = Vitea (sisa)
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R,k ﬂ_k- ﬂ_k
< Qh (3 hy @ ) Qh(smah) + (Ph sk.ak Pi}f) (Vh*+1 - Vh+1) + Vh*+1(52+1) - Vh+1(32+1)-
(3.29)

Here, (i) holds since 7} is a greedy policy w.r.t. Q¥ and 75 (s¥) = af, (i) comes from the Bellman

equations

k wk ok
Qh (57 a) - Q;:(S, CL) = (’I“h(s, a) + Ph,s,avh+1) - (Th(sa a) + Ph,s,avl;-l) = Ph,s,a (Vh+1 - Vh;-l)a

(iii) follows from P,’f(Vh*Jr1 - V}fjl) = Vi (s’fLH) - V,Zﬂl:l (SZH) (see the notation (3.15)), whereas

the last inequality comes from (3.18). Summing (3.29) over 1 < k < K and making use of Lemma 2,

we reach at

K k
(Vi (sh) = Vi (sh))

M) =

(Vi(sf) — Vi (s)) <
k=1

£
Il
—_

M=

K
(@ " (shraf) = Qhlshrab)) + D ( Pyt ab = i) (Vs — Vi)
k=1

£
Il
—

K
ﬂ.k:
+Z Vh-‘rl Sh+l Vh-i-l(sl;:l,-i-l))' (330)
k=1

This allows us to establish a connection between Y-, (V;*(s§)—V;" (sﬁ)) for step hand ), (V¥4 (s'fH_l)—
Vh+1(5h+1)) for step h + 1.

Step 2: managing regret by recursion. The regret can be further manipulated by leveraging
the update rule of Qs’k as well as recursing over the time steps h = 1,2, | H with the terminal
condition VI’} 1= Vg’j_l = (. This leads to a key decomposition as summarized in the lemma below,

whose proof is provided in Appendix A .4.

Lemma 5. Fiz 6 € (0,1). Suppose that cp, > 0 is some sufficiently large constant. Then with
probability at least 1 — §, one has

K
Z (VI (sh) - Vfrk(slf)) < Ri+ Rz + Rs, (3.31)
k=1

H h—1 K
Ry = 14 HSA + 8ep H2(SAVP/AK A 1og 24T > (P — PR (vt -V
1'_2 + +8cpH™(54) og—5— ( h,skaf w) (Vi = Vi) )
k=1

(3.32a)
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H h—1 K
Ro=> (14~ 1 > Byt (st af) (3.32b)
h=1 H =1 nohe
H K ZNilf(sh’ah) (VRk (sh:“h)(s (shvah)) _p VR,k)
R,k i=1 h+1 h+1 h,st ak Va1
Rs = ZZ)‘Z <(Pflf - Ph78§7aﬁ)(V’:+1 = Vi) + NE(gF b e >’
h=1k=1 i (shsap)
(3.32¢)
with

1\l Ny (shaf)
k. n
w=(rg) X e

n=NF(sk ak)

This lemma attempts to upper bound the target quantity Z§=1 (ViF(sh) — VfrlC (st)) via three
terms (see (3.31)). Informally, these terms reflect (i) the influence of the initialization as well as the
finite-sample uncertainty of Pf(V;* 1 Vh’fl), (ii) the influence of the size of the bonus terms, and
(iii) the discrepancy term when the running value iterates are replaced by the reference values. As we
shall see in the analysis, the key in obtaining these terms lies in properly expanding the component
Zk 1 (QS k(sh, ah) Q*(sh, ah)) (3.30), as well as applying induction across all h =1,--- , H.

Step 3: controlling the terms in (3.32) separately. As it turns out, each of the terms in

(3.32) can be well controlled. We provide the bounds for these terms in the following lemma.

Lemma 6. Consider any § € (0,1). With probability at least 1 — 6, we have the following upper

bounds:
{ \/ H2S AT log 5 ?T H*5S Alog? S’%T }
{\/H2SATlog SAT | pisalo g’ SAT},
{\/H2SATlog4 S‘;l + H%SAlog? S?T}
for some universal constant C; > 0

In order to derive the above bounds, the main strategy is to apply the Bernstein-type
concentration inequalities carefully, and to upper bound the sum of variance in a careful manner.

The proofs are deferred to Appendix A.5.

Step 4: putting all this together. We now have everything in place to establish our main
result. Taking the preceding bounds in Lemma 6 together with (3.32), we see that with probability
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exceeding 1 — §, one has

T

SA SAT
Regret(T) < Ri+ Ra + Rz < \/ H2S AT log* —+ H®SAlog® =———

as claimed.

3.4 Discussions

In this chapter, we have proposed a novel model-free RL algorithm — tailored to online episodic
settings — that attains near-optimal regret 5(\/@ ) and near-minimal memory complexity
O(SAH) at once. Remarkably, the near-optimality of the algorithm comes into effect as soon as
the sample size rises above O(SApoly(H)), which has significantly improved upon the sample size
requirements (or burn-in cost) for any prior regret-optimal model-free algorithm (based on the
definition of the model-free algorithm in Jin et al. (2018)). Given that online data collection could
be expensive, time-consuming, or high-stakes in a variety of contemporary applications (e.g., clinical
trials, autonomous driving, online advertisement), reducing burn-in sample sizes compromising
sample optimality is crucial in enabling sample-efficient solutions in these sample-constrained

applications.
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Chapter 4

Model-Free Offline RL

4.1 Problem formulation

In this chapter, we consider offline RL in the episodic finite-horizon setting (introduced in Chap-
ter 2.1.1), which assumes the availability of a history dataset D containing K episodes each of length
H. These episodes are independently generated based on a certain policy 7° = {WZ}thl — called

the behavior policy, resulting in a dataset

K-1

— k _k .k k k k
D .= {(81, ai, r1y -5 SH, O, TH)}k—O .

Here, the initial states {s}}/< | are independently drawn from p € A(S) such that s¥ LR p, while
the remaining states and actions are generated by the MDP induced by the behavior policy . The

total number of samples is thus given by
T=KH.

In addition, let dj (s) and dJ (s, a) denote respectively the occupancy distribution induced by
7 at time step h € [H], namely,

dy(s) =P(sp, = s|s1 ~ p,m), dp(s,a) :=P(sp, = s|s1 ~ p,m)mp(als); (4.1)

here and throughout, we denote [H] := {1,--- , H}. Given that the initial state s; is drawn from p,

the above definition gives
di(s) = p(s) for any policy . (4.2)
Goal. With the notation (2.4) in place, the goal of offline RL amounts to finding an e-optimal

policy 7 = {7, }L | satisfying
Vi(p) =W (p) < ¢

with as few samples as possible, and ideally, in a computationally fast and memory-efficient manner.

Single-policy concentrability. Obviously, efficient offline RL cannot be accomplished without

imposing proper assumptions on the behavior policy, which also provide means to gauge the
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difficulty of the offline RL task through the quality of the history dataset. Following the recent
works Rashidinejad et al. (2021); Xie et al. (2021b), we assume that the behavior policy u satisfies
the following property called single-policy concentrability.

Definition 1 (single-policy concentrability). The single-policy concentrability coefficient C* € [1, 00)
of a behavior policy p is defined to be the smallest quantity that satisfies

dj, (s, a)

S Y < o 4.3
(h,s,a)ren[H}](xSxA di(s,a) — (4.3)

where we adopt the convention 0/0 = 0.

Intuitively, the single-policy concentrability coefficient measures the discrepancy between the
optimal policy 7* and the behavior policy u in terms of the resulting density ratio of the respective
occupancy distributions. It is noteworthy that a finite C* does not necessarily require u to cover
the entire state-action space; instead, it can be attainable when its coverage subsumes that of the
optimal policy 7*. This is in stark contrast to, and in fact much weaker than, other assumptions
that require either full coverage of the behavior policy (i.e., min, s q)e[H)xSx.A di(s,a) > 0 (Li et al.,
2021; Yin et al., 2021a,b)), or uniform concentrability over all possible policies (Chen and Jiang,
2019). Additionally, the single-policy concentrability coefficient is minimized (i.e., C* = 1) when
the behavior policy p coincides with the optimal policy 7*, a scenario closely related to imitation

learning or behavior cloning (Rajaraman et al., 2020).

4.2 Algorithms and theory

In the current chapter, we present two model-free algorithms — namely, LCB-Q and LCB-Q-Advantage

— for offline RL, along with their respective theoretical guarantees. The first algorithm can be
viewed as a pessimistic variant of the classical Q-learning algorithm, while the second one further
leverages the idea of variance reduction to boost the sample efficiency. In this chapter, we begin by
introducing LCB-Q.

4.2.1 LCB-Q: a natural pessimistic variant of Q-learning

Before proceeding, we find it convenient to first review the classical Q-learning algorithm (Watkins
and Dayan, 1992; Watkins, 1989), which can be regarded as a stochastic approximation scheme to
solve the Bellman optimality equation (2.6). Upon receiving a sample transition (sp, ap, h, Sp11) at

time step h, Q-learning updates the corresponding entry in the Q-estimate as follows

Qn(sn,an) « (1 —=1)Qn(sh,an) + U{Th(Sh, ap) + Vh+1(8h+1)}a (4.4)
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where @y, (resp. V},) indicates the running estimate of @} (resp. V;¥), and 0 < 7 < 1 is the learning
rate. In comparison to model-based algorithms that require estimating the probability transition
kernel based on all the samples, Q-learning, as a popular kind of model-free algorithms, is simpler
and enjoys more flexibility without explicitly constructing the model of the environment. The wide
applicability of Q-learning motivates one to adapt it to accommodate offline RL.

Inspired by recent advances in incorporating the pessimism principle for offline RL (Jin et al.,
2021; Rashidinejad et al., 2021), we study a pessimistic variant of Q-learning called LCB-Q, which

modifies the Q-learning update rule as follows

Qn(sh, an) (1 = 1,)Qn(sn, an) + nn{rh(sh» an) + Vag1(sni1) — bn}, (4.5)

where 7, is the learning rate depending on the number of times n that the state-action pair (s, ap)
has been visited at step h, and the penalty term b, > 0 (cf. line 8 of Algorithm 4) reflects the
uncertainty of the corresponding Q-estimate and implements pessimism in the face of uncertainty.
The entire algorithm, which is a single-pass algorithm that only requires reading the offline dataset

once, is summarized in Algorithm 4.

Algorithm 4: LCB-Q for offline RL

1 Parameters: some constant ¢, > 0, target success probability 1 — 6 € (0, 1), and

t = log (S‘f%T).
Initialize Qp(s,a) < 0, Nip(s,a) < 0, and Vj(s) < 0 for all (s,h) € S x [H + 1]; 7 s.t.
7n(s) =1 for all (h,s) € [H] x S.

N

3 for Episode k=1 to K do
4 Sample a new trajectory {sp, ah,rh}ﬁzl from D. // sampling from batch dataset
// update the policy
for Step h=1 to H do
Ni(sp,an) < Np(sp,an) + 1. // update the counter
7 n < Np(sh,ap); Mn girlz // update the learning rate
8 by < ¢cp HZL2. // update the bonus term
// run the Q-learning update with LCB
9 Qn(sh,an) < Qn(sn,an) + Tln{Th(Sm an) + Var1(sn+1) — Qnlsn, an) — bn}-
// update the value estimates
10 Vi (sp) < max {Vh(sh), maxg, Qh(sh,a)}.
11 If Vi (sp) = maxg Qn(sh,a): update 7, (s) < argmax, Qn(s, a).

12 Output: the policy 7.
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4.2.2 Theoretical guarantees for LCB-Q

The proposed LCB-Q algorithm manages to achieve an appealing sample complexity as formalized

by the following theorem.

Theorem 2. Consider any § € (0,1). Suppose that the behavior policy | satisfies Assumption 1

with single-policy concentrability coefficient C* > 1. Let ¢, > 0 be some sufficiently large constant,

and take ¢ == log (S‘?%T). Assume that T > SC*1, then the policy T returned by Algorithm 4 satisfies

* = H6SC*L3
Vi'(p) = Vi'(p) < cay —F (4.6)

with probability at least 1 — §, where ¢, > 0 is some universal constant.

As asserted by Theorem 2, the LCB-Q algorithm is guaranteed to find an e-optimal policy
with high probability, as long as the total sample size T'= K H exceeds

9] <H6;C*> , (4.7)

where 6() hides logarithmic dependencies. When the behavior policy is close to the optimal policy,
the single-policy concentrability coefficient C* is closer to 1; if this is the case, then our bound
indicates that the sample complexity does not depend on the size A of the action space, which can

be a huge saving when the action space is enormous.

Comparison with model-based pessimistic approaches. A model-based approach — called
Value Iteration with Lower Confidence Bounds (VI-LCB) — has been recently proposed for offline
RL (Rashidinejad et al., 2021; Xie et al., 2021b). In the finite-horizon case, VI-LCB incorporates an
additional LCB penalty into the classical value iteration algorithm, and updates all the entries in

the Q-estimate simultaneously as follows

Qh(sv (L) — Th(S, a) + ﬁh,s,avh-i-l - bh(S, (L), (48)

with the aim of tuning down the confidence on those state-action pairs that have only been visited
infrequently. Here, ﬁh,s,a represents the empirical estimation of the transition kernel P ,,, and
bn(s,a) > 0 is chosen to capture the uncertainty level of (ﬁh,m — Pp.s.0)Vh1. Working backward,
the algorithm estimates the Q-value Qj, recursively over the time steps h=H,H —1,---,1. In
comparison with VI-LCB, our algorithm enjoys enhanced flexibility without the need of specifying
the transition kernel of the environment (as model estimation might potentially incur a higher

memory burden).
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> update reference V, 7 update Q-estimate Q

Figure 4.1: An illustration of the epoch-based LCB-Q-Advantage algorithm.

4.2.3 LCB-Q-Advantage for near-optimal offline RL

The careful reader might notice that the sample complexity (4.7) derived for LCB-Q remains a factor
of H? away from the minimax lower bound (see Table 1.2). To further close the gap and improve
the sample complexity, we propose a new variant called LCB-Q-Advantage, which leverages the idea
of variance reduction to accelerate convergence (Johnson and Zhang, 2013; Li et al., 2023b, 2021;
Sidford et al., 2018b; Wainwright, 2019b; Xie et al., 2021b; Zhang et al., 2020c¢).

Inspired by the reference-advantage decomposition adopted in (Li et al., 2023b; Zhang et al.,
2020c) for online Q-learning, LCB-Q-Advantage maintains a collection of reference values {Vh}thl,
which serve as running proxy for the optimal values {V}* }thl and allow for reduced variability in
each iteration. To be more specific, the LCB-Q-Advantage algorithm (cf. Algorithm 5 as well as the
subroutines in Algorithm 6 that closely resemble Li et al. (2023b)) proceeds in an epoch-based style
(the m-th epoch consists of L, = 2™ episodes of samples), where the reference values are updated
at the end of each epoch to be used in the next epoch, and the Q-estimates are iteratively updated
during the remaining time of each epoch. By maintaining two auxiliary sequences of pessimistic
Q-estimates — that is, Q'“B constructed by the pessimistic Q-learning update, and @Q constructed by
the pessimistic Q-learning update based on the reference-advantage decomposition — the Q-estimate

is updated by taking the maximum over the three candidates (cf. line 16 of Algorithm 5)

Qn(s,a) max{Q';LCB(s,a), Q(s,a), Qn(s,a)} (4.9)

when the state-action pair (s, a) is visited at the step h. We now take a moment to discuss the key

ingredients of the proposed algorithm in further detail.
Updating the references V), and fi,,. At the end of each epoch, the reference values {V}2_, |

as well as the associated running average {ﬁh}i[:l, are determined using what happens during the

current epoch. More specifically, the following update rules for V;, and i, are carried out at the
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end of the m-th epoch:

N (4.10a)
ZLm ]l(Sh =3 ah = a)Vh+1 (3h+1)

max{{ZLm]l (st =s,al =a)}, 1}

(s, a) < (4.10b)

for all (h,s,a) € [H] x S x A. Here, V},(s) is assigned by V, (s), which is maintained as the value
estimate V},(s) at the end of the (m — 1)-th epoch, and the update of 71}, (s, a) is implemented in a

recursive manner in the current m-th epoch. See also line 21 and line 19 of Algorithm 5

Learning Q-estimate @}, based on the reference-advantage decomposition. Armed with
the references V7, and i, updated at the end of the previous (m — 1)-th epoch, LCB-Q-Advantage
iteratively updates the Q-estimate @), in all episodes during the m-th epoch. At each time step h in

any episode, whenever (s,a) is visited, LCB-Q-Advantage updates the reference Q-value as follows:

Qu(s,a) + (1 —n)Qy(s,a) + 77{7‘11(5»@) + ﬁh,s,a(Vh-i-l —Vhy1) + T, —Bh(s,a)}.
-

estimate of Ph’s’a(vh+1—vh+1) estimate of P}L,s,avh+1

(4.11)

Intuitively, we decompose the target P, s ,V}41 into a reference part Ph,S,th-i-l and an advantage
part Py so(Vat1 — Vig1), and cope with the two parts separately. In the sequel, let us take a
moment to discuss three essential ingredients of the update rule (4.11), which shed light on the

design rationale of our algorithm.

e Akin to LCB-Q, the term ]3;1787(1 (Vh+1 — Vthl) serves as an unbiased stochastic estimate of
Ppsq (Vh+1 —Vh+1) if a sample transition (s,a, sp+1) at time step h is observed. If V14
stays close to the reference V.1 as the algorithm proceeds, the variance of this stochastic

term can be lower than that of the stochastic term ﬁh,s,th+1 in (4.5).

e The auxiliary estimate fi;, introduced in (4.10b) serves as a running estimate of the reference
part Py sV pt1. Based on the update rule (4.10b), we design 7y, (s, a) to estimate the running
mean of the reference part [Phﬁ’th_i_l] using a number of previous samples. As a result, we
expect the variability of this term to be well-controlled, particularly as the number of samples

in each epoch grows exponentially (recall that L,, = 2™).

e In each episode, the term by(s,a) serves as the additional confidence bound on the error

between the estimates of the reference/advantage and the ground truth. More specifically,

it (s,

part [Py sV pt1] (cf. lines 9-10 of Algorithm 6); 139 (s, a) and 039 (s, a) represent respectively

a) and aref(s a) are respectively the running mean and 2nd moment of the reference
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the running mean and 2nd moment of the advantage part [Ph,s,a(VhH _Vh—i-l)] (cf. lines 11-12
of Algorithm 6); By (s, a) aggregates the empirical standard deviations of the reference and
the advantage parts. The LCB penalty term by (s, a) is updated using By, (s,a) and 85 (sp, an)
(cf. lines 5-6 of Algorithm 6), taking into account the confidence bounds for both the reference

and the advantage.

In a nutshell, the auxiliary sequences of the reference values are designed to help reduce the
variance of the stochastic Q-learning updates, which taken together with the principle of pessimism

play a crucial role in the improvement of sample complexity for offline RL.

4.2.4 Theoretical guarantees for LCB-Q-Advantage

Encouragingly, the proposed LCB-Q-Advantage algorithm provably achieves near-optimal sample

complexity for sufficiently small €, as demonstrated by the following theorem.

Theorem 3. Consider any 6 € (0,1), and recall that ¢ = log (S‘?fT) and T = KH. Suppose
that ¢y > 0 is chosen to be a sufficiently large constant, and that the behavior policy p satisfies
Assumption 1. Then there exists some universal constant cg > 0 such that with probability at least

1 — 0, the policy T output by Algorithm 5 satisfies

~ HASC*5  H>SC**
Vo) - Vi) < e\ ). (1.12)

As a consequence, Theorem 3 reveals that the LCB-Q-Advantage algorithm is guaranteed to

find an e-optimal policy (i.e., Vi(p) — Vi (p) < €) as long as the total sample size T exceeds

~ (H*SC* H>SC*
(e ey, )
€ €
For sufficiently small accuracy level ¢ (i.e., ¢ < 1/H), this results in a sample complexity of
~ (H*SC*
9) ( = ) , (4.14)

thereby matching the minimax lower bound developed in Xie et al. (2021b) up to logarithmic factor.

Compared with the minimax lower bound Q(H i‘ng) in the online RL setting (Domingues et al.,

2021), this suggests that offline RL can be fairly sample-efficient when the behavior policy closely
mimics the optimal policy in terms of the resulting state-action occupancy distribution (a scenario

where C* is potentially much smaller than the size of the action space).
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4.3 Analysis

In this subchapter, we outline the main steps needed to establish the main results in Theorem 2

and Theorem 3. Before proceeding, let us first recall the following rescaled learning rates

_H+1
- H+n

(4.15)

U

for the n-th visit of a given state-action pair at a given time step h, which are adopted in both
LCB-Q and LCB-Q-Advantage. For notational convenience, we further introduce two sequences of

related quantities defined for any integers N > 0 and n > 1:

N . Mo [ (1= m), if N >mn,
N Hi:l(l - 771) = 07 it N > 07 N .
o = and My = S T, if N = n, (416)

1, if N =0,
0, if N <n.

The following identity can be easily verified:

SN =1 (4.17)

4.3.1 Analysis of LCB-Q

To begin with, we intend to derive a recursive formula concerning the update rule of QE — the
estimate of the Q-function at step h at the beginning of the k-th episode. Note that we have omitted
the dependency of all quantities on the episode index k in Algorithm 4. For notational convenience
and clearness, we rewrite Algorithm 4 as Algorithm 7 by specifying the dependency on the episode

index k and shall often use the following set of short-hand notation when it is clear from context.

o N }’f(s, a), or the shorthand N. ,’f : the number of episodes that has visited (s, a) at step h before
the beginning of the k-th episode.

e kj'(s,a), or the shorthand k™: the index of the episode in which the state-action pair (s, a) is

visited at step h for the n-th times. We also adopt the convention that k% = 0.

o PF e {0,1}15: a row vector corresponding to the empirical transition at step h of the k-th

episode, namely,

Pi(s) =1 (s= SZH) for all s € S. (4.18)

58



o 7% = {7FHL  with 7f(s) == argmax, Q}(s,a),V(h,s) € [H] x S: the deterministic greedy
policy at the beginning of the k-th episode.

e 7: the final output 7 of Algorithms 4 corresponds to 7%*! defined above; for notational

K

simplicity, we shall treat 7 as 7** in our analysis, which does not affect our result at all.

Consider any state-action pair (s, a). According to the update rule in line 11 of Algorithm 7,

we can express (with the assistance of the above notation)

Qh(s.a) = Q4 (s.) = (1 myp ) Q™ (s.) + gy {ras) + VT (sh20) g ). (429)

where the first identity holds since ki denotes the latest episode prior to k that visits (s,a) at step
h, and the learning rate is defined in (4.15). Note that it always holds that k > k%, K. Applying the

above relation (4.19) recursively and using the notation (4.16) lead to

Q¥ (s,a) _Uthh s,a +Z?7n (rh s a)—l—VhH(sﬁH) b ) (4.20)

As another important fact, the value estimate fo is monotonically non-decreasing in k, i.e.,
VE(s) > ViF(s)  forall (s,k,h) €S x [K] x [H], (4.21)

which is an immediate consequence of the update rule in line 12 of Algorithm 7. Crucially, we
observe that the iterate V,f forms a “pessimistic view” of V" * — and in turn Vi — resulting from
suitable design of the penalty term. This observation is formally stated in the following lemma,

with the proof postponed to Appendix B.2.1.

Lemma 7. Consider any § € (0,1), and suppose that cp, > 0 is some sufficiently large constant.
Then with probability at least 1 — 0,

Nf(s,a) Nk .
Z e (s,a) <Ph sa— P]f (s,a)) h+1s ,a)

n=1

k
h
Z Ny, (4.22)

holds simultaneously for all (k,h,s,a) € [K] x [H] xS x A, and
V() S Vi (s) S Vi) (4.23)

holds simultaneously for all (k,h,s) € [K] x [H] x S.

In a nutshell, the result (4.23) in Lemma 7 reveals that V) is a pointwise lower bound on

Vh”k and V¥, thereby forming a pessimistic estimate of the optimal value function. In addition,
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the property (4.22) in Lemma 7 essentially tells us that the weighted sum of the penalty terms
dominates the weighted sum of the uncertainty terms, which plays a crucial role in ensuring the
aforementioned pessimism property. As we shall see momentarily, Lemma 7 forms the basis of the
subsequent proof.

We are now ready to embark on the analysis for LCB-Q, which is divided into multiple steps

as follows.

Step 1: decomposing estimation errors. With the aid of Lemma 7, we can develop an upper

bound on the performance difference of interest in (4.12) as follows

Vi(p) —Vi(p) = E [Vi(s)]— E [V (s1)]

S1~p S1~p
(i)
< (Vi(s1)] = E [Vi*(s1)]
S1~p S1~p
(i) 1 & "
SN ERLEN )

K
= 23S (o) (Vi) - V). (424)

where (i) results from Lemma 7 (i.e., Vf’K(s) > VE(s) for all s € S), (ii) follows from the
monotonicity property in (4.21), and the last equality holds since df" (s) = p(s) (cf. (4.2)).

We then attempt to bound the quantity on the right-hand side of (4.24). Given that 7* is
assumed to be a deterministic policy, we have df (s) = df (s,n*(s)). Taking this together with
the relations V}¥(s) > max, QF(s,a) > QF(s,m(s)) (see line 12 of Algorithm 7) and Vj*(s) =
Q7 (s,m;(s)), we obtain

K K
SN () (Vi) = Vi) = DD di (s, mi(s) (Vi (s) = Vik(9))
k=1 seS k=1 seS
K
PN AEAONCARACEIACEAD))
k=1 s€S8

K
=) > di(sa) (QZ(&CL) - Qﬁ(S,a)) (4.25)

k=1 (s,a)eSxA

for any h € [H], where the last identity holds since 7* is deterministic and hence
d7" (s,a) =0 for any a # 7 (s). (4.26)

In view of (4.25), we need to properly control QF(s,a) — Q%(s,a). By virtue of (4.17), we can
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rewrite @} (s, a) as follows

Qn(s,a) = Znnthsa)—%thsa +Z77nth3a)

n=0 n=1

_nthhS(l +Z77n Thsa)+Ph5th+1)

n=1

(4.27)

where the second line follows from Bellman’s optimality equation (2.6). Combining (4.20) and (4.27)
leads to

Qi (s,a) — Qk(s,a)

" (QZ(S,G) Qh s, a) "‘27771 <Phsavh+1 Vfﬁl(slfiil) +bn)

Nk Nk
(QZ(S,Q) Qh(s a’ +Znnhb +Z77n Phsa(vh+1 Vh+1 +Znn Phsa Ph )Vh+1
n=1 n=1 n=1
(4.28)
N} Nk
<770hH+2Znn by +Z77" Phsa(vh+1 ViEL), (4.29)
n=1 n=1

where we have made use of the definition in (4.18) by recognizing PF" th:1 = V,f_:l(

kTL
and the last inequality follows from the fact Q7 (s, a)

spo1) in (4.28),

— Q1 (s,a) = Q5 (s,a) — 0 < H and the bound
(4.22) in Lemma 7. Substituting the above bound into (4.25), we arrive at

sz” ) (Vir(s) - Vi)

K
< i

K
<Y FeantCTH2Y S s

k=1 (s,a)eSxA

” Mw

k=1 (s,a)eSxA

= I}L

K
YD A (5.0) P z O W V)

)y (4.30)
k=1 (s,a)eSxA =

Step 2: establishing a crucial recursion. As it turns out, the last term on the right-hand

side of (4.30) can be used to derive a recursive relation that connects step h with step h + 1, as
summarized in the next lemma.
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Lemma 8. With probability at least 1 — 8, the following recursion holds:

S D i) k()
Z Z dp, (s,a)Phs.a Z " (Virg, — Vi1 )
k=1 (s,a)eSxA n=1
2H 2H
k *
< ( > Z N dr (s (Vh*ﬂ(s) - Vh+1(s)> + 24\/H2C K log == + 12HC" log =~
k=1 seS
(4.31)
Lemma 8 taken together with (4.30) implies that
S o) (Vi) - Vi) < (1+%) S o) (Vi) - V(o)
k=1 seS k=1 seS
2H 2H
+ I+ 24\/HQC*K log 5 + 12HC” log 5 (4.32)

Invoking (4.32) recursively over the time steps h = H, H — 1,--- ;1 with the terminal condition

k _ /* —
Vi1 = Vg = 0, we reach

sz“ ) (V) = Vi) < ma ZZd” ) (Vi) - ViEGs))

k=1 seS k 1seS

H h—1

1 2H 2H
E (1 4 H) (Ih + 24\/H20*K10g 5 + 12HC* log 5) ,
h=1

(4.33)

IN

which captures the estimation error resulting from the use of pessimism principle.

Step 3: controlling the right-hand side of (4.33). The right-hand side of (4.33) can be
bounded through the following lemma, which will be proved in Appendix B.2.3.

Lemma 9. Consider any ¢ € (0,1). With probability at least 1 — &, we have

u 1\ 2H 2H
Z (1 + H> I, + 24\/H2C*Klog 5 + 12HC" log 5 < H?SC*1L+ VH3SC*K 3,
h=1

(4.34)

where we recall that 1 == log (SAT)
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Combining Lemma 9 with (4.33) and (4.24) yields

* T 1 T *
Vo) = Vi) £ = 3 di () (V7 (s) - Vi)
k=1 s€S
1 K
< = d7r* V* _Vk’
Kgﬁgg;h@(M$ ()
<G H55C*3 N ch2SC*L _cCa H6SC*,3 N %H?’SC*L
=92V K 2 Kk 2V T 2 T

6 *,3
< ca\/% (4.35)

for some sufficiently large constant ¢, > 0, where the last inequality is valid as long as T' > SC*..

This concludes the proof of Theorem 2.

4.3.2 Analysis of LCB-Q-Advantage

We now turn to the analysis of LCB-Q-Advantage. Thus far, we have omitted the dependency of
all quantities on the epoch number m and the in-epoch episode number ¢ in Algorithms 5 and 6.
While it allows for a more concise description of our algorithm, it might hamper the clarity of our

proofs. In the following, we introduce the notation k to denote the current episode as follows:
m—1
k= Li+t, (4.36)
i=1

which corresponds to the t-th in-epoch episode in the m-th epoch; here, L,, = 2" stands for the
total number of in-epoch episodes in the m-th epoch. With this notation in place, we can rewrite
Algorithm 5 as Algorithm 8 in order to make clear the dependency on the episode index k, epoch
number m, and in-epoch episode index t.

Before embarking on our main proof, we make two crucial observations which play important
roles in our subsequent analysis. First, similar to the property (4.21) for LCB-Q, the update rule
(cf. lines 16-17 of Algorithm 8) ensures the monotonic non-decreasing property of Vj(s) such that
for all k € [K],

Vi (s) > VE(s),  forall (k,s,h) € [K] x S x [H]. (4.37)

Secondly, V}f forms a “pessimistic view” of V¥, which is formalized in the lemma below; the proof is
deferred to Appendix B.3.1.

Lemma 10. Let 6 € (0,1). Suppose that ¢y, > 0 is some sufficiently large constant. Then with
probability at least 1 — §, the value estimates produced by Algorithm 5 satisfy

ViE(s) S VI (s) < V7 (s) (4.38)
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for all (k,h,s) € [K] x [H+1] xS.

With these two observations in place, we can proceed to present the analysis for LCB-Q-
Advantage. To begin with, the performance difference of interest can be controlled similar to (4.24)

as follows:

S1~p S1~p
(i)
< Vi(s1)] — B [Vi*(s1)]
s17~p s1~p
G 1 K
1 & )
= = DY dr(s) (Vi) — ViEGs) (4.39)
k=1 scS

where (i) follows from Lemma 10 (i.e., Vi (s) > V/E(s) for all s € S), (ii) holds due to the
monotonicity in (4.37) and the last equality holds since df” (s) = p(s) (cf. (4.2)). It then boils down
to controlling the right-hand side of (4.39). Towards this end, it turns out that one can control a

more general counterpart, i.e.,
Z S dr( ( — V(s )) (4.40)
k=1 seS

for any h € [H]. This is accomplished via the following lemma, whose proof is postponed to
Appendix B.3.2.

Lemma 11. Let § € (0,1), and recall that 1 = log(SAT). Suppose that cy,c, > 0 are some
sufficiently large constants. Then with probability at least 1 — §, one has

I ) (Vir(s) = ViE(s)) < T+ TR+ T3 (4.41)
k=1 s€S
where
Jt ._EK: Z d’r*(s a) nN}f(s,a)H—i_ 4ch7/4L n depH?1 ]
h== h % 0 3/4 %
k=1 s,aeSx A (N,If(S, CL) V 1) / Nh (S’Q) V1
K
J? = 22 Z df(s,a)?ﬁ(s,a),
k=1 s,aeSx A
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2H
JP = < ) Z > di(s (Vh*ﬂ(s) - ng+1(s)) + 484/ HC*K log =+ 28c HAC*V/'S12.

k=1 seS

(4.42)

As a direct consequence of Lemma 11, one arrives at a recursive relationship between time
steps h and h + 1 as follows:

K
PACIACERHO)
k=1 scS
1\ & / 2H
< <1 + H) > diias) (Vh*ﬂ(s) — V,fﬂ(s)) + 481/ HC*K log =~ + 28c, H3C*V/S1? + J} + J2.
k=1 seS

(4.43)

Recursing over time steps h = H, H — 1 , 1 with the terminal condition VI’} 1=V =0, we

can upper bound the performance difference at h = 1 as follows

K
> > dr () (Vi) - 1)
k=1 seS
K
< e 303 () () - Vi)

1\ 2H
<> <1 + H) (48\ | HC*K log <+ 28¢, H3C*V/Si2 + J} + J,%) . (4.44)
h=1

To finish up, it suffices to upper bound each term in (4.44) separately. We summarize their
respective upper bounds as follows; the proof is provided in Appendix B.3.3.

Lemma 12. Fiz § € (0,1), and recall that v == log (SAT). With probability at least 1 — §, we have

H h—1
> (1 + é) JL S HPT(SC*) K T2 + H3SC* 2, (4.45a)
h=1
H 1 h—1
2 ﬂ.* 4 * 4
S (145) RS\ HiSC mae DI ~ViH(9) + VIPSCUKS + H'SC,
h=1 k=1 seS
(4.45b)
H 1\ 1 20 2H
Z (1 + H> (48 HC*K log =+ 28caH3c*\/§L2> < \/ H3C*K log - HAC*VS.2.
h=1
(4.45¢)
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Substituting the above upper bounds into (4.39) and (4.44) and recalling that T'= HK, we

arrive at

Mw

Vi) = Vi (p D (s ) (Vir(s) = ViE(s))
k: )
< % HASC*3 max kZZd”* —VE(s)) + (\/H3SC*KL + HASC** + HY™(SCY) 1K
1s€S
0 % HASC* 3 max ZZCF* Vik(s)) + VH3SC*K .5 + H*'SC**
S
k=1seS

—

11

S

—_

L (VIPSC RS + 1S4

_ H4SC*L5+H5S’C’*L4
= T T

where (i) has made use of the AM-GM inequality:

2 2
2HAT(SCM KT < (HOT(SCM)IKT ) + (HX(SCY)3 ) = VEPSCHK + HYSC,

and (ii) holds by letting = := max,¢ g Zk 1 S ses AT (s) (Vi¥(s) — ViF(s)) and solving the inequality
r SVHASC* 32z + VH3SC*K (5 + H*SC*1*. This concludes the proof.

4.4 Discussions

Focusing on model-free paradigms, in this chapter, we developed near-optimal sample complexities
for some variants of pessimistic Q-learning algorithms — armed with lower confidence bounds and
variance reduction — for offline RL. These sample complexity results, taken together with the
analysis framework developed herein, open up a few exciting directions for future research. For
example, the pessimistic Q-learning algorithms can be deployed in conjunction with their optimistic
counterparts (e.g., Jin et al. (2018); Li et al. (2023b); Zhang et al. (2020c)), when additional online
data can be acquired to fine-tune the policy (Xie et al., 2021b).
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Algorithm 5: Offline LCB-Q-Advantage RL

1 Parameters: number of epochs M, universal constant cp, > 0, probability of failure
§ € (0,1), and ¢ = log (24T);

Initialize:

Qn(s,a), Q5B (s,a),Qp(s,a), (s, a), A (s,a), Ni(s,a) + 0 for all

(s,a,h) € S x Ax [HJ;

Vi(s), Vi(s), Vi (s) < 0 for all (s,h) € S x [H + 1J;

/’L;Lef( S, ) G;Lef( 5, ) :“?Ldv( S, ) U?zdv( 7a)7 gh(sva)vgh(&a) < 0 for all
(s,a,h) € S x A x [HJ.

[J )

SN

6 for EFpoch m =1 to M do
7 L,, =2™; // specify the number of episodes in the current epoch
8 ]Vh(s,a) =0 for all (h,s,a) € [H] x S x A. // reset the epoch-wise counter
/* Inner-loop: update value-estimates Vj(s,a) and Q-estimates Q(s,a) */
9 for In-epoch Episodet =1 to L,, do
10 Sample a new trajectory {sh,ah,rh}thl. // sampling from batch dataset
11 for Step h =1 to H do
12 Ni(sn,an) < Np(sp,ap) + 1; n < Np(sp,ap). // update the overall counter
13 Ny gil, // update the learning rate
// run the Q-learning update rule with LCB
14 Q-B(sy, ap) « update-lcb-q().
// update the Q-estimate with LCB and reference-advantage
15 Qp(sn,ap) + update-lcb-q-ra().
// update the Q-estimate (), and value estimate V},
16 Qn(sn, an) + max { QB (sy, an), Qp(sn, an), Qn(sn, an) }-
17 Vh(Sh) <— maxg Qh(sh, )
// update the epoch wise counter and 7} for the next epoch
18 Nh(Sha ah) — Nh(Sh,CLh) + 1,
19 | T (snyan) ¢ (1 - m) B (sn, an) + mvzeﬁ(shﬂ);
/* Update the reference (V,, V;:M) and (@), @Y x/
20 for(s,a,h)ESxAx[H—i—l]do
21 V(s )(—Vze (s); Tp(s,a) < @p*(s,a). // set V), and [, for the mext epoch
22 VzeXt( ) Vi(s); mp¥t(s,a) < 0. // restart )" and set V:LeXt for the next
epoch

C;utput: the policy 7 s.t. T,(s) = arg max, Qn(s, a) for any (s,h) € S x [H|.
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Algorithm 6: Auxiliary functions

1

2

3

o]

10
11

12

13
14

15
16

Function update-1cb-q():

B Q;IQCB@h? ap) < (1 — Wn)QI;ZCB(Sha ap) + 1n (T(Shv an) + Vip1(Snt1) — Chy/ %)
Function update-lcb-q-ra():

/* update the moment statistics of the interested terms
[,u;ff, a,’ff, uzd", ozd"](sh, ap) + update-moments();
/* update the bonus difference and accumulative bonus

[61, B](sn,ap) < update-bonus();

_ S g 7/4 2
br(sh, an) < Bp(sh,an) + (1 —1nn) h(‘;’;’ah) + ot + e

/* update the Q-estimate based on reference-advantage
Qn(sn, an) < _ _
(1 = 0n)Qp (ks an) + 0 (11 (shs an) + Vaga (shg1) — Vi (Sng1) + B (shs an) — by);

Function update-moments():

/Lff(sh,ah)é—-(1<— %)pﬁ*(sh,ah)~+—%T7gr;(sh+1);// mean of the reference
—>hext

advantage

B of the advantage
Function update-bonus():
BZEXt(Sh, ah) —
2 2
Cbﬁ(\/"ief(shv an) — (uist (snyan))” + v H\/"Zdv(% ap) — (13 (sn, an)) )3

On(sns an) <= By (sn, an) — Ba(sn, an);
Bh(sh, ah) < BgeXt(Sh, ah).

=3 2
o2 (sp,an) < (1= 0)o3 % (sn, an) + o (Vag1(She1) — Viasa(sne1))”. // 2°¢ moment

*/

*/

*/

(Tff(sh,ah) — (1- %)Uzﬁ(sh,ah)<+-%(‘/h+1(sh+1))2;// 274 moment of the reference
1Y (s, an) < (1= 0) 3% (sp, an) + M (Vi1 (Sh41) — Vis1(sa41)); // mean of the
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Algorithm 7: LCB-Q for offline RL (a rewrite of Algorithm 4 to specify dependency

on k)

1 Parameters: some constant ¢, > 0, target success probability 1 — § € (0,1), and

N

[= T B SN

10

11

12

13

Lt =log
Initialize Q} (s,a) + 0; N} (s,a) < 0 for all (s,a,h) € S x A x [H]; V;}(s) + 0 for all
(s,h) € S x [H+1]; n! s.t. w}(s) =1 for all (s,h) € S x [H].
for Episode k=1 to K do

(SAT)

Sample the k-th trajectory {sﬁ,ai,r,’i}thl from D. // sampling from batch dataset
for Step h=1to H do
for (s,a) € S x A do
// carry over the estimates and policy
NEH(s,0) « NE(s,a); - QEF(s,0) < Qh(s,0); Vi1 (s) V(o)
T (s) 4y (s).
fo+l(sﬁ,az)<——]V5(Si,aﬁ)—+:l // update the counter

n/é—]V£+l(sg,a2);nn $—<gii // update the learning rate

2
by, < cpy/E2L. // update the bonus term

// update the Q-estimates with LCB

Qk+1(3h7 aj) < Qp(sy, ay) + Un{Th(Shv af) + Vh+1(3h+1) QF(sf,af) — bn}‘
// update the value estimates

V,f“(sﬁ) + max {th(si), maxg Qﬁﬂ(sfb, a)}.

// update the policy

If th“Ll(sh) maxg QkH( sy, a): update 7rk+1(sh) = arg max, Qk+1( sy, a).

69



Algorithm 8: LCB-Q-Advantage (a rewrite of Algorithm 5 that specifies dependency

on k or (m,t).)

1 Parameters: number of epochs M, universal constant ¢, > 0,
1-6€(0,1), and ¢ = log (%4T).
—next,1

2 Initialize:
—1 o
3 Q}lL(87a)’ I}_LCBl(S Cl) Qh(sva)vﬂi(‘g)a) :uh ( 7a)aN}1(57a) <~
a4 Vi(8),V,(5), Vi (s) < 0 for all (s,h) € S x [H + 1];
a), 12 (s, a), 2% (s, ), 8, (s,a), By (s, )

ref,1 ref,1
5 [y, (s,a), Op, (s, Ky, Oy,

6 for Epoch m =1 to M do

target success probability

0 for all (s,a,h) € S x Ax [H];

« 0 for all (s,a,h) € S x A x [H].

7 L,, =2". // specify the number of episodes in the current epoch
8 ]’\}}(Lm,l)(s’a) =0 for all (h,s,a) € [H] x S X A. // reset the epoch-wise counter
/* Inner-loop: update value-estimates Vj(s,a) and Q-estimates Q(s,a) x/
9 for In-epoch Episodet =1 to L,, do
10 Set k E:Zi{ll@ +t. // set the episode index
11 Sample the k-th trajectory {sf,af,rF}L . // sampling from batch dataset
12 Compute 7* s.t. 7F(s) = argmax, QF (s, a) for all (s,h) € S x [H]. // update the
policy
13 for Step h=1 to H do
14 for (s,a) € S x Ado
// carry over the estimates
15 Nitl(s,a) « NF(s,a); NkH(s a) % Nk(s a); VF(s) « VE(s);
LCB,k+1 LCB,k
16 Qp (s,a) < Q" (s, a) Qh (3766) %Qh(s a);
k41 k+l —k —>hext,k+1 —>hext,k
Qk+ (s,a) <—(%h(s,a); Vi () < Vi(s) Vi (s) < Vi 7 (s);
1 —
L (s, a) < B8 (s, a).
17 ]Vk+1(sﬁ,ah)(——]Vk(sh,ah)~+-1 TL%—-]Vk+l(Sﬁ,ah) // update the overall
counter
H+1 .
18 M <~ Hin- // update the learning rate
// update the Q-estimate with LCB
19 ;’LCB’kH(slfl,aﬁ) < update-1lcb-qQ).
// update the Q-estimate with LCB and reference-advantage
20 Qh (sh,ah) < update-1lcb-g-ra().
// update the Q-estimate (), and value estimate V),
kel LCB,k+1 L ko kN Ak(ok Ak
21 n o (sh,ap) < max {Qy (sh,ap), Qn  (sy,ap), Q5 (sh,ap) }-
22 Vk+1(sh) — max, Qk+1(sh, a).
// update epoch-wise counter and fi}%(s,a) for the next epoch
t+1 < t
23 NI gk gky o N0 (g k) 41,
24 ﬁ]:eXt k‘+1(827a2) .
k
1 -1 —next,k P— A—Vnext s
_ < N;S’”*t“’(sﬁ,aﬁ)) oo an) g Ve (Sh)
/* Update the reference (V, T7Tm) and (@, @Y x/
25 for (s,a,h) € S x Ax [H + 1] do
k+1 J+1 =
26 Vi (s) < VoS ), w1 (s, a) « @i (s,a). // set V), and i, for the
next epoch
k41 —
27 ‘/Zﬁt +-( )(—-Vﬁf+l(8);Zﬁfxtk+1(8?9)<—-0. // set i and Vﬁfﬂ for the next
epoch

Output: the policy 7 = 7 with K = Z%zl L




Chapter 5

Model-Based Offline RL

5.1 Algorithm and theory: episodic finite-horizon MDPs

We begin by studying offline RL in episodic finite-horizon MDPs, which follows the same problem
formulation as Chapter 4.1. In the following, we shall first introduce a slightly improved version of

the single-policy concentrability (cf. Definition 1), followed by algorithm design and main results.

5.1.1 A refined single-policy concentrability C¢;, 4

Let us begin with recalling the formulation of the concrete setting in Chapter 4.1. Throughout this
chapter, we denote p = p° stands for some predetermined initial state distribution associated with
the batch dataset. For notational simplicity, we introduce the following short-hand notation for the

occupancy distribution w.r.t. the behavior policy 7®:
V(s,a,h) € Sx Ax [H]:  d>(s)==d(s) and d(s,a):=d] (s,a). (5.1)

In particular, it is easily seen that d®(s) = p®(s) for all s € S. Note that the initial state distribution
pP of the batch dataset might not coincide with the test state distribution p.

Then, recall Definition 1, the introduced concentrability coefficient to capture the distribution
shift between the desired distribution and the one induced by the behavior policy.

C* employs the largest density ratio (using the occupancy distributions defined above) to
measure the distribution mismatch; it concerns the behavior policy vs. a single policy 7*, and does
not require uniform coverage of the state-action space (namely, it suffices to cover the part reachable

by 7*). We further introduce a slightly modified version of C* as follows.

Definition 2 (Single-policy clipped concentrability for finite-horizon MDPs). The single-policy
clipped concentrability coefficient of a batch dataset D is defined as

min {dz(s, a), %}

*, = 5.2
clipped "= es A [H] (s, a) (52)
From the definition above, it holds trivially that
* * * 1
clipped < C and clipped > g (53)
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As we shall see shortly, while all sample complexity upper bounds developed herein remain valid if

*

we replace C(jipped with C*, the use of C:npped might yield some sample size reduction when Cfj;

drops below 1.

Goal. With the above batch dataset D in hand, our aim is to compute, in a sample-efficient
fashion, a policy 7 that results in near-optimal values w.r.t. a given test state distribution p € A(S).

Formally speaking, the current sub-chapter focuses on achieving
Vip) =Vit(p) < ¢

with high probability using as few samples as possible, where ¢ stands for the target accuracy level.

We seek to achieve sample optimality for the full e-range, i.e., for any e € (0, H].

5.1.2 A model-based offline RL algorithm: VI-LCB

Suppose for the moment that we have access to a dataset Dy containing N sample transitions
{(si, @i, hi, 81) ¥, where (s;, a;, hi, s;) denotes the transition from state s; at step h; to state s} in
the next step when action a; is taken. We now describe a pessimistic variant of the model-based

approach on the basis of Dy.

Empirical MDP. For each (s,a,h) € S x A x [H|, we denote by

Np(s,a): 1{(si,a;, hi) = (s,a,h)} (5.4a)

I
AMz

=1

Np(s) =

M-

1{(si, hi) = (s,h)} (5.4b)

=1

the total number of sample transitions at step h that transition from (s,a) and from s, respectively.

We can then compute the empirical estimate P= {ﬁh}lghg g of the transition kernel P as follows:

N
mi; 1{(si, ai, hi, s7) = (s,a,h,8')},  if Np(s,a) >0

Py(s'|s,a) = (5.5)

) else

U=

for each (s,a,h,s’) € S x Ax [H] x S.
The VI-LCB algorithm. With this estimated model in place, the VI-LCB algorithm (i.e., value

iteration with lower confidence bounds) maintains the value function estimate {V},} and Q-function

estimate {@h}, and works backward from h = H to h = 1 as in classical dynamic programming
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Algorithm 9: Offline value iteration with LCB (VI-LCB) for finite-horizon MDPs.

1 input: dataset Dy; reward function r; target success probability 1 — 4.

2 initialization: Y7H+1 =0.

g forh=H,---,1do

4 compute the empirical transition kernel I3h according to (5.5).
5 for s € S,a € Ado

6 compute the penalty term by (s, a) according to (5.9).

7 L set @h(s, a) = max {rh(s, a) + ]3;178’@‘7;1“ — bh(s,a),O}.

8 for s € S do
9 L set Vj,(s) = max, Qp(s,a) and 7, (s) € argmax, Qp(s, a).

10 output: 7T = {7 }1<n<m.

with the terminal value Y7H+1 =0 (Jin et al., 2021; Xie et al., 2021b). Specifically, the algorithm
adopts the following update rule:

~

Qn(s,a) = max {rh(s, a) + ]3h7s’a‘7h+1 — by(s,a), 0}, (5.6)
where ﬁh@a is the empirical estimate of Py o (cf. (2.7)),
‘A/h+1(s) = max @;H_l(s, a), (5.7)

and by (s,a) > 0 denotes some penalty term that is a decreasing function in N (s,a) (as we shall

specify momentarily). In addition, the policy 7 is selected greedily in accordance to the Q-estimate:
V(s,h) € S x [H]: 7 (s) € argmax Qy (s, a). (5.8)
a

In a nutshell, the VI-LCB algorithm — as summarized in Algorithm 9 — applies the classical value
iteration approach to the empirical model ]3, and in addition, implements the principle of pessimism

via certain lower confidence penalty terms {bs(s,a)}.

The Bernstein-style penalty terms. As before, we adopt Bernstein-style penalty in order to

better capture the variance structure over time; that is,

log &5

log NH .
cp, log =5 Varp, (VhH)—i—ch,H} (5.9)

Np(s,a)

V(s,a,h) € S x Ax [H]: by(s,a) = min{\/ Ny(s,a)

for some universal constant ¢, > 0 (e.g., ¢, = 16). Here, Var B, (Vh+1) corresponds to the variance

of ‘A/h+1 w.r.t. the distribution ﬁh,s,a (see the definition (1.7)). Note that we choose P as opposed

to P (i.e., Varp, _, (Vh+1)) in the variance term, mainly because we have no access to the true
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transition kernel P.

Finally, it is worth noting that the Bernstein-style uncertainty estimates have been widely
studied when performing online exploration in episodic finite-horizon MDPs (e.g., Azar et al. (2017);
Fruit et al. (2020); Jin et al. (2018); Li et al. (2023b); Talebi and Maillard (2018); Zhang et al.
(2020c)). Once again, the main purpose therein is to encourage exploration of the insufficiently
visited states/actions, a mechanism that is not applicable to offline RL due to the absence of further

data collection.

5.1.3 VI-LCB with two-fold subsampling

Given that the batch dataset D is composed of several sample trajectories each of length H, the
sample transitions in D cannot be viewed as being independently generated (as the sample transitions
at step h might influence the sample transitions in the subsequent steps). As one can imagine, the
presence of such temporal statistical dependency considerably complicates analysis.

In order to circumvent this technical difficulty, we propose a two-fold subsampling trick that
allows one to exploit the desired statistical independence. Informally, we propose the following

steps:

e First of all, we randomly split the dataset into two halves D™" and D%, where D™ consists

of N™in(s) sample transitions from state s at step h.

e For cach (s,h) € S x [H], we use the dataset D" to construct a high-probability lower bound
Nfrim(s) on N™n(s), and then subsample Nf™(s) sample transitions w.r.t. (s, h) from DM

this results in a new subsampled dataset D™,
e Run VI-LCB on the subsampled dataset D™ (i.e., Algorithm 9).

The whole procedure is detailed in Algorithm 10. A few important features are worth highlighting,
under the assumption that the sample trajectories in D are independently generated from the same

distribution.

e Given that {N{"m(s)} are computed on the basis of the dataset D and that D''M is
subsampled from another dataset D™", one can clearly see that {Nf"™(s)} are statistically

independent from the sample transitions in D™,

e As we shall justify in the analysis, the samples in D™ can almost be treated as being

statistically independent, a key attribute resulting from the subsampling trick.

e The proposed algorithm only splits the data into two subsets, which is in stark contrast
to prior variants of VI-LCB that perform H-fold sample splitting (e.g., Xie et al. (2021b)).
Eliminating the H-fold splitting requirement plays a crucial role in enabling optimal sample

complexity.
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Algorithm 10: Subsampled VI-LCB for episodic finite-horizon MDPs

1 input: a dataset D; reward function r.
2 subsampling: run the following procedure to generate the subsampled dataset D™,
1) Data splitting. Split D into two halves: D™ (which contains the first K /2
trajectories), and D (which contains the remaining K/2 trajectories); we let N2n(s)
(resp. N2%(s)) denote the number of sample transitions in D™ (resp. D) that
transition from state s at step h.

2) Lower bounding {N""(s)} using D3**. For each s € S and 1 < h < H, compute

| H
NI (5) = max {N;;“X(s) - 10\/N;;“X(s) log TS 0} : (5.10)

3) Random subsampling. Let pmain’ he the set of all sample transitions (i.e., the
quadruples taking the form (s, a, h,s’)) from D™". Subsample Dmain’ {4 obtain DM,
such that for each (s,h) € S x [H], Dt.”'/“ contains min{ Nf™(s), NMi"(s)} sample
transitions randomly drawn from D™ .

run VI-LCB: set Dy = D"™: run Algorithm 9 to compute a policy 7.

Before proceeding, we formally justify that Nf"™M(s) — as computed in (5.10) — is a valid
lower bound on N (s). Here and below, we denote by Nf™(s, a) the number of sample transitions

in DM that are associated with the state-action pair (s,a) at step h.

Lemma 13. Suppose that the K trajectories in D are generated in an i.i.d. fashion (see Chap-
ter 5.1.1). With probability at least 1 — 80, the quantities constructed in (5.10) obey

Nim(s) < Nain(s), (5.11a)

. Kd® KH
Ni"™(s,a) > hg(s,a) — 5\/Kd,t;(s,a) log 5 (5.11b)
simultaneously for all 1 < h < H and all (s,a) € S x A.

5.1.4 Theoretical guarantees

In what follows, we characterize the sample complexity of Algorithm 10, as formalized below.

Theorem 4. Consider any € € (0, H| and any 0 < 6 < 1. With probability exceeding 1 — 126, the
policy T returned by Algorithm 10 obeys

Vi(p) = Vi'(p) <& (5.12)

as long as the penalty terms are chosen according to the Bernstein-style quantity (5.9) for some
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large enough numerical constant ¢, > 0, and the total number of sample trajectories exceeds

ckI{3S(Z§mpedlogA5gi

g2

(5.13)

for some sufficiently large numerical constant ¢ > 0, where Caipped is introduced in Definition 2.

In general, the total sample size characterized by Theorem 4 could be far smaller than the
ambient dimension (i.e., S2AH) of the probability transition kernel P, thus precluding one from
estimating P in a reliable fashion. As a crucial insight from Theorem 4, the model-based (or plug-in)
approach enables reliable policy learning even when model estimation is completely off. Our analysis
of Theorem 4 relies heavily on (i) suitable decoupling of complicated statistical dependency via
subsampling, and (ii) careful control of the variance terms in the presence of Bernstein-style penalty.

In order to help assess the tightness and optimality of Theoerem 4, we further develop a

minimax lower bound as follows.

Theorem 5. For any (H, S, Cgipped,a) obeying H > 12, :Iipped > 8/S and € < c3H, one can
construct a collection of MDPs { Mg | 0 € ©}, an initial state distribution p, and a batch dataset

with K independent sample trajectories each of length H, such that

~ 1
: * _ s > > -
inf max By { V7' (p) = V{7 (p) 2 e} = 7. (5.14)

provided that the total sample size

cyC%  SH*
N=KH < ——eped (5.15)
€
Here, c3,cq4 > 0 are some small enough numerical constants, the infimum is over all estimator 7,
and Py denotes the probability when the MDP is M.

Implications. In what follows, let us take a moment to discuss several other key implications of
Theorem 4.

e Near-optimal sample complexities. In the presence of the Bernstein-style penalty, the total

number of samples (i.e., K H) needed for our algorithm to yield e-accuracy is

=~ H4S ::(Ii ed
o (15, 510

This confirms the optimality of the proposed model-based approach (up to some logarithmic

. . . HASC*
term) when Bernstein-style penalty is employed, since Theorem 5 reveals that at least Fipped

samples are needed regardless of the algorithm in use.
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e Full e-range and no burn-in cost. The sample complexity bound (5.13) stated in Theorem 4
holds for an arbitrary € € (0, H]. In other words, no burn-in cost is needed for the algorithm
to work sample-optimally. This improves substantially upon the state-of-the-art results for
model-based and model-free offline algorithms, both of which require a significant level of
burn-in sample size (H?SC* and H®SC*, respectively).

e Sample reduction and model compressibility when C:“pped < 1. Given that C:lipped might

drop below 1, the sample complexity of our algorithm might be as low as 6(H€ 25 ) In fact,

recognizing that C;jipped can be as small as 1+g(1), we see that the sample complexity can

6<I§>, (5.17)

resulting in significant sample size saving compared to prior works. Caution needs to be

sometimes be reduced to

exercised, however, that this sample size improvement is made possible as a result of certain
zlipped' O(1/S) might happen

when a small number of states accounts for a dominant fraction of probability mass in dj (s),

model compressibility implied by a small For instance,

* —
clipped —
with the remaining states exhibiting vanishingly small occupancy probability (see also the
lower bound construction in the proof of Theorem 5); if this happens, then it often suffices to

focus on learning those dominant states.

*
clipped*

question arises as to whether it is possible to estimate C(‘.jipped from the batch dataset. Unfortunately,

Infeasibility of estimating With the sample complexity (5.16) in mind, one natural

this is in general infeasible, as demonstrated by the following example.

e (A hard example) Consider an MDP with horizon H = 2. In step h = 1, we have a singleton
state space §; = {0} and an action space A; = {0, 1}, whereas in step h = 2, we have a
state space Sy = {0,1} and a singleton action space As = {0}. The reward function and the

transition kernel are given by:

r1(0,0) =0, r1(0,1)=0, 72(0,0)=0, ro(1,0)=1
P1(0‘0,0)205, P1(1‘070)205a P1(0’071)2p7 Pl(l‘oal)zl_p

for some unknown parameter p € (0,1). We have K independent trajectories as usual, and let

1 1
d®(0,0)=1— = and d?(0,1) = = (5.18)
Elementary calculation then reveals that: Cf, .4 = K when p < %, and Cfjppeq = 1+ ﬁ

when p > % Such a remarkable difference in C% depends on the value of p, which is only

clipped
reflected in (s,a) = (0, 1) at step 1. However, by construction, there is nonvanishing probability
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(i.e., (1—db(0, 1))K ~ 1/e for large K) such that the dataset does not visit (s,a) = (0,1) in

step h = 1 at all, which in turn precludes one from distinguishing ‘jipped =1+ ﬁ from
C:”pped = K given only the available dataset.

Fortunately, implementing our algorithm does not require prior knowledge of :Iipped at all, and the
algorithm succeeds once the task becomes feasible. On the other hand, we won’t be able to tell how
large a sample size is enough a priori, but this is in general information-theoretically infeasible as

illustrated by the above example.

Comparisons with prior statistical analysis. We now briefly discuss the novelty of our
statistical analysis compared with past theory. Perhaps the most related prior work is Xie et al.
(2021b), which proposed two algorithms. The first algorithm therein is VI-LCB with H-fold sample
splitting and Hoeffding-style penalty, and each of these two features adds an H factor to the total
sample complexity. The second algorithm therein combines VI-LCB with variance reduction, which
leads to optimal sample complexity for sufficiently small € (i.e., a large burn-in cost is required).
Note, however, that none of the existing statistical tools for variance reduction is able to work
without imposing a large burn-in cost, regardless of the sampling mechanism in use (e.g., generative
model, offline RL, online RL) (Li et al., 2023b; Sidford et al., 2018a; Xie et al., 2021b; Zhang
et al., 2020c). In contrast, our theory makes apparent that variance reduction is unnecessary, which
leads to both simpler algorithm and tighter analysis. Additionally, while Bernstein-style confidence
bounds have been deployed in online RL for finite-horizon MDPs (Azar et al., 2017; Fruit et al.,
2020; Jin et al., 2018; Zhang et al., 2020c), none of these works was able to yield optimal sample
complexity without a large burn-in cost (e.g., Azar et al. (2017) incurred a burn-in cost as large as
S3AHY). This in turn underscores the power of our statistical analysis when coping with the most

data-hungry regime.

5.2 Algorithm and theory: discounted infinite-horizon MDPs

Now, we turn attention to the studies of offline RL for discounted infinite-horizon MDPs.

5.2.1 Problem formulation and assumptions

As before, recalling the definition of discounted infinite-horizon MDPs in Chapter 2.1, we shall
further introduce additional notations, the sampling model and the goal.
Similar to finite-horizon case, we introduce the discounted occupancy distributions associated

with policy 7 as follows:

o0

VseS: d™(s;p)=(1—7) Z’yt}P’(st =5s| sy~ p;7), (5.19)
t=0
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o0
V(s,a) e S x A: d"(s,a;p) = (1—7) Z’yt]P’(st =Ss,at=a| so~ p;7), (5.20)
t=0
where we consider the randomness over a sample trajectory that starts from an initial state sg ~ p
and that follows policy 7w (i.e., ar ~ 7(- | st) and sgy1 ~ P(-|s¢,a¢) for all ¢ > 0).
Correspondingly, we adopt the notation of the discounted occupancy distributions associated

with the optimal policy n* as:

V(s,a) e Sx A: d*(s):=d" (s;p) and d*(s,a) :=d" (s,a;p) =d*(s)1 (a=7"(s)),
(5.21)

where the last equality is valid since 7* is assumed to be deterministic.

Offline/batch data. Let us work with an independent sampling model as studied in the prior
work Rashidinejad et al. (2021). To be precise, imagine that we observe a batch dataset D =
{(si,ai, s;) }1<i<n containing N sample transitions. These samples are independently generated
based on a distribution d® € A(S x A) and the transition kernel P of the MDP, namely,

ind.

(si,a;) "~ dP and s S P(-|si,a;), 1<i<N. (5.22)

(2
In addition, it is assumed that the learner is aware of the reward function.
In order to capture the distribution shift between the desired occupancy measure and the

data distribution, we introduce a key quantity previously introduced in Rashidinejad et al. (2021).

Definition 3 (Single-policy concentrability for infinite-horizon MDPs). The single-policy concen-
trability coefficient of a batch dataset D is defined as
d*(s,a)

C* = —_— 5.23
(s,;?e%{x/l d°(s,a) (5.23)

Clearly, one necessarily has C* > 1.

In words, C* measures the distribution mismatch in terms of the maximum density ratio. The
batch dataset can be viewed as expert data when C* approaches 1, meaning that the batch dataset
is close to the target policy in terms of the induced distributions. Moreover, this coefficient C* is
referred to as the “single-policy” concentrability coefficient since it is concerned with a single policy
7*; this is clearly a much weaker assumption compared to the all-policy concentrability assumption
(as adopted in, e.g., Chen and Jiang (2019); Fan et al. (2020); Farahmand et al. (2010); Munos
(2007); Ren et al. (2021); Xie and Jiang (2021)), the latter of which assumes a uniform density-ratio
bound over all policies and requires the dataset to be highly exploratory.

In the current sub-chapter, we also introduce a slightly improved version of C* as follows.

79



Definition 4 (Single-policy clipped concentrability for infinite-horizon MDPs). The single-policy
clipped concentrability coefficient of a batch dataset D is defined as

. * 1
I {d*(s,a), S}.
(s,a)eSxA db(S, a)

:Iipped = (524)
Remark 2. A direct comparison of Conditions (5.23) and (7.25) implies that for a given batch
dataset D,

Cllipped < C™. (5.25)

As we shall see later, while our sample complexity upper bounds will be mainly stated in terms of
C’Z“pped, all of them remain valid if C:“pped is replaced with C*. Additionally, in contrast to C* that
is always lower bounded by 1, we have a smaller lower bound as follows (directly from the definition
(7.25))

C(jipped >1/8, (5.26)

which is nearly tight.! This attribute could lead to sample size saving in some cases, to be detailed

shortly.

Let us take a moment to further interpret the coefficient in Definition 4, which says that

L d*(s,a), if d*(s,a) <1/S

db(s,0) > { Celmes (5.27)
3 *
ol if d*(s,a) > 1/S
holds for any pair (s,a). Consider, for instance, the case where Cllipped = O(1): if a state-action

pair is infrequently (or rarely) visited by the optimal policy, then it is fine for the associated density
in the batch data to be very small (e.g., a density proportional to that of the optimal policy); by
contrast, if a state-action pair is visited fairly often by the optimal policy, then Definition 4 might
only require d®(s,a) to exceed the order of 1/S. In other words, the required level of d°(s,a) is
clipped at the level m regardless of the value of d*(s,a).

Goal. Armed with the batch dataset D, the objective of offline RL in this case is to find a policy 7

that attains near-optimal value functions — with respect to a given test state distribution p € A(S)

1 1-531 ifs=1 b
As a concrete example, suppose that d*(s) = . and d°(s,a) =
= else
1—% if a =7"(s) and s =1,
o ifa=7"(s) and s #1, Then it can be easily verified that C,eq = ﬁ Nonetheless, cau-
S
0, else.

tion should be exercised that an exceedingly small Cgj,eq requires highly compressible structure of d*, and the

real-world data often do not fall within this benign range of Cjiyped-
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— in a sample-efficient manner. To be precise, for a prescribed accuracy level e, we seek to identify

an e-optimal policy 7 satisfying

Vip)=VT(p) <e (5.28)

with high probability, using a batch dataset D (cf. (5.22)) containing as few samples as possible.
Particular emphasis is placed on achieving minimal sample complexity for the entire range of

accuracy levels (namely, for any e € (0, ﬁ] ).

Remark 3. The careful reader might remark that i.i.d. sampling as in (5.22) might be too stringent.
While our main theory is developed based on this idealistic sampling model, we shall present

extensions to Markovian data as well (see Appendix C.4).

5.2.2 VI-LCB for infinite-horizon MDPs

In this subchapter, we introduce a model-based offline RL algorithm that incorporates lower
concentration bounds in value estimation. The algorithm, called VI-LCB, applies value iteration
(based on some pessimistic Bellman operator) to the empirical MDP, with the key ingredients

described below.

The empirical MDP. Recall that we are given N independent sample transitions {(s;, a;, s5)}Y,
in the dataset D. For any given state-action pair (s,a), we denote by
N
N(s,a) = > 1 ((si,a;) = (s,a)) (5.29)
i=1

the number of samples transitions from (s,a). We then construct an empirical transition matrix P
such that

N
v & M0 ) = (0.9}, i N(s.a) >0

P(s'|s,a) = (5.30)

) else

U=

for each (s,a,s’) € S x A x S.

The pessimistic Bellman operator. Our offline algorithm is developed based on finding the
fixed point of some variant of the classical Bellman operator. Let us first introduce this key
operator and eludicate how the pessimism principle is enforced. Recall that the Bellman operator
T(-) : R54 — R4 w.r.t. the transition kernel P is defined such that for any vector Q € RS54,

T(Q)(s,a) =r(s,a) +vPs,V for all (s,a) € S x A, (5.31)
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where V = [V (s)]ses with V(s) := max, Q(s,a). We propose to penalize the original Bellman

operator w.r.t. the empirical kernel P as follows:

~

Toe(Q)(s,a) == max {r(s, a) + ’yﬁs,aV —b(s,a; V), O} for all (s,a) € S x A, (5.32)

where b(s, a; V') denotes the penalty term employed to enforce pessimism amid uncertainty. As one
can anticipate, the properties of the fixed point of ﬁe(-) relies heavily upon the choice of the penalty
terms {by(s,a;V)}, often derived based on certain concentration bounds. In this sub-chapter, we

focus on the following Bernstein-style penalty to exploit the importance of certain variance statistics:

. Cp lOg ﬁ 2Cb 10g ﬁ 1 5
b(s,a,V) = mln{max{\/AN(S’a)Varﬁs’a(V), (1 —’Y)N(s7a)}’ 1 S + N (533)

for every (s,a) € S x A, where ¢, > 0 is some numerical constant (e.g., ¢, = 144), and 6 € (0,1) is
some given quantity (in fact, 1 — § is the target success probability). Here, for any vector V & R”,
we recall that Varp (V) is the variance of V' w.r.t. the distribution ]35,,1 (see (1.7)).

We immediately isolate several useful properties as follows.

Lemma 14. For any~y € [%,1), the operator ﬁe(-) (cf. (5.32) ) with the Bernstein-style penalty (5.33)

is a y-contraction w.r.t. || - |0, that is,

[ Tpe(Q1) = Tpe(Q2)]|. < V@1 — Q2lloo (5.34)

for any Q1,Q2 € R¥*A obeying Q1(s,a), Q2(s,a) € [0, ﬁ] for all (s,a) € S x A. In addition,
there exists a unique fixed point @;e of the operator ﬁe(-), which also obeys 0 < @;e(s, a) < ﬁ for
all (s,a) € S x A.

In words, even though ﬁe( -) integrates the penalty terms, it still preserves the y-contraction property

and admits a unique fixed point, thereby resembling the classical Bellman operator (5.31).

The VI-LCB algorithm. We are now positioned to introduce the VI-LCB algorithm, which can
be regarded as classical value iteration applied in conjunction with pessimism. Specifically, the
algorithm applies the Bernstein-style pessimistic operator ﬁe (cf. (5.32)) iteratively in order to find

its fixed point:
@T(s, a) = ﬁe(@7_1)(s,a) = max {T(S, a) + 7]357&77_1 — b(s, a; ‘A/T_l),O}, T=12,--- (5.35)

We shall initialize it to Cjo = 0, implement (5.35) for Tax iterations, and output @ = @Tmax as the

final Q-estimate. The final policy estimate 7 is chosen on the basis of @ as follows:
7(s) € argmax Q(s, a) forall s e S, (5.36)

82



Algorithm 11: Offline value iteration with LCB (VI-LCB) for discounted infinite-
horizon MDPs
1 input: dataset D; reward function r; target success probability 1 — §; max iteration
number Tmax.
initialization: Qy =0, V; = 0.

2

3 construct the empirical transition kernel P according to (5.30).

4 for 7=1,2,---  Tyax do

5 for s € S,a € Ado

6 compute the penalty term b(s, a; ‘77_1) according to (5.33).
7 L set Q\T(s, a) = max {r(s, a) + vﬁ&a\z,l — b(s, a; ﬁ-,l),O}.
for s € S do

9 L set V;(s) = maxq Q (s, a).

03]

10 output: 7 s.t. 7(s) € argmax, Q- (s, a) for any s € S.

with the whole algorithm summarized in Algorithm 11.

Let us pause to explain the rationale of the pessimism principle on a high level. If a pair
(s,a) has been insufficiently visited in D (i.e., N(s,a) is small), then the resulting Q-estimate
@7—(8, a) could suffer from high uncertainty and become unreliable, which might in turn mislead
value estimation. By enforcing suitable penalization b(s, a; 177_1) based on certain lower confidence
bounds, we can suppress the negative influence of such poorly visited state-action pairs. Fortunately,
suppressing these state-action pairs might not result in significant bias in value estimation when
Czlipped is small; for instance, when the behavior policy 7® resembles 7*, the poorly visited state-
action pairs correspond primarily to suboptimal actions (as they are not selected by 7*), making it
acceptable to neglect these pairs.

Interestingly, Algorithm 11 is guaranteed to converge rapidly. In view of the y-contraction

property in Lemma 14, the iterates {@7}720 converge linearly to the fixed point CAQ as asserted

*
pe’
below.

Lemma 15. Suppose @0 = 0. Then the iterates of Algorithm 11 obey

Qr < Qpe and Qr — Qre. < T for all T > 0, (5.37)

~ ~ log -
where Qe is the unique fized point of Tpe. As a consequence, by choosing Tmax > lzgg(ﬁ one fulfills
[@rne — Bl <1/, (539

Algorithmic comparison with Rashidinejad et al. (2021). VI-LCB has been studied in the

prior work Rashidinejad et al. (2021). The difference between our algorithm and the version therein
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is two-fold:

1
1=y
across all iterations, which is in sharp contrast to Rashidinejad et al. (2021) that employs

e Sample reuse vs. 5( )—fold sample splitting. Our algorithm reuses the same set of samples
fresh samples in each of the Ov(ﬁ) iterations. This results in considerably better usage of

available information.

e Bernstein-style vs. Hoeffding-style penalty. Our algorithm adopts the Bernstein-type penalty,
as opposed to the Hoeffding-style penalty in Rashidinejad et al. (2021). This choice leads to

more effective exploitation of the variance structure across time.

Pessimism vs. optimism in the face of uncertainty. The careful reader might also notice
the similarity between the pessimism principle and the optimism principle utilized in online RL.
A well-developed paradigm that balances exploration and exploitation in online RL is optimistic
exploration based on uncertainty quantification (Lai and Robbins, 1985). The earlier work Jaksch
et al. (2010) put forward an algorithm called UCRL2 that computes an optimistic policy with the
aid of Hoeffding-style confidence regions for the probability transition kernel. Later on, Azar et al.
(2017) proposed to build upper confidence bounds (UCB) for the optimal values instead, which
leads to significantly improved sample complexity; see, e.g., He et al. (2021); Wang et al. (2019)
for the application of this strategy to discounted infinite-horizon MDPs. Note, however, that the
rationales behind optimism and pessimism are remarkably different. In offline RL (which does not
allow further data collection), the uncertainty estimates are employed to identify, and then rule out,
poorly-visited actions; this stands in sharp contrast to the online counterpart where poorly-visited

actions might be more favored during exploration.

5.2.3 Theoretical guarantees

When the Bernstein-style concentration bound (5.33) is adopted, the VI-LCB algorithm in Algo-

rithm 11 yields e-accuracy with a near-minimal number of samples, as stated below.

Theorem 6. Suppose v € [%, 1), and consider any 0 < § < 1 and ¢ € (0, ﬁ] Suppose that the
total number of iterations erceeds Tmax > ﬁ log % With probability at least 1 — 26, the policy T

returned by Algorithm 11 obeys

Vi(p) = V7™(p) <e, (5.39)

provided that ¢y, (cf. the Bernstein-style penalty term in (5.33)) is some sufficiently large numerical

constant and the total sample size exceeds

NS
as :Iipped log 1-)3

N >
T A

(5.40)
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for some large enough numerical constant ¢y > 0, where Cé“pped is introduced in Definition 4.

In general, the total sample size characterized by Theorem 6 could be far smaller than the
ambient dimension (i.e., S?A) of the transition kernel P, thus precluding one from estimating P
in a reliable fashion. As a crucial insight from Theorem 6, the model-based (or plug-in) approach
enables reliable offline learning even when model estimation is completely off.

Before discussing key implications of Theorem 6, we develop matching minimax lower bounds

that help confirm the efficacy of the proposed model-based algorithm.
Theorem 7. For any (v, S, C:“pped,e) obeying vy € [%,1), S > 2, :“pped > %7, and ¢ < m,
one can construct two MDPs Mg, M1, an initial state distribution p, and a batch dataset with N

independent samples and single-policy clipped concentrability coefficient :Iipped such that

)

inf max {]P’O(V*(p) —VR(p) > 2), P (VF(p) — V7(p) > 5)} >

ool

provided that
*
€2 SCcIipped
T (L—9)3e?
for some numerical constant co > 0. Here, the infimum is over all estimator 7, and Py (resp. P1)
denotes the probability when the MDP is Mg (resp. M ).

Implications. In the following, we take a moment to interpret the above two theorems and single

out several key implications about the proposed model-based algorithm.

e Optimal sample complexities. In the presence of the Bernstein-style penalty, the total number

of samples needed for our algorithm to yield e-accuracy is

=~ dlipped

O ((1_7")@)52) : (5.41)
This taken together with the minimax lower bound asserted in Theorem 7 confirms the opti-
mality of the proposed model-based approach (up to some logarithmic factor). In comparison,
the sample complexity derived in Rashidinejad et al. (2021) exhibits a worse dependency on
the effective horizon (i.e., ﬁ) Theorem 7 also enhances the lower bound developed in
Rashidinejad et al. (2021) to accommodate the scenario where Cllipped can be much smaller

than C*, i.e., C 0(1/5).

clipped —

e No burn-in cost. The fact that the sample size bound (5.40) holds for the full e-range (i.e., any
given € € (O, ﬁ]) means that there is no burn-in cost required to achieve sample optimality.
This not only drastically improves upon, but in fact eliminates, the burn-in cost of the

best-known sample-optimal result (cf. Table 1.2), the latter of which required a burn-in cost
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at least on the order of % Accomplishing this requires one to tackle the sample-hungry

regime, which is statistically challenging to cope with.

e No need of sample splitting. It is noteworthy that prior works typically required sample
splitting. For instance, Rashidinejad et al. (2021) analyzed the VI-LCB algorithm with fresh
samples employed in each iteration, which effectively split the data into 5(&) disjoint
subsets. In contrast, the algorithm studied herein permits the reuse of all samples across all
iterations. This is an important feature in sample-starved applications to effectively maximize
information utilization, and is a crucial factor that assists in improving the sample complexity
compared to Rashidinejad et al. (2021).

e Sample size saving when Célipped < 1. In view of Theorem 6, the sample complexity of the

(a=rm)

when C’;ipped is on the order of 1/S. This might seem somewhat surprising at first glance,

proposed algorithm can be as low as

given that the minimax sample complexity for policy evaluation is at least 5(%) even in
the presence of a simulator (Azar et al., 2013). To elucidate this, we note that the condition

Clipped = O(1/S) implicitly imposes special — in fact, highly compressible — structure on the
MDP that enables sample size reduction. As we shall see from the lower bound construction in
Theorem 7, the case with C%;, .y = O(1/5) might require d*(s,a) to concentrate on one or a
small number of important states, with exceedingly small probability assigned to the remaining
ones. If this occurs, then it often suffices to focus on what happens on these important states,

thus requiring much fewer samples.

Comparisons with prior statistical analysis. Before concluding this subchapter, we highlight
the innovations of our statistical analysis compared to past theory when it comes to discounted
infinite-horizon MDPs. To begin with, our sample size improvement over Rashidinejad et al. (2021)
stems from the two algorithmic differences mentioned in Chapter 5.2.2: the sample-reuse feature
allows one to improve a factor of ﬁ, while the use of Bernstein-style penalty yields an additional
gain of ﬁ In addition, while the design of data-driven Bernstein-style bounds has been extensively
studied in online RL in discounted MDPs (e.g., He et al. (2021); Zhang et al. (2021c)), all of these
past results were either sample-suboptimal, or required a huge burn-in sample size (e.g., %
in He et al. (2021)). In other words, sample optimality was not previously achieved in the most
data-hungry regime. In comparison, our theory ensures optimality of our algorithm even for the
most sample-constrained scenario, which relies on much more delicate statistical tools. In a nutshell,
our statistical analysis is built upon at least two ideas: (i) a leave-one-out analysis framework that

allows to decouple complicated statistical dependency across iterations without losing statistical
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tightness; (ii) a delicate self-bounding trick that allows us to simultaneously control multiple crucial

statistical quantities (e.g., empirical variance) in the most sample-starved regime.

5.3 Analysis: episodic finite-horizon MDPs

5.3.1 Preliminary facts and notation

We first collect a few preliminary facts that are useful for the analysis. The first fact determines the

range of our estimates @) and Vj,.

Lemma 16. The iterates of Algorithm 9 obey

0<Qu(s,a) <H—-h+1 and 0<Vy(s)<H-—h+1 for all (s,a,h) € S x A x [H].
(5.42)

Proof. The non-negativity of @h (and hence X/}h) follows directly from the update rule (5.6). Re-
garding the upper bound, we suppose for the moment that YA/hH(s) < H — h for step h + 1. Then
(5.6) tells us that

Qn(s,a) <1+ H‘AthHOO <1+ H —h,

which together with ‘A/h(s) = max, @h(s, a) justifies the claim (5.42) for step h as well. Taking this

together with the base case 17H+1 = (0 and the standard induction argument concludes the proof. [

The second fact is concerned with the vector df := [d(s)]ses € R®. For any h € [H], denote
by Pr € RS a matrix whose s-th row is given by Py (- |s,m(s)). Then the Markovian property
of the MDP indicates that: for any j > h, one has

()" = ()" Py Pry (5.43)

Notation. We remind the reader that P, ;, € RS represents the probability transition vector
Py(-]s,a), and the associated variance parameter Varp, (V) is defined to be the (h, s, a)-th row
of Varp(V) (cf. (1.7)), namely,

2
Varp, , . (V Z Pu(s'| s,a) <Z Pu(s'|s,a)V (s )) (5.44)

s'es s'eS

for any given vector V € RS. The vector 13h787a € RS and the variance parameter Var B, (V) are

defined analogously.
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5.3.2 A crucial statistical independence property

This subchapter demonstrates that the subsampling trick introduced in Chapter 5.1.3 leads to
some crucial statistical independence property. To be precise, let us consider the following two
data-generating mechanisms; here and below, a sample transition refers to a quadruple (s, a, h, s")

that indicates a transition from state s to state s’ when action a is taken at step h.

e Model 1 (augmented dataset). Augment D™ to yield a dataset D™3"8 via the following
steps. For every (s,h) € S x [H]:

1) Add to Dfimave ]l Niim(s) sample transitions in D¥™ that transition from state s at
step h;

2) If Nffim(s) > N/Main(s), then we further add to D”im’a”g another set of Nf™(s) — Nmain(s)
independent sample transitions {(s, ag)s, h, s/h(l))} obeying

o) Kb ls), s OB [sa))),  NP(s) < i < NFT™(s). (5.45)
e Model 2 (independent dataset). For every (s, h) € S x [H], generate NI '™(s) independent
sample transitions {(s, agf)s, h, S;Z(Z))} as follows:
ap, KL, SR P lse), 1<i< NI (5.46)
This forms the following dataset:

Did — {(s,aﬁf’l,h,sg’?) |s€S1<h<H1<i< Nﬁ”m(s)}. (5.47)

In words, the dataset D'™3u8 generated in Model 1 differs from D™ only if Nffm(s) >
N ;L“ai"(s) occurs; this data generating mechanism ensures that D™2U€ comprises exactly N }l”m(s)
sample transitions from state s at step h. Two key features are: (a) the samples in D™3Y8 are
statistically independent, and (b) D™2U8 is essentially equivalent to D™ with high probability,

as asserted below.

Lemma 17. The above two datasets DF™2u8 gqnd D4 have the same distributions. In addition,
with probability exceeding 1 — 8§, Dtrim-aug — ptrim,

Proof. Both D¥mave and D4 contain exactly N,tlrim(s) sample transitions from state s at step
h. where {N{"™(s)} are statistically independent from the randomness of the samples. It is easily
seen that: given {Nf™(s)}, the sample transitions in D¥™38 across different steps are statistically
independent. As a result, D™ and D4 both consist of independent samples and are of the same

distribution.
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Furthermore, Lemma 13 tells us that with probability at least 1 — 83, Nffm(s) < Nmain(s)
holds for all (s,h) € S x [H], implying that that all data in D¥™248 come from D™" and hence
Dtrim,aug — Dtrim. ]

5.3.3 Proof of Theorem 4

We first demonstrate that Theorem 4 is valid as long as the following theorem can be established.

Theorem 8. Consider the dataset Dy described in Chapter 5.1.2, and any 0 < 6 < 1. Suppose that
Do contains N sample transitions, and that the non-negative integers { Ny(s,a)} defined in (5.4)
obey

KdP
V(s,a,h) € S x Ax [H]: Np(s,a) > dhg(s,a) - 5\/Kd2(s,a) log Nsz’ (5.48)

with K some quantity obeying K > 3872HSC, blog . Assume that conditional on {Np(s,a)},
the sample transitions {(s,a,h, s )|1 < i < Np(s, a) (s,a,h) € S x A x [H|} are statistically
independent. The penalty terms are taken to be (5.9), where cp, > 16 is chosen to be some constant.

Then with probability at least 1 — 465, one has

20, H3SC*, log N1
Zd* V(s ))380\/ @ ok 85 1<h<H (5.49)

By construction, {Nf"™(s,a)} are computed using D2, and hence are independent from the
empirical model ISh generated based on D™, Additionally, Lemma 17 permits us to treat the
samples in D™ as being statistically independent. Recalling that the lower bound (5.11b) holds
with probability at least 1 — 89, we can readily invoke Theorem 8 by taking Nj(s,a) = N, ,tlrim(s, a)
and the property (4.2) to show that

ZP(S)(Vl*(S) Zd* Vl ( )) S 80\/2CbHSSC;£?b 10%% (550)

seS seS

with probability at least 1 — 129, provided that K > 3872HSC*

rob

log A Setting the right-hand
side of (5.50) to be smaller than ¢ immediately concludes the proof of Theorem 4, where we have
used the fact that N < KH in Dy. As a consequence, it suffices to establish Theorem 8. In the
sequel, we shall assume without loss of generality that we are working on the high-probability event
(5.11).

5.3.3.1 Proof of Theorem 8

Step 1: showing that Qy(s,a) < Q7 (s,a). This part relies crucially on the following lemma.
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Lemma 18. Consider any 1 < h < H, and any vector V. € RS independent of ﬁh obeying
IVl < H. With probability at least 1 — 46/ H, one has

48Varp  (V)log & | 48H log f!
Nh(S,CL) Nh(S,a)
2 NH
3Nh(37 a)

‘(ﬁh,s,a - Ph,s,a)v‘ < (551)

Varﬁh (V) < 2Varp, ., (V) +

»S,a

(5.52)

simultaneously for all (s,a) € S x A.

Proof. The proof follows from exactly the same argument as that of Lemma 31, except that the
assumed upper bound on ||V ||« is now H (as opposed to ﬁ) and ¢ is replaced with 6/H. We thus
omit the proof details for brevity. O

Additionally, we make note of the crude bound ’ Ph sa— Phsa) ‘7h+1’ < ||‘7h+1||oo < H. Also,
given that Algorithm 9 works backwards, the iterate Vh+1 does not use Ph, and is hence statistically

independent from Ph. Thus, we can readily apply Lemma 18 to obtain
V(s,a,h) € S x Ax [H]: ‘(ﬁh sa — Ph,s,a)‘/}h—l-l‘ < bp(s,a) (5.53)

in the presence of the Bernstein-style penalty (5.9), provided that the constant ¢, > 0 is sufficiently
large.
In the sequel, we shall work with the high-probability events (5.53) and (5.52), in addition to

(5.11). We intend to prove the following relation
V(s,a,h) € Sx Ax [H]: Qu(s,a) < Qi(s,a) and Vi(s) < Vi (s) (5.54)

hold with probability exceeding 1 — 45. Note that the latter assertion concerning ‘/}h is implied by

the former, according to the following relation:

~

Vi(s) = max Qn(s,@) = Qn(s,7n(5)) < QF (5. 7n(s)) = Vi (s). (5.55)

N

Therefore, we focus on the first assertion and will show it by induction. First of all, the claim (5.54)
holds trivially for the base case with h = H + 1, given that @H_H(S, a) = QZ+1(S,CL) = 0. Next,
suppose that Qp41(s,a) < Q;L?Jrl(s, a) holds for all (s,a) € S x A and some step h + 1. We would
like to show that the claimed inequality holds for step h as well. If @h(s, a) = 0, then the claim

holds trivially; otherwise, our update rule (5.6) reveals that

~

Qn(s,a) = ri(s,a) + Py saVir1 — bi(s,a)
= 7(8,0) 4+ PhsaVii1 + (ﬁh,s,a —Pysa) Vie1 — ba(s, a)
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(i)

< ’l“h(S, a) + Ph,s,av}i_l (;) Qg(& a)’

with probability at least 1 — 6/2, where (i) results from (5.53) and (5.55) (i.e., ‘7h+1(s) < Vhi_l(s)),
and (ii) arises from the Bellman equation. We have thus established (5.54) via a standard induction

argument.

Step 2: bounding V;*(s) — V7 (s). In view of (5.55), we make the observation that

~ ~

0 < Vi (s) = Vi () < Vi (s) = Vals) < Qh (s, w5 (s)) — Qn(s. 75 (s)), (5.56)

where the last inequality holds true since V;(s) = Qj (s, 7} (s)) and Vi(s) = max, Qn(s,a) >
Qn (s, 7} (s)). Recognizing that

Qi (5,74 (5)) = (5, 7H(8)) + Phsmy o Viter
@h (s,ﬂ'Z(s)) = max {r(s,wi(s)) + ﬁh,s,n;(s)f/h-s—l — by, (8,71';:(8)), O},
we can continue the derivation of (5.56) to obtain
Vir(s) = Vi(s) < (s, mp(s)) + Py st () Vig1 — {T(SJW*L(S)) + ﬁh,s,ﬂ';(s)‘/}thl — bp (s, WZ(S))}
= Ph,S,ﬂZ(S)ij—‘rl - ﬁh,s,ﬂﬁ(s)‘/}thl + by (37 77;:(3))

= Ph,s,ﬂ'i(s) (Vf:(—o—l - ‘7h+1) - <ﬁh,s,7r;;(s) - Ph,s,ﬂi(s)>‘7h+1 + bh (37 W;(L(S))
< Phainr () (Viter = Viern) + 26 (s, 77 (5)) (5.57)

with probability at least 1 — 0, where the last inequality is valid due to (5.53). For notational
convenience, let us introduce a sequence of matrices Py € R9*9 (1 < h < H) and vectors b} € RY
(1 < h < H), with their s-th rows given by

[Piﬂs,- = Ph st (s) and by (s) = bu(s, T} (s)). (5.58)
This allows us to rewrite (5.57) in matrix/vector form as follows:
0 < Vi — Vi < PE(Viyy — Vi) + 203, (5.59)

The inequality (5.59) plays a key role in the analysis since it establishes a connection between the
value estimation errors in step h and step h + 1.

~

Given that by, Py and V¥ — V), are all non-negative, applying (5.59) recursively with the
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boundary condition Vi = YA/HH =0 leads to

0 < Vi = Vi < PE(ViEyy — Vi) + 205
< PPy (Viiye — Vo) + 2P5by gy + 26, <

H 7—1
<23 (%)
j=h “k=h
where we adopt the following notation for convenience (note the order of the product)
h—1 Jj—
[[7=1 ad J[R=rF--P, ifj>h

With this inequality in mind, we can let dj = [d} (s)]ses be a S-dimensional vector and derive
R R H ,j-1
(5. Vi = Vi) < {dj Vit = Th) < <dz, > (11 P,:)b;>
j=h “k=h
H j—1 H
=23 (dg)T< I1 P,:> bh =2 (d5, 0, (5.60)
j=h j=h

6) and the elementary identity (5.43).

where we have made use of (5.5

Step 3: using concentrability to bound <d§, b]*> To finish up, we need to make use of the
concentrability coefficient. In what follows, we look at two cases separately.

e Case 1: Kd° (S,WJ( s)) < 4cp log XE . Given that by (s,a) < H (cf. (5.9)), we necessarily have
deplog ML 4 Hlog M2
b 108 é < Cb(jl'ob og 0 (561)

Kd?(s,ﬂ';(s)) Kmln{d}f(s),%}

bi(s) <H<H -

in this case, where the last inequality arises from Definition 2.

o Case 2: de (s, 7 (s s)) > 4cp, log 2E 1t follows from the assumption (5.48) that

" Kd3 (s, 5 N de(s m;(s))
N; (s,m5(s)) = —H o — 5% Ky (s, mj(5)) log - 2 —57—=
. K min {d*( 7 ( (s)),+} Kmm{d* ’§}’ (5.62)
mq*ob 16C%,

as long as ¢, > 0 is sufficiently large. Here, the last line results from Definition 2 and the

assumption that 7* is a deterministic policy (so that dj(s) = d*(s7 (s s))).
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This further leads to

cp log M V o 5
bE(s) < (| —2—2 8 \/ar~ Vit + oo — 5
5(8) < \/Nj(s,m*'(S)) Pj,s,fr;<s>( i)+ Nj(s,m5(s))

(i) | 2cplog MH ~ log &2
<220 Varp (Vi) 4 3 H o
\/N] (5,75 (s)) By} Nj(s,75(s))

(i) | 32c,C%, log ME v
‘)f 1 arP] s 7r*(9)
K min {d] (s), s}

log %5
K min {d;(s), b

(‘/J-f—l) + 486bCrob

Here, (i) comes from (5.52) and the elementary inequality /z +y < \/x +,/y for any x,y > 0,
provided that ¢, is large enough; and (ii) relies on (5.62).

Putting the above two cases together, we arrive at

Clop log %

Kmln {d}*(s), <}

32¢,C* log
* * * rob *
gs d5(s)bj(s) < 55 dj(s)\ - {od; 3 S}Va Piamr (o V]H) + 48¢c, H g d; (

326,07, log M2 - 96¢, HSC*, log NH
< Z d;(s) rob Varp *( )( () rob 0

K min {d; ,g} K ’ (5.63)
where the last inequality holds since
d*
me{d* Iy < Zd { 1/3} ZI+SZd < 28.

In addition, we make the observation that

EH: Z d*( )\J VaervSv‘”;(S) ( J+1 Z Z d* aer,S,ﬂ';(s) ( j+1 Z E d* VarPg IRHO! (‘//\}Jrl)
A . * - *
5 J mln{dj S} =5 dx(s) e 1/8
H
= Z Z \/d (s)Varp, , w*(e) J+1 + \FZ Z dj(s \/Val’p] 5.5 (s) (VJ’H)
j=h s

j=h s

SNND 9) DUTEINAB FRVEND 9 DUE ) ) DRI LAS
Jj=h s j=h s j=h s
H
= 2\/H75 ZZCZ* Varp *( >(V}+1)
Jj=h s

<4 HS<H2+HZ (d b*><4\/ S +4 H2SZ (dx, %),

1777 J’J
j=h
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where the third line makes use of the Cauchy-Schwarz inequality, and the last line would hold as

long as we could establish the following inequality

ZZd* Varpjm*(g)(V]H)<4H2+4HZ dy,by) (5.64)
j=h s j=h

for all h € [H] with probability exceeding 1 — 4§. Substitution into (5.63) yields

; K 7 j ; K
]:h s j:h

* NH H * NH NH
< 16\/2ch2SCroblog5 Z d* " +16\/26bH SC, log =5+ n 96¢y, H? SCy, log =5+

H NH H * N
32¢,C*, log &+ 96, HSC*, log &+
E E dg*‘(s)b]*'(s) < \/ rob 08 75 AV H3S +4 | H2S E d* b* + E b rob 08~ 5

K ]’3 K K

< 1i <d* b*> 256CbH SC*bIOg + 16 20bH3SCrob log% N 96chQSC*b10g
-2 R I = - 7

where the last inequality follows from the elementary inequality 2zy < z? + y?. Rearranging terms,
we are left with

NH NH
sz* )5 (s) < 32\/20bH SC, log =5+ n 704c, H2SCY, log =5+

K K
g=h s

NH
< 40\/2CbH3SC:;b IOg 5
>~ K )

provided that K > 3872HSC};, log . This taken collectively with (5.60) completes the proof of
Theorem 8, as long as the inequality (5.64) can be validated.

Proof of inequality (5.64). First of all, we observe that

)

~ ~ ~

(8) = Pjgms () Vitr + 267 (5,75 (9)) + (Prsimss) = Prsims ) Vil

.

Vi(s) + 205 (s, 75 (s)) — B (s Wit

—~
—
=

i i(s) — ﬁj7s,7r*(s)‘73+1 + 03 (s, 75 (s))
> Aj(s) - {T(S 5 ( )) +1D]s7r (s)v}-‘rl by (S77Tj <3>)}
> max Q;(s, a) — Q;(s,7}(s)) = 0
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for any s € S, where (i) is a consequence of (5.53), and the last line arises from (5.6) and (5.7). This

implies the non-negativity of the vector XA/] + 207 — P]ﬂA/jH, which in turn allows one to deduce that

)
)

<
O
<

— (P{Vis1) o (P Vi) + PrVi) o (V; — PrVjs)
+PrVi) o (Vi + 205 — PrViga)

(V; + 2b% — PViss), (5.65)

V;
Vj

IN

<2H
where the last line relies on Lemma 16. Consequently, we can demonstrate that

sz* WVar, o (V1) Z< P (Visr o Visa) = (B} Visn) o (P} Vi)

Jj=h s

(dg*‘)TPj*‘A/jH o ‘7j+1 — (dj; (PJ'*‘A/J'“) ° (PJ'*‘A/j+1)>

I

h

—
=
=

<

Il

e

(<d§+1, Vi1 0 Vi) — (d5,Vy o Vi) + 2H{d3, V; + 2 — 13].*17j+1>>

j=h

L H R ~ ~ A

@) Z <<d§+1>vj+1 o Vip1) = (dj, Vjo Vi) ) + 2HZ ( (1, J+1>) * 4HZ (45.57)
j=h

]’]

= <d;1+1, ‘7H+1 o ‘/}H+1> - <dz, ‘/}h o ‘7h> + 2H(<d2, ‘7h> — <d;1+1, ‘7H+1 ) + 4HZ d* b*

< Nzl 1Virsr o Vil + 28 |ld5 ] Vel +4HZ (5,83

(i)
< 3H2+4Hz<d;,b;
j=h

where (i) arises from (5.65) as well as the basic property (d;)TP (d;H) , (ii) follows by

rearranging terms and using the property (d*)T (d; +1) once again, and (iii) holds due to the
fact that ||Vj]leo < H and ld3|l1 = 1. This concludes the proof of (5.64).

5.4 Analysis: discounted infinite-horizon MDPs

This subchapter is devoted to establishing Theorem 6. Towards this end, we claim that it is sufficient
to prove the following theorem.

Theorem 9. Consider any 0 < § <1 and any vy € [%, 1). Suppose that the penalty terms are set
to be (5.33) for any numerical constant cp, > 144. Then with probability exceeding 1 — 26, for any

95



estimate CAQ obeying H@ — @;eHOO < 1/N one has

N - e SCY, log% 3464c,SC;, log %
V*p)—V7(p) < 120\/ 0N T =N ; (5.66)

where T(s) € argmax, Q(s,a) for any s € S.

As we have demonstrated in Lemma 15, the output of Algorithm 11 satisfies H@ _@;eHoo <1/N

log N
once the iteration number exceeds Tmax > k:)gg(ﬁ,
right-hand side of (5.66) to be no larger than e reveals that: V*(p) — V7(p) < ¢ holds as long as N

exceeds

thus making Theorem 9 applicable. Taking the

* NS
N> 210000bSCI’Ob log W

- (1 —7)3e?

(5.67)

given that ¢ € (O, ﬁ]

The remainder of this subchapter is thus dedicated to establishing Theorem 9. Throughout

the proof, it suffices to focus on the case where

c3SC*, log N2
N> rob (1—v)d (568)
L=y
for some large constant cs > 2880000; otherwise the claim (5.66) follows directly since V*(p) —
Vi(p) < .

5.4.1 Preliminary facts

Before embarking on the proof, we collect a couple of preliminary facts that will be used multiple

times.

Properties of N(s,a). To begin with, the quantity N(s,a) — the total number of sample
transitions from (s,a) — can be bounded through the following lemma; the proof is provided in
Appendix C.2.3.

Lemma 19. Consider any ¢ € (0,1). With probability at least 1 — ¢, the quantities {N(s,a)} in
(5.29) obey

N} > NdP(s,a) (5.69)

2
max{N(s,a),glogg 1

simultaneously for all (s,a) € S x A.
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Properties about V and ‘7,,*8 First of all, note that the assumption

1
10-Qull. < + (5.70
has the following direct consequence:
~ = ~ 1
1V =Vl = ax Q(s, 0) — max Qpe(s,0)| < [|Q ~ el < +- (5.71)

Given the proximity of V and V%, we can bound the difference of the corresponding variance terms

pe>
as follows:

~ o~

Pra(Vgeo Vi) = Poa(V o V) + (Pa¥)’ = (PraVie)’|

((17+17*) o (V% —V)) + (138@(17“7*)) (135@(‘7* —17))‘

0)

WWy@Q—W%JW

<[Pl IV + Vel Ve = Voo + 1ralli IV + Vel 15 = VL
S@sﬂfWﬂAU(NWQ+HW—VM)Hm—Wu

2/ 2 1 6
<N<7+N)SO—wN (5.72)

Here, (i) follows from the definition (1 7), the penultimate inequality follows from (5.71) and the
basic facts HPS ali=1and V] < , while the last line relies on (5.68).

Armed with (5.72), one can further control the difference of the associated penalty terms.
Note that the definition of b(s,a; V') in (5.33) tells us that

R N ' ch logﬁ - 2¢p log( 7 1
‘b(sya;vp*e) - b(S,CL; V)‘ = 'mln { max{\/MVarﬁs’a (Vp*e)’ (1 . 'Y)N( i )}’ 1 . ,7

‘ cp log 7(1i\;)5 . 2¢plog ‘(1};)5 1
o { e {\/ Vel VO N b T

(5.73)
If at least one of the variance terms is not too small in the sense that
. - 4cp log “L
—7)0
max {Varﬁs,a (Vo) Varg, . (V)} Z A= 2N(s.a)’ (5.74)

then (5.73) implies that

|Var P (‘7*) Varlgsa(V)’

ch log cblog
(- 7)6 ‘\/Varpsa \/Varpsa a-ms 7

(s,a) \/VarA p*e) + \/Varlss’a (TA/)
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(i1 - ~ ~. 1 ()
< 17’)/‘Var135a(vp’;_) —Varﬁsa(V) < %, (5.75)

where (i) results from (5.74), and (ii) holds due to (5.72). On the other hand, if (5.74) is not
satisfied, then one clearly has b(s, a; ‘A/p*e) = b(s, a; ‘A/) In conclusion, in all cases we have

bs,a;ff’; —b(s,a; V)| < 5.76
p

3
N
5.4.2 Proof of Theorem 9

Armed with the preceding preliminary facts, we can readily turn to the proof of Theorem 9. By
virtue of Lemma 19, our proof shall — unless otherwise noted — operate on the high-probability

event that

SN} s Nd*(s,0) (5.77)

2
: N —log —
V(s,a) e S x A max{ (s,a),3 0g T
In addition, from the sampling model (5.22), the sample transitions employed to form P are
statistically independent conditional on {N(s,a)}. Our proof consists of four steps as detailed

below.

Step 1: Bernstein-style inequalities and leave-one-out decoupling argument. We are
in need of tight control of the size of (ﬁs,a — Psya)f/. However, this becomes challenging due to
the statistical dependency between P and the value estimate V (given that we reuse samples in
all iterations of Algorithm 11). In order to circumvent this difficulty, we resort to a leave-one-out
argument to decouple the statistical dependency, as motivated by Agarwal et al. (2020b); Li et al.
(2023c). The result stated below establishes Bernstein-style inequalities despite the complicated
dependency.

Lemma 20. Suppose that v € [%, 1), and consider any § € (0,1). With probability at least 1 — ¢,

we have
- - log% - 74log%
Psa—PsaV‘<12 o (V) 4 o U .
[ OUE \/N<s,a> (V) TN G a) (5:75)

. 41log 72255

Varlgw (V) <2Varp,, (V) T (1 =7)2N(s,a)

(5.78b)

simultaneously for all (s,a) € S x A and all V with HV — Vpﬁ”oo < + and 1V loo < ﬁ
High-level proof ideas. In short, the proof consists of contructing a finite collection of auxiliary
MDPs {./T/l\s“} for each state s obeying the following properties: (i) each M is constructed without
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using any sample transition that comes from state s, and is hence statistically independent from
]38,& for all a € A (instead, the useful information is embedded into the corresponding immediate
reward, which is a low-dimensional object and easier to control); (ii) at least one of the MDPs in
{M\su} is extremely close to the true MDP in terms of the resulting value function. With the aid of
these leave-one-out auxiliary MDPs, one can control (]357(1 — Ps,a)v by first exploiting the statistical
independence between ﬁs,a and {M\s“} and then transferring the concentration bound back to the
original MDP using the proximity property (ii). The construction of these auxiliary MDPs and the
proof details can be found in Appendix C.2.4. O

Note that (5.78a) has been derived only for those pairs (s,a) with N(s,a) > 0. For every

(s,a) with N(s,a) =0, one can directly obtain

~ ~ ~ 1
(Pua = P 7] = [Pea¥] < [Pl P <

Putting these bounds together with the definition (5.33) of b(s, a; V') reveals that
~ - 5 ~
|(Poa = Poa)V|+ + <b(s,a:V)  forall (s,0) €S x A (5.79)

for all V obeying HTN/ — ‘Z)*eHoo < % and ||\~/||OO < ﬁ, provided that the constant ¢y, is sufficiently
large. The remainder of the proof should then also operate on the high-probability events (5.79)
and (5.78b), in addition to assuming that the event (5.77) occurs.

Step 2: showing that @(s,a) is a lower bound on Q7(s,a). We now justify that @(s,a)
(resp. V(s)) is a “pessimistic” estimate of Q7 (s, a) (resp. V7 (s)); this is enabled by the pessimism
principle (so that the algorithm effectively seeks lower estimates of the value iteration) and the
Bernstein-style bounds in Lemma 20 (so that the penalty term always dominates the uncertainty
incurred by using the empirical MDP).

To begin with, recall that @;e(s,a) is the unique fixed point of the pessimistic Bellman

operator that obeys
@;e(s, a) = max {T(S, a) + ’yﬁs,aﬁp’; — b(s, a; ‘7;;_),0}. (5.80)

In the sequel, we divide the set of state-action pairs (s, a) into two types.

e Case 1: @;e(s, a) = 0. Given that Qo = 0, Lemma 15 tells us that

Q(s,a) = Qrp(5,0) < Qlel(s.a) = 0.

This combined with the basic fact QT > 0 immediately yields 0 = @(s, a) < Q7 (s, a).
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o Case 2: @F*)e(s, a) =r(s,a) + ’yﬁs,aﬁp*e —b(s,q; ‘7*) > 0. It is first observed that

) Y pe
A (@) A* 1 (ii) T D 1 1
Q(s,a) < Qhe(s,a) + v - r(s,a) = b(s,a; Vie) + vPsaVge + N
~ ~ o~ 1 ~ ~ o~
< r(s,0) = b5, V) +7Pua¥ + 5 + 71 PealL IV = Vel
(iii)

2
N
<r(s,a)— b(s, a; ‘7) + ’yP&a‘A/ + % + ’y‘ (ﬁs,a — Psﬂ)‘A/‘ + ‘b(s, a; Vp*e) — b(s, a; ‘7)‘

(iv)
<

< r(s,a) — b(s, a; ?p*e) + vﬁs,a‘/} +

r(s,a) + ’yPs,af/\'. (5.81)

Here, (i) and (iii) arise from the assumption (5.70), (ii) relies on the fact that @;e is the fixed
point of the operator ﬁe, whereas (iv) takes advantage of (5.76) and (5.79). Combining (5.81)
with the Bellman equation QT = r + yPV7 results in

QW(Sa CL) - Q\(Sa a) 2 T(Sa CL) + 7PS,aV% - (T(Sa CL) + ’VPS,a‘/}) = ’7Ps,a (V% - ‘?) (582)

Suppose for the moment that there exists some (s,a) obeying Q7 (s, a) — @(s, a) < 0 (which
clearly cannot happen in Case 1), then arg ming , [Q%(s, a) — @(s, a)] must belong to Case 2.

Thus, taking the minimum over (s,a) and using the above inequality (5.82) give

Igl’ian [Q7(s,a) — Q(s, a)] > rrsnan [V Ps.q (V% — 17)] > v min [Vﬁ(s) — 17(3)]
= fymsin [Q% (s,7(s)) — @(s,%(s))] > 7%171(111 [Q%(s, a) — @(s,a)],
(5.83)

where (i) holds since P, € A(S). Given that 1 > ~ > 0, inequality (5.83) holds only

when min,, [Q7(s,a) — Q(s, a)] > 0. We therefore conclude that in this case, one also has

Q7 (s,a) = Q(s,a).

With the arguments for the above two cases in place, we arrive at

Q™ (s,a) > Q(s,a) for all (s,a) € S x A, (5.84)

and evidently,

~

V*(s) > V7(s) = Q7 (s,7(s)) > Q(s,7(s)) = maxQ(s,a) = V(s) forallseS.  (5.85)

a
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Step 3: bounding V*(s) — V7(s). Recall that the Bellman optimality equation gives
V*(s) = 1(s,7(s)) + Py nr () V™. (5.86)

Before continuing, we make note of the following lower bound on V:

7(s) = max Q(s.0) = Qs.7(5)) 2 Qs 7"() ~ =
2 r(s,7(5)) — b(s, 7*(8); V) + 7 Pa e () Vi — %
= r(5,74(5) — b5, 7*(5): V) +1Pame()? = 3 = VPue (7 = V)
2 r(s,7(5)) = b(s, 7*(s); Vo) + Py (S)V—%
> 1(s,7(5)) — b(s, 7(5); V) + Y Psme(s)V — = — 7\ . r(a) — Ps,m))ﬂ
‘b(s 7 (5); Vi) — b(s, 7*(s): V)
(izv) r (5,7 (5)) — 2b(5,7%(8); V) + 7Py () V- (5.87)

Here, (i) results from the assumption (5.70), (ii) relies on (5.80), (iii) is valid since ]38,#*(3) (V—Vp*e) <
H s,ﬂ*(S)H1HV - peHoo < 1/N, whereas (iv) holds by virtue of (5.76) and (5.79). Armed with the
results in (5.86) and (5.87), we can readily show that

(P V=V =" p(s)( - V(s))

sES

< Zp(s) {r(s, 7(8)) + VP nr(5)V* — (r(s, 7*(s)) — 2b(s, 7 (s); ‘7) + WPS,W*(S)‘/})}

seS

<7Zp s7r*s +2Zp ‘7) (588)

seS seS

For notational convenience, let us introduce a matrix P* € R5*S and a vector b* € RS*!

whose s-th row are given respectively by
[P*], =Py and  b(s) = b(s,7%(s); V) for all s € S. (5.89)
This allows us to rewrite (5.88) in the following matrix/vector form:

p (V= V) <yp P(V* = V) +2p"0". (5.90)
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Note that this relation holds for any arbitrary p. Apply it recursively to arrive at
pT(V* — 17) < (’ypTP*) (V*— ‘7) +2p" b
<y(yp " PP (V* = V) +2(yp" P*)b* +2p" b*
_ ,.YQPT(P*)2(V* _ ‘7) + 2’)/pTP*b* + 2pr*

. i T (p*\t *
<...<{i1ggofyp (P)"(V* - }+2p {Z'yP }
= 2pT{ Z'yi(P*)i}b* =2p" (I — ’yP*)_lb*

i=0

2
= ﬁ@z*, b, (5.91)

—-
=

where (i) holds since lim;_,o ¥'p" (P *)i(V* - 17) = 0 (given that lim; .o, 7" = 0and ||p" (P*)iHl =1
for any i > 0), and the last equality results from the definition of d* (see (5.21)) expressed in the

following matrix/vector form:

(d* = Z’y =(1—-)p" (I - 'yP*)_l. (5.92)

Combine the above inequality with (5.85) to reach

(p, V¥ =V < (p,V* —V) < L (5.93)

Step 4: using concentrability to control <d*, b*>. We shall control <d*, b*> by dividing the

state set S into the following two disjoint subsets:
NS
Ssmall.— {3 €S| Nd°(s,m*(s)) < SIOg}; 5.94a
| NP (5,7 () < 8log 7o (5.94a)

N
Slarge — {8 S | Ndb(s,w*(s)) > 810g (1_6’;)5} (5.94b)

e To begin with, consider any state s € S, Applying Definition 4 and the definition of Ssma!
yields

1 8C, log 1
min {d*(s), g} < C’r*obdb(s,w*(s)) < M <

~ 5 (5.95)
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provided that N > 85C}, log % (see (5.68)). This inequality necessarily implies that

* N
o) < Cbhz)i(l%é < ; (5.96)
Combining the preceding inequality with the following fact (see the definition (5.33))
b (s) = b(s, () V) < —— + 2, (5.97)
1-y N
we arrive at
8Cop l0g 85C1, log 5
se;ﬂ d*(s)b*(s) < Se;ﬂ <W +d*(s )]5\)[> < (;b_ 7)% I % (5.98)

e Next, we turn to any state s € S'"8°. Using the definition (5.33) of b(s, a; V), we obtain

N cp log e log =555 )5 ~ 2¢p, log ﬁ 5
* — * . < il -—
b*(s) b(s,Tr (S)’V) = J (s (s ) "By nr (o) (V + (1 —fy)N(s,Tr*(s)) N
: N 2N N
O |>lem (. (V) + i =0 S D Ly = S
—\| N(s,7*(s)) sm(2) (1 —7)2N (s, 7*(s)) (1—=9)N(s,m*(s)) N

(5.99)

S,

.. N N
B X AV A X 1o
N(s, Tr*(s)) () (1- ’Y)N(S,ﬂ'*(s))

where (i) arises from Lemma 20 and (5.71), (ii) applies the elementary inequality /z +y <

vz +/y for any z,y > 0 and the fact N > N(s,a), in addition to assuming that ¢, is large
enough. To continue, we observe that

L 2@ 1cy, 120y, ( 1 +S> (5.100)
N(s,m*(s)) = Nd°(s,m*(s)) ~ Nmin{d*(s), 5} = N d*(s) ’ '

where (i) follows from the assumption (5.77) and the definition of S8, and (ii) results from
Assumption 4. Substitution into (5.99) yields

24¢,Cp log = . 1 48e,Crop log 25 1
o) < b 108 (T35 1 rob 108 {175
b (s) < \/ N Varp, .., (V) ( e +VS | + 1IN () +5),

= ai(s) =i az(s)

(5.101)
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where the last line comes from the elementary inequality /z +y < /z + /y for any =,y > 0.

To proceed, observe that the sum of the first terms in (5.101) satisfies

Y d(s)auls)

seslarge
24c,C*%, log —N— %

_ \/ ‘b robj\;’g (=73 3 \/d* ()Varp, ., (V) + D Va(s) \/Sd* (s)Varp, ., (V)
seSlarge sESlaree

(i) |246,C%, log 2 > V

5\/ b bNg(l 3 <\f5 > d(s)Varp, . (V) + [ D Sd*(S)VarPs,ﬂ*<s>(V)>

scSlarge sestaree

_ \/QGCbSCrOb lOg (1 7)5 Z d* Varp e (‘7)’ (5102)

Seslarge

where (i) arises from the Cauchy-Schwarz inequality and the fact > d*(s) = 1. In addition, it

is easily verified that the sum of the second terms in (5.101) obeys

QGCbSCI’Ob IOg I—L(S
Y d(s)az(s) < (1_7)]\; Ly (5.103)

SESIarge

which also makes use of the identity ), d*(s) = 1. Combining (5.102) and (5.103) with (5.101)

gives
Z d*(s)b* (s, 7 (s Z d*(s)aq (s Z d*(s)as(s
Seslarge seslarge seslarge
96¢nSCrop log 7535 —_  96c,SC log ﬁ
< \/ N \/ " ds(s)Varp, . (V) + TN (5.104)
SESIarge
The above results (5.98) and (5.104) taken collectively give
(@ 0%y = D d(s)b*(s)+ Y d(s)b*(s
seSIarge SeSsmaII
96¢nSClop log =535 ~_  96¢,5C log (1%
< ’ d*(s)V r =)
. \/ N \/ e%:g Merr.evo V) =1 5y
s arge

8Crplog 105 5
(1—~)N N
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98¢, SCy,, log 0 NS

" o (=
\/Zd s)Varp, (V) + 1N s

(2 \/960bSCmb log

seS

) 2 \/%cbsq*ob 1og(le§)5<d* )+ 1 \/ 1926, 5Cyy, log (2255 98¢,5C5, log 255
Y (L=")N ’ g (1-mN (1-mN ’
S S
(2) 4\'/96chC'mb log (1 7) (b7 + 2\/1920bSC’r0b log 7(1]17,”5 98¢, SCy,, log 7(1]X7)5
- (1=~)N (1=~)N (1=~)N ’
(i<V) 1<al* by + 768c,5Cr, log % \/7680bSC’;:)b log % 98c, SCrep log 7(11175)5
= 9\ (1—~)N (1—~)N (1—7)N

Here, (i) follows when ¢}, is sufficiently large and C*, > 1/S (see (5.26)), (ii) would hold as long as

rob

the following inequality could be established:

. 2 4
d*(s)\Varp, .. (V) < + &, b); 5.105
; L e s I (e AL (5:208)

(iii) is valid since v € [4,1), and (iv) follows from the elementary inequality 2zy < x? + y2.

Rearranging terms, we are left with

@) < \/3072cb50:0b10g( NS 17320,5C), log 55

) (5.106)
(1—7)N (1-7)N
which combined with (5.93) yields
U d* b* eSO log -5 3464c,SC log -5
(p, V¥ = VT < A7) < 120\/ Ul ob = (1-)3 (5.107)
= (- )°N 1—2)°N
This concludes the proof, as long as the inequality (5.105) can be established.
Proof of inequality (5.105). To begin with, we make the observation that
(‘7 o 17) — (’yP*V) o ('yP*‘/}) = (‘7 — ’VP*‘//\') o (‘7 + 'yP*‘//\Y)
(1) ~ ~
< (V =PV +2b%) o (V ++P*V)
(ii) 2 R N
< ——(V =PV +2b%), (5.108)
-

where (i) holds since b* > 0 and V +~P*V > 0, (ii) follows from the basic property ||V +yP*V||o <
2||VHOO < ﬁ and the fact V — yP*V + 2b* > 0, the latter of which has been verified in (5.87).
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Figure 5.1: The performances of the proposed method VI-LCB and the baseline value iteration
(VI) in the gambler’s problem. It shows that VI-LCB outperforms VI by taking advantage of the
pessimism principle and achieves approximately 1/ v/N sample complexity dependency w.r.t. the
sample size N.

Armed with this fact, one can deduce that

S"d(s)Varp, ., (V) 2 (@, P (Vo 7) = (PV) o (P'7))

< <d* PHTo) - LoV 2 (7 P*17+2b*)>
, o ——=Vo —_ —
- ok (1 —7) !

7 <d* P (VoV) - e r 2 1Py 4b*>
TN gl (1 =7) 7*(1=7)
1 o~ S 2 - 4
=(d, (P - 1) (VoV)+ —1 (I - P*V+b*>
< 7(7 ) ) 72(1—7)( ) 21 —7)
1~ -~ 2 S
=d*T (I — P~ {—VoV+ v}+ d*, b*

(I =2F") Y2 (1—7) (1~ )< )
Y )T{ Dot v} L@
= -7 - o )
S 7?1 —=7) 7?1 —=7)

<Zp'V+ a*, b*

27 72(1—7)< )
)
V2 4 (b

Here, (i) follows by invoking the definition (1.7), (ii) holds due to (5.108), (iii) is valid since v < 1, (iv)

is a direct consequence of (5.92), while (v) comes from the basic facts ||p"|j; = 1 and 1Vloo < ﬁ

5.5 Numerical experiments

To confirm the practical applicability of the proposed VI-LCB algorithm, we evaluate its performance
in the gambler’s problem (Panaganti and Kalathil, 2022; Shi and Chi, 2022; Sutton and Barto, 2018;
Zhou et al., 2021). The code can be accessed at:
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https://github.com/Laixishi/Model-based-VI-LCB.

Gambler’s problem. We start by introducing the formulation of the gambler’s problem and its
underlying MDP. An agent plays a gambling game in which she bets on a sequence of random coin
flips, winning when the coins are heads and losing when they are tails. To bet on each random
clip, the agent’s policy chooses an integer number of dollars based on an initial balance. If the
number of bets hits the maximum length H, or if the agent reaches 50 dollars (win) or 0 dollars
(lose), the game ends. Without loss of generality, the problem can be formulated as an episodic
finite-horizon MDP. Here, S is the state space {0,1,---,50} and the associated accessible actions
obey a € {O, 1,--- ,min{s, 50 — s}}, H = 100 is the horizon length, the reward is set to 0 for all
other states unless s = 50. For the transition kernel, we fix the probability of heads as ppeaq = 0.45
at all steps h € [H] in the episode. Moreover, the initial state/balance distribution of the agent p is
taken as a uniform distribution over S. The offline historical dataset is constructed by collecting N

independent samples drawn randomly over each state-action pair and time step.

Evaluation results. First, we evaluate the performance of our proposed method VI-LCB (cf. Al-
gorithm 9) with comparisons to the well-known value iteration (VI) method without the pessimism
principle. To begin with, Figure 5.1(a) shows the average and standard derivations of the perfor-
mance gap Vi (s) — Vf(s) over all states s € S, over 10 independent experiments with a fixed sample
size N = 50. The results indicate that the proposed VI-LCB method outperforms the baseline VI
method uniformly over the entire state space, showing that pessimism brings significant advantages
in this sample-scarce regime. Secondly, we evaluate the performance gap Vi*(p) — Vf(p) with varying
sample size N € {54, 90,148, -+ , 22026} ~ {e?, €5, €5 - .- €10}, over 10 independent trials. Note
that throughout the experiments, we fix the parameter ¢, = 0.05, which determines the level of the
pessimism penalty of VI-LCB (cf. (5.9)). Figure 5.1(b) shows the average and standard derivations
of the performance gap V{(p) — Vi (p) with respect to the sample size N. Clearly, as the sample
size increases, both our method VI-LCB and the baseline VI method perform better. Moreover,
our VI-LCB method consistently outperforms the baseline VI method over the entire range of the
sample size N, especially in the sample-starved regime. In addition, to corroborate the scaling of the
sample size on the performance gap, we plot the sub-optimality performance gap of VI-LCB w.r.t.
the sample size on a log-log scale in Figure 5.1(c). Fitting using linear regression leads to a slope
estimate of —0.502, with the corresponding fitted line plotted in Figure 5.1(c) as well. This nicely

matches the finding of Theorem 4, which says the performance gap of VI-LCB scales as N /2.

5.6 Discussions

Our primary contribution has been to pin down the sample complexity of model-based offline

RL for the tabular settings, by establishing its (near) minimax optimality for both infinite- and
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finite-horizon MDPs. While reliable estimation of the transition kernel is often infeasible in the
sample-starved regime, it does not preclude the success of this “plug-in” approach in learning
the optimal policy. Encouragingly, the sample complexity characterization we have derived holds
for the entire range of target accuracy level ¢, thus revealing that sample optimality comes into
effect without incurring any burn-in cost. This is in stark contrast to all prior results, which either
suffered from sample sub-optimality or required a large burn-in sample size in order to yield optimal
efficiency. We have demonstrated that sophisticated techniques like variance reduction are not
necessary, as long as Bernstein-style lower confidence bounds are carefully employed to capture the
variance of the estimates in each iteration.

Turning to future directions, we note that the two-fold subsampling adopted in Algorithm 10 is
likely unnecessary; it would be of interest to develop sharp analysis for the VI-LCB algorithm without
sample splitting, which would call for more refined analysis in order to handle the complicated
statistical dependency between different time steps. Notably, while avoiding sample splitting cannot
improve the sample complexity in an order-wise sense, the potential gain in terms of the pre-constants

as well as the algoritmic simplicity might be of practical interest.
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Chapter 6

Model-Based Robust RL with a

Generative Model

6.1 Problem formulation

In this chapter, recalling the distributionally robust Markov decision processes (RMDPs) in the
discounted infinite-horizon setting in Chapter 2.2.2, we introduce the sampling mechanism, and

describe our goal.

Specification of the divergence p. Recall that the uncertainty set U (-) defined in (2.23), we
shall first specify the divergence measure function p(-). We consider two popular choices of the
uncertainty set measured in terms of two different f-divergence metric: the total variation distance

and the x? divergence, given respectively by (Tsybakov, 2009)

(PraoP8) = 5 WP = Flall = 5 Y P 1= ] o
p1v (Psa; =5 1se = Faally 5,0) - PY(s'[s,a)| (6.1)
sES
P(s'|s,a) \*

o (P Pia) = 2 P '”< PO(s'[5,0) .

Note that ptv (Ps a, P2 ) € [0,1] and p,2 (PS a, PO ) € [0,00) in general. As we shall see shortly,
these two choices of dlvergence metrics result in drastically different messages when it comes to

sample complexities.

Sampling mechanism: a generative model. Following Panaganti and Kalathil (2022); Zhou
et al. (2021), we assume access to a generative model or a simulator (Kearns and Singh, 1999),
which allows us to collect N independent samples for each state-action pair generated based on the

nominal kernel PY:
V(s,a) ESXA? Si,s,a i-i-/dPO(‘|8’a)’ Z:1a2a ’N' (63)

The total sample size is, therefore, NS A.
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Goal. Given the collected samples, the task is to learn the robust optimal policy for the RMDP —
w.r.t. some prescribed uncertainty set 4 (P") around the nominal kernel — using as few samples as
possible. Specifically, given some target accuracy level € > 0, the goal is to seek an e-optimal robust

policy 7 obeying

VseS: V*(s)—V™(s) <e. (6.4)

6.2 Distributionally robust value iteration

We consider a model-based approach tailored to RMDPs, which first constructs an empirical nominal
transition kernel based on the collected samples, and then applies distributionally robust value

iteration (DRVI) to compute an optimal robust policy.

c RSAXS

Empirical nominal kernel. The empirical nominal transition kernel P° can be con-

structed on the basis of the empirical frequency of state transitions, i.e.,
| N
V(s,a) €eSx A: P%s|s,a) = i Z;]l{si,s,a =s'}, (6.5)
1=

which leads to an empirical RMDP M\rob = {S,A,’y,ug(lgo),r}. Analogously, we can define
the corresponding robust value function (resp. robust Q-function) of policy 7 in M, as V™7
(resp. @”’”) (cf. (2.26)). In addition, we denote the corresponding optimal robust policy as 7™ and
the optimal robust value function (vesp. optimal robust Q-function) as V*° (resp. Q*°) (cf. (2.27)),

which satisfies the robust Bellman optimality equation:

V(s,a) €S x A: Q%(s,a) =r(s,a) +7 inf PV, (6.6)
Peug(P?,)

Equipped with ﬁo, we can define the empirical robust Bellman operator T as

V(s,a) €Sx A: T7(Q)(s,a) =r(s,a) +~ inf PV, with V(s):=maxQ(s,a). (6.7)
PeUg(PY,) “

DRVI: distributionally robust value iteration. To compute the fixed point of %”, we introduce
distributionally robust value iteration (DRVI), which is summarized in Algorithm 12. From an

initialization @0 = 0, the update rule at the ¢-th (¢ > 1) iteration can be formulated as:

V(s,a) €S x A:  Qu(s,a) =T° (@t_l)(s, a) =r(s,a)+~v inf PV,_1, (6.8)
Peug(Pga)
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Algorithm 12: Distributionally robust value iteration (DRVI) for infinite-horizon

RMDPs.

1 input: empirical nominal transition kernel ]30; reward function r; uncertainty level o;
number of iterations T'.

2 initialization: Qu(s,a) =0, Vo(s) = 0 for all (s,a) € S x A.

g fort=1,2,---,7T do

4 for s € S,a € A do

5 L Set Qi(s, a) according to (6.8);

6 for s € S do

L Set V;(s) = max, Qy(s, a);

~

8 output: @T, Vr and 7 obeying 7(s) := arg max, @T(s, a).

where 17,5_1(3) = max, @t_l(s, a) for all s € S. However, directly solving (6.8) is computationally
expensive since it involves optimization over an S-dimensional probability simplex at each iteration,
especially when the dimension of the state space S is large. Fortunately, in view of strong duality
(Iyengar, 2005), (6.8) can be equivalently solved using its dual problem, which concerns optimizing
a scalar dual variable and thus can be solved efficiently. The specific form of the dual problem
depends on the choice of the divergence p, which we shall discuss separately in Appendix D.1.2. To
complete the description, we output the greedy policy of the final Q-estimate @T as the final policy

7, namely,
VseS: 7(s)=argmaxQr(s,a). (6.9)

Encouragingly, the iterates {@t of DRVI converge linearly to the fixed point @*"’, owing to the

}tZO
appealing y-contraction property of 7.

6.3 Theoretical guarantees: sample complexity analyses

We now present our main results, which concern the sample complexities of learning RMDPs when
the uncertainty set is specified using the TV distance or the x? divergence. Somewhat surprisingly,
different choices of the uncertainty set can lead to dramatically different consequences in the sample

size requirement.

6.3.1 The case of TV distance: RMDPs are easier to learn than standard MDPs

We start with the case where the uncertainty set is measured via the TV distance. The following
theorem develops an upper bound on the sample complexity of DRVI in order to return an e-optimal

robust policy. The key challenge of the analysis lies in careful control of the robust value function
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V™9 as a function of the uncertainty level o.

Theorem 10 (Upper bound under TV distance). Let the uncertainty set be U7 (-) = UF\(:), as
specified by the TV distance (6.1). Consider any discount factor v € [i, 1), uncertainty level
o€ (0,1), and 6 € (0,1). Let w be the output policy of Algorithm 12 after T = Cilog (%)

iterations. Then with probability at least 1 — &, one has

VseS: V*(s)—V™(s)<e (6.10)

for any € € (O, V/1/max{1l —v,0}|, as long as the total number of samples obeys

NSA >

CySA ( SAN ) (6.11)

(L= max{l —7,0}e2 ** \ (1= )5
Here, C1,C5 > 0 are some large enough universal constants.

Remark 4. Note that Theorem 10 is not only valid when invoking Algorithm 12. In fact, the
theorem holds for any oracle planning algorithm (designed based on the empirical transitions ]30)

whose output policy 7 obeys

H‘//\v*,a B V%,UHOO <0 <<1_]\77>2 log <(151M7\f)5>) : (6.12)

Before discussing the implications of Theorem 10, we present a matching minimax lower
bound that confirms the tightness and optimality of the upper bound, which in turn pins down
the sample complexity requirement for learning RMDPs with TV distance. The proof is based on

constructing new hard instances inspired by the asymmetric structure of RMDPs.

Theorem 11 (Lower bound under TV distance). Consider any tuple (S, A,~,o0,¢) obeying o €
(0,1 —co] with 0 < ¢p < % being any small enough positive constant, v € [%, 1), and € € (O, %]
We can construct two infinite-horizon RMDPs Mo, My defined by the uncertainty set Uy (-) = Uy, (-),
an initial state distribution @, and a dataset with N independent samples for each state-action pair

over the nominal transition kernel (for Mo and M respectively), such that

bl

inf max {IP’O(V*’U(@) — V() > £), Py (VR () — V() > 5)} >

0| —

provided that
coSAlog?2

< .
~ 8192(1 — v)? max{l — y,0}e?

NSA

Here, the infimum is taken over all estimators T, and Py (resp. P1) denotes the probability when the
RMDP is My (resp. M;).
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Below, we interpret the above theorems and highlight several key implications about the

sample complexity requirements for learning RMDPs for the case w.r.t. the TV distance.

Near minimax-optimal sample complexity. Theorem 10 shows that the total number of
samples required for DRVI (or any oracle planning algorithm claimed in Remark 4) to yield e-

accuracy is

A SA
X ((1 — )2 max{1 — 7,0}52> ' (6.13)

Taken together with the minimax lower bound asserted by Theorem 11, this confirms the near
optimality of the sample complexity (up to some logarithmic factor) almost over the full range
of the uncertainty level o. Importantly, this sample complexityscales linearly with the size of the

state-action space, and is inversely proportional to ¢ in the regime where o > 1 — ~.

RMDPs is easier than standard MDPs with TV distance. Recall that the sample com-
plexity requirement for learning standard MDPs with a generative model is (Agarwal et al., 2020a;
Azar et al., 2013; Li et al., 2023c¢)

6(0:2¥¥> (6.14)

in order to yield € accuracy. Comparing this with the sample complexity requirement in (6.13) for
RMDPs under the TV distance, we confirm that the latter is at least as easy as — if not easier
than — standard MDPs. In particular, when ¢ < 1 — + is small, the sample complexity of RMDPs
is the same as that of standard MDPs as in (6.14), which is as anticipated since the RMDP reduces
to the standard MDP when o = 0. On the other hand, when 1 — v < ¢ < 1, the sample complexity
of RMDPs simplifies to

6<(SA>, (6.15)

1—7)20e?

which is smaller than that of standard MDPs by a factor of o /(1 — 7).

Comparison with state-of-the-art bounds. While the state-of-the-art sample complexity

upper bound derived in Clavier et al. (2023) is tight when o is small (i.e., 0 <1 — ), the sample

complexity bound therein scales as 5(%) in the regime where 1 — v < o < 1. Consequently,

this is worse than our result by a factor of

<1fw26<1i7%137ﬁ>'
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Turning to the lower bound side, Yang et al. (2022) developed a lower bound for RMDPs under the

TV distance, which scales as
~ (SA(1—~) . 1 1

o3
1

Clearly, this is worse than ours by a factor of = € (1, ﬁ) in the regime where 1 —v < o < 1.

6.3.2 The case of x? divergence: RMDPs can be harder than standard MDPs

We now switch attention to the case when the uncertainty set is measured via the y? divergence.

The theorem below presents an upper bound on the sample complexity for this case.

Theorem 12 (Upper bound under x? divergence). Let the uncertainty set be Uj() = L{;Q(-), as
specified using the x* divergence (6.2). Consider any uncertainty level o € (0,00), v € [1/4,1) and
5 € (0,1). With probability at least 1 — &, the output policy ™ from Algorithm 12 with at most
T =cylog (%) iterations yields

VseS: V*(s)=V™(s)<e (6.16)

for any e € (0 as long as the total number of samples obeying

7&]7

NSA >

2SA(1 + o) <5AN> ' (6.17)

(1—n)te? 8
Here, c1,co > 0 are some large enough universal constants.

Remark 5. Akin to Remark 4, the sample complexity derived in Theorem 12 continues to hold for
SAN

log(m))‘

any oracle planning algorithm that outputs a policy 7 obeying H‘Af*"’ - XA/%’UHOO < O( N2

In addition, in order to gauge the tightness of Theorem 12 and understand the minimal sample
complexity requirement under the y? divergence, we further develop a minimax lower bound as

follows.

Theorem 13 (Lower bound under x? divergence). Consider any (S, A,v,0,€) obeying v € [%, 1),

o€ (0,00), and

. ifoe (0,5)
1 - 1—

max { EEIE=IL 1} if o€ {Tv, oo)

for some small universal constant c3 > 0. Then we can construct two infinite-horizon RMDPs
Mo, My defined by the uncertainty set Uy () = U)‘ZQ(-), an initial state distribution ¢, and a dataset

e<cs (6.18)
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with N independent samples per (s,a) pair over the nominal transition kernel (for My and M,

respectively), such that

: *,0 0 o o 1
inf max {Po (V7 (i0) = VI () > €), PL(V*7 () = V7 () > 2) | = =, (6.19)
provided that the total number of samples
NSA<c¢y 7 ou , - (6.20)
(Lo ree o€ [T’OO>

for some universal constant c4 > 0.

We are now positioned to single out several key implications of the above theorems.

Nearly tight sample complexity. In order to achieve e-accuracy for RMDPs under the y?

divergence, Theorem 12 asserts that a total number of samples on the order of

~ (SA(1+0)
9, <(1 = 7)4€2> . (6.21)

is sufficient for DRVI (or any other oracle planning algorithm as discussed in Remark 5). Taking
this together with the minimax lower bound in Theorem 13 confirms that the sample complexity is
1

near-optimal — up to a polynomial factor of the effective horizon T, — over the entire range of

the uncertainty level . In particular,

e when ¢ =< 1, our sample complexity O (%) is sharp and matches the minimax lower

bound;

e when o > ﬁ, our sample complexity correctly predicts the linear dependency with o,
suggesting that more samples are needed when one wishes to account for a larger y?-based

uncertainty sets.

RMDPs can be much harder to learn than standard MDPs with y? divergence. The
minimax lower bound developed in Theorem 13 exhibits a curious non-monotonic behavior of
the sample size requirement over the entire range of the uncertainty level o € (0,00) when the

uncertainty set is measured via the y? divergence. When ¢ < 1 — +, the lower bound reduces to

(=)
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which matches with that of standard MDPs, as ¢ = 0 corresponds to standard MDP. However, two

additional regimes are worth calling out:

1 ~ SA 1
_ < < - . T i s
YRS A O((l—v>4e2m‘“{“’a3}>’
0’2 ]. : 6(8"40-)7

2

both of which are greater than that of standard MDPs, indicating learning RMDPs under the y?

divergence can be much harder.

Comparison with state-of-the-art bounds. Our upper bound significantly improves over the
prior art O (%) of Panaganti and Kalathil (2022) by a factor of S, and provides the first
finite-sample complexity that scales linearly with respect to S for discounted infinite-horizon RMDPs,
which typically exhibit more complicated statistical dependencies than the finite-horizon counterpart.
On the other hand, Yang et al. (2022) established a lower bound on the order of 9] <%) when
o 21—+, which is always smaller than the requirement of standard MDPs, and diminishes when o
grows. Consequently, Yang et al. (2022) does not lead to the rigorous justification that RMDPs can

be much harder than standard MDPs, nor the correct linear scaling of the sample size as o grows.

6.4 Discussions

In this chapter,we have developed improved sample complexity bounds for learning RMDPs when
the uncertainty set is measured via the TV distance or the x? divergence, assuming availability of a
generative model. Our results have not only strengthened the prior art in both the upper and lower
bounds, but have also unlocked curious insights into how the quest for distributional robustness
impacts the sample complexity. As a key takeaway of this chapter, RMDPs are not necessarily
harder nor easier to learn than standard MDPs, as the answer depends — in a rather subtle maner —
on the specific choice of the uncertainty set. For the case w.r.t. the TV distance, we have settled the
minimax sample complexity for RMDPs, which is never larger than that required to learn standard
MDPs. Regarding the case w.r.t. the x? divergence, we have uncovered that learning RMDPs can
oftentimes be provably harder than the standard MDP counterpart. All in all, our findings help
raise awareness that the choice of the uncertainty set not only represents a preference in robustness,

but also exerts fundamental influences upon the intrinsic statistical complexity.
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Chapter 7

Model-Based Robust Offline RL

7.1 Algorithm and theory: episodic finite-horizon RMDPs

In this chapter, we present a model-based algorithm — namely DRVI-LCB — for robust offline RL,

along with its performance guarantees.

7.1.1 Problem formulation and assumptions

Specification of the divergence p. Recall that the uncertainty set UJ(-) defined in (2.23), in
this work, we consider a popular choice of the uncertainty set measured in terms of f-divergence
metric: Kullback-Leibler (KL) divergence, given by (Tsybakov, 2009)

’)
(s")

prL (P, Q) : Z P(s € [0, 00), (7.1)

s'eS
where P and Q are any distribution obeying P € A(S),Q € A(S). It directly leads to the

corresponding uncertainty set:

U (PO =U(P%) = U (P),,), U (PRy.) ={Pusa€AS) KL (Phsall PP,,) <o}
(7.2)

In words, the KL divergence between the true transition probability vector and the nominal one at

each state-action pair is at most o; moreover, the RMDP reduces to the standard MDP when o = 0.

Sampling mechanism: batch data. Let D be a history/batch dataset, which consists of a
collection of K independent episodes generated based on executing a behavior policy 7P = {7‘(‘2}th1
in some nominal MDP M = (S8, A, H, P% := {PP} | {r,}L,). More specifically, for 1 < k < K,

the k-th episode (31 , a’f, ey s’}_l, a]}{, s]}{“) is generated according to
k b k b k k 0 k _k
st~y ap~m(lsy)  and  sp ~ B sy, ap), 1<h<H. (7.3)

Throughout the chapter, ¢P represents for some initial distribution associated with the history

dataset. Then, recalling the notations about occupancy distribution in Chapter 2.2.1, we introduce
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the following short-hand notation for the occupancy distribution w.r.t. m®:
b,P? o, PO b,P° b, PO
V(h,s,a) € [H] xS x A: dy” (s)=dp " (s), dy (s,a):=d; " (s,a). (7.4)

Robust single-policy clipped concentrability. To quantify the quality of the history dataset,
it is desirable to capture the distribution mismatch between the history dataset and the desired
ones, inspired by the single-policy clipped concentrability assumption in Definition 2, we introduce a

tailored assumption for robust MDPs as follows.

Definition 5 (Robust single-policy clipped concentrability). The behavior policy of the history
dataset D satisfies

min {dZ’P(s, a), %}

max b po
(s,a,h,P)ESx AX[H]xU7 (PO) dh7 (s,a)

< (7.5)

rob

for some quantity C7, € [%, oo]. Here, we take C, to be the smallest quantity satisfying (7.5),
and refer to it as the robust single-policy clipped concentrability coefficient. In addition, we follow

the convention 0/0 = 0.

*

In words, C7

measures the worst-case discrepancy — between the optimal robust policy 7*
in any model P € °(P°) within the uncertainty set and the behavior policy 7° in the nominal

model P — in terms of the maximum density ratio of the state-action occupancy distributions.

e Distribution shift. When the uncertainty level ¢ = 0, Assumption 5 reduces back to the
single-policy clipped concentrability in Definition 2 for standard offline RL, a weaker notion
that can be S times smaller than the single-policy concentrability adopted in (Rashidinejad
et al., 2021; Shi et al., 2022; Xie et al., 2021b). On the other end, whenever ¢ > 0, the proposed
robust single-policy clipped concentrability accounts for the distribution shift not only due to

the policies in use (7* versus 7°), but also the underlying environments (P € U?(P°) versus
PY).

e Partial coverage. As long as CJ is finite, i.e., C}, < oo, it admits the scenarios when the
history dataset only provides partial coverage over the entire state-action space, as long as the
behavior policy 7P visits the state-action pairs that are visited by the optimal robust policy

7* under at least one model in the uncertainty set.

Remark 6. To facilitate comparison with prior works assuming full coverage, we can bound C7,
when the batch dataset is generated using a simulator (Panaganti and Kalathil, 2022; Yang et al.,
2022); namely, we can generate sample state transitions based on the transition kernel of the nominal

0
MDP for all state-action pairs at all time steps. In this case, it amounts to that d,t;’P (s,a) = SLA
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for all (s,a,h) € S x A x [H]|, which directly leads to the bound

min {d5F s,a), % 1/8

= A.
(s,a,h, P)ES X Ax [H] xU° (PO) dZ,PO(& a) ~ 1/(SA)

Goal. With the history dataset D in hand, our goal is to find a near-optimal robust policy 7,

which satisfies
Vi () =2 V7 (p) — € (7.6)
using as few samples as possible, where ¢ is the target accuracy level, and

o (p)= E [V{7(s1)] and  V"(¢)= E [V]""(s1)] (7.7)

s1~p s1~p

are evaluated when the initial state s; is drawn from a given distribution ¢.

7.1.2 Proposed algorithm: a pessimistic variant of robust value iteration

Building an empirical nominal MDP. For a moment, imagine we have access to N independent
sample transitions Dy := {(h, s, a;, s5)}Y, drawn from the transition kernel P° of the nominal
MDP MO, where each sample (h;, s;, a;, s;) indicates the transition from state s; to state s; when
action a; is taken at step h;, drawn according to s, ~ P,?i(~ | si,a;). It is then natural to build an
empirical estimate PO = {ﬁ,?}{le of P? based on the empirical frequencies of state transitions,

where

N
vt 2 Ui si,00.50) = (h.s.a. )}, if Ny(s.a) > 0

PY(s' | s,a) == (7.8)

0, else

for any (h,s,a,s’) € [H] xS x Ax S. Here, Nj(s,a) denotes the total number of sample transitions

from (s,a) at step h as

N
Np(s,a) = Z]l{(hi,si,ai) = (h,s,a)}. (7.9)
i=1

While it is possible to directly break down the history dataset D into sample transitions,
unfortunately, the sample transitions from the same episode are not independent, significantly
hurdling the analysis. To alleviate this, Chapter 5.1.3 proposed a simple two-fold subsampling
scheme to preprocess the history dataset D and decouple the statistical dependency, resulting into
a distributionally equivalent dataset Dy with independent samples. We have the following lemma

paraphrased from Lemma 13.
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Lemma 21. With probability at least 1 — 86, the output dataset from the two-fold subsampling
scheme in Li et al. (2022a) is distributionally equivalent to Dy, where {Ny(s,a)} are independent
and obey

Ka>"” KH
Np(s,a) > ’18(”) - 5\/Kd2’PO(s,a) log == (7.10)

for all (h,s,a) € [H] xS x A.

By invoking the two-fold sampling trick from Li et al. (2022a), it is sufficient to treat the
dataset Dy with independent samples onwards with Lemma 21 in place. Armed with the estimate
P of the nominal transition kernel P, we are positioned to introduce our algorithm DRVI-LCB,

summarized in Algorithm 13.

Distributionally robust value iteration. Before proceeding, let us recall the update rule of the
classical distributionally robust value iteration (DRVI), which serves as the basis of our algorithmic
development. Given an estimate of the nominal MDP PO and the radius o of the uncertainty set,

DRVI updates the robust value functions according to

~

Qn(s,a) = rp(s,a) + inf PVht1, and Vi(s) = max Qn(s, a), (7.11)
Peu (P ) @

h,s,a
which works backwards from h = H to h = 1, with the terminal condition @ +1 = 0. Due to strong
duality (Hu and Hong, 2013), the update rule of the robust Q-functions in (7.11) can be equivalently

reformulated in its dual form as

Qn(s,a) = ru(s,a) + sup {—/\log <]3,?7S’a exp (?H)) — /\a} , (7.12)

A>0

which can be solved efficiently (Iyengar, 2005; Panaganti and Kalathil, 2022; Yang et al., 2022).

Our algorithm DRVI-LCB. Motivated by the principle of pessimism in standard offline RL (Jin
et al., 2021; Li et al., 2022a; Rashidinejad et al., 2021; Xie et al., 2021b), we propose to perform a
pessimistic variant of DRVI, where the update rule of DRVI-LCB at step h is modified as

@h(s, a) = max {rh(s,a) + sup {—)\log <ﬁ,9757a - exp <_V;\h+1>> - )\0} — by, (5, a), 0} . (7.13)

A>0

Here, the robust Q-function estimate is adjusted by subtracting a carefully designed data-driven

penalty term by, (s, a) that measures the uncertainty of the value estimates. Specifically, for some
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Algorithm 13: Robust value iteration with LCB (DRVI-LCB) for robust offline RL.

1 input: a dataset Dy; reward function r; uncertainty level o.

2 initialization: Qg1 =0, Vi1 = 0.

g forh=H,---,1do

4 Compute the empirical nominal transition kernel 13}? according to (7.8);
5 for s € S,a € Ado

6 Compute the penalty term by, (s, a) according to (7.14);

7 L Set Qn(s,a) according to (7.13);

for s € S do

9 L Set Vi, (s) = maxq Qn(s, a) and 7, (s) = arg max, Qp(s, a);

®

10 output: 7T = {7 }1<n<m.

5 €(0,1) and any (s,a,h) € S x A x [H], the penalty term by (s, a) is defined as

. H log(@) .
L2y - H f N,
bh(37 a) fry i {Cb g Pmin,h(sva)Nh(s»a) ’ ! h(87 a) > 0’ (714)
H otherwise,
where ¢}, is some universal constant, and
]Smin’h(s,a) ‘= min {13}?(3’ |s,a): PX(s'|s,a) > 0}. (7.15)
S/

The penalty term is novel and different from the one used in standard (no-robust) offline RL (Jin
et al., 2021; Li et al., 2022a; Rashidinejad et al., 2021; Shi et al., 2022; Xie et al., 2021b), by taking
into consideration the unique problem structure pertaining to robust MDPs. In particular, it tightly
upper bounds the statistical uncertainty which carries a non-linear and implicit dependency w.r.t.
the estimated nominal transition kernel induced by the uncertainty set U (P°), addressing unique

challenges not present for the standard MDP case.

7.1.3 Theoretical guarantees

Before stating the main theorems, let us first introduce several important metrics.

e Pr. . which only depends on the state-action pairs covered by the optimal robust policy 7*

under the nominal model P°:

Pr.. = min {P;? (s's,7(s)) = PP (s']s,7y5(s)) > O}. (7.16)

!
h,s,s

In words, P7. is the smallest positive state transition probability of the optimal robust policy

7* under the nominal kernel PY.
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e Similarly, we introduce PP which only depends on the state-action pairs covered by the

min
behavior policy 7° under the nominal model P:

PP. = min {P,? (s')s,a) : dZ’PO(s,a) >0, P, (s']s,a) > 0}. (7.17)

/
h,s,a,s

In words, Pnb1 is the smallest positive state transition probability of the behavior policy

in

under the nominal kernel P°.

e Finally, let dbmin denote the smallest positive state-action occupancy distribution of the behavior
policy 7® under the nominal model P°:
db

min

= min {dZ’PO (s,a): dZ’PO (s,a) > 0} . (7.18)

h,s,a

We are now positioned to present the performance guarantees of DRVI-LCB for robust offline RL.

Theorem 14. Given an uncertainty level o > 0, suppose that the penalty terms in Algorithm 13 are
chosen as (7.14) for sufficiently large cy,. With probability at least 1 —9, the output T of Algorithm 13
obeys

# H? |SC*, log*(KHS/6)
*,0 _ /To < rob .
Vi (p) = Vi (p) < co > \/ P K ; (7.19)
as long as the number of episodes K satisfies
log(KH
> M’ (7.20)
dminPnt:in

where cg and ¢, are some sufficiently large universal constants.

Our theorem is the first to characterize the sample complexities of robust offline RL under
partial coverage, to the best of our knowledge (cf. Table 1.6). Theorem 14 shows that DRVI-LCB

finds an e-optimal robust policy as soon as the sample size T'= K H is above the order of

SCx, HP H
+ : (7.21)
Pr:;in0-262 dﬁﬁnpri%in

e-dependent  burn-in cost

up to some logarithmic factor, where the burn-in cost is independent of the accuracy level €. For

sufficiently small accuracy level e, this results in a sample complexity of

. * 5
O (SCmbH) : (7.22)

*x 2.9
Pmina €
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Our theorem suggests that the sample efficiency of robust offline RL critically depends on the
problem structure of the given RMDP (i.e. coverage of the optimal robust policy 7* as measured
by PZ..) as well as the quality of the history dataset (as measured by Cy,). Given that C}, can
be as small as on the order of 1/5, the sample complexity requirement can exhibit a much weaker
dependency with the size of the state space S.

On the flip side, to assess the optimality of Theorem 14, we develop an information-theoretic

lower bound for robust offline RL as provided in the following theorem.
Theorem 15. For any (H, S,C, P*. . 0,¢) obeying H > 2¢%, C > 4/S, P*. € (0, %], log(1/P*. ) —

6 <o <log(1l/Pr,) —5, and ¢ < m, we can construct two finite-horizon RMDPs

Mo, My, an initial state distribution p, and a batch dataset with K independent sample trajectories
each with length H satisfying 2C' < C*, < 4C, such that

rob =

)

inf max {Po (V" (p) = Vi (p) > ¢), P (V17 () = V"7 (p) > €) } =

o =

provided that

Here, c1 > 0 is some universal constant, the infimum is taken over all estimators 7, and Py (resp. P1)
denotes the probability when the RMDP is Mg (resp. M1).

Theorem 15 shows that no algorithm can succeed in finding an e-optimal robust policy when

the sample complexity falls below the order of

o (SCmH’
Pr,r;ino-282 ’

which confirms the near-optimality of DRVI-LCB up to a factor of H? ignoring logarithmic factors.
Therefore, DRVI-LCB is the first provable algorithm for robust offline RL with a near-optimal sample

complexity without requiring the stringent full coverage assumption.

7.2 Algorithm and theory: discounted infinite-horizon RMDPs

Now, we turn to the studies of robust offline RL for discounted infinite-horizon MDPs.

7.2.1 Problem formulation and assumptions

Similar to the finite-horizon setting, using the distance measured in terms of the KL divergence

introduced in (7.1), given an uncertainty level ¢ > 0, the uncertainty set around P is specified as
UL (PY) =U(P%) = U’ (P),), U (P),):={Pa€AS):KL(Psa| P,) <o}, (7.23)
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where we recall that a vector of the transition kernel P or P° at (s,a) is denoted respectively in
(2.24).

Data sampling mechanism: batch data. Suppose that we observe a batch /history dataset
D = {(s;,ai, s;) hi<i<n consisting of N sample transitions. These transitions are independently
generated, where the state-action pair is drawn from some behavior distribution d° € A(S x A),

followed by a next state drawn over the nominal transition kernel PP, i.e.,

(8i,a4) S @b and s N PO(-| s, ai), 1<i<N. (7.24)

Similar to Definition 5, we design the following robust single-policy clipped concentrability

assumption tailored for infinite-horizon RMDPs to characterize the quality of the history dataset.

Definition 6 (Robust single-policy clipped concentrability for infinite-horizon MDPs). The behavior
policy of the history dataset D satisfies

- min {d*"(s,a), + }

< Ok 7.25
(8,0, P)ESx AU (PP) d>P (s, a) = “rob (7.25)

for some finite quantity C7,

€ [%, oo). Following the convention 0/0 = 0, we denote CJ to be the
smallest quantity satisfying (7.25), and refer to it as the robust single-policy clipped concentrability

coefficient.

Remark 7. Similar to Remark 6, we can bound C}_, < A when the batch dataset is generated using
a simulator (Panaganti and Kalathil, 2022; Yang et al., 2022). By combining this bound of C%

rob
with the theoretical guarantees developed momentarily in Theorem 16, we obtain the comparison in

Table 1.6.

Armed with these, we are ready to introduce the goal in the infinite-horizon setting. Given
the history dataset D, for some target accuracy € > 0, we aim to find a near-optimal robust policy

7, which satisfies
V() > VA (p) —e (7.26)
in a sample-efficient manner for some initial state distribution .

7.2.2 DRVI-LCB for discounted infinite-horizon RMDPs

Building an empirical nominal MDP Recalling that we have N independent samples in the

dataset D = {(s;,a;, s;) }1<i<n. First, we denote N(s,a) as the total number of sample transitions
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Algorithm 14: Robust value iteration with LCB (DRVI-LCB) for infinite-horizon
RMDPs.

1 input: a dataset D; reward function r; uncertainty level o; number of iterations M.
2 initialization: @O(S,a) =0, ‘A/o(s) =0 for all (s,a) € S x A.

3 Compute the empirical nominal transition kernel PO according to (7.28);

4 Compute the penalty term b(s, a) according to (7.32);

5 form=1,2,---,M do

6 for s€ S,a € Ado

7 L Set @m(s,a) according to (7.35);

8 for s € S do

9 L Set Vm(s) = max, @m(s,a);

10 output: 7 s.t. 7(s) = arg max, @M(s, a) for all s € S.

from any state-action pair (s, a) as
N
N(s,a) = Zﬂ{(si,ai) = (s,a)}. (7.27)
i=1

Armed with N(s,a), we construct the empirical estimate PO of the nominal kernel P° by the visiting

frequencies of state-action pairs as follows:

N
ng]l{(si,amsé) = (s,0,8)}, if N(s,a) >0

PO(s |s,a) = (7.28)

0, else

for any (s,a,s') € S x A X S.

With the estimate PO of the nominal transition kernel P° in hand, we are positioned to
introduce our algorithm DRVI-LCB for infinite-horizon RMDPs, which bears some similarity with
the finite-horizon version (cf. Algorithm 13), by taking the uncertainties of the value estimates into

consideration throughout the value iterations. The procedure is summarized in Algorithm 14.

The pessimistic robust Bellman operator. At the core of DRVI-LCB is a pessimistic variant
of the classical robust Bellman operator in the infinite-horizon setting (Iyengar, 2005; Nilim and
El Ghaoui, 2005; Zhou et al., 2021), denoted as 77(-) : R54 — RS54, which we recall as follows:

V(s,a) eSx A: TQ)(s,a) =r(s,a)+~ inf PV, with V(s):=maxQ(s,a). (7.29)
Peu(PY,) a

Encouragingly, the robust Bellman operator shares the nice «-contraction property of the standard

Bellman operator, ensuring fast convergence of robust value iteration by applying the robust Bellman
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operator (7.29) recursively. In the robust offline setting, instead of recursing using the population
robust Bellman operator, we need to construct a pessimistic variant of the robust Bellman operator

’7;‘2() w.r.t. the empirical nominal kernel P? as follows:

V(s,a) €S x A: ’t”e(Q)(s, a) = max {r(s, a)+~ inf PV —b(s,a), 0} , (7.30)

PeuUs (P?,)
where b(s,a) denotes the penalty term that measures the data-dependent uncertainty of the value
estimates.
To specify the tailored penalty term b(s,a) in (7.30), we first introduce an additional term

V(s,a) €S x A:  Prin(s,a) = min {ﬁo(s' |s,a) : P°(s'|s,a) > O}, (7.31)

S

which in words represents the smallest positive transition probability of the estimated nominal

kernel PO(s' | s,a). Then for some & € (0,1), some universal constant ¢y, > 0, b(s,a) is defined as

2(140)N38
min b loAg (W) 1
b(S, a) = 0'(1—’7) Prin (S,Q)N(&a) O'N(l—n/) » T—

4 1 2 .
+ 5 if N(s,a) >0,
N (7.32)

— + % otherwise.

As shall be illuminated, our proposed pessimistic robust Bellman operator ’t‘g() (cf. (7.30))
plays an important role in DRVI-LCB. Encouragingly, despite the additional data-driven penalty
term b(s, a), it still enjoys the celebrated ~y-contractive property, which greatly facilitates the analysis.
Before continuing, we summarize the y-contraction property below, whose proof is postponed to
Appendix E.3.1.

Lemma 22 (y-Contraction). For any «y € [0, 1), the operator ’7;‘2() (cf. (7.30)) is a ~y-contraction
w.r.t. || - ||eo. Namely, for any Q1, Q2 € R54 s.t. Q1(s,a),Qa(s,a) € [O, ﬁ] for all (s,a) € S x A,
one has

|7@0) - To@)||_ <7101 - Qall.. (7.33)

Additionally, there exists a unique fixed point @,*)’ea of the operator ’t‘;() obeying 0 < @Ef(s, a) < ﬁ
for all (s,a) € S x A.

Our algorithm DRVI-LCB for infinite-horizon robust offline RL. Armed with the vy-contraction
property of the pessimistic robust Bellman operator ﬁ‘g(.), we are positioned to introduce DRVI-LCB
for infinite-horizon RMDPs, summarized in Algorithm 14. Specifically, DRVI-LCB can be seen as a

value iteration algorithm w.r.t. ﬁ‘;() (cf. (7.30)), whose update rule at the m-th iteration can be
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formulated as

Qum(s,a) = ﬁi_(@m_l)(s,a) = max {r(s,a) +v inf PVt — b(s,a), 0} , (7.34)
PGMG(PQG)

and Vm(s) = max, @m(s,a) for all m = 1,2,--- , M. In view of strong duality (Hu and Hong,
2013), the above convex problem can be translated into a dual formulation, leading to the following

equivalent update rule:

@m(s, a) = max {r(s, a) + sup {—)\log (ﬁsoa - exp <_Vm_1>> - )\U} - b(s, a), 0} ,  (7.35)
A>0 ’ A

which can be solved efficiently (Iyengar, 2005; Panaganti and Kalathil, 2022; Yang et al., 2022) as a

one-dimensional optimization problem.

To finish the description, we initialize the estimates of Q-function (@0) and value function (‘70)

to be zero and output the greedy policy of the final Q-estimates (@ M) as the final policy 7, namely,
7(s) = argmax Qs (s,a) for all s € S. (7.36)
a

It turns out that the iterates { @m}m>0 of DRVI-LCB converge linearly to the fixed point @ﬁf owing

to the nice y-contraction property. This fact is summarized in the following lemma.
Lemma 23. Let @0 = 0. The iterates of Algorithm 14 obey

Vm>0: Om<Q and || Om— 05 < 17_7"7 (7.37)

7.2.3 Theoretical guarantees

Before introducing the main theorems, we first define several essential metrics.

e d°. : the smallest positive entry of the distribution d®% 0,

min. 1-e¢7

db ‘— min {db,PO (S, CL) . db,PO (S, a) > 0} . (738)

min
s,a

° Prtr’ﬂn: the smallest positive state transition probability under the nominal kernel P° in the

region covered by dataset D, i.e.,

b
Pmin

‘= min {PO (s']s,a) db’PO(s, a) >0, P°(s'|s,a) > O}. (7.39)

s,a,s’

Note that Prl;in is determined only by the state-action pairs covered by the batch dataset D.
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e Pr. : the smallest positive state transition probability of the optimal robust policy 7* under

the nominal kernel P°, namely

X = g}ip{PO(s' |s,7*(s)) : PU(s'|s,7%(s)) > 0}. (7.40)

S

We also note that P*

min

robust policy 7* under the nominal model PY.

is determined only by the state-action pairs covered by the optimal

We are now positioned to introduce the sample complexity upper bound of DRVI-LCB,
together with the minimax lower bound, for solving infinite-horizon RMDPs. First, we present the

performance guarantees of DRVI-LCB for robust offline RL in the infinite-horizon case.

Theorem 16. Let ¢y and c; be some sufficiently large universal constants. Given an uncertainty
level o > 0, suppose that the penalty terms in Algorithm 1/ are chosen as (7.32) for sufficiently
large c,. With probability at least 1 — 6, the output T of Algorithm 1/ obeys

SCO* 10g2 <(1+0)N35>
.0 7o Co rob (1—v)d
’ — y < 41
V3(e) = VT (p) < R PN : (7.41)
as long as the number of samples N satisfies
log(NS/d
N > M‘ (7.42)
dminPnl:in

The result directly indicates that DRVI-LCB can finds an e-optimal policy as long as the

sample size in dataset D exceeds the order of (ignoring logarithmic factors)

SCx 1
" r0b4 52T 6 b (7.43)
Pmin(l - 7) o°¢ dmianin
e-dependent burn-in cost

Note that the burn-in cost is independent with the accuracy level e, which tells us that the sample

complexity is no more than

5 SCrob
0 ( TG 40252> (7.44)

min
as long as ¢ is small enough. The sample complexity of DRVI-LCB still dramatically outperforms
prior works under full coverage, which has been compared in detail in Table 1.6. In particular, our
sample complexity produces an exponential improvement over Panaganti and Kalathil (2022); Zhou
et al. (2021) in terms of the dependency with the effective horizon ﬁ, which is especially significant

for long-horizon problems. Compared with Yang et al. (2022), our sample complexity is better by

128



at least a factor of S/ P
the leave-one-out analysis (Agarwal et al., 2020b; Li et al., 2022a, 2023c), by carefully designing an

> in- Lo achieve the claimed bound, we resort to a delicate technique called
auxiliary set of RMDPs to decouple the statistical dependency introduced across the iterates of
pessimistic robust value iteration. This is the first time that the leave-one-out analysis is applied
to understanding the sample efficiency of model-based robust RL algorithms, which is of potential
independent interest to tighten the sample complexity of other robust RL problems.

To complement the upper bound, we develop an information-theoretic lower bound for robust

offline RL as provided in the following theorem.

Theorem 17. For any (S, P}, Crpy 7, 0, €) obeying 1 -2 2¢8, Pr. (0 1—7] S > log (1/ mm),

min?

1
Crp,>8/5,¢e< S S o ()’ and log (1/P%;) — 6 <o< log (1/P%:.) =5, we can construct

min

two infinite-horizon RMDPs Mg, My, an initial state distribution @, and a batch dataset with N

independent samples, such that

inf max {PO(V*’”(QO) — V() > £), Py (V7 () — V() > 5)} >

)

oo =

provided that
ClSC b
N < ro
= p*. ( 7)2 252

min

Here, ¢c1 > 0 is some universal constant, the infimum is taken over all estimators 7, and Py (resp. P1)
denotes the probability when the RMDP is Mg (resp. M).

The above theorem suggests that there exists some RMDP such that no algorithm can find

an g-optimal policy if the sample complexity is below the order of

N SChy
Frin(1=7)%0% )

which directly conﬁrms that DRVI-LCB is near-optimal up to a polynomial factor of the effective
horizon length = (cf (7.43)). To the best of our knowledge, DRVI-LCB is the first provable

algorithm with near- optlmal sample complexity for infinite-horizon robust offline RL. Moreover, the

requirement imposed on the history dataset is also much weaker than prior literature on robust
offline RL (Yang et al., 2022; Zhou et al., 2021), without the need of full coverage of the state-action

space.

7.3 Numerical experiments

We conduct experiments on the gambler’s problem (Sutton and Barto, 2018; Zhou et al., 2021)
to evaluate the performance of the proposed algorithm DRVI-LCB, with comparisons to both the
robust value iteration algorithm DRVI without pessimism (Panaganti and Kalathil, 2022). Our code
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can be accessed at:

https://github.com/Laixishi/Robust-RL-with-KL-divergence.

Gambler’s problem. In the gambler’s game (Sutton and Barto, 2018; Zhou et al., 2021), a
gambler bets on a sequence of coin flips, winning the stake with heads and losing with tails. Starting
from some initial balance, the game ends when the gambler’s balance either reaches 50 or 0, or the
total number of bets H is hit. This problem can be formulated as an episodic finite-horizon MDP, with
a state space S = {0,1,---,50} and the associated possible actions a € {O, 1,--- ,min{s, 50 — s}}
at state s. Here, we set the horizon length H = 100. Moreover, the parameter of the transition
kernel, which is the probability of heads for the coin flip, is fixed as ppead and remains the same in
all time steps h € [H|. The reward is set as 1 when the state reaches s = 50 and 0 for all other
cases. In addition, suppose the initial state (i.e., the gambler’s initial balance) distribution p is
taken uniformly at random within §. Throughout the experiments, we utilize a history dataset
with N samples per state-action pair and time step, which is generated from a nominal MDP with

0 _
Phead = 0-6.

Results and discussions. First, we evaluate the performance of the learned policy 7 using our
proposed method DRVI-LCB with comparison to robust value iteration (DRVI) without pessimism,
where we fix the uncertainty level ¢ = 0.1 for learning the robust optimal policy. The experiments
are repeated 10 times with the average and standard deviations reported. To begin with, Figure
7.1(a) plots the sub-optimality value gap V;"7(s) — Vf’a(s) for every s € S, when a sample size
N =100 is used to learn the robust policies. It is shown that DRVI-LCB outperform the baseline
DRVI uniformly over the state space when the sample size is small, corroborating the benefit of
pessimism in the sample-starved regime. Furthermore, Figure 7.1(b) shows the sub-optimality
gap V"7 (p) — Vf’a(p) with varying sample sizes n = 100, 300, 1000, 3000, 5000, where the initial
test distribution p is generated randomly.! While the performance of DRVI-LCB and DRVI both
improves with the increase of the sample size, the proposed algorithm DRVI-LCB achieves much
better performance with fewer samples.

Finally, to corroborate the benefit of distributional robustness, we evaluate the performance of
the policy learned from N = 1000 samples using DRVI-LCB on perturbed environments with varying
model parameters phead € [0.25,0.75]. We measure the practical performance based on the ratio of
winning (i.e., reaching the state s = 50) calculated from 3000 episodes. Figure 7.1(c) illustrates the
ratio of winning against the test probability of heads for the policies learned from DRVI-LCB with
o =0.01 and ¢ = 0.2, which are benchmarked against the non-robust optimal policy of the nominal

MDP using the exact model. It can be seen that the policies learned from DRVI-LCB deviate from

' The probability distribution vector p € A(S) is generated as p(s) = us/ > g s, where us is drawn independently
from a uniform distribution.
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Figure 7.1: The performance evaluation of the proposed algorithm DRVI-LCB, where it shows better
sample efficiency than the baseline algorithm DRVI without pessimism, as well as better robustness
in the learned policy compare to its non-robust counterpart.

the non-robust optimal policy as ¢ increases, which achieves better worst-case rates of winning
across a wide range of perturbed environments. On the other end, while the non-robust policy
maximizes the performance when the test environment is close to the history one used for training,
its performance degenerates to be much worse than the robust policies when the probability of

heads is mismatched significantly, especially when ppeagq drops below, say around, 0.5.

7.4 Discussions

To accommodate both model robustness and sample efficiency, in this chapter, we propose a
distributionally robust model-based algorithm for offline RL with the principle of pessimism. We
study the finite-sample complexity of the proposed algorithm DRVI-LCB, and establishes its near-
optimality with a matching information-theoretic lower bound. Numerical experiments are provided
to demonstrate the efficacy of the proposed algorithm. To the best our knowledge, this provides the
first provably near-optimal robust offline RL algorithm that learns under model perturbation and

partial coverage.
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Chapter 8

Conclusion

This thesis breaks down the sample barriers of various RL problems, taking into consideration
additional facets of scalability and robustness. Specifically, for online RL, which permits adaptive
interactions with the environment, this thesis presents the first regret-optimal model-free RL
algorithm with a small burn-in cost — an initial sampling burden needed for the algorithm to exhibit
the desired performance — while maintaining its memory efficiency for scalability. In the context of
offline RL, which relies solely on historical datasets, this thesis puts forward the first provable near-
optimal model-free offline RL algorithm that doesn’t require model estimation. In addition, it settles
the sample complexity by establishing the minimax optimality of model-based offline RL algorithms
without burn-in cost. Lastly, for a robust variant of standard RL — distributionally robust RL,
this thesis reveals a surprising fact: the introduction of additional distributional robustness into
the learned policy doesn’t inherently increase or decrease the sample requirements compared to
standard RL; it largely depends on the defined uncertainty set. This thesis closes by providing the
first provable near-optimal algorithm for offline robust RL that can learn under simultaneous model
uncertainty and limited historical datasets.

The findings of this thesis naturally suggest numerous potential extensions and future research

directions. The thesis concludes by outlining a selection of these possibilities.

o Improved analysis. Some results established in this thesis can be further improved. For
instance, for online RL, while the proposed algorithm in Chapter 3 provably enables minimal
burn-in cost in terms of the dependency on S and A, our current theory falls short of delivering
optimal horizon dependency of the burn-in cost. More specifically, even though our burn-in
cost improves upon the state-of-the-art theory for sample-optimal model-free algorithms by a
factor of at least S°A3H'8 (see Zhang et al. (2020c)), the way we cope with the dependency
on H remains inadequate. This calls for more refined analysis tools to optimize the horizon
dependency. For offline RL, the e-range for LCB-Q-Advantage in Chapter 4 to attain sample
optimality remains somewhat limited (i.e., ¢ € (0,1/H])). Further investigation into whether
model-free algorithms can accommodate a broader e-range without compromising sample

efficiency is called for.

o Further investigation in tabular settings. For robust RL, it is likely that our current analysis
framework in Chapter 6 can be extended to tackle finite-horizon RMDPs with a generative

model, which would help complete our understanding for the tabular cases. Moreover, Our
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work in Chapter 6 raises an interesting question concerning how the geometry of the uncertainty
sets intervenes the sample complexity. Hence, characterizing the tight sample complexity
for RMDPs under a more general family of uncertainty sets — such as using ¢, distance or
f-divergence, as well as s-rectangular sets — would be highly desirable. In addition, in light of
the results in Chapter 7, it is also promising to design provably efficient model-free algorithms

for robust offline RL with partial coverage.

Extensions to function approrimation settings. Admittedly, even though we are now able
to settle the sample size dependency on the state-action space, the size of SA might remain
prohibitively large in many modern RL applications. As a result, parsimonious function
representation/approximation of the underlying MDP is needed in order to further reduce the
sample complexity. Moving beyond tabular settings, it would be of great interest to extend
our analysis to accommodate value-based RL in more general scenarios; examples include
MDPs with low-complexity linear representations, realizable MDPs, and RL involving multiple
agents (Jin et al., 2020; Li et al., 2021; Nguyen-Tang et al., 2021).

Investigation of RL in real-world applications. In addition to the theoretical investigations
of RL problems included in this thesis, my Ph.D. research also focused on seeking practical
solutions for diverse applications in real-world settings (Chen et al., 2021b; Ding et al., 2023;
Huang et al., 2022; Low et al., 2022; Sang et al., 2018; Shi and Chi, 2021; Shi et al., 2023a,
2021a,b, 2019, 2020; Wang et al., 2023b). Looking ahead, there is great interest in exploring
promising application scenarios of RL in both fundamental science and daily life including
but not limited to facilitating protein discovery in biology, enhancing the simulation of fluid

dynamics, and revolutionizing recommendation systems for social media.
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Appendix A

Proofs for Chapter 3

A.1 Freedman’s inequality

A.1.1 A user-friendly version of Freedman’s inequality

Due to the Markovian structure of the problem, our analysis relies heavily on the celebrated
Freedman’s inequality (Freedman, 1975; Tropp, 2011), which extends the Bernstein’s inequality to
accommodate martingales. For ease of reference, we state below a user-friendly version of Freedman’s

inequality as provided in Li et al. (2023a, Section C).

Theorem 18 (Freedman’s inequality). Consider a filtration Fo C Fi C Fo C -+, and let Ey, stand
for the expectation conditioned on Fy,. Suppose that Yy, = p_; Xi € R, where { X} is a real-valued

scalar sequence obeying
| Xk <R and Er_1 [Xk] =0 for allk >1

for some quantity R < co. We also define
n
W, = Z Er_1 [X7].
k=1

In addition, suppose that W, < o2 holds deterministically for some given quantity c? < co. Then

for any positive integer m > 1, with probability at least 1 — § one has

2 2 4 2
Y, < \/Smax{Wn, ;—m}long + gRlog Tm (A.1)

A.1.2 Application of Freedman’s inequality

We now develop several immediate consequences of Freedman’s inequality, which lend themselves
well to our context. Before proceeding, we recall that NV, ;'L(S, a) denotes the number of times that the
state-action pair (s, a) has been visited at step h by the end of the i-th episode, and kj!(s, a) stands
for the episode index when (s, a) is visited at step h for the n-th time (see Appendix 3.3.2).

Our first result is concerned with a martingale concentration bound as follows.
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Lemma 24. Let {W} e R |1 <i< K,1 <h<H+1} and {uj(s,a,N) eR|1<i<K,1<
h < H+ 1} be a collections of vectors and scalars, respectively, and suppose that they obey the

following properties:

. Wfl is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th

episode;
b HW}ZLHOO < Cy;

o ul(s,a,N) is fully determined by the samples collected up to the end of the (h — 1)-th step of
the i-th episode, and a given positive integer N € [K];

e 0L uﬁl(s,a,N) < Clys
e 0 < Zivﬂs’a) u:Z(S’a)(s,a,N) <2.
In addition, consider the following sequence
Xi(s,a,h, N) = uj,(s,a, N)(PL — Phsa) Wi 1{(s}.a},) = (s.a)}, 1<i<K, (A.2)

with P! defined in (3.15). Consider any 6 € (0,1). Then with probability at least 1 — 6,

k
ZXi(s,a,h,N)l

=1

NE(s,a)
AT h n(s.a n(s.a u AT
<4/ Cylog? ST S b s, 0, N)Varg g0 (W) + (cucw + ,/(JJVCW> log? ST
n=1

(A.3)

holds simultaneously for all (k,h,s,a, N) € [K] x [H] x S x A x [K].

Proof. For the sake of notational convenience, we shall abbreviate X;(s,a,h, N) as X; throughout
the proof of this lemma, as long as it is clear from the context. The plan is to apply Freedman’s
inequality (cf. Theorem 18) to control the term Zle X; of interest.

Consider any given (k, h,s,a,N) € [K] x [H] x § x A x [K]. It can be easily verified that

E;—1 [X;] =0,

where E;_; denotes the expectation conditioned on everything happening up to the end of the

(h — 1)-th step of the i-th episode. Additionally, we make note of the following crude bound:

‘Xz‘ < UJ;‘I(S, a, N)‘(szl - Ph,s,a)Wié—&-l‘
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< uj(s, @, M) (| PAll, + [Prsally ) [Wikia . < 2CuCa, (A4)
which results from the assumptions [|[W,;]loc < Cy, 0 < uf(s,a,N) < Cy as well as the basic facts

HP,’;Hl = HPh,s,aHl = 1. To continue, recalling the definition of the variance parameter in (B.51), we
obtain

> B ||Xif] = Z (uh(s, . N))* 1 {(sh ah) = (5,0) B [| (P = Posa) Wisa|”]

|
—~
>
>
=
»
N
—
»
Q

L N)) Varg .o (WeE )

o0

Ny (s,a) K (s,a) k7 (s,a) (|2
< Cu< w," (s a, N)> W
< 2C,C2, (4.5)

where the inequalities hold true due to the assumptions HW,ZLHOO <Oy, 0< uﬁl(s, a, N) < Cy, and
0 < Nk B (o 0 Ny <1

With (A.4) and (A.5) in place, we can invoke Theorem 18 (with m = [log, N|) and take the
union bound over all (k,h,s,a, N) € [K] x [H] x § x A x [K] to show that: with probability at
least 1 — 9,

k

Ny (s 2
(5,0 sy, Cu AT2log N
il < max{ g )s a,N)Varh,&a(VVZ:JF(1 )),C Cw}logs 50g

i=1
SAT?log Nh
0

Ny (s,a
AT sa n(s.a u AT
S/ Cu log® ST E (s,a, N)Vary s q (W,’:ig ’ )) + (CUC’W +14/ ?VCW) log? S(s

+ CyCy log

holds simultaneously for all (k, h,s,a, N) € [K] x [H] x § x A x [K]. O

The next result is concerned with martingale concentration bounds for another type of

sequences of interest.

Lemma 25. Let {N(s,a,h) € [K] | (s,a,h) € S x Ax [H]} be a collection of positive integers, and
let {cp : 0 <cp <e,h€[H]} be a collection of fizred and bounded universal constants. Moreover, let
{WéeRsylgigK,lghSH—i—l} and {uﬁl(sz,aﬁl)6R[1§i§K,1§h§H+l} represent

respectively a collection of random vectors and scalars, which obey the following properties.
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° Wfl is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th

episode;
o |[Wi|loo < Cy and W} > 0;

o ui(st, al) is fully determined by the integer N (s, at, h) and all samples collected up to the
end of the (h — 1)-th step of the i-th episode;

e 0 < uﬁl(sz,aﬁl) < C,.

Consider any ¢ € (0,1), and introduce the following sequences

X = (s}, 04) (Ph = Pyt o) Wi, 1<i<K1<h<H+1, (A.6)
Yip = cn(P} — Ph%ai)w,iﬂ, 1<i<K,1<h<H-+1. (A.7)
Then with probability at least 1 — 0,
H K H K
; ; 9 THSA HSA
DD Xin| S\ C3Y0 Y B U(Ph ~ Py Wi ] log ~—— + CuCy log —;
h=1 i=1 h=1 i=1
H K
o THSA THSA
<.l c2oy hzl Z; Eip-1 [PiW] ] log 5+ CuCylog —
H K
1 1
Y Vin| S ,/Togvlog8 +C’Wlog5
h=1 i=1

holds simultaneously for all possible collections {N(s,a,h) € [K] | (s,a,h) € S x A x [H]}.

Proof. This lemma can be proved by Freedman’s inequality (cf. Theorem 18).

e We start by controlling the first term of interest ZhH:1 Zfil Xin. As can be easily seen,
aﬁl = arg max Q}'l(sz, a) is fully determined by what happens before step h of the i-th episode.
Consider any given {N(s,a,h) € [K] | (s,a,h) € S x A x [H]}. It is readily seen that

Eip1[Xs] =Ein [UZ(S;U aj,) (B, — By si a )Wéﬂ} =0,

h
where E; ,_; denotes the expectation conditioned on everything happening before step h of
the i-th episode. In addition, we make note of the following crude bound:
‘Xi,h‘ < U;L(S;w a%)‘ (P;“; - Ph,s%,az)will—i-l‘

< i (si ) (1Bl + [P 1) Wil < 2C0Co (A3)
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which arises from the assumptions |[W}, llec < Cy, 0 < uj,(s,a, N) < Cy together with the
basic facts HP;LH1 = HPh,S}'L,aZ

, = 1. Additionally, we can calculate that

H K H
Z ZEi,h—l [’Xi,h’q = Z Z (UZ(Sza a%))%Ei,h—l [‘(P}ZL - Ph,s%,ai)Wli—i-l’Q}

H K
< CoCu D D Binet [PiWis] (A.10)
K
ZHWhHH <HK0202 TC2C2. (A.11)

Here, (i) holds true due to the assumption 0 < u} (s}, al) < Cy, (ii) is valid since P} only
has one non-zero entry (cf. (3.15)), (iii) relies on the assumptions that W} is non-negative,

whereas (iv) and (v) follow since |[W}|leo < Cy,

With (A.8), (A.10) and (A.11) in mind, we can invoke Theorem 18 (with m = [log, T']) and

take the union bound over all possible collections {N(s,a,h) € [K] | (s,a,h) € S x A x [H]}

KHSA

— which has at most possibilities — to show that: with probability at least 1 — 4,

H K
. .21 TC2C2 KHSAlog T
< | max {Cﬁ > Eina U(P;ZL = Py g ai Wi } )~ om } log B

h=1i=1 h=1i=1
KHSA] T
+ CyCy log f()g
H K
, - THSA THSA
S \ Cghz_l;Ei’h_l [‘(PIEL_Ph,SZ,ai)WfZL+1‘ :| IOg s +C’qulog 5
THSA HSA
< 4| CRCy Z ZEZ h—1 [PiW} ] log 5 + CyCy log

h=1 i=1
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holds simultaneously for all {N(s,a,h) € [K] | (s,a,h) € S x A x [H]}.

e Then we turn to control the second term ‘Zthl S Yi’h‘ of interest. Similar to ’Zthl S Xinl,

we have

|Y;,h| < 2€CW7
H K
ZZEi,h—l [\Yzhﬂ < TCE.
h=1 i=1

Invoke Theorem 18 (with m = 1) to arrive at

<A/ TC2 log % + Cyw logg (A.12)

H K
ZZYEJL

h=1 1=1

with probability at least 1 — 4.

A.2 Proof of Lemma 1

First of all, the properties in (3.14b) follow directly from Jin et al. (2018, Lemma 4.1). Therefore, it
suffices to establish the property in (3.14a), which forms the remainder of this sub-chapter.
When N =1, the statement holds trivially since

N nN
> =m=tehy

Now suppose that N > 2. Making use of the basic relation nY = (1—ny)pY ! foralln =1,--- ,N—1,

we observe the following identity:

N N 1
n

(A.13)

na

N

n=1

We now prove the property in (3.14a) by induction. Suppose for the moment that the property
holds for N — 1, namely,

m < Z 777711(1 < (N — 1)(1' (A14)

139



Then it is readily seen from (A.13) that

N N N—-1 N_1
n U S/ nN | 1—nn 1
Aﬁf—m—— 1— n - - = — A.15
Z::n + (1= mw) 2o Ne T (N—1)E = Ne T Ne T Ne (A-15)

where the first inequality comes from (A.14). Similarly, one can upper bound

N N-1 _
Zﬁ:ﬂ‘“l— )Znn (<1)77N 21 —nn) )  H+1 2(N — 1)t~
Zope ~ Na W2 Tpam = Ne T (N=D)" T N(H+N) | H+N

) g 4+1 2Nt 1 (H+1 2N 1\ () 2

< -+ = — + < —

= Ne(H+N) H+N Ne\H+N H+N) = Ne

where (i) arises from (A.14), (ii) follows from the choice ny = gj_r]{,, (iii) holds since a < 1,

and (iv) follows since H > 1. Consequently, we can immediately establish the advertised property
(3.14a) by induction.

A.3 Proof of key lemmas in Chapter 3.3.3

A.3.1 Proof of Lemma 2

To begin with, suppose that we can prove
Q¥ (s,a) > Q5 (s, a) for all (k,h,s,a) € [K] x [H] xS x A. (A.16)
Then this property would immediately lead to the claim w.r.t. th , namely,
ViF(s) > Qfl(s,wz(s)) > Q (s, mh(s)) = Vi (s) for all (k,h,s) € [K] x [H] x S. (A.17)

As a result, it suffices to focus on justifying the claim (A.16), which we shall accomplish by induction.

e Base case. Given that the initialization obeys Q:(s,a) = H > Q% (s,a) for all (h,s,a) €
[H] x § x A, the claim (A.16) holds trivially when k = 1.

e Induction. Suppose that the claim (A.16) holds all the way up to the k-th episode, and we
wish to establish it for the (k + 1)-th episode as well. To complete the induction argument, it
suffices to justify

min{QUCBk—H( a), QRk-H( 7@)} > Q% (s, a)

UCB,k+1 .

according to line 12 of Algorithm 3. Recognizing that @, is computed via the standard

UCB-Q update rule (see line 2 of Algorithm 6), we can readily invoke the argument in Jin
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et al. (2018, Lemma 4.3) to show that with probability at least 1 — 4,
QUCB k+1(S, a) Z QZ(S, a)

holds simultaneously for all (k, h,s,a) € [K]| x [H] x S x A. Therefore, it is sufficient to prove
that

QM (s,a) > Q5 (s, a). (A.18)

The remainder of the proof is thus devoted to justifying (A.18), assuming that the claim (A.16)
holds all the Way up to k.
Since Qh (sh, aﬁ) is updated in the k-th episode while other entries of Qh remain fixed, it

suffices to verify
Rk+l, k k ko k
no(shan) = Qp(sy,ap).

We remind the readers of two important short-hand notation that shall be used when it is clear

from the context:

o NF = NF(sF, aF) denotes the number of times that the state-action pair (sf,a¥) has been
visited at step h by the end of the k-th episode;

o k" = k7'(s¥,aF) denotes the index of the episode in which the state-action pair (sf,af) is

visited for the n-th time at step h.

Step 1: decomposing QR k+1(sh, ) — QZ(SQ,@’Z). To begin with, the above definition of N}’f

and k™ allows us to write
Q}Ij ]H—l(sha ) Qh k h+1(8h7 aﬁ)? (Alg)

since kN = kNA(shar) = k. According to the update rule (i.e., line 11 in Algorithm 3 and line 7 in

Algorithm 6), we obtain

k
REk+l, k k& Rk; K1,k ok RENR bk
h (spsap) = (spyap) = (1 — 77Nk) h (sp»ap)
k KA kR RN o kK FENEAL, kR RN 41
+nN,g{m<sh,ah> VS (o) — VREE () e h ah) 4 0F

R,kNh 1
= (1 —nyr)@y ' sk, af)

k k RAMA VA FENA AL, B kv RAENA 41
+77N;;{7“h(3haah) Vh+1 (s h-&fi) VhH (s h+1) +M;f (sp>ap) + by,
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where the last identity again follows from our argument for justifying (A.19). Applying this relation

recursively and invoking the definitions of 7}’ and 1YY in (4.16), we are left with

REk+1, k Kk k
h (Sh,a ) = Mo hQ (Shaah)

k" RE™ k™ fE"+1, k k R,k"+1
+ Z Mn { n(shyap) + Vi (shin) = Visy (shon) + a0 (shoafy) + 0y }

(A.20)
Additionally, the basic relation 770 + Z M AL (see (4.16) and (4.17)) tells us that
Nk
Qi (sh,ap) =1y th(Shv ay) + Z Unth(Sh’ ay), (A.21)
n=1

which combined with (B.65) leads to
R kA1 R,1
* (Sh7ah) Q7 (st» af) _770 ( h (st ak) — Qh(shvalfi))

RA™ , Jom £k 41 Rk™ 41
+ Znn { (shra) + Via (sien) = Viegn (shga) + ™ " (s af) + by, — Qh(sh, alﬁ)}-
(A.22)

To continue, invoking the Bellman optimality equation
ko k kE Kk
Qn sy, an) = ralsy, ap) + Py e o1 Vi (A.23)

and using the construction of ,uref in line 9 of Algorithm 6 (which is the running mean of V,ﬁ_l), we

reach

k _k k" kn R,k™ f.k"+1, k R,k™+1 Lk k
ra(shyar) + Vil (sih) = Visy (shaa) +pp ™ sk, ap) + by — Qh(sh, ap)

REY ki
En Zi 1 Vh+1 <3h+1) R,k"+1

k™ k™ R,k™
= Vh+l(sh+1) Vh+1 ( h+1) n - Ph Sh ak Vh+1 + b (A24)
Z@_l Ph E k& (VR’kl)
n R,k" = 81 ,a h+1 R,k"+1 n
= Ph,sk a {Vfﬁ&-l Vh+1 } + ;; . - Ph,slfb,a’fbvf:(-&-l + bh - + gll“j
n VR,kl _ VR,lc” . .
_ Ph7sh,a {Vh+1 V}:(+1 + Zz—l( h+7}b h+1 )}_{_bs,k +1 +§h ) (A25)
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Here, we have introduced the following quantity

n

5h = ( Ph s¥a )(th-l-l - Vhr\il’—]i ) + E Z (Ph - Ph,sﬁ,aﬁ)vhﬁli ) (A26)
=1

with the notation P} defined in (3.15). Putting (A.25) and (B.67) together leads to the following

decomposition

R (SR ak) — Qp (s, aﬁ) (Q;Ff "(sh»ar) — Qh(si aﬁ))

n o (pRE R i
S ( ht1 h+1)>+bRk +1+£h }

+Z"7n {Phska <Vh+1 Vi + n

(A.27)

Rk—‘rl(

Step 2: two key quantities for lower bounding @ sk ak) — Q5 (s, ak). In order to

Rk—i—l( k )

develop a lower bound on @ sk, a¥) — Qx(sF,af) based on the decomposition (B.71), we make

note of several simple facts as follows.
(i) The initialization satisfies QE’ (sF,af) — Qx5 (sk,ak) > 0.

(ii) For any 1 < k™ < k, one has
Vit = Vi, (A.28)

owing to the induction hypotheses (A.16) and (A.17) that hold up to k.

(iii) For all 0 <i <mn and any s € S, one has

R,k R,k™
Vi1 (s) — Vi (s) >0, (A.29)

which holds since the reference value VhR(s) is monotonically non-increasing in view of the
monotonicity of Vj(s) in (3.17b) and the update rule in line 16 of Algorithm 3.

The above three facts taken collectively with (B.71) allow one to drop several terms and yield

NE
* Nk n n
QR sk af) — Qn(skraf) =D o (b + €87, (A.30)

n=1

Rk+1(

In the sequel, we aim to establish Q s],?b, a’fL) > QZ(SIZ, afl) based on this inequality (A.30).

As it turns out, if one could show that

Nk

< Z NupRA™ L (A.31)

n=1

héh
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then taking this together with (A.30) and the triangle inequality would immediately lead to the

desired result
Nk

h NE m
Znnhgh >0

n=1

QY sk, af) — Qh(sh, af) Znnthk 1 (A.32)

As a result, the remaining steps come down to justifying the claim (B.73). In order to do so, we

need to control the following two quantities (in view of (B.69))

Nk

h= Z " Phn = By g a’v) (th-','-Ll VhFi’]in), (A.33a)
1
ka

I = Z Z PhL Ph sh,ah)vh+1 (A.33b)
n= 1

separately, which constitutes the next two steps. As will be seen momentarily, these two terms can

be controlled in a similar fashion using Freedman’s inequality.

Step 3: controlling I;. In the following, we intend to invoke Lemma 24 to control the term Iy
defined in (A.33a). To begin with, consider any (N, h) € [K] x [H], and introduce

. , R . ‘
Wit = Vi — Vi and  up(s,a,N) = n%}i(s,a) > 0. (A.34)

Accordingly, we can derive and define

i R,i i
Whiilloo < IViiilloo + [[Vagillo < 2H = Cy, (A.35)
and
2H
N < =0y A.36
Nhsae[rl?]%ﬁH}xSXAn p(sa) = N ’ ( )

where the last inequality follows since (according to Lemma 1 and the definition in (4.16))

2H ;
N ; .
Ni(sa) = N if 1 < Nj(s,a) <N,
M (s.0) = 0 if Nj(s,a) > N.

Moreover, observed from (4.17), we have
N
Z hsa saN):Zn,]lvgl (A.37)
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holds for all (N, s,a) € [K] x 8 x A. Therefore, choosing (N, s,a) = (NF,sF,a¥) and applying
Lemma 24 with the quantities (A.34) implies that, with probability at least 1 — 9,

N} .
R,k™
L] = Zﬁn (P = B ak)(vh+1 Vit )| =D Xi(sh, g, b Np)
n=1 i=1
SAT |- C SAT
Cylog? 22~ : Zuzn(sh,ah,N’“)Varh sa (W}ffﬂ) + <CHCW + \/ECW> log? :
n=1
SAT i NF Rk HQIQgZSAJ
- 2 n ke .
NFE 1 5 " Vary, g (Vis = Vign ) + —NF (A.38)
n=1 h
SAT dv.k dv i VE ,  H2log? SAT
Nk l 2 \/ adv, h+1( i,afb) _ (MZ v, h+1(5;€wai)) [ = (A.39)

(NEPP

where the proof of the last inequality (B.151) needs additional explanation and is postponed to
Appendix A.3.1.1 to streamline the presentation.

Step 4: controlling I5. Next, we turn attention to the quantity o defined in (A.33b). Rearrang-
ing terms in the definition (A.33b), we are left with

NF n K NF [ Nf NE
NFE Zi:1 (Ph - Ph,s ak h+1 " R.E¢
e ot E T BE 8 (5 e
n—=
which can again be controlled by invoking Lemma 24. To do so, we abuse the notation by taking
N ’I’]N
Wi =V : = o> 0. )
h1 = Vi1 and up,(s,a, N) Z e 0 (A.40)
n=Nj} (s,a)
These quantities satisfy
' R
Wil < VAN < 7 = Cu (A1)
and, according to Lemma 1,
N nN N nN
a < < — = A.42
Nhsae[III(l]XXH]XSX Z n z:: Cu ( )
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Then it is readily seen from (A.42) that

N ke N 9
h” <Y 2 <o A4

holds for all (N,s,a) € [K] xS x A.
With the above relations in mind, Taking (N, s,a) = (N}, s¥,af) and applying Lemma 24
w.r.t. the quantities (A.40) reveals that

NF NF  NE k
|| = ZZ (P~ Py ) VR | = |0 Xalshaf b V) (A.44)
i=1 n=i i=1
Ny
S W Zufbn(sh,ah,N’“)Varh s*.a (Wh+1) <C Cy + \/?Cw> log? SI?%T
n=1
5
Nk log S?T J\}*ff ;\/arh sk ak (Vi) + Jf/% log? S?T (A.45)

SAT ref k h+1 ref,k:N’I:-l-l 2 H 2 SAT
Nk log \/ (sk,ak) — (o (s¥,af))” + N log 5 (A.46)

with probability exceeding 1 — §, where the proof of the last inequality (B.153) is deferred to
Appendix B.3.4.3 in order to streamline presentation.

Step 5: combining the above bounds. Summing up the results in (B.151) and (B.153), we

. NF NF _in
arrive at an upper bound on ’ Dol M h{,’j ‘ as follows:

k

h
Nk n
D o & | < |+ |2
n=1
SAT | adv k™41 dv, kN 41 2
S *1 ’ \/av sk ak) = (i (s af)
Ny
SAT Nk H2]Og2w
2 ref k" h+1 ko k ref k" h4+1, kb k\\2 5
t Nkl \/ (shr ai) = (i (sh»ar)) +W
H?log? 25T
< BRI by 4 0,108 Za (A.47)

(N

for some sufficiently large constant ¢, > 0, where the last line follows from the definition of

Nk
BlFf,k h+1(s’fL, a¥) in line 14 of Algorithm 6.
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In order to establish the desired bound (B.73), we still need to control the sum Zn 17 i bR L

Towards this end, the definition of bh’k 1 (resp. 6R) in line 6 (resp. line 15) of Algorithm 6 yields

R,k™+1 RE" k K R,k"+1
bh = (1 — F)Bh (sh,ah) + 7Bh ( ) + TMHQl 2 5 . (A48)
n Tin
This taken collectively with the definition (4.16) of 7Y allows us to expand
Nk .
N n
Znnhbi,k +1
n=1
i 1 1 Nk SAT
R.k" R,k"+1 TIn
_Znn H 1_m)<<1_>Bh (sF,a >_|_ B +(ﬁ,ah))+cbz 3/ ngT
n=1 1=n+1 "In
Y M S SAT
R,k™ R,k™+1
S TT @) (~ (0 - ) BRY (shab) + BRI s 4o T H log? 2o
n=1i=n+1 n=1
NN N N SAT
R,k™+1 R,k"
= Z H (1 - nZ)B - (Shﬂalfi) H(l - nZ)B (3]57@’5 +p Z 3/4 2 T
n=1 \i=n+1 i=n
k” 1 Rlc 77
9y Tl sk = S T[0 - m B o) +CbZ g log” ==
n=1i=n+1 n=21i=n
NF NE NF-1 N} Nk Nk SAT
(ii) Rk” 1 Rlc" 1
Z H (1 — ;) BR*"* Z H (1—n)B +(sh,ah)+cb 3/4 log? ==
n=1i=n+1 n=1 i=n-+1
N ik SAT
RENK 41
= B ( h,ah) +Cb 3/4 1 2 6 . (A49)

n=1

Here, (i) is valid due to the fact that Bs’kl (sF,af) = 0; (ii) follows from the fact that

NF NE NF-1 NF
Rk k Rk ntl ko ok
ZH (1—m)B 3h7ah Z H (1—m)B (sh»an)
n=21i=n n=1 i=n+1
NF-1 NF -
K1, kK
= > I @=n)BX* sk, ap),
n=1 i=n+1

where the first relation can be seen by replacing n with n + 1, and the last relation holds true since
the state-action pair (sf,aF) has not been visited at step h between the (k" + 1)-th episode and
the (k"*! — 1)-th episode. Combining the above identity (A.49) with the following property (see
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Lemma 1)
N NE
R S o N
(NFy3/4 = n:l n3/4 = (NF)3/4

we can immediately demonstrate that

21,2 54T Ni . 21,2 SAT
RJfN;:-H k _k H~ log B 2: NfRE™+1 RENN 41, kK H*log =
Bh (Sh,ah)‘i‘cbW S nnhbh S Bh ( ah)+26bw. (ASO)
n=1

Taking (B.154) and (B.62) collectively demonstrates that

N 91 2854aT N

Nk _pn REVE4L, | H*log” =5~ NE R k41
§ :nnhfh < Bh (sh,ah) +Cb4(Nk)3/46 < § :nnhb (A.51)
n=1 h n=1

as claimed in (B.73). We have thus concluded the proof of Lemma 2 based on the argument in Step
2.

A.3.1.1 Proof of the inequality (B.151)
In order to establish the inequality (B.151), it suffices to look at the following term

Nk
R,k" kA1, k& AR, k2
=Yt Var, gt ar (Vi = Vi) = o3 ™ 0 s af) + (™" (sh 0 (A52)

n=1

which forms the main content of this sub- chapter

adv, k"t

First of all, the update rules of p; adv, ™

and o), in lines 11-12 of Algorithm 6 tell us

that

dv k1 dv, k41 dv, k"
g sy al) = M sk af) = (1 - )it (s

O'adv’kn+l (Sk; k;) — O_adv,kn—l-l(sk; k;) _ (1 _ nn) adv,k”(

k k™ o kT RA™ k"
sap) + Mn (Vh+l(5h+1) Vi (5h+1))
k
h h

K L R’kn K 2
Shy @ )+77n(Vh+1(5h+1) Vh+1 (3h+1)) .

Applying this relation recursively and invoking the definitions of 7Y (resp. PF) in (4.16) (resp. (3.15))

give

k
adv,th+1 k (1 kn Rk" kn NF Sgn R,k™
1y, E 77n Vit (shin) = Vi (shh) E " By (Vi = Vit ), (A53a)

Nk
k
adv,kNh 41,k (i) 174 kn VR’ k™ hP " VRJC" 2
Op, (Shaah) E ( h+1(5h+1)_ h+1 3h+1 E = L'p h+1 h+1 ) .

n=1

(A.53b)
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k k
Recognizing that EHNQ 1 77,]1\[ " =1 (see (4.17)), we can immediately apply Jensen’s inequality to the
expressions (i) and (ii) to yield
NE NE 2
A k) 2 (T b)) (A.54)

h h

Further, in view of the definition (B.51), we have

2
K RA™Y _ K R,k™\2 K R,k™
Varh,sg,a’,;(vhﬂ = Vg1 ) = Ph,s’,j,aﬁ(vhﬂ = Vig1 ) - (Ph,s’,j,aﬁ(vhﬂ —Viia )) ’

which allows one to decompose and bound I3 as follows

Nk
n R’kn 2
I3 = Znn B, sk.ak (Vh+1 h+1 Znnhph h+1 Vi )
n=1
2 Nk . )
, R.E™ N R,k"
(ZW"} Py (Vi = Viii )) — D" (Ph,s (Vh+1 Vit ))
n=1
Nk
n R,k™ 2
Zﬂn (Py = Pk .at) (Vs = Vi )
n=1
—I3,
RA™ ) Y N R k™Y 2
(Zﬁnhph Vitr = Vigi )> = m" (Ph sk ak s (Vi = Vi )) - (A5D)
n=1
=I5

It then boils down to controlling the above two terms in (B.156) separately.

Step 1: bounding I3;. To upper bound the term I3; in (B.156), we resort to Lemma 24 by
setting

i i R, \2 i .
Wi= Vi —Veih) and  wup(s,a,N) = n%;;(s,a)' (A.56)
It is easily seen that
i R,i i 2 2
Wil < (V%L + 1Viall)” <48 = Cu, (A.57)
and it follows from (A.36) that
2H
N < — = Cy. A.
<M _q, (A.5%)

max i
N,h,S,ae[K]x[H}ngAnNh(S,a)
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Armed with the properties (A.57) and (A.58) and recalling (B.149), we can invoke Lemma 24
w.r.t. (A.56) and set (N, s,a) = (NF, s¥,aF) to yield

Nk .
" R,k™\ 2
131 - ZT/TL Ph _Ph sk ak)(vh+1 Vh-{-l ) = z :XZ‘(SI;;,G;CL,}L,N}]LC)
n=1 i—1

N
/ AT s / AT
Cylog? —— 5 Z sh,ah,Nk)Varh sha (W/fH) (C Cw + ?VCW> log? 55

k

N,
| H  ,SAT |<& NF o Rkm H? log? 25T
S Wlog 5 _lnnhvarh,s’;,a’,g((vhﬂ Vit ) >+ NF
H5 SAT H? SAT
< log? —log? A.
SANEE TS TNE® TS (A.59)

k k
with probability at least 1 — 4. Here, the last inequality results from the fact Zgil nﬁf <1 (see
(4.17)) and the following trivial result:

Vary e o (Vi = Vit )?) < L = i), < 168, (A.60)

Step 2: bounding [35. Jensen’s inequality tells us that

N} 2 N . 2
( By e (V) vﬁﬁ")) =(Z<ni¥h>”2-<n 2 e (Vi VJi”i"))

n=1 n=1

IN

Ni
NE n 2
Z " Z Tin (Ph skl Vh+1 VhR—il’i ))

2
kn R,E™
< Z”n (Ph sk.al Vh+1 Vi )) J
where the last line arises from (4.17). Substitution into I3 9 (cf. (B.156)) gives

k
Nh

NF N 2
I32 < (anhphn(vh—&-l Vit )> - (

n=1

2
NF R, k"
" P ok (Vh+1 Vi1 ))

n=1

(S0 ) O - S+ o -
n=1

n=1

(A.61)
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In what follows, we would like to use this relation to show that

H> SAT H3 SAT
Iso < +| = log? — log? A.62
32 < 032{ NF 08" —5— + N’“ 5 } (A.62)

for some universal constant Cso > 0.

If I35 <0, then (B.161) holds true trivially. Consequently, it is sufficient to study the case
where I35 > 0. To this end, we first note that the term in the first pair of curly brakets of (B.159)
is exactly I (see (A.33a)), which can be bounded by recalling (B.150):

Nk
H o SAT R,km H?log® SI%T
L] < N—;:log 5 Znn Vary, g ot (Vi = Vigy ) + NF
n=1
Nk
1Y) 2 SAT (SR g HPlog? 55T
Y ATk e n N
N} 5\ = N}
H3 SAT H? 9 SAT
< | log? 71 = A.63

with probability at least 1 — §. Here, the second inequality arises from the following property

Var, s a (Vh+1 V}Eﬁ?) < [|(Viy — V;Sﬁnf“oo < 4H?, (A.64)

k k
whereas the last inequality (A.63) holds as a result of the fact Zgil 17,];[ " <1 (see (4.17)).
Moreover, the term in the second pair of curly brakets of (B.159) can be bounded straightfor-

wardly as follows

k

h k n n
Z”évh (PR + Prgt o) (Vi = Vi )’

n=1

< Znn (|Ph H1+ HPhsh,aZH )H h+1 h+1 H < 2H, (A.65)

where we have made use of the property (4.17), as well as the elementary facts H V,f:l h Y H

and HP/anl = HPh,s’fL,a’fLH1 = 1. Substituting the above two results (A.63) and (A.65) back into
(B.159), we arrive at the bound (B.161) as long as I35 > 0. Putting all cases together, we have
established the claim (B.161).
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Step 3: putting all this together. To finish up, plugging the bounds (A.59) and (B.161) into
(B.156), we can conclude that

H5 SAT H? SAT
I, <T I35 < O3 4 [~ log? — log?
3131+ 132 =< 3{ N,’f og 5 +Nk 5 }

for some constant C3 > 0. This together with the definition (A.52) of I3 results in

Z M Varh sk ak (Vi = Vi)

v iNE v N | H® SAT H? SAT
S {Uzd k h+1(sl}g“a]}cb) o (Mzd k h+1(3h7 h)) }+C3 < 71 2 5 4 Nk gZ 6) ’

which combined with the elementary inequality v/u +v < \/u + /v for any u,v > 0 and (A.54)
yields

o) V2
{Znn Vary, o ok (Vi = Vi )}

NE 1/2
< {Uadv,k h+1(sk ak) - ( adv,k h+1(8k; ak))2} + lo
(V%) o (V) ’
Substitution into (B.150) establishes the desired result (B.151).
A.3.1.2 Proof of the inequality (B.153)
In order to prove the inequality (B.153), it suffices to look at the following term
Nk .
R,k" f th+1 k fFENR T, ko Ky 2
Iy = N;{f Z:lvarh sh,ah(vh+1 ) — (O-Irze (Shaah) (M;Le (Shvah)) ) (A.66)
n
In view of the update rules of uref A and a,rlef’kn+1 in lines 9-10 of Algorithm 6, we have

n

fRmtl kg fE"+1, k & 1 fEY ko k 1 R,k™ , km 2
U;Le (sp,ap) = U;Le (spsap) = <1 - > U;Le (sp»ap) + E(Vthl (3h+1)) )

fA ) Kk f5"+1, kK 1 5" kK 1 R,k™ , km
e o) = i ) = (1 0 ) hab) + LV ),

n
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Through simple recursion, these identities together with the definition (3.15) of P}’f lead to

FENE 1, R (i) YRE™ (" "V
Hiy (sh» ap) = NF Z w1 (Shi1) th e (A.67a)
h n=1

ref,kNiI:Jrl k k (i 1 N VR k" En 2 n

Th (shrah) = & Z ht1 Sh+1 Nk th h+1 ; (A.67D)
N, N
h n=1 h n=1
The expressions (i) and (ii) combined with Jensen’s inequality give

ref,kNiIf+1 k Kk ref,kaIf+1 k)2

ot (s af) = (g (s ah)) (A.68)

Taking these together with the definition

RE™\ R,E™\ 2
Varh,s"ﬁ,afL (Vh+1 ) - thslfwal}i (Vh+1 ) - (Ph s’fb,a’fb h+1
we obtain

2
Rk Rk" n Rk” n
LS (P g VR — (g V) — 58 (078 (Nkzph Ve

Iy =
h n=1 h n=1 h n=1
N} Nk
_p VRk" R S e p PRA"
Nk Z h,s¥ ak h )( h+1 Z h h+1 - Nk Z h,s¥.ak Vi1
h n=1 h n=1
=141 =142
(A.69)

In what follows, we shall bound the terms I ; and I in (B.166) separately.

Step 1: bounding I ;. The first term I, ; in (B.166) can be bounded by means of Lemma 24 in

an almost identical fashion as I3 in (A.59). Specifically, let us set

: 1
: N) = —
up,(s,a, N) e

Wh+1 (Vh+1) and

which clearly obey

=: Cy and Wi illeo < H? =: C,.

, 1
(5,0, N)| = —
|uh(8’a’ )| N

It is easily verified that
N

1
zzl saN) NZl

n=1
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holds for all (N, s,a) € [K] xS x A. Hence we can take (N, s,a) = (NF, s¥, a¥) and apply Lemma 24
to yield

Nk k
1 & n n
Taal = | 30 (K = P ) (7] = |3 Xtk )
h n=1 i=1

Nk
SAT | . n [C, SAT
<4/ Cylog? 5 Z u’fL ’(s’fL, a]fb, N}]f)Varhﬁz,aﬁ (W}’fﬂ) + (CUCW + NC’W> log? -

n=1

_ HA 10g2 S?T H2 10g2 S?T A
S = + = (A.70)
Nh Nh

with probability at least 1 — §, where the last inequality results from the fact that

Var, e e (WD) < [WEL |12, < €3 = B

Step 2: bounding I;5. We now turn to the other term I defined in (B.166). Towards this,

we first make the observation that

1 NE 2 1 Nk )
R k™ R, k"
(M Z Ph,s’i,aﬁvh—i—l ) < W Z (Ph,sﬁ,a’g Vh+1 ) ’ (A71)
h n=1 h n=1

which follows from Jensen’s inequality. Equipped with this relation, we can upper bound I, 2 as

follows

1 N} 2 1 Nk 2
no R k™ R,k™
Iy < (Nk Z Py Vh+1 ) - <N"7 th,s’,;,a’;vhﬂ >

h n=1 h n=1
Nk Nk
e n R,k™ 1 R k"
= {]\7}? Z (Py — Ph,s];§7a'ﬁ)vh+’1 }{N}f Z (P + Phﬁ;c“aﬁ)vhil } (A.72)
n=1 n=1

In the following, we would like to apply this relation to prove

(A.73)

H4 SAT H? SAT
I < C'42( ~% 2 2 >
h

log® — + —1
NEOE TS TNE® TS
for some constant Cyog > 0.

When I 2 <0, the claim (B.169) holds trivially. As a result, we shall focus on the case where

Iy > 0. Let us begin with the term in the first pair of curly brackets of (B.168). Towards this, let
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us abuse the notation and set

R ; 1
Wi = Vh-}—ll and  wuj(s,a,N) = ¥
which satisfy
i 1 i .
|Uh(8,a, N)| = N = Cu and HWh-i-lHOO S H = CW

Akin to our argument for bounding Iy 1, invoking Lemma 24 and setting (N, s,a) = (NF, s¥, aF)
imply that

Nk
(P p JRE"| H?log? 35T Hlog? 24T
N}]LQZ h hs a ) h+1 | ~ Nk Nk:
n=1 h h

with probability at least 1 — §. In addition, the term in the second pair of curly brackets of (B.168)
can be bounded straightforwardly by

Nk
},le W P at)Vidh | < Zl P+ 11Pn s DNV [ < 282,
n= n
where we have used HV,&_’; H < H and HP,’anl = HPh,S’fL,a’,jul = 1. Substituting the preceding

facts into (B.168) validates the bound (B.169) as long as I5 2 > 0. We have thus finished the proof
of the claim (B.169).

Step 3: putting all pieces together. Combining the results (A.70) and (B.169) with (B.166)

yields
4 SAT H? SAT
< ILip < ~7 log” o8’
Iy < |Iyq| + 4,2—04{\/]\I;fg—5+]\7"3 ) }

for some constant Cy > 0. This bound taken together with the definition (A.66) of I gives

£k h+1 k f k" h+1 k\)2
NF Zvarh sh,ah h+1 ) S{ oy (shap) — (kh (Shvah)) }

hn 1
| H SAT  H? SAT
2 2
+C4{ Nkl 5 +Nk og 75 }
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Invoke the elementary inequality v/u + v < y/u + /v for any u,v > 0 and use the property (A.68)

to obtain

Nk
1 h Rk 1/2
(]V—k Z Varh,slfL,a’fL (Vh-‘:-l )>

h n=1
< {O_;Lef,kalerl(Sz’ai) B (M;ff’kNﬁH(Sﬁ,aﬁ))Q}l/Q 4 (Nglﬂ log!/2 S?T . (Nglﬂ log S?T_
Substitution into (A.45) directly establishes the desired result (B.153).
A.3.2 Proof of Lemma 3
A.3.2.1 Proof of the inequalities (3.21)
Suppose that we can verify the following inequality:
P BF(s,a) < Qp(s,a)  forall (s,a,k,h) € S x A x [K] x [H]. (A.74)
which in turn yields
max Q- PH(s,a) < max Qj(s,a) = Vi'(s)  forall (k,h,s) € [K] x [H] x S. (A.75)

In addition, the construction of VhLCB’k (see line 14 of Algorithm 3) allows us to show that

LCB,k+1 LCB,j LCB,j
v, < max { % 3
s (s) < max jmax max Q7 (s,a), max V), (s)

This taken together with the initialization VhI'CB’]L

= 0 and a simple induction argument yields
LCB,k *
VR (s) < Vi(s) for all (k,h,s) € [K] x [H] x S. (A.76)

As a consequence, everything comes down to proving the claim (A.74), which we shall accomplish

by induction.

Base case. Given our initialization, we have

Qv Bl (s,a) — Qf(s.a) = 0 — Q}i(s,a) <0,

and hence the claim (A.74) holds trivially when & = 1.

Induction step. Suppose now that the claim (A.74) holds all the way up to k for all (s,a,h),
and we would like to validate it for the (k + 1)-th episode as well. Towards this end, recall that the
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state-action pair (s¥, af) is visited in the k-th episode at time step h; this means that Q-°B(sF, aF)

is updated once we collect samples in the k-th episode, with all other entries Q';LCB frozen. It thus

suffices to verify that

LCB,k+1
h * (waaﬁ) S QZ(S;€17Q£)
In what follows, we shall adopt the short-hand notation (see also Chapter 3.3.2)
Ni = Ni(sh.ap)  and k" = kp(sp, ap)

which will be used throughout this subchapter as long as it is clear from the context.
The update rule of QLCB ok (cf. line 2 of Algorithm 6) and the Bellman optimality equation in
(A.23) tell us the following identities:

LCBA+1, k Kk LCBANA 41, 1 ke

h (sp,ap) = h (sh,ap)
_ 1 LCBANA kK By 4 pLCBRNE  evEy v
= ( —77Nk) h (3h7ah)+77N’“ Th(sh, ap) + h+1 (h+1)_ h )

Qi (s ap) = (1— UNk)Q (sh,af) + UNth(SmalfL)

— (1= ny)@i(shs af) + nyg (r(sh, ab) + P ot Vi)

which taken collectively lead to the following identity

LCB,k+1, k LCB,kN K41 k
Q (Shs ah) Qh(shaah) Q (Sha ah) Qh(sha ap,)
LcB, kN Rk R k K LCB, KNR R kR
=(1- 77N;f) (Q (8hsap) — Qh(sh, ah)) + INF <Vh+1 (Shﬁ) - Ph,s’;;,a',gvh*ﬂ — by, } )
LCBENA 141,k LCBENE  kNF KNE
=(1- 771\1/;)( h (sh, ak) — Qh(sh, ah)) + Ik (VhH (She1) — Ph,sfl,a]}iv};rl — by h)~

Recall the definitions of )’ and 72 in (4.16). Applying the above relation recursively and making
use of the decomposition of Q% (s¥,af) in (B.75) result in

LCBk+1, k K ko k
Qn (sh>ap) — QL (sh, ap)

LCB,1 LCB,k™ n n
ot (@R (sk, af) - @h<sh,ah)+zn (VP (sh0) = P ap Vi — 81

n=1

LCB.k™ ; k" * n n * n
< Z (Vh+1 ( §+1) Vh+1(52+1) + (Ph - Ph,s;g,a’;)vhﬂ - bii ) ) (A-77)

where the inequality follows from the initialization QLCB 1(5%, a¥) =0 < Q7 (s, ak) and the definition
of Ph in (3.15). To continue, we invoke a result established in Jin et al. (2018, proof of Lemma 4.3),
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which guarantees that with probability at least 1 — ¢,

Nk

H310g(SAJ) hONE m

Z% (Ph —Phskak)v;Hg S by
h n=1

provided that ¢, is some sufficiently large constant. Substituting the above relation into (A.77)

implies that

c CBA™ (k" S (sh
QL Bk+1( ak) — Q1 (sk, ab) <Z77 (Vhllfk (SZH) Vh+1(sﬁ+1)> <0, (A.78)

n=1

where the last inequality follows from the induction hypothesis
Vhl‘ff’j(s) < Via(s) for all s € S and j < k.
The proof is thus completed by induction.

A.3.2.2 Proof of the inequality (3.22)

The proof of (3.22) essentially follows the same arguments of Yang et al. (2021, Lemma 4.2) (see
also Jin et al. (2018, Lemma C.7)), an algebraic result leveraging certain relations w.r.t. the Q-value
estimates. Accounting for the difference between our algorithm and the one in Yang et al. (2021),
we paraphrase Yang et al. (2021, Lemma 4.2) into the following form that is convenient for our

purpose.

Lemma 26 (paraphrased from Lemma 4.2 in Yang et al. (2021)). Assume there exists a constant
cn > 0 such that for all (s,a,k,h) € S x A x [K] x [H], it holds that

0< @ (5.0) = QT (5,0)
Ny (s,a)

NE(s,a Nk LCB,k" n H3 log SAT

< 1o a )H+ Z Tin (o) (Vh+1(3h+1) Vit (s ]ZH)) + Ao\ | —5 (A.79)

n=1 Nh (57 CL)
Consider any € € (0, H]. Then for all 5 =1,..., ﬂog2 gw , one has
H K 6 SAT
_ H°SAlog =25+

ZZ]l (Qh Sh,ah I}_LCB k( ;CL alfl) € [2'8 18, 255)) =~ T (A80)
h=1 k=1

We first show how to justify (3.22) if the inequality (A.80) holds. As can be seen, the fact
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(A.80) immediately leads to

H K [ogs 1] 6 SAT 6 SAT
° ' H°SAlog H*SAlog
LCB,k, k Z ) 5
hE:1 kEZI 1 (Qh Shs a/h h (8h7 ah) > E) ,S e 4652 S 262 (A81)

as desired.
We now return to justify the claim (A.80), towards which it suffices to demonstrate that
(A.79) holds. Lemma 2 and Lemma 3 directly verify the left-hand side of (A.79) since

Qi (s,a) > Qi(s,a) > QrPF(s,a)  for all (s,a,k,h) €S x Ax [K] x [H]. (A.82)

The remainder of the proof is thus devoted to justifying the upper bound on Qkﬂ(s,a) —
I,‘LCB *1(s,a) in (A.79). In view of the update rule in line 12 of Algorithm 3, we have the
following basic fact
Qﬁﬂ("“?a) < QgCB,k—H(S,a)'

This enables us to obtain

LCB,k+1 UCB,k+1 LCB,k+1
Z—H(S?a) — wWp * (8,&) < Qh * ( Qh * (Sva) = Sya)a

(A.83)

UCB, VA 41 LCB VA +1
S, a) - Qh (87 a’) - Qh (

where we abbreviate
N ,’f =N, ,lf(s, a)

throughout this subchapter as long as it is clear from the context. Making use of the update rules
of Q,leB’k and Q,LZCB’k in line 2 and line 2 of Algorithm 6, we reach

UCB,&Nh +1 LCB VA +1
Qh (37 CL) - wWp (Sa CL)
ST
UCB kA Nk H3 log 24+
=(1- 77Nk) (s,a) + Uy (rh(s,a) Vh+1 (s’,fbﬁ) + ¢ T
h
ST
LCB kA LCBENA | B NF H3log 25+
_ (1 - nN}f)Qh (S, a) ’I’]Nk (rh(s a) + Vh+1 ( h—&fi) ch Tflf

B UCB kA LCB kNN
= (1_77]\[}’:) h (S,CL) _Qh (S?a)
R LCB&NE g NE
+ 1INk (Vh+1 (siih) — Vi (k1) + 2cp

UCBANA—1 41 LCB, kA
= (1= nyp) (@) (s,0) = Qs (5,0))

H?3log 24+ SAT
Ny
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SAT
+ Nk (Vthl (Shﬂ) Vit (Shﬂ) + 200 ———— |-

k
Nh

Applying this relation recursively leads to the desired result

N
QUCBk h+1( ) QLCBk h+1(s,a)
H3log 34T
UCB,1 LCB, 1 LCB,k™ i
(Q (s,a) = Q" (s,0) ) +ZT7" < h+1 3h+1) Vi1 (s ];L—‘rl) +20b~/ T&
Nk ;f Nk LCB.k™ H3 10g SAT
k™ k™ s k™
<" H + Z " (Vh+1(3h+1) Vi " (s h+1)) + ey, T.
n=1 h

Here, the last line is valid due to the property 0 < QZCBJ(S, a) < QgCB’l(s, a) < H and the following

fact
H3 log SAT H3log 24+ SAT
777L Cb k )
Ny
which is an immediate consequence of the elementary property Z < (see Lemma 1). This

n=1 f \ﬁ
combined with (A.83) establishes the condition (A.79), thus concluding the proof of the inequality

(3.22).

A.3.3 Proof of Lemma 4
A.3.3.1 Proof of the inequality (3.25)

Consider any state s that has been visited at least once during the K episodes. Throughout this

proof, we shall adopt the shorthand notation

which denotes the index of the episode in which state s is visited for the i-th time at step h. Given that
Vi(s) and ViR(s) are only updated during the episodes with indices coming from {i | 1 < k' < K},
it suffices to show that for any s and the corresponding 1 < k% < K, the claim (3.25) holds in the

sense that
[VEHL(s) — VRFHL(g) < 2. (A.84)

Towards this end, we look at three scenarios separately.
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Case 1. Suppose that k? obeys

or

VE L (5) — VECBR L (g) 5 1 (A.85)

VI (s) = Ve ) <1 and ull(s) = True (A.86)

ref

The above conditions correspond to the ones in line 15 and line 17 of Algorithm 3 (meaning that

VhR is updated during the k’-th episode), thus resulting in

VL (s) = VRE L ().

This clearly satisfies (A.84).

Case 2. Suppose that k% is the first time such that (A.85) and (A.86) are violated, namely,

ip = min {j ] thj+1(s) = VhLCB’ij(S) <1 and uff;f(s) = False} . (A.87)

We make three observations.

The definition (A.87) taken together with the update rules (lines 15-18 of Algorithm 3) reveals
that VhR has been updated in the k% ~!-th episode, thus indicating that

VRED (5) = GRIOTHL(g) = PO () = O (s), (A.88)

Additionally, note that under the definition (A.87), V;X(s) is not updated during the k%-th

episode, namely,
VREOHL () = YRA (), (A.89)

The definition of k% indicates that either (A.85) or (A.86) is satisfied in the previous episode
k* = k'~ in which s was visited. If (A.85) is satisfied, then lines 15-16 in Algorithm 3 tell us
that

True = ukio_l+1(8) = ub? (s), (A.90)

ref ref

which, however, contradicts the assumption uf;? (s) = False in (A.87). Therefore, in the

k“~1th episode, (A.86) is satisfied, thus leading to
VO (5) — VECBRO (g) = YEO T (g) _ BRI L () < (A.91)
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We see from (A.88), (A.89) and (A.91) that

VRO () = VEOH (5) = YRR (5) = VEOH (5) = VEO () — VEOH(s) (A.92)

(i) 7 i
< VFO(s) = VEBR(6) <1, (A.93)

where (i) holds since thioﬂ(s) > Vix(s) > VhLCB’kiO(s), and (ii) follows from (A.91). In addition, we
make note of the fact that

VR (s) = V() = VI 5) = VT (s) 2 0, (A.94)

which follows from (A.92) and the monotonicity of th(s) in k. With the above results in place, we
arrive at the advertised bound (A.84) when i = ig.

Case 3. Consider any i > iy. It is easily verified that
V,f““l(s) — VhLCB’kiH(s) <1 and uf;f(s) = False. (A.95)

It then follows that

(iii)

i (i) i (i) s i

(iv)

(V) i
< ViE(s) +2 < VETL(s) + 2. (A.96)

Here, (i) holds due to the monotonicity of VX and Vi (see line 14 of Algorithm 3), (ii) is a

consequence of (A.93), (iii) comes from the definition (A.87) of ig, (iv) arises since V;-B is a lower

bound on V}* (see Lemma 3), whereas (v) is valid since V,fi"’l(s) > Vi (s) (see Lemma 2). In
addition, in view of the monotonicity of V,f (see line 14 of Algorithm 3) and the update rule in line
16 of Algorithm 3, we know that

VhR,kiH(S) > th@'+1(5)‘

The preceding two bounds taken collectively demonstrate that
0< VhR,kiH(S) _ th¢+1(8) <2,
thus justifying (A.84) for this case.

Therefore, we have established (A.84)—and hence (3.25)—for all cases.
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A.3.3.2 Proof of the inequality (3.26)

Suppose that
VIR — VRE(sE) £ 0 (A.97)

holds for some k < K. Then there are two possible scenarios to look at:

(a) Case 1: the condition in line 15 and line 17 of Algorithm 3 are violated at step h of the k-th

episode. This means that we have
VL) — VEBRH (6h) <1 and ki i(sF) = False (A.98)

in this case. Then for any k¥’ > k, one necessarily has

' LCB,K’ LCB,k+1
Vi (sh) = Ve B (sf) < I (sh) - 1B sh) < 1 (A.99)
ufe/f(sﬁ) = Ufef(si) = False,

where the first property makes use of the monotonicity of V,f and VhLCB’k (see (3.17b) and
line 14 of Algorithm 3). In turn, Condition (A.99) implies that VR will no longer be updated
after the k-th episode (see line 15 of Algorithm 3), thus indicating that

Vik(sh) = VR sh) = - = VR () (4.100)

This, however, contradicts the assumption (A.97).

(b) Case 2: the condition in either line 15 or line 17 of Algorithm 3 is satisfied at step h of the
k-th episode. If this occurs, then the update rule in line 15 of Algorithm 3 implies that

VI (sh) — yEEBRTL gy 5 (A.101)
or

th—',-l(si) B VhLCB,k—&-l(SE) <1 and Ufef(si) = True. (A.102)

To summarize, the above argument demonstrates that (A.97) can only occur if either (A.101) or
(A.102) holds.

With the above observation in place, we can proceed with the following decomposition:

H K H K
SN (R = sk ) = 0D (M sh) = i sh) 1 (Vi sh) - v sh) £ 0)

h=1k=1 h=1 k=1
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(V" () = Vs ) 1 (V) = V(s < 1 and () = True)

i (ViE(sh) = ViR (k) ) 1 (Vik(sh) = Ve (sh) > 1) (A.103)

h=1k=1

=w

Regarding the first term in (A.103), it is readily seen that for all s € S,

K
Y1 (vk+1 — VR () < 1 and o
k=1

(s) = True) <1, (A.104)

ref\S

which arises since, for each s € S, the above condition is satisfied in at most one episode, owing to

LCB
Vh

the monotonicity property of Vj, and the update rule for u,ef in (17). As a result, one has

Mx

>

h=1

R, LCB,k
( -V, K( ﬁ)) 1 (thﬂ(sh) v, +1( p) <1 and uref(sh) True)

i
I

IA
T

M=

1 (th+1(st) — VhLCB’kH(sh) <1 and uref(sh) True)

e
Il
—_

K
31 (Vk+1 — VB (6) < 1 and uky(s) = True)
k=1

%)

vl

S

IA
=

g
M= T1M= T

1=H?S,

>
Il
—
»
07}

€
where the first inequality holds since HVhR’k - VhR’KHoo < H. Substitution into (A.103) yields

H K

>3 <Vth —VRE (s 2)) < H2S + w. (A.105)
h=1k=1

To complete the proof, it boils down to bounding the term w defined in (A.103). To begin
with, note that
Vi (sh) = Vir(sh) = Vi (sh),

where we make use of the optimism of VhR’K(s’,?L) stated in Lemma 2 (cf. (3.19)) and the pessimism

of VLB in Lemma 3 (see (3.21)). As a result, we can obtain

_ ii ( LCB k( k)) 1 (th(si) - VhLCB,k(SZ) S 1)

h=1k=1
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H K
< ZZ (Qh Sh,ah QZCB k(sﬁ,aﬁ)) <Qh(sh,ah) Q,LLCB k(sﬁ,ah) > 1) (A.106)

h=1k=1

where the second line arises from the properties Vi¥(sf) = QF (s, aF) (given that af = arg max, Q¥ (s}, a))
as well as the following fact (see line 14 of Algorithm 3)

LCB.k LCBk, k LCBk, k k
Vi (s ) > maXQ (sh,a) = Qp (sh,an)-
Further, let us make note of the following elementary identity

QZ(Sﬁa ai) - QI}_LCBJC(SZ?CLQ) = /0 (Qh(sh’ah) QI};CB k( k CLZ) > t) dt.

This allows us to obtain

<HK{OO LCB.k, k LCB,k, k
W—ZZ/O 1(QF(sk,af) — Q" (sy, af) > t)dt (Qh(sh’ah) Q (Shaah)>1)

=1k=1
H K
(" LCBA (b by < 1) g
= Qh(Sm B — Q" (skyap) > t)dt
h 1k 1
HHGSAl SAT AT
5/ t—;)gdt<H6SAlogS5 : (A.107)
1

where the last line follows from the property (3.22) in Lemma 3. Combining the above bounds
(A.106) and (A.107) with (A.105) establishes

> (Vi (s = vt (sh))

1k=1

H K

H25+ZZ (Qh (s} ah) QtCBk(Siﬂi)) (Qh(shvah) QP (sk, af) > 1)
h=1 k=1

S

\\Mm

>

IN

< H%SAlog

as claimed.

A.4 Proof of Lemma 5

For notational simplicity, we shall adopt the short-hand notation

K" = ki (sh, i)
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throughout this chapter. A starting point for proving this lemma is the upper bound already derived
n (3.30), and we intend to further bound the first term on the right-hand side of (3.30). Recalling
the expression of QR k+1(sh, a¥) in (B.67) and (A.24), we can derive

R,k R,k Ny a4
h (SI;L?ah) Qh(shvalfz) h (3h7ah) Qh(shaa;i) (A.108)

Nk: 1
vk (Sh,ah) b

Ny~ sk, R,1 Y(sk.ak), R k1
=t <Qh (ki ak) — Qh(shaaﬁ))_‘_ Z U

n=1

Ny~ (spap)
+
n=1

NP~ (sk ak) R,k
<" St H+ B, (Slfi’aﬁ) +

NE (shaf) ()RR ey L RE b
M h h*™h <th+1(8fl,+1) Vh+1 (3];;4,1) + — n Z Vh+1 (wal) Ph,sﬁvafz V}?+1
20, H? SAT
=1/ k ky)\3/4 log 4
(Nh (shs ah))

k—1
NE7 (s alfL) NE=1(sk gk) R k" En ki
h h>"h ) *
+ E : "In Vi (shyn) — Vi1 (Shi1) + E V+1 Shi1) = B gr b Vi |

Nkfl
where the last line follows from (B.62) with B,'j’k P o Bs’k and the initialization Q,Ff’l(sﬁ, af) =

H. Summing over all 1 < k < K gives

K
>~ (R (sh.ab) - Qitshah))

k=1
K 2
NE=1(sk ok R,k 2c, H SAT
SZ<HUOh ) BRM(sk,af) + —— 571 log =5
k=1 (N (Sh’ah>)
K NETN(sEoak) n RE i
Ny~ (sh ak) Rk, kn > 1 Vit (Sh 1)
+) T (Vh+1(5h+1) Vi (shaa) + == ;1 5 = Pk ot Vi
k=1 n=1

K k—1,.k k 2 f]2 SAT

0g
_ 3/4
(VE (shoaf)) ™t 0
K
Nk-1 sk,ak n
+Z Z 77nh o h)<Vh+1(Sh+1) V§+1(52+1))
k=

n

Nkfl(sk ak) n R k‘n R kl 1
h h%h * k , *
+ Z Tin Vi (i) — Vh+1 5h+1 Vit 5h+1 Ph,sgg,a;jvhﬂ .

(A.109)

3\*—‘

Next, we control each term in (A.109) separately.
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Regarding the first term of (A.109), we make two observations. To begin with,

K it NE Y (s.0)
et < 3TN g <sa, (A.110)
k=1 (s,a)eSxA  n=0

where the last inequality follows since 7y = 0 for all n > 0 (see (4.16)). Next, it is also
observed that

K 1 NS (s,0) 1
Z _ 3/4 Z Z 3/4
= (N (st )Y (s,a)eSx A n=1 n?/
< 3 4(WVEs) Yt < as AP, (A.111)
(s,a)eSxA

where the last inequality comes from Holder’s inequality

3/4 1/4
Z (N;f(—l(s,a))lﬂl < [ Z 1] [ Z N,f(_l(s,a)] < (SA)3/4K1/4,
( (s,a

(s,a)eSxA s,a)ESXA ,a)ESxXA

Combine the above bounds to yield

K

s7,a 2c H2 SAT
}:(Hno s, h)+BRk(8h,alfb)+ — b 57 log 5 )
k=1 (N, (55, af))

K
< HSA+ Z B}F:’k(sﬁ, al) + 8cp(SA)Y KV H? log
k=1

SAT

5 (A.112)

We now turn to the second term of (A.109). A little algebra gives

K Nk 1(sh,ah) N’“ ok aty
Z Z " hh (Vh+1(5h+1) V/f+1(52+1))
k=1 n

K N}IL{ 1(sh:a})

=> Z "7Nz (st al )(Vif+1(3§1+1) — Vit (shi))

K
1
< <1+ H) Z Vi1 (shn) = Vi (sh41))

K K
ko ok
Z Vh+1 5h+1 Vh+1 5h+1 Z Vi ( 5h+1 V/Zr+1(5h+1))
=1 k=1

(A.113)
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Here, the second line replaces k™ (resp. n) with I (resp. N} (s!,a!)), the third line is due to the
property > x_, nY <1+ 1/H (see Lemma 1), while the last relation replaces [ with k again.

e When it comes to the last term of (A.109), we can derive

n

k—
K N 1(32,a§ Nk 1( 1
sk.af * km RE™ ¢ k™ K *
E § nn" Vi (she1) = Vi (Shyn) + — . § :Vh+1 (8ha1) = P sk at Vi
=1

K Nh71(827a2) Nkfl( E k) 1 n
sh.a n R k" Rkt (ki R k"
3 () W V) 4 Y O ) - g D)
=1

K
s ﬁww<ﬂ>&%mmm—m®+

NE(s% a%) R.k i R,k

h \Zh %p k*

> i (Vh+1 (he1) — Ph,sh,ak Vh—H)

k(ok Kk :
Ny (sy» ap)

Here, the first equality holds since V} +1(sh b)) — Vhri’in (shil) PF (Vi — VhFi’]in) (in view

of the definition of Pf in (3.15)), the second equality can be seen via simple rearrangement of

the terms, while in the last line we replace k" (resp. n) with k (resp. NF(sk,ak)).

Taking the above bounds together with (A.109) and (3.30), we can rearrange terms to reach
K

> (Vi(sh) VI (sh))

k=1

K K
1 ok R,k

< <1 + H) > (ViEa(shiy) = Vil (shgn)) + > By (shy ap)

k=1 k=1

SAT a ‘
+ HSA + 8, HA(S AP MK M og 2= 3 (B et — PF) (Vites = Vi)
k=1
Nf(sp.af) (1RK i R,k

2oy M (Vh+1( Z—H) Ph sk, ’“Vh+1>

ah
N,’f(sﬁ,ai)

k .k
+ Z Z n%k( ) ( Ph sha )(Vi:(—&—l - VhR_{_’i) +

)

(A.114)

where we have dropped the term — 2 >, (Vi (shq) — ijl(s’fLJrl)) owing to the fact that V;* , >
Vhﬂ—&-l'

Thus far, we have established a crucial connection between Zszl (ViF(sF)y = VT "(s )) at step

K k

hand >, (thﬂ(sﬁﬂ) — V}fﬂ(sﬁﬂ)) at step h + 1. Clearly, the term th+1 (sh+1) — VhJrl (sh+1)
can be further bounded in the same manner. As a result, by recursively applying the above relation
(A.114) over the time steps h = 1,2,--- , H and using the terminal condition VI’}H = VH”L =0, we
can immediately arrive at the advertised bound in Lemma 5.
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A.5 Proof of Lemma 6

A.5.1 Bounding the term R,

First of all, let us look at the first two terms of R; in (3.32a). Recognizing the following elementary

inequality

1 h—1 1 H
<1+H> §<1+H> <e forall h=1,2,---  H+1, (A.115)

we are allowed to upper bound the first two terms in (3.32a) as follows:

H h—1
Z (1 + I];[> {HSA + SCbHZ(SA)3/4K1/4 lOgSZ?Y"} 5 H2SA + H3(SA)5/4K1/4 lOg Sx;lT
h=1

< H*5S Alog? —S?T + VH3SAK = H**SAlog? S‘;;T + VH2SAT, (A.116)

where the last inequality can be shown using the AM-GM inequality as follows:

H3(SAPAK 4108 2 ‘;T <H9/4\/ Alog > ) (H3SAK)Y4 < H*5 S Alog? S‘%T +VH3SAK.

We are now left with the last term of R in (3.32a). Towards this, we resort to Lemma 25 by
setting

h—1
; 1
W;:L—i-l = V]‘T—i—l — V,Zr_:jl and Cp = <1 + H) .

In view of (B.44) and the property H > V*(s) > V™ (s) > 0, we see that
0<cp<e, Wi, >0, and [Wiiilloo < H = Cy.

Therefore, applying Lemma 25 yields

H h—1 K
Z Yieh
h=1k=

1 *
S (1) X P~ P0G )| = [

S/ TC? log + Cyw log(S UH?Tlog +Hlog5 (A.117)

with probability exceeding 1 — 4.
Combining (A.116) and (A.117) with the definition (3.32a) of R; immediately leads to the

claimed bound.
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A.5.2 Bounding the term R,

In view of the definition of Bs’k(s’,ﬁ, a¥) in line 14 of Algorithm 6, we can decompose Rz (cf. (3.32b))
as follows:

H h—1 K advk: ko k advik kkY)2
1 SAT oi R (sk ak) — (M (sk, af))
Re=d (1) e Y NEh )

k=

(=9
—

H K f ke £k 2
+ Z 1+ 1" cpy/lo SAT oy (shrap) — (uy " (sh, af))
b 75 N}’f(sh,a’g)

advkz( k k) (ade(Sk k))2

H K

SAT sy, a I a
< JHlo ZZ Ih Rt Oh h ho Oh
~ 875 N,’f(sh,aﬁ)

r 2
N logSATzH:zK: o, (sf,af) — (,uhefk(sﬁ,az))

N}If(smalli) ’

(A.118)

where the last relation holds due to (B.44). In what follows, we intend to bound these two terms

separately.

Step 1: upper bounding the first term in (B.103). Towards this, we make the observation
that

K dv,k dv,k 2 K dv,k
Z ot (kL ak) — (,uzv (s’fL,ah <Z o (Sh,aﬁ)
% % > 2
P Nh(shjah) — N Sh,ah)
K NE(sk,ak) NE(skak) n o, kn R,k" ; gn 2
_ Z Doty (VR (s ) = Viedy (850))
k=1 Nk(sh?ah)
(A.119)

where the second line follows from the update rule of azdv kg n (B. 04) Combining the relation

[VE(sF) — VhH(sh)\ < 2 (cf. (3.25)) and the property »_ " Ny S’“ah) N w(shoan) <1 (cf. (4.17)) with
(B.104) yields

K adv.k/ bk adv,k/ k& k\)\2 K

Y b 4
REL (s, an) — { ™ (s ah))” S|~ < 2VFAK. (A.120)
P NF(sk, af) N
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Here, the last inequality holds due to the following fact:

NE(s,a)
= <2 NE
Z Nk sh,ah) \/> Z (s,a)

(s,a) S><A n= 1 eSxA
<2/ > 1 Z NK(S a) = 2V SAK (A.121)
(s,a)eSxA (s,a)eSx A

where the last line arises from Cauchy-Schwarz and the basic fact that 2(57 N K(s,a) = K.

Step 2: upper bounding the second term in (B.103). Recalling the update rules of ,u;befk

fk
and o; " in (B.55), we have

K f.k f k 2
3 oy (shap) = (uy " (sgsak))
k=1 N,’f(sh,aﬁ)
K NE(sF.af) (o RED , fn ()2 Np(sk.af) Rk gn 2
:Z : Sntt " (Viehy (0) _ <Z”h1h " Vi (Sflri*l)) . (A.122)
=\ Ni(shaf) NE(sf, k) NE(sk, af)

::J,If

Additionally, the quantity J,’f defined in (B.107) obeys

NE(sk,ak) R,k™, En 2 n 2 NF(sF,ak) n 2 NE(sk,af) n 2
(Jk)Q < Doty " (Vh+1 (Slfz+1)) - (Vh*+1(5§+1)) n Doty (Vh*ﬂ(slfwrl)) Dol M Vh*ﬂ(sfzﬂ)
R)T S _
Nk(SZ,aZ) N]’:(Si7a2) Nk(827ah)
N (S ,a ) n n Nk(sk,ak) n 2 N (S ,a ) n 2
< Dot " 2H(Vh+1 (5§+1) Vh*+1(5§+1)) +Znil " (Vh*+1(3§+1)) B Doty " Vh+1(3§+1)
B Nf]f(smalﬁ) N;If(slfwa’ﬁ) N}f(sh,a’;’;) 7
=J1 =:Jy

(A.123)
which arises from the fact that H > Vh +1 > Vi 1 =>0 for all k™ < K and hence

R,k™ n 2 n 2 RE™ , En n R,k n En
(Vh+1 (Sg-ﬂ)) - (Vi:+1(5£+1)) (Vh+1 (5h+1) +V;+1(52+1))(Vh+1 (524-1) Vi:-s-l(sh-i-l))

RE™ [ jn n
< 2H (V) (shh1) — Vh*+1(52+1)>'

With (A.123) in mind, we shall proceed to bound each term in (A.123) separately.
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e The first term J; can be straightforwardly bounded as follows

NE(sk ok
2H "~ Rk g o RE" k" K ko ok
Ji = Nk(<9kk)< <Vh41 (Sht1) — Vh*+1(5h+1)) 1 <Vh41 (8he1) = Vi1 (shy1) < 3) + @5 (
h

;, (sh, af,), (A.124)

R7k' n * n R7k n * n
q”Z(SEaa’i) = (Vh+1 (Sl}i-s-l) Vh+1(8§+1)> 1 (Vh+1 (3§+1) Vh-s—l(slfi-i-l) > 3)-
(A.125)

e When it comes to the second term Jy, we claim that

log SAT

T S Vary, g o (Vi) + H2y | o,
:Shvah N}’f(s}wa/ﬁ)

(A.126)
which will be justified in Appendix A.5.2.1.

Plugging (A.124) and (B.141) into (A.123) and (B.107) allows one to demonstrate that

K f ke f k 2
3 oy sk ap) = (uy, " (sp, af))
NF(sf,af)

k=1

K SAT

/ chk (s ak) log =5+

< —_hTh hl 4 Var kg (V* )+ H2y | ———%——
~Y h

; N}]j sh, Nk shjah) S h+1 N}If(sh,a;‘;)

k
ZK: + H(I) Sh’ah \/Varh sh,a h+1) n H10g1/4 $AT
N,’f(sh,aﬁ) NE(sk, af) NE(sk, af) (NE(sk,a ))3/4

K JHO(sF, ak Var, o (Vi)
< HSAK+Z il Z nohat (V1)

Nk sh,ah Nk(sh,aﬁ)

Y

1/4
H(SA)/ (Kl SAT)

(A.127)

where the last line follows from (A.121) and (A.111).
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Step 3: putting together the preceding results. Finally, the above results in (A.120) and
(A.127) taken collectively with (B.103) lead to

H K ref.k/ L k
SAT SAT o sk ar) = (
+Z\/10gZJ " T
h=1 0 k=1 N (Sh

refk/, & k\\2
Ry < \/ H3SAK log (5 i)

ak)
< \/H3SAK1 SAT HZ(SA)3/4K1/41 5/4 244 SAT ] SATif:\/Varh sk ak Vh-‘,—l)
~ 0og + 0g 0g
’ g 0 1k=1 Nk(sh’ ay)
\/Wii ‘I>k Shaaﬁ)
h=1k=1 Nj(shoaf)
(i)
< \/H3SAKlog S?T + HQ(SA)3/4K1/4 5/4 S?T + H*SAlog? S?T
(i)
< \/H?’SAK log SAT + H*S Alog? S‘%T = \/HQSAT log SAT + H%S Alog? LAT.
Here, (i) holds due to the following two claimed inequalities
H K Var sk gk % )
> G ,g< M S \/ H2SATlog 2L 4 4§ Alog 24T (A.128)
h=1k=1 Ny (s, ap) J
H K Pk S ,a )
ZZ \/T S H28 Alog?2 20T (A.129)
—1k=1 Nji(sp,ap) ™ 0

whose proofs are postponed to to Appendix A.5.2.2 and Appendix A.5.2.3, respectively. Additionally,

the inequality (ii) above is valid since

1/4
H2<SA)3/4K1/410g5/4S‘j%T _ <H5/4(SA)1/2 log S?T) _ (H3SAKlog S?T)

SAT
0

SAT
0

AT AT
SAT _ H?*35Alog? ST + \/ H2S AT log

< H?PS Alog? +\/H3SAKlog 5=

due to the Cauchy-Schwarz inequality. This concludes the proof of the advertised upper bound on
Ro.

A.5.2.1 Proof of the inequality (B.141)

Akin to the proof of I} in (A.70), let

i 1
Wh+1 (Vh+1) and up,(s,a,N) = V-
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By observing and setting

1 A
Cu = Na ||W}ZL+1||OO S H2 = CW7
we can apply Lemma 24 to yield
all BNy 2 i 2 log? 54T
* n * n * 2 d
'N};lg (Vi1 (h1)) ™ = Pt o (Viier)? 'N}f Z (Pr = Py gear) (Viia) | S H TNF

with probability at least 1 —¢. Similarly, by applying the trivial bound [|[V}*,|lc < H and Lemma 24,
we can obtain

IOg SAT

n *
N,’j Z Vis(siy) — B sk ak Vi | = (Py - Ph,s;j,a;j)vhﬂ 7]\7}?
n=1

Nk

i

with probability at least 1 — §.
Recalling from (B.51) the definition

2 2
Varh,sﬁ,aﬁ(vh*ﬂ) - Ph,sg,a§<vlz*+1) - (Ph,sg,aﬁvh*ﬂ) ’

we can use the preceding two bounds and the triangle inequality to show that:

Nk 2
ZVthl shi1)? — (Nk: > Vi 3h+1)) — Vary, g o (Vi)

h n=1 h n=1
Nk 9
* 2
Nk th—l-l (shi1)? — Ph sk ak £ (Vir)? ( Z Vi (si) ) — (B gt ot Vire1)
h n=1 h n=1
1 SAT Nk
SR Vi By Vi = SV Pyt Vit
S N’f Z e (shig) hosl.af Vhrt| T |k Z i (sh) + h,skak Vht1
h n=1

SAT
< 2, /185

with probability at least 1 — d, where the last line also makes use of the fact that ||V, [l < H.

A.5.2.2 Proof of the inequality (B.144)

To begin with, we make the observation that

Var k(VE ) Nif(sa) Varyp, s o (V¥
Z hZh,a :+1 _ Z Z M <2 Z \/Nf{((s,a)VarmS,a(V,fH),
N Sh’ah) (s,a)eSx A n=1 (s,a)eSxA
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which relies on the fact that 25:1 1/y/n < 2v/N. Tt then follows that

ii Varhs ak h+1 22 Z \/NK V (V )
Nk (sE k) (s,a)Varp s a(Vi 4

(s,a)eSxA

Z o1 Z > NE(s,a)Var (Vi)

h=1 (s,a)eSxA h=1 (s,a)eSxA
H K
=2VHSA Y > Var, gk ot (Vity 1) (A.130)
h=1k=1

where the second inequality invokes the Cauchy-Schwarz inequality.

The rest of the proof is then dedicated to bounding (A.130). Towards this end, we first
decompose

H H K H K
k
Z Varh’sk 3 (Virq) < ZZVarh ok ak Vh+1 + ZZ ‘Varh ok ak (Viret) — Varh,sﬁyazﬁ(Vh”H)‘
h=1k=1 h=1k=1 h=1k=1
(11) 3 T A K * 7Tk
S HT + H”log — + Z Z ‘Varhﬁ;}i’a;ﬁ (Vh—H) - Varhﬁfwa;z (Vh—‘rl) s
h=1k=1
(A.131)
where (ii) follows directly from Jin et al. (2018, Lemma C.5). The second term on the right-hand

)
side of (A.131) can be bounded as follows
H K .
>3 Varn g ot (Virea) = Van, g o (Vi)

H K
2 2 k 9 k \2
= ZZ ’Ph,s]g,a’;( l:—l—l) - (Ph,sﬁ,aﬁvf;—l) B Ph,slg,afL (szr-l—l) + (Ph,sﬁ,aﬁvizr-‘rl) ’
h=1k=

H K
§4szphsh, (Vi1 — Vlfjl)
k=

K

ﬂ'k ﬂ'k
Z {Vh*ﬂ(sﬁﬂ) - Vh+1(3£+1) + (Ph,sg,a’; - P}]f) (Virgr — Vh+1)}
k=

i L& (iid) AT AT
SAHY Y (¢ +05s,) S H*\/Tlog ST + H*\/SAT log ST + H*SA
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= H*/SAT log S‘%T + HSA, (A.132)

where we define
UCB,k 7k ) * ok
5l§+1 = Vh+1 (SZH) - Vh+1(52+1)7 ¢Z+1 = (Ph,s’,j,a;j - Pf’f) (Vh+1 - Vh+1)‘ (A.133)

We shall take a moment to explain how we derive (A.132). The inequality (i) holds by observing
that V;*,, — Vi, >0 and

Pastat ((Virer = Vi) (Vitea + Vi) | < P (Vi = Vimen) (Vi e + 1V L)

k
< 2th,sfl,a (Vf;»l - VIZTJrl)’

k
h

* wk * k
< ‘Ph,sg,aﬁ(VhH - Vi) - ‘Ph,s’;,a;g (Vs + Vh-‘,—l)‘

k
<2HP, o o (Vi — Vi)

’(Physlﬁ,aﬁ V};+1)2 - (Ph,sﬁ,a’fb V}Zr—lljl)2

(ii) is valid since VthlB > V7, 15 and (iii) results from the following two bounds:

H K
AT
> 6h S H\SATlog 5 s T HSA, (A.134a)
h=1k=1
H K
AT
> ¢ S HyTlog & = (A.134b)

>
Il
—
B
Il
i

which come respectively from Jin et al. (2018, Eqn. (C.13)) and the argument for Jin et al. (2018,
Eqn. (C.12)).!
As a consequence, substituting (A.131) and (A.132) into (A.130), we reach

H K Var sk ak (V* )
SN[ el ) < g Ay T+ 1y SAT 10 AT 4 s A
Nh (8h>ah) 0

h=1k=1
1/4
< VH2SAT + HY?(SA)3/4 (T log S’%) / + H?5SA

SAT
4]

— VH?SAT + (H?SATlog )1/ (H1sA) 2 4 H255A

< \/HZSAT log S‘;lT + H*SAlog S?T,

where we have applied the basic inequality 2ab < a? + b? for any a,b > 0.

!Note that the notation df used in Jin et al. (2018, Section C.2) and the one in the proof of Jin et al. (2018,
Theorem 1) are different; here, we need to adopt the notation used in the proof of Jin et al. (2018, Theorem 1).
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A.5.2.3 Proof of the inequality (A.129)

First, it is observed that

N obw R
= il sh’ah) (s.0)€Sx A n=1
h(s,a K(s.a
< oyt “V(s,a)logT < [SA S 2"V (s,a)logT. (A.135)
(s,a)eSxA (s,a)eSxA

Here, the first inequality holds by the monotonicity property of @ﬁ(sh, ap) with respect to k (see its

definition in (A.125)) due to the same property of VhFili, while the second inequality comes from
Cauchy-Schwarz.

To continue, note that

. o [k
Z Z ‘DN}‘ (= a) Z Z ( a1 (Sh41) foﬂ(szﬂ)) 1 (VhR—i-li(Sﬁ—s-l) Virea (i) > 3)

H
LCB,k LCB,k
< Z Z <th+1(3§+1) +2- Vh+1 (3§+1)> 1 (th+1(32+1) +2- Vh+1 (SZH) > 3)
h=1 \ k=1

H K
LCB,k LCB,k
- Z Z (th+1(3§+1) +2- Vh+1 (3§+1)> 1 (th+1(sz+1) - Vh+1 (Slfbﬂ) > 1)

>
—
T
—

LCB.k LCB
3(Vf+1(52+1) Vi " (s Z+1)> 1 (Vlf—&-l(si—kl) Vit (Sh1a) > 1)

i
M= I~

K
LCB,k LCB,k
23(Vh+1 5h+1 = Vi (s §+1)) 1 (th+1(52+1) Vi (s ]Z+1) > 1)7 (A.136)
k=1

T
L

where the first inequality follows from Lemma 4 (cf. (3.25)) and Lemma 3 (so that V} +1(3h 1) —
VLCB k/ k

Vi (shy) S VIEL(sh ) +2— wa1 (Shy1)), the penultimate inequality holds since 1 < Vi (sh ) -
VthF’k(stH) when 1 V,fﬂ(sﬁﬂ) - VthlB’k(stH) > 1) # 0, and the last inequality is a consequence

of the Cauchy-Schwarz inequality.

Combining the above relation with (A.106) and applying the triangle inequality, we can
demonstrate that

Z > 5

= (s,a)eSxA
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H K
vVH k k k LCB.k ( ok k k k k LCB.k ( ok k

SVH ZZ Qh1(Sha1s @) = Qupd (5h+1aah+1))]l(Qh+1(5h+1vah+1)*Qh+1 (Sh+1’ah+1)>1>
h=1k

=1
\/H7SA log S?T

where the second inequality follows directly from (3.26), and the first inequality is valid since

k k LCB,k/ k k LCB,k/ k k
Viip1(Sha1) — Vi ($ht1) < Qh+1(3h+1vah+1) Qh+1 (S8h+1s @ht1)-

Substitution into (A.135) gives

H K\ Jok(sh ak)
ZZ A (\/ logT \/H7SAlog SAT = H"/25Alo g3/2 SAT
h=1k=1 Nh Sh’ah) 0 0

thus concluding the proof.

A.5.3 Bounding the term R;

For notational convenience, we shall use the short-hand notation
k' = kp,(sp, ap)

whenever it is clear from the context. This allows us to decompose the expression of R3 in (3.32¢)

as follows

H K VR (s Kt )— P LV )

L k k k Z<N ) ( h+1 \®h+1 h,sk ap h+1

Ry = ZZ)‘h(Ph B Ph,slﬁaﬁ)(vlf—i-l h+1 +ZZ)\ Nk(s a ) :

h=1k=1  h=lk=1 h\"h?h

::’R% ::R%
with
R (s},.af;) I\ I\
k. - — _
A= (1+ H) Do Mukehan S (1+ H> < <1+ H) <e. (A.137)

n=NF(sk ak)

Here, the first inequality in (A.137) follows from the property >"%_ 1Y <1+ 1/H in Lemma 1,
while the last inequality in (A.137) results from (B.44). In the sequel, we shall control each of these

two terms separately.
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Step 1: upper bounding Ré We plan to control this term by means of Lemma 25. For

notational simplicity, let us define
N(s,a,h) = NE"(s,a)

and set
h—1 N(sj,.ap:h)
R,k
Wi = Vi1 = Vitn and up (85, af,) = Nj, = <1+ H> Z _ ”J@,ﬁ(s}l,ag)‘
n=N} (s} ,a})
Given the fact that Vh+1( 5), Vi 1(s) € [0, H] and the condition (A.137), it is readily seen that

|ujy (sh, ap)| < e=:Cy and HW}i"‘lHoo < H = C,.

Apply Lemma 25 to yield

-3

K
Z Xk.h
k=

h=1k=1 h=1 1
H K K K
S| C2CGHSAY ™Y "Eipoy [PiW] ] log ~ T CuCwHSAlog —
h=1i=1
< 26 A k: * T 2 A T
< |2 ZZEM L[ PE Vhﬂ)}logg—l—HS log =
h=1k=1
- 2 * T 294 T A
A\H SA ZZPMM ) log = + H*SAlog (A.138)
h=1k=1

with probability at least 1 —§/2.
It then comes down to controlling the sum Zle fo:l B, ok ak (VhFi]i -V +1). Towards this

end, we first single out the following useful fact:

H K R & ) H K
SN PV = Vie) <Y PEVEL +2- V)
h=1 k=1 h=1k=1
L& k k k () SAT 3
<2HK+3 Y (Vhﬂ(sm) - v,;+1(sh+1)) S \[HTSAK log == + HSA+ HK (A.139)

h=1k=1
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with probability at least 1 — §/4, where (i) holds according to (3.25), and (ii) is valid since

H K
ZZ (Vh+1 Sh+1 — Vil 5h+1 ) ZZ (VhlﬁBk z+1) - VJL(SQH))

h=1k=1 h=1k=1

SAT + H3SA,

< \/H7SAK log

where the first inequality follows since Vhlle ok > thﬂ and V', > V,f:l, and the second inequality

comes from (A 134a). Additionally, invoking Freedman’s inequality (see Lemma 25) with ¢, = 1
and Wfl = Vthl Vs, (so that 0 < Wh( ) < H) directly leads to

\/THQIOg —|—Hlog \/H?’Klog

with probability at least 1 — d/4, which taken collectively with (A.139) reveals that

H K
Z Z (P/ig - Ph,sﬁ,a’,j) (Vh+1 Vh+1

h=1k=1

H K H K H K
R,k
D> Parn(ih = Viie) <300 PRV = Vi) + Z D (PE = Py o) Vi1 = Vi)
h=1k=1 h=1 k=1 h=1k=1
< \/ H7SAK log S?T + H*SA+ HK (A.140)

with probability at least 1 — §/2. Substitution into (A.138) then gives

H K
S S NP = P ap) Vi = Vi)
h=1k=1

H K

T T
S| H2SA E : E :Ph,s’fb,a’;; (Vh'?-’i B Vi:—&-l) log 5 +H?SA log 5
h=1k=1

SAT

AN

H2SA (\/ H7SAK log + H3SA + HK) log % + H?SAlog %

= \/ H2SA (HGSA log S ’;T + H3SA + HK) log % + H?SAlog %
< \/H3SAK log —— SAT + H'SAlog SAT
— \/ H2SAT log SAT + H'SAlog & ?T (A.141)
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with probability exceeding 1 — §, where the third line holds since (due to Cauchy-Schwarz)

SAT
4]

SAT

\/H7SAK10g 5 \/HGSA log SAT

VHK < H°SAlog + HK.

Step 2: upper bounding T\’,?,) We start by making the following observation:

H K
\k i
2 h RE" / K?
R3 < Z Z m Z (Vh+1 (5h+1) Ph,sh,ak Vh+1 )
h\"h>"h <Nk(sh ah)

H K
YRk ok REK, k k R.K
= Z Z Z nh (Vh+1(3h+1) Vh+1 (3h+1) + (Ph - Ph,sﬁ,aﬁ)vhh )

h=1 k=1 n=N;’f(S,’§7a,’i)
H K H K NS7'(sk.af) N
< (elogT) (VhRL’;(SZH) - Vh}j,-[l{(sfz—f—l)) + Z Z ;h(Pif B, sk,a’;) h*+1
h=1k=1 h=1k=1 n=NF(sk ak)
H K Ny '(shap) A\ .
ey N (B = Po ) OV~ Vi) (A1)

where the first inequality comes from the monotonicity property Vh > V}Zﬁ“ > > Vhrilf, and

1.k k
the last line follows from the facts that > ’LNkESQ’a,’;; L <logT and A} < e (cf. (A.137)). In what

follows, we shall control the three terms in (A. 142) separately.
e The first term in (A.142) can be controlled by Lemma 4 (cf. (3.26)) as follows:

H K
SAT

ZZ Vh—i—l shi1) VhR—fy—Il((SZ—l—l)) < HSAlog 5 (A.143)

h=1 k=1

with probability at least 1 — §/3.

e To control the second term in (A.142), we abuse the notation by setting
N(s,a,h) = NE1(s,a)

and

W,i_H = Vi1, and ul (sh,ab) = Z &
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which clearly satisfy

—

‘u%(s%,a%)‘ <e — <elogT = Cy and Wi 1lloe < H =t Cy,.

g gi
Here, we have made use of the properties th ((j:;’l’)) % <logT and A¥ < e (cf. (A.137)).

With these in place, applying Lemma 25 reveals that

H K NZE7'(sk.af ))\k
> (P~ Pyp o) Virn | = ZZth
h=1k=1pn=Nk(sk ak) " h=1 k=1
ul T
< \ CRHSAY S Eint (P = Prsg Wi }mg =+ CuCy HS Alog
h=11=1

o T
= 2
A\;;Varhsha Vi,,) - HSAlog? 5+H SAlog? L

SAT

(i)
< \/ HSA(HT + H*VSAT) log* 5

+ H%S Alog? %

< \/ HSA(HT + H7SA) log* S?T + H?SAlog? %

VSAT | g g 1og2 SAT

H2SAT1
\/ SAT log” —5 5

(A.144)

with probability at least 1 — d/3. Here, (i) comes from the definition in (B.51), (ii) holds due
o (A.131) and (A.132), whereas (iii) is valid since

HT + H*VSAT = HT + VH'SA-VHT < HT + H'SA

due to the Cauchy-Schwarz inequality.

e Turning attention the third term of (A.142), we need to properly cope with the dependency
between Ph and Vh +1 Towards this, we shall resort to the standard epsilon-net argument
(see, e.g., (Tao, 2012)), which will be presented in Appendix A.5.3.1. The final bound reads
like

H K
A SAT SAT
>N (P = Pogsa ) (Vi = Vi) | S H'SAlog? =+ \/ H3SAK log® =——.

(A.145)
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e Combining (A.143), (A.144) and (A.145) with (A.142), we can use the union bound to

demonstrate that

(A.146)

R3 < Cs Q{Hﬁsmo \/HQSATI 4 SAT}

5

with probability at least 1 — d, where (32 > 0 is some constant.

Step 3: final bound of R3. Putting the above results (A.141) and (A.146) together, we

immediately arrive at

< R3]+ R3 <G 3{H65A log® =~ \/ H2S AT log* 5 ? } (A.147)

with probability at least 1 — 26, where C; 3 > 0 is some constant. This immediately concludes the

proof.

A.5.3.1 Proof of (A.145)

Step 1: concentration bounds for a fixed group of vectors. Consider a fixed group of

vectors {Vhd+1 € R® |1 < h < H} obeying the following properties:
Vi <V, <H  fol<h<H. (A.148)

We intend to control the following sum
H K
ZZ ;(Ph Phs’“ )(V}?H—Vifﬂ)'

To do so, we shall resort to Lemma 25. For the moment, let us take N(s,a,h) = Nf‘l(s, a)

and

Wé+1 = Vhd+1 - Vi:+1v u%(sﬁl,a%) = Z n
It is easily seen that
<elogT = Cy and HWii-s-l”oo < H = Cl,

i (shy ap)| < e
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K (gt 1
which hold due to the facts ZNf]\(fi}E’fh)i) L <logT and AF < e (cf. (A.137)) as well as the property
n=IN, (s,a,) ™

that V,?H(s), Vi 1(s) € 0, H]. Thus, invoking Lemma 25 yields

K—
H K Ny, I(Sh ah)

A H K
>0 > n (P - Ph,s’,j,aﬁ)(vlg—l—l Vi) | = D> Xn

h=1k=1 n=Nk(sk ak) h=1 k=1
KHSA FHSA
<. |czey Z ZEZ h-1 [PiWi ] log ==— + CuCulog =
h=1i=1 0 0
9 KHSA HSA
<A H Z Z Py ot (Vi = Viyy) (log? T) log + H(logT) log (A.149)
h=1 =1

with probability at least 1 — dp, where the choice of §g will be revealed momentarily.

Step 2: constructing and controlling an epsilon net. Our argument in Step 1 is only
applicable to a fixed group of vectors. The next step is then to construct an epsilon net that allows
one to cover the set of interest. Specifically, let us construct an epsilon net A1 (the value of o

will be specified shortly) for each h € [H| such that:

a) for any Vj,41 € [0, H]®, one can find a point V2l € Nig1,a obeying

0 < Vigi(s) — Viifi(s) < for all s € S;

b) its cardinality obeys
HA\ S
Mas1,a] < <5) : (A.150)

Clearly, this also means that
H~SH
‘NQ,Q XN3,& X"'XNH—FLO[‘ < (E) .

Set dp = %5/(%)51{. Taking (A.149) together the union bound implies that: with probability
at least 1 — 50(g)SH =1-1/6, one has

> (P = Pogg ) (Vi = Vi)

H K ) KHSA JCHSA
N HZZP’W’E ay (Vi = Viryy) (log”T) log 3 + H(log T') log %
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) SAT

< H%’AZZPM (VR — v ) (log? T)logS;T+H2SA1 (A.151)

h=1 =1

simultaneously for all {V}f‘_ﬁtl | 1 < h < H} obeying Vifl+1 € Nit1,a (h € [H]).

Step 3: obtaining uniform bounds. We are now positioned to establish a uniform bound over
the entire set of interest. Consider an arbitrary group of vectors {V;', | € R® |1 < h < H} obeying
(A.148). By construction, one can find a group of points {V;’?} € Nyy1,4 | b € [H]} such that

0<Vihi(s) = Vi¥i(s) <a  forall (h,s) €S x [H]. (A.152)
It is readily seen that

K NK I(Sh ah)

)\k u ne
Z Z n (Ph Ph,s’;,a’;) (Vh+1 Vh+t1>

k=1 n=N[(sk ak)

K Ny THsEap)

k
< (I Pl ) Vi~ VS

E=1n=N}(sk k)

h

<2eKalogT, (A.153)

U
where the last inequality follows from Z (shoth) 1 <logT and A} < e (cf. (A.137)). Consequently,

n=N}(si,al) n

by taking o = 1/(SAT), we can deduce that
>y AL (Pt = P ) (Vi ~ Vi)
k=1
H K i
<D (P = Pt o) (VST = Vi)
H | K &
212 (P = Py ) (Vi = ViEY)

H K
ZZ 7(Ph Phs )(thﬂ V};_l) + HKalogT

AN

T & SAT SAT
H?SAZZPMM Vst = Viiya) (log? T) log =— + H*SAlog® —— + HKalog T

A
L >
E‘
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H K

= HQSAZZP}L,S;#GQ (V};‘+1 — Vh*+1) (log2 T) log S{%T + H?SAlog
h=1i=1

2 SA;T, (A.154)

where the last line holds due to the condition (A.152) and our choice of . To summarize, with
probability exceeding 1 — §/6, the property (A.154) holds simultaneously for all {V}},; € RS |1<
h < H} obeying (A.148).

Step 4: controlling the original term of interest. With the above union bound in hand, we

are ready to control the original term of interest

K-1
Nh (Sl}ivaﬁ)

>y

h=1k=1p=

(Pflf - Ph,sﬁ,aﬁ) (VhR+1 Vh+1) (A‘155)

3
=
ol
T

a

To begin with, it can be easily verified using (3.20) that
Vi SV <H  foralll <h < H. (A.156)

Moreover, we make the observation that

—
=

i

H K H
Z Z Ph sh,a h+1 Vh+1) < Z Z Ph,s]fL,ah (VhR-l-l Vh+1)

h=1k=1 =1k=1

(i)

< \/H7SAK log

SAT

+ H3SA+ HK (A.157)
with probability exceeding 1 — ¢/6, where (i) holds because VhRJrl is monotonically non-increasing

(in view of the monotonicity of Vj,(s) in (3.17b) and the update rule in line 16 of Algorithm 3), and
(ii) follows from (A.140). Substitution into (A.154) yields

H K )\k -
2. T(PE = Pygea) VG057 — Vi)

H K
SAT SAT
* 2 2 2
< H2SA;;Ph sk (Vi = Vi) (10g2T) log =+ H2S Alog? 2~
< | H2SA {\/H7SAK log SAT + H3SA+ HK} (log?T) log S‘%T + H%S Alog? SAT
< \/HQSA {HGSA log SAT + H3SA + HK} log?® SAT + H?S Alog? SAT
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< H*SAlog? S%T + \/ H3SAK log? S‘;;T, (A.158)

where the penultimate line holds since

SAT SA

T AT
\/H7SAK10g 5= \/HGSAlog 5 \/HK,SHGSAlogS + HK.
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Appendix B

Proofs for Chapter 4

B.1 Technical lemmas

B.1.1 Preliminary facts

Our results rely heavily on proper choices of the learning rates, leading to several useful properties
which have been established in Lemma 1.

In addition, we gather a few elementary properties about the Binomial distribution, which will
be useful throughout the proof. The lemma below is adapted from Xie et al. (2021b, Lemma A.1).

Lemma 27. Suppose N ~ Binomial(n,p), where n > 1 and p € [0,1]. For any ¢ € (0,1), we have

B.1
NvVv1 n (B.1)
and
N>—"P __ ifap>8lo <1> (B.2a)
~ 8log () p=2%08\5)" '
e’n if np > log (%),
N<{ fp 2 log (5) (B.2b)
2¢? log (%) if np < 2log (%) .

with probability at least 1 — 49.

Proof. To begin with, we directly invoke Xie et al. (2021b, Lemma A.1) which yields the results in
(B.1) and (B.2a). Regarding (B.2b), invoking the Chernoff bound (Vershynin, 2018, Theorem 2.3.1)
with E[N] = np, when np > log (%), it satisfies

e2

np
W) <o <

P(N > ean) <e P < 5
eZnp

Similarly, when np < 2log (%), we have
1 0 2e? log(%)
o enp
PN >2e%log | = <e ™| —~
< = g<6)> = (26210g(3;)>
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i 2¢? log ()
(%) e~ P ( enp) s < 6—262 log(%) < 57
eZnp

where (i) results from Vershynin (2018, Theorem 2.3.1), and (ii) follows from the basic fact
e?log (%) > 2log (%) > np. Taking the union bound thus completes the proof. O

B.1.2 Application of Freedman’s inequality

Both the samples collected within each episode and the algorithms analyzed herein exhibit certain
Markovian structure. As a result, concentration inequalities tailored to martingales become particu-
larly effective for our analysis. Besides Freedman’s inequality (cf. Theorem 18) and its consequence
established in Lemma 24, we shall make note of an immediate consequence of Lemma 24 tailored to
our problem. Recall that N (s,a) denotes the number of times that (s,a) has been visited at step h
before the beginning of the i-th episode, and k" (s, a) stands for the index of the episode in which

(s,a) is visited for the n-th time.

Lemma 28. Let {W,ﬁ ERY|1<i<K,1<h<H+ 1} be a collection of vectors satisfying the

following properties:

° W}ZL is fully determined by the samples collected up to the end of the (h — 1)-th step of the i-th

episode;
d HWlZLHoo < Cy.

For any positive N > H, we consider the following sequence
Xi(s,a,h,N) = ﬂﬁz(s,a) (P = Phsa) Wiy 1{(sh,a}) = (s,a)}, 1<i<K, (B.3)

with P} defined in (4.18). Consider any & € (0,1). With probability at least 1 — 6,

H SAT
< 22 25477
</ NCW log 5 (B.4)

holds simultaneously for all (k,h,s,a,N) € [K] x [H] x § x A x [K].

k

> Xi(s,a,h, N)

i=1

Proof. Taking ui (s,a, N) = n]]\\?i , one can see from (3.14b) in Lemma 1 that
h

(s,a)

‘u%(s,a,N)‘ < % =: C.

Recognizing the trivial bound Vary, ,, (W,’: j_(ls’a)) < CVQV, we can invoke Lemma 24 to obtain that,
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with probability at least 1 — ¢,

N}’f(sv

a)
n

n O3 + (cucw + \/f\‘;cw) log® S‘%T
n=1

H SAT HC. SAT HC?2 SAT
< 2 . w 2 < w 2
Sy los Cwt =y log" == 3=y log"

holds simultaneously for all (k,h,s,a,N) € [K] x [H] x S x A x [K], where the last line applies

(3.14b) in Lemma 1 once again. O
Finally, we introduce another lemma by invoking Freedman’s inequality in Theorem 18.

Lemma 29. Let {W}(s,a) € RY | (s,a) e Sx A, 1<k < K,1 <h<H+1} be a collection of

vectors satisfying the following properties:

o Wk(s,a) is fully determined by the given state-action pair (s,a) and the samples collected up
to the end of the (k — 1)-th episode;

o [Wii(s,a)]e < O

For any positive Cq > 0, we consider the following sequences

_d”* sk ak .
thk = Cd W h,s’fb,aﬁwilzc-‘rl (SZa aﬁ) - Z dh* (57 a)Ph,s,aW}];—f—l(Sa CL) ) 1 S k S K,
| @ \Sho Oh (s,a)ESx A
(B.5)
~ _dZ*(sE,aﬁ) kyik (ko k ™ k
Xh’k = Cd W.Ph Wh+1(8h’ ah) - Z dh*(s, a)Ph’s’aWh_i_l(S,(l) s 1 S k S K.
I n(Shs @ (s,a)ESXA
(B.6)
Consider any 6 € (0,1). Then with probability at least 1 — 9,
K K
. - 2 2H 2H
D Xnk| <D 8CICr D d(s,a) [PhsaWE (s a)] log — +204C*Cylog = (B7)
k=1 k=1 (s,a)eSxA
K K
— - 2 2H 2H
ZXhJc < 28(730* Z dp*(s,a)Phs.q [W,’fH(S, a)] log 5 + 2C4C*Cy log 5
k=1 k=1 (s,a)eSxA
(B.8)

hold simultaneously for all h € [H].
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Proof. We intend to apply Freedman’s inequality (cf. Theorem 18) to control » le Xh, - Considering

any given time step h, it is easily verified that
Ep1[Xnt] =0,  Exa[Xni] =0,

where E;_; denotes the expectation conditioned on everything happening up to the end of the

(k — 1)-th episode. To continue, we observe that

dp*(sy,a .
Xnsl < C (d“(( h h)) . 1) |Whii(s,0)|_ < 20ac7c, (B.9)
— d sk,a *
Xi| < Ca (W + 1) HWh+1 s “)Hoo < 2040*Cly, (B.10)

where we use the assumptions Cilh ((5’ )) < C* for all (h,s,a) € [H] xS x A (cf. Assumption 1) and
[WE sk bl < Cu.

Recall that A(S x A) is the probability simplex over the set S x A of all state-action pairs,
and we denote by d) € A(S x A) the state-action visitation distribution induced by the behavior
policy p at time step h € [H]. With this in hand, we obtain

K
dT (st ak)
D Era[| Xnkl1 £ CiEr %Ph sh,ahWh+1(S;Cu ay) — dZ*(s, @) Py s.a Wit (s, @)
k=

(sa

K k  k
dy~(sy,af)
<> CIB (g g h P T p L WE (s al
= d=(sF,ak)~dt ik kY T hsEak h+1 h» h
P ho9h h dh(5h7ah) h

X 2 dﬂ—*( ) us
:ch pid “(s,a) {Phsanl (s a]
dy, (s, a)
k=1 (s,a)eSxA
S = 2 us k 2
<Y 3o a7 (5,0) | Phs.aWiia (s, a)] (B.11)
k=1 (s,a)eSxA
K 2
<> Y Cdpsa)|| Wik (k)| < clorcix, (B.12)
k=1 s,a)ESXA

where (i) follows from Cfiu (( )) < C* (see Assumption 1) and the assumption HWh +1(sﬁ, a’,fL)H < Cy.

Similarly, we can derlve
K

K
dy* (s ak
S E Kk < 3 CREx ((,f h))PhWhH(sz,az) S 0 (5,0) Py Wi (5.0)
k=1 k=1 5o @h (s,a)eSxA
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= o (3, O8) vk (e ok i
< CiE gk gy Epk, R R pEY, Sp,a
kZ:l A saf iy | BPENE, ok | @l sk ak) T i1 (5h @h)
K
dy*(s,a) . 2
k=1 (s,a)eSxA h3™
@ = 2 rx u kyik 2
< ZCdC Z dy’ (SvaﬂEP,’:NPh’S’a [Ph Wh+1(37a)} (B.13)
k=1 (s,a)eSx A
K 2
=Y cicr Y & (s,a)Phsa [W,]fﬂ(s, a)] (B.14)
k=1 (s,a)eSxA
K 2
<Yz Y Ccrd(sa) HW,’;H(S, a)” < C2C*C2K, (B.15)

e
Il

1 (s,a)eSxA
dz* (s,a)
d’é(s,a)

Plugging in the results in (B.9) and (B.11) (resps. (B.10) and (B.14)) to control S, | X} 1|
(resps. Zszl |Yh,k}), we invoke Theorem 18 with m = [logy K| and take the union bound over
h € [H] to show that with probability at least 1 — ¢,

where (i) follows from < C* (see Assumption 1) and the assumption | W}, (sf, aZ)HOO < Cy.

K K 2 % (12
. - 2 CiC*CiK 2H
ZXW < |8max ZC&C Z dp*(s,a) [Ph,S,aW,’fH(s,a)] o logT
k=1 k=1 (s,a)eSxA
8 2H
° *O. log =
+ 3CdC' Cy log 5
& o 2H 2H
< \ D 8CRCT D di(s,a) [PrsaWhiy(s.a)] log = +6CaC*Cy log
k=1 (s,a)eSxA
and

K K
— C2C*C2 K 2H
ZXh,k < |8max ZC’dQC* Z dp*(s,a)Phs.q [W,’f+1(s,a)]2 , (1277%‘” logT
k=1 k=1 (s,a)eSxA
8 2H
° *C, log Z—
+ 3CdC Cy log 5
K 2. 2H 2
< Z SC’gC* Z dp*(s,a)Phs.q [W}’fﬂ(s, a)] log 5 + 6CC*Cy log 5
k=1 (s,a)eSxA
holds simultaneously for all h € [H]. O
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B.2 Proof of main lemmas for LCB-Q (Theorem 2)

B.2.1 Proof of Lemma 7

B.2.1.1 Proof of inequality (4.22)

k n n
To begin with, we shall control (s 17Nh (s.2) Prsa— prreayykt(sa) by invoking Lemma 28.
1< h h+1
Let

Whi1 = Vi,
which satisfies
HWI?;+1”00 < H = Cy.

Applying Lemma 28 with N = N, ,’f(s, a) reveals that, with probability at least 1 — 4,

N[ (s,a) 5
N}’f(s7a)( k™ (s,a) k™ (s,a) k H3.
n Pyso—P )V = (s,a))| < epy| ———— (B.16a)
nZ:l ! " rH ) NF(s,a)

holds simultaneously for all (s,a,k,h) € S x A x [K] x [H], provided that the constant ¢, > 0 is
large enough and that NF(s,a) > 0. If NF(s,a) = 0, then we have the trivial bound

= 0. (B.16b)

” Mw

0 (B = B0

Additionally, from the definition b, = cp4/ L ‘2, we observe that

ZN F(s,a) N s“b c [Cb«/Nk ‘/NIZJQ } lho ya) >0 (B.17)

Zn:fa)nq]@v nisa )bn:(), if N}’f( ,a) =0

holds simultaneously for all s,a, h,k € S x A x [H] x [K], which follows directly from the property
(3.14a) in Lemma 1.
Combining the above bounds (B.16) and (B.17), we arrive at the advertised result

N}’f(s,a) . N;f(s,a) N
Z UyJLVh (s,a) (Ph,s@ _ P}]:"(g,g,)) V::is,a) < Z nr]:/h (s,a) b,
n=1 n=1
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B.2.1.2 Proof of inequality (4.23)

Note that the second inequality of (4.23) holds straightforwardly as
Vi (s) < V7(s)
holds for any policy 7. As a consequence, it suffices to establish the first inequality of (4.23), namely,
VE(s) <V (s)  for all (s, h, k) € S x [H] x [K]. (B.18)
Before proceeding, let us introduce the following auxiliary index
ko(h,k,s) = max {l 1< kand Vi(s) = mngﬁl(s,a)} (B.19)

for any (h, k, s) € [H] x [K] x S, which denotes the index of the latest episode — before the end
of the (k — 1)-th episode — in which V},(s) has been updated. In what follows, we shall often
abbreviate k,(h, k, s) as k,(h) whenever it is clear from the context.

Towards establishing the relation (B.18), we proceed by means of an inductive argument. In
what follows, we shall first justify the desired inequality for the base case when h+1 = H + 1
for all episodes k € [K], and then use induction to complete the argument for other cases. More
specifically, consider any step h € [H] in any episode k € [K], and suppose that the first inequality
of (4.23) is satisfied for all previous episodes as well as all steps A’ > h 4+ 1 in the current episode,

namely,

VE(s) <V () forall (W, 1,s) € [k—1] x [H+1] x S, (B.20a)
VE(s) < Vi (s) forall ' >h+1andseS. (B.20b)

We intend to justify that the following is valid
VE(s) <V (s) forallse S, (B.21)
assuming that the induction hypothesis (B.20) holds.

Step 1: base case. Let us begin with the base case when h +1 = H + 1 for all episodes k € [K].
Recognizing the fact that V7, | = % 41 =0 for any 7 and any k € [K], we directly arrive at

VE L (s) < Vi (s)  forall (k,s) € [K]xS. (B.22)
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Step 2: induction. To justify (B.21) under the induction hypothesis (B.20), we decompose the

difference term to obtain
Vit (s) = Vif(s) = Vi (5) — maxc { max Qfi (s, 0), Vif ' (s)}
= Q7" (s,mh(s)) — max { max Qf(s,a), V" " (s) }, (B.23)

where the last line holds since V},(s) has not been updated during episodes k,(h), ko(h) +1,--- ,k—1
(in view of the definition of k,(h) in (B.19)). We shall prove that the right-hand side of (B.23) is

non-negative by discussing the following two cases separately.

e Consider the case where th(s) = max, Qﬁ(s, a). Before continuing, it is easily observed from
the update rule in line 13 and line 12 of Algorithm 4 that: Vj(s) and 7(s) are updated
hand-in-hand for every h. Thus, it implies that

mh(s) = arg max QF(s,a), when Vi¥(s) = max Q¥ (s, a) (B.24)

holds for all (k,h) € [K] x [H]. As a result, we express the term of interest as follows:
Vi (s) = Vik(s) = QR (s,7h(s)) — max Qfi(s,a) = QF (s, 7k (s)) — Qh(s.7h(s).  (B.25)
To continue, we turn to controlling a more general term ng (s, a)—Qﬁ(s, a) for all (s,a) € SxA.

k k k
Invoking the fact névh + Zgil mjlvh =1 (see (4.16) and (4.17)) leads to

Ni
k Nk k Nk k
QZ (8,(1) = UOhQZ (Saa) +Z77nhQZ (Saa)'

n=1

This relation combined with (4.20) allows us to express the difference between Q;{k and Qﬁ as

follows
Q7 (s,0) — Qf(s.0) =y * (QF' (5.0) - Qh(s.)) + Znn Q1 (5.0) = ra(s,0) = Vi1 (5830) + b

Q0 (' (5,0) ~ Qh(s, ) + Znn |PhsaVites = Vi (500) + b

(ii) . .
Z Z Tin [Ph s avlfjl - th+1(3§+1) + bn}

Nk Nk
(i) Z NP, . (Vh+1 Vh+1) n Znn [(Ph,s,a _ p}lf”) Ve 4 bn}
n=1 n=1
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. k
S (P BE) Vi 4 0] (B.26)

n=1

Here, (i) invokes the Bellman equation ng(s,a) = rp(s,a) + Ph,s,av,;fl; (ii) holds since
ng(s, a) > 0= Q}(s,a); (iii) relies on the notaion (4.18); and (iv) comes from the fact

k k
Vit > Vi > Vil

owing to the induction hypothesis in (B.20) as well as the monotonicity of Vj41 in (4.21).
Consequently, it follows from (B.26) that

Njy(s.a
N (s,a) k" (s,a k (s,a)
(Phys,a - b, ) h+1 Z

QF' (s,a) — Qk (s, a) z

: MM

N}If(s,a) - N;f(s,a) Nk . ;
> Z 77nh(s,a)bn _ Z ik (s,a) (Ph o — P}]: (s,a)) th+§s,a) >0 (B.27)
n=1 n=1

for all state-action pair (s,a), where the last inequality holds due to the bound (4.22) in
Lemma 7. Plugging the above result into (B.25) directly establishes that

Vi (s) = ViF(s) = QF (s, 7"(s)) — QL (s, 7"(s)) > 0. (B.28)

When V}(s) = th"(h)(s), it indicates that

tho(h)(s) = max Qz"(h)(s, a), wio(h)(s) = arg max Qio(h)(s, a), (B.29)

which follows from the definition of k,(h) in (B.19) and the corresponding fact in (B.24). We

also make note of the fact that
ko(h
7wk (s) = o (), (B.30)

which holds since V;(s) (and hence 7, (s)) has not been updated during episodes k,(h), ko(h) +
1,---,k—1 (in view of the definition (B.19)). Combining the above two results, we can show
that

Vi () = ViE(s) = QR (s,7h() = Va* ™ (s) = QF (5. 7h(9)) — max Q3" (s, a)

= O (s @) - Vs m M)
>0, (B.31)

196



where the final line can be verified using exactly the same argument as in the previous case to
show (B.26) and then (B.28). Here, we omit the proof of this step for brevity.

To conclude, substituting the relations (B.28) and (B.31) in the above two cases back into

(B.23), we arrive at

Vi (s) = Vik(s) 2 0
as desired in (B.21). This immediately completes the induction argument.
B.2.2 Proof of Lemma 8

We make the observation that Lemma 8 would follow immediately if we could establish the following

relation:

K
Ay, ::Z Z A7 (s,a)Phs.a Z (Vh+1 V}fﬁs,a))
k=1

(s,a)eSxA n=1

::Ah,k

2H 2H
) Z dh+l (Vh+1( ) V;ﬁ_ﬂs)) +24\/H2C*K log T + 12HC* log T

seS

S

k=1

=:Bp i
(B.32)

The remainder of the proof is thus dedicated to proving (B.32).

To continue, let us first consider two auxiliary sequences {Yy, x}5_, and {Zp , }X | which are
the empirical estimates of Ay, and By, i, respectively. For any time step h in episode k, Y3, and
Zp i are defined as follows

Nk(sh’ah)
th . dﬂ— (sh,ah) . Z nNﬁ(sﬁ,afl) (V Vk”(sﬁ,aﬁ))
L 1 k\ © hispia n h+1 "7 Yh+1 ’
dy(sf,afy) - o

d7T (S}”aﬁ) i
G (1 * H) mph sha, (Vh+1 Vh+1) .

To begin with, let us establish the relationship between {V, x} | and {Z, s} ;:

K K 5 a N;f(s;i,aﬁ) Nk( k k) k‘"( k k)

h h7 h R \Shs0p * Sho%h
> Yik=) sk a) L oshal >, (Vh+1 =V )
k=1 k=1 h ho @ n=1

7r S CL Nf(slh@lh)

h h’ h N * l

E By st al E NN (st al) (Vh+1 - Vh+1) (B.33)
-1 Sh’ h'"h Koy

N= Nl( h’ah)
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K
dr" (sF,af) &
(o) S b =
Here, (i) holds by replacing k"(sf,af) with [ and gathering all terms that involve Vi, — Vil |
K

in the last line, we have invoked the property Z%h:?(j’a) N < SN, N =1+ 1/H (see (3.14b))
together with the fact V7 ; — fo 41 > 0 (see Lemma 7), and have further replaced | with .

With the above relation in hand, in order to verify (B.32), we further decompose Aj into

several terms

K N K K
)
Ap=> Apy = Zth+Z (Ansk = Yik) <D Zni+ Y (Ank — Yig)
k=1 = k=1 k=1
K K K
=" Buk+ Y (Znk— Bux) + > (Ank — Vi) (B.35)
k=1 k=1 k=1

where (i) follows from (B.34).
As a result, it remains to control Zszl (Zn, — Bhk) and Ziil (Ank — Yn 1) separately in
the following.

Step 1: controlling Zle (Apk — Ynr). We shall first control this term by means of Lemma 29.
Specifically, consider

NE(s,a) .
Wi]erl(Saa) = Z nrzzvh(&a) <Vlf+1 - th+§s,a)> ) Cq =1 (B.36)
n=1
which satisfies
Nf(s,a
|Whi(s,0)|| < Z S (Wil + [V ) <28 = 0w B37)

k k k
Here we use the fact that T]évh + Zgil nyjlvh =1 (see (4.16) and (4.17)). Then, applying Lemma 29
with (B.36), we have with probability at least 1 — §, the following inequality holds true

K

ZX
k=1

K
Z (Ank — Yni)
k=1

K
. 2H 2H
Ssczer N dr(s,a) [PusaWEL (s,0)]) log T +204C*Cy log “ :

(s,a)ESX.A 6

IN
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(i) K 2 2H 2H
<\ |8C7 ; Wi 1 (s, a)]| log 5 T 4HC" log —
2H 2H

where (i) holds since ‘PhsaWhH(s a | < HPh,s,aH1||W}]f+1(5»a)Hoo = ||W}f+1(s,a)||oo.

Step 2: controlling Zszl (Zn, — Bh). Similarly, we shall control Zszl (Zn ), — Bhi) by in-
voking Lemma 29.
Recall that

dﬂ (S , @ ) k k
Znk — Bny = <1 + H) th}l)Ph,sﬁ,aﬁ (sz+1 - Vh+1) - ( ) > di(s <V€+1(5) - Vh+1(5)) ’

h Sh’ ap €S
(B.39)

and let us consider

1
W}]f+1(37 a) = Vpi — Vfﬁ-p Cq = <1 + H> <2 (B.40)
which satisfies
Wik, H < Vil + th+1H < 2H = C,. (B.41)

Again, in view of Lemma 29, we can show that with probability at least 1 — 9,

K
Z Bhk = Zni)| = Y Xni
k= k=1
i 2H 2H
< 37 sczer N dr(s,a) [PrsaWEL (s.0)] log = +2CaC*Cy log =
(s,0)ESX.A
(i) =N > 2H L 2H
< ,|32C kZlHWhH(s,a)Hoologé—l—SHC log =
2H 2H
< 16\/H20*Klog 5 +8HC™ log 5 (B.42)

where (i) holds due to the fact HPh s aH =1.
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Step 3: putting all this together. Substitution results in (B.38) and (B.42) back into (B.35)
completes the proof of (B.32) as follows

K
2H 2H
< B 244/ H2C*K log — + 12HC* log —.
_Zh,k+\/c 0g —5~ +12HC" log —
k=1
This in turn concludes the proof of Lemma 8.

B.2.3 Proof of Lemma 9

Recall that the term of interest in (4.33) is given by

H

N \/ 5 o ff H 1\ h1
_ 20 *
3 <1+ ) (24 H2C*K log f + 12HC* log = ) +h_1 <1+ H) Iy.  (B.43)

h=1

First, it is easily seen that

1 h—1 1 H

which taken collectively with the expression of the first term in (B.43) yields

H h—1 H
1 2H 2H 2H 2H
_ 20 - * ] < 20 *

g (l—i— ) (24\/H C*K log 3 + 12HC* log 5 ) 2465 (\/H C*K log 5 + HC*log 5 >

h=1 h=1
/ H H
< \/HAC*K log <+ H2C*log =
(B.45)

As a result, it remains to control the second term in (B.43). Plugging the expression of I,
(cf. (4.30)) and invoking the fact (B.44) give

H 1\"1 H 1\ K N NE(s,a)
Z<1+H> I:Z<1+H> o> i (s,a)m Y H

h=1 h=1 k=1 (s,a)eSxA
H NP1 K N (s,a) vk
2y (1) L T aes 3 i,
h=1 cSxA n=1
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N} (s,a)

H K H K
SQZZ Z dg*(s,a)névﬁ(s’a)HJrQeZZ Z A7 (s,a) Z nrlszf(&a)bn.
,a)ES

h=1k=1 (s,a)eSx.A h=1k=1 (s,a)eSx.A n=1

=A =B
(B.46)

Step 1: controlling the quantities A and B in (B.46). We first develop an upper bound on
the quantity A in (B.46). Recognizing the fact that n}’ = 0 for any N > 0 (see (4.16)), we have

H K
A:ezz Z dz*(s,a)névﬁ(s’a)ﬂ

h=1 (s,a)eSXA k=1
H H K
Z Z d;‘r*(s’a)d“(iba) + eHZ Z d}:*(s,a) Z ]l(N,’f(s,a) < 1)
h=1 (s,a)ESx A hA™ h=1 (s,a)ESx A k= [du(s 1
H K
= eHZZdZ* (Sm*(s))d”“(s (s +eHZZdh (s,7*(s) Z L(Nf(s,7*(s)) < 1),
h=1 seS h=1seS k= [m]

where the last equality holds since 7* is a deterministic policy (so that df (s,a) # 0 only when

h (s a)

dj, (s,a)

a = m*(s)). Recalling -1 < C* under Assumption 1, we can further bound A by

H K
AL 8eHZSC*L+eHZZdZ* (s,7%(s)) Z L(NE(s,7*(s)) < 1)
h=1se8 k= [m]
= 8eH%SC™, (B.47)
where the last inequality follows since when k > %, one has — with probability at least 1 —§ —
h\°
that
m
Nf(s0) > M) 5

holds simultaneously for all (s,a,h, k) € S x A x [K| x [H] (as implied by (B.2a)).
Turning to the quantity B in (B.46), one can deduce that

H K Ni(sa)
B = 2622 Z d7" (s, a) Z nﬁh(s’a)bn
h=1k=1 (s,a)eSx.A n=1
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where the inequality follows from inequality (B.17), and the last equality is valid since 7* is a
deterministic policy.

To further control the right hand side above, Lemma 27 provides an upper bound for
\/1/(N/f (s,7*(s)) V1) which in turn leads to

h=1k=1 5€S Ak

H K 7
< HSC*LSZZZ a7 (s, 7(s)) Z

h=1k=1 seS
< \/H5C'*KL3maXZ d7” (s, m(s))

seS
<SVHC* K3 - <\/§ \/Z r’ (s,w*(s))> = VH3SC*K3, (B.49)
seS

a7 (s,a)

where the second inequality follows from the fact (5.0)
]—L b

< C* under Assumption 1, and the last
line invokes the Cauchy-Schwarz inequality.

Taking the upper bounds on both A and B collectively establishes

H h—1

1
3 (1 N H) I, < A+ B < H2SC* + VHPSC Koo, (B.50)
h=1

Step 2: putting everything together. Combining (B.45) and (B.50) allows us to establish
that

H

1\ 2H 2H
g <1 + H> (Ih + 16\/H2C*Klog 5 +8HC™ log 6) < H?SC*1+ VHPSC*K.3,
h=1

as advertised.

B.3 Proof of lemmas for LCB-Q-Advantage (Theorem 3)

Additional notation for LCB-Q-Advantage. Let us also introduce, and remind the reader of,

several notation of interest in Algorithm 8 as follows.
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o Nf(s,a) (resp. N}Em’t)(s, a)) denotes the value of Nj(s,a) — the number of episodes that has
visited (s,a) at step h at the beginning of the k-th episode (resp. the beginning of ¢t-th episode
of the m-th epoch); for the sake of conciseness, we shall often abbreviate N¥ = NF(s,a)

(m,t)

(resp. N, 77 = N,(Lm’t)(s, a)) when it is clear from context.

e L,, =2™: the total number of in-epoch episodes in the m-th epoch.

e kj'(s,a): the index of the episode in which (s,a) is visited for the n-th time at time step h;
(m(s,a),t}(s,a)) denote respectively the index of the epoch and that of the in-epoch episode
in which (s,a) is visited for the n-th time at step h; for the sake of conciseness, we shall often
use the shorthand k" = kj'(s,a), (m", k™) = (m}(s,a), kj(s,a)) whenever it is clear from

context.

° QfL( a), QLCBk( ,a), @Z(s,a) and th(s) are used to denote Qp(s,a), LCB( a), Q,(s,a),
and Vj,(s) at the beginning of the k-th episode, respectively.

—next,k —next

o Vh( ), Vi o (8), 1k (s, a), ,u?thk(s,Q) denote the values of V,(s), V},
at the beginning of the k-th episode, respectively.

next(

(s), i (s, a) and o

. N}(Lm’t)(s, a) represents ]Vh(s, a) at the beginning of the t-th in-epoch episode in the m-th epoch.

3 Nﬁpo’m(s, a) denotes va(Lm’LmH)(s, a), representing the number of visits to (s,a) in the entire

duration of the m-th epoch.

o [,u;lefk, ref,k uzdv’k, adv,k 5h,§h,bh] the values of [ufef, otef, 24 024V 5, B} by] at the be-

ginning of the k-th episode, respectively.

In addition, for a fixed vector V € RIS!, let us define a variance parameter with respect to

Py, 5 q as follows

2
Varpsa(V) =  E [(V(S'> ~ PhsaV) } = Phs.a(V?) = (PhsaV)>. (B.51)
S8 ~IFh s.a
This notation will be useful in the subsequent proof. We remind the reader that there exists a
one-to-one mapping between the index of the episode k and the index pair (m,t) (i.e., the epoch m
and in-epoch episode t), as specified in (4.36).
In the following, for any episode k, we recall the expressions of V41 and fi;, (which is the

running mean of Vi, 1).

e Recalling the update rule of V} and VzeXt in line 26 and line 27 of Algorithm 8, we observe
that both the reference values for the current epoch V, and for the next epoch V;eXt remain

T-hext .

unchanged within each epoch. Additionally, for any epoch m, V), takes the value of V,
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the previous (m — 1)-th epoch; namely, for any episode k happening in the m-th epoch, we

have

—next,k’

V=V (B.52)

for all episode k' within the (m — 1)-th epoch.

e 7iF serves as the estimate of Py s,V 1 constructed by the samples in the previous (m — 1)-th
next)

epoch (collected by updating f Recall the update rule of fi;, in line 26 and line 24 of

Algorithm 8: for any (s,a,h) € S x A x [H], we can write fi} as

(

_next,(m,1)

L - 71 ) ) -7 ) _17Lm—
,Uzz(S, a) — th )(S, CL) — Mh (S, a) _ quext (m 1)(8, a)
NG —next,k N —k ;
Z.th(men Vil (s Zz_u) Zj (m—1,1) Vh+1(321+1)
_ =N, +1 _ Z—Nh +1 (B 53)
NP s a) v 1 NP s a) vl

where the last equality follows from (B.52) using the fact that the indices of episodes in which
(s,a) is visited within the (m — 1)-th epoch are {i : i = N}(Lm_l’l) +1, N}(Lm_l’l) +2,--- ,N}Em’l)}.

adv, k"t (k k

Finally, according to the update rules of sp,a;) and O’adv L (SZ, ah) in lines 11-12

of Algorithm 6, we have

dv,kntl, ko k dv,k"+1, k dv,k" k  k kn o k" kv g
Mz Y (Smah) = MZ . (Sh,a )= (1 —mnn )HZ " (Sha@h) + nn(Vh+1(5h+1) Vh+1(5h+1))
k
h

k

h
adv,k" 1, L L adv,k"+1 k adv,k™ , k  k k™ o kn k" k™ 2
g (8p,ap) = 0y, (8hyap) = (1 —mn)oy, (hyap) + (Vh+1(3h+1) Vh+1(5h+1)) .

k
Applying this relation recursively and invoking the definitions of 777]1\[ " in (4.16) give

k k
adv,kNn +1 h n k™ adv,k™h +1 h n 7R \2
Ky, E in Ph h+1 Vh+1) gy, E n, Ph h+1 Vh+1) .
(B.54)

ref k™t ref k™t

Similarly, according to the update rules of 1, (s a)and o, (s, a) in lines 9-10 of Algorithm 6,

we obtain
£ gntl £ k41 1 £k —next,k" , n
e o) = g ss0) = (1 1) i ) + LTI G

n+1 n 1 1 2
ot (s,0) = of P (5, 0) = (1— n) o™ (s,0)+ = (Vi b))
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Simple recursion leads to

k k

ref k™h +1 n—next,k" ref kNh +1 n —next,k"

Ky, 5,a k: E Ph Vh+1 y  Op 5, a k E Ph Vh+1 : (B55)
h n=1 h =1

B.3.1 Proof of Lemma 10
Akin to the proof of Lemma 7, the second inequality of (4.38) holds trivially since
Vir (s) < Vi (s)
holds for any policy 7. Thus, it suffices to focus on justifying the first inequality of (4.38), namely,
VE(s) <V (s)  V(k,h,s) € [K] x [H] xS, (B.56)
which we shall prove by induction.

Step 1: introducing the induction hypothesis. For notational simplicity, let us define
ko(h, k,s) = max {l -1 < k and V}(s) = max max {QI}‘lCB’l(S,a),Ql}L(S, a)}} (B.57)

for any (h,k,s) € [H] x [K] x S. Here, ko(h, k, s) denotes the index of the latest episode — right at
the end of the (k — 1)-th episode — in which V}(s) has been updated, which shall be abbreviated as
ko(h) whenever it is clear from context.

In what follows, we shall first justify the advertised inequality for the base case where h = H +1
for all episodes k € [K], followed by an induction argument. Regarding the induction part, let us

consider any k € [K| and any h € [H], and suppose that

VE () < Vit () forall (K, 1,s) € [k —1] x [H + 1] x S, (B.58a)
VE(s) < Vi (s) forall W >h+1andseS. (B.58b)

We intend to justify
VEGs) <V (s)  VseS, (B.59)

assuming that the induction hypotheses (B.58) hold.

NF k"
Step 2: controlling the confident bound Zn 1 ,{:[ " by, 1 Before proceeding, we first intro-
k
duce an auxiliary result on bounding Zn 1M hbh , which plays a crucial role. For any (s,a), it
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is easily seen that

Ni(s.a
NE(s,a)=0 @ —s Z SOt _ g, (B.60)

When Nf(s,a) > 0, expanding the definitions of anﬂ (cf. line 6 of Algorithm 6) and giﬂ

(cf. line 15
of Algorithm 6) leads to

Nk
k n
AL
n=1
. _ 2 \B k”“ 77n 7/4 M o
_Znn H (1 —m) <(1 77n>Bh (s, a)+th sa)+cbz 3/4H L+Cbz H
n=1 i=n-+1 n=1
N} Nk N} N NE Nj Nk
—k"+1 Mn
:Z H (1 —mn;)By, (s,a)—H(l—m)Bh (s,a) +cbz 3/4H7/4L—|—C Z—H2
n=1 \i=n+1 i=n n=1
NF  NF NP NF NP NF N Nk
n
SN RN ARIEED 91 | (EEALAERS B VLR By
n=11=n+1 n=21=n n=1
NF  NE NF—-1 NF Nk Nk Nk Nk
7kn
@ Z H (1—n)B), " (s,a) - > 1] a-m)B, s,a) + 3/4H7/4L+c Zn" H*%
n=1i=n+1 n=1 i=n+1 n=1 n=1
" NN M
=k h+1 " 7/ M 172
=B, (s,a —}—cbz 3/4H L—i—cbz:lnH L (B.61)
n=

— 1
where we abuse the notation to let ]_[Z j+1(1 —m;) = 1. Here, (i) holds since B (s,a) =0, (i)

__1.n+1
follows from the fact that B (s,a) =B (s,a), since (s,a) has not been visited at step h

during the episodes between the indices k™ + 1 and k"1 — 1. Combining the above result in (B.61)

. . NE o Nh i
with the properties W <> 22/4 < (Nk)3/4 and Nk <3k Vi "’;l < Nl},f (see Lemma 1), we
arrive at
k
EthH( " H4, N H2L<NZ N};bk”+1<Bth+1( )42 H/4, 1o H?% (B.62)
h s,a)+cp Ch < h h s,a b ——r +2c,— (B.
(N}llf)3/4 N}llf — (N}]f)3/4 N}llf

as long as NF(s,a) > 0.
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Step 3: base case. Let us look at the base case with h = H + 1 for any k € [K]. Recalling the
facts that Vi, = V}’}H = 0 for any 7 and any k € [K], we reach

Vioi(s) < VEL(s)  forall (ks) € [K]xS. (B.63)

Step 4: induction arguments. We now turn to the induction arguments. Suppose that (B.58)
holds for a pair (k,h) € [K] x [H]. Everything comes down to justifying (B.59) for time step h in
the episode k.

First, we recall the update rule of V},(s) in lines 21-22 of Algorithm 8:

—k _
ViF(s) = max Qf(s.a) = Qf (s, mh(s)) = max{ I;LCB’k (s,wﬁ(s)) Q) (s,w%(s)) , Q1 <s,7rﬁ(s)>} .
Then we shall verify (B.59) in three different cases.

e When V/¥(s) = QLCB k (s,7F(s)), the term of interest can be controlled by
ok (i) ~rF
Vit (s) = Vi) 2 QF (s, mh(9)) = @4 (s.mh(9)) 2 0,

where (i) holds since 7" is set to be the greedy policy such that V;" "(s) = Q’T (s, 75 (s)), and
the last inequality follows directly from the analysis for LCB-Q (see (B.27)).

e When V/f(s) = @2 (5,7 (s)), we obtain

Vir' () = Vil(s) = QF (s,mh(5)) = @ (s.7k(s)) (B.64)

To prove the term on the right-hand side of (B.64) is non-negative, we proceed by developing
a more general lower bound on sz (s,a) — @z(s, a) for every (s,a) € S x A. Towards this,

recalling the definition of N }]f and k", we can express

k —kN'1f+1(

@h(‘s?a) :Qh s,a).

Thus, according to the update rule (cf. line 7 in Algorithm 6), we arrive at

—k —k N 41
Qh(S,CL) Qh ( S, )
N __LNE Nk

—k NF Nk LNE NE
=(1- 77N;;)Q (5 a) +77Nk{7”h(5 a) + Vh+1 (52—&-1) Vh+1(5£+1) +7y " (s,a) — by, }
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k k
Applying this relation recursively and invoking the definitions of név " and 77711\[ " in (4.16) give

—k NF—=1 N NE n o, g —kn 41
' (s,0) = 1 Qb (s, a) +Znnh{m<s,a> VR () ST () + i (s, a) — B }

n=1

(B.65)

Additionally, for any policy 7¥, the basic relation 770 —l— Zn 1 777]:[ =1 (see (4.17) and (4.16))

gives

NF P
Q' (s.a) =y " QF (s.a) + S " QR (s, ). (B.66)
n=1
Combing (B.65) and (B.66) leads to
QF' (s, a) —Qh(s,a) = mp " (QF (s,) — Qh(s,a))

n n —k" n _n —k"4+1
+ Zﬂn {Qh s,a) —rp(s,;a) — Vlf;+1(82+1) + Vh+1(5]fi+1) - M’Z (s,a) + by, }

(B.67)
Plugging in the construction of i, in (B.53) and invoking the Bellman equation
k k
QZ (37 CL) = Th(s7 CL) + Ph,s,av}zr_g.l, (B68)
we arrive at
k kn kn __km —k"4+1
QF (s,a) — (s, a) — Vi (i) + Vh+1(8h+1) iy (s,a) + by,
Ny Sk
() () Z.:hN}(lm”—l,l)+1 Vh+1(52+1) el
=PnsaVi + V s VE (s — — +b
s,a h+1 h+1 h+1 h+1 h+1 N;po,m _1(s,a) U1 h
N(mn,l) ;
Z " (mn—1,1) }’f
ﬂ.k kn kn kn —kn 1=N. 41 —k"41
= PrsaViiyr = Vi (shya) + (Ph - Ph,s,a) Vit + | Prse = =epommiT Vi 40
N, (s,a) V1
—k" 41 n
= Phsa (szzrl Vh+1> +b, 4+
where
N ki
—kn kn Zi:N}(Lmn_l’l)—‘rl Ph’ —km
fh = ( Ph s UL) (Vh+1 - Vh+1) + Ph,s,a - Vh+1' (B69)

]/\\fzpo’mnfl(s, a)V1
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Inserting the above result into (B.67) leads to the following decomposition

QF (s0) ~ @h(s,0) = ) (QF (s.0) ~ @ (s, ) +Z”n P (V5 )+ 7

(B.70)
> Znn Lo e, (B.71)

which holds by virtue of the following facts:

(i) The initialization @}L(s, a) = 0 and the non-negativity of Q} (s,a) for any policy 7 and
(s,a) € S x A lead to ng(s, a) — @,lz(s,a) = Q;{k (s,a) > 0.

(ii) For any episode k™ appearing before k, making use of the induction hypothesis Vh”fl(s) >
th+1(s) in (B.58b) and the monotonicity of V;,(s) in (4.37), we obtain

Vf?—ﬁl(s) - Vfﬁl(s) 2 fo+1( ) — Vh+1( s) > 0. (B.72)

The following lemma ensures that the right-hand side of (B.71) is non-negative. We postpone

the proof of Lemma 30 to Appendix B.3.4 to streamline our discussion.

Lemma 30. For any 0 € (0,1), there exists some sufficiently large constant cp, > 0, such that
with probability at least 1 — 4§,

NE
k n k_1.n

S <3 oty T ke [K]. (B.73)
n=1

Taking this lemma together with the inequalities (B.64) and (B.71) yields

Ny Ny
k k —k Npzkn+1 NF g
Vi (3)—‘/}1]6(3):@2 (s,a)—Qh(s,a)ZZ n" by, Zﬁnhfh >0
n=1 n=1
e Next, consider the case where V*(s) = Q™ (5,7F(s)). In view of the definition of ko(h) in

(B.57), one has

Vii(s) = Qk (3 k(s )) Qkol (s,w;j(s)) — max{Q,';CB’ko(h) (s,w,’j(s)) Qe (s,ﬂ,’i(s))},

since Qp, (s, 7} (s)) has not been updated during the episode ko(h) and remains unchanged in
the episodes ko(h) + 1,ko(h) +2,--- ,k — 1. With this equality in hand, the term of interest
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in (B.59) can be controlled by

Vit () = Vi) = Q7 (s.wh(s) — max { QB (s.7f(s) ) @™ (s.mh(9) | = 0,

where the last inequality follows from the facts

ok LCB,ko(
Qh (Svﬂ' ( )) Qh ( 775(3)) Z 07
s —ko(h
QF' (s, k() = Qi (s.7h(s) = 0.
Here, (i) follows from the same analysis framework for showing (B.26) and (B.28); (ii) holds
due to the following fact

ko(h)
NFo(h)

Qr' (s.0) — Q" Znn O e >0,

which is obtained directly by adapting (B.71) and then invoking (B.73) for k = k,(h); since

the analysis follows verbatim, we omit their proofs here.

Combining the above three cases verifies the induction hypothesis in (B.59), provided that
(B.58) is satisfied.

Step 5: putting everything together. Combining the base case in Step 3 and induction
arguments in Step 4, we can readily verify the induction hypothesis in Step 1, which in turn

establishes Lemma 10.

B.3.2 Proof of Lemma 11

For every h € [H], we can decompose

K i K . o
S (Vi) - VEE) £ 303 (7)) (Qhls.wi(5) — B (s mi(9)
k=1 seS k=1 seS
_Z S & (s.a) ( *(s,a) — QF (s, a)) (B.74)
k=1s,a0eSxA

where (i) follows from the fact V;*(s) = max, Q(s,a) > max, @’Z(s, a) > @ﬁ(s,ﬁ,’:(s)) (see lines 21-
22 in Algorithm 8). Here, the last equality is due to (4.26).
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— k k k
Step 1: bounding Q7 (s,a) — Qi(s, a). The basic relation névh + Zgil n,zlvh =1 (see (4.17) and

(4.16)) gives
Nk

Qh(s.0) =1y " Qi (s.0) +Znn%2hs a), (B.75)

n=1

which combined with (B.65) leads to

Qi(s, a> - @i(s 0) = 10" (Qh(s,a) — Qh(s,))

n n —kn n k71
+Z77n {Qh s,a) —rp(s,a) — V}fﬂ(siﬂ)*‘vhﬂ(sﬁﬂ) Nh (5,0) + by } (B.76)

Invoking the Bellman optimality equation
QZ(Sv CL) = Th(sa a) + Ph,s,avh*_g.la (B77)

we can decompose Q7 (s,a) — @i(s, a) similar to (B.70) by inserting (B.69) as follows:

Qh(s,0) ~ Qh(s,0) = m* (Qh(5,0) ~ Bh(5,0) +Znn P (Ve - i) + 80 7

. Nk
(i) PR n
<770 H+ E 77n (h +§;’f) E n Phsa<vh+1 Vh+1)

n=1

(i) Nk—kn41
< nohH+Z77n Ph.s.a (Vh—H Vh+1) +2Z77nhbh

n=1 n=1

(it) NE
< nohH—l—Znn Phsa<Vh+1 Vh+1> +2 (Bh(s a) + 2cp

n=1

H/4, H?,
_ + cbi
(NE v 1)*/* Ny v1

(B.78)

where (i) follows from the initialization Qh(s a) = 0 and the trivial upper bound Q7} (s,a) < H for
any policy 7, (ii) holds owing to the fact (see (B.73))

Nk NE
Z (blZ T < Zh: by Z ik | < 2Zh: iR (B.79)
n=1 n=1 n=1

k
N

and (iii) comes from (B.62) with the fact FIZ (s,a) = EZ(s,a).
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Step 2: decomposing the error in (B.74). Plugging (B.78) into (B.74) and rearranging terms
yield

K
HNACIAOEAAC) (B.80)
k=1 scS
K
* NE s,a —L 4CbH7/4L 4CbH2L
< d’ (s,a) | " H + 2B} (s, 0) + K 34 " NF(s,a) V1
k=1 (s,a)eSx A (N5 (s,a) V1) S
K N]’f s,a) Ne(sa) o
+ Z d;lr (S, a)Ph,s,a Z Tin m (Vf;ﬁ-l - Vh+§87a))
k=1 (s,a)eSxA n=1
K K
- Nk (s,a 4o, H™M depH?u - —k
< Z " (s, a) [770 n( )H+ - st NF(s,a) v 1 Z Z d7y (s,a)By(s,a)
k=1 (s,a)ESx.A (NE(s,a) V1) k=1 (s,a)€Sx.A
:VJ}L ::Jﬁ
K N (s,a) NE(s.0) .
+> > di(5,0)Phsa Y. (Vh*+1 - Vh+§5’“)) . (B.81)
k=1 (s,a)eSx A n=1

Step 3: controlling the last term in (B.81). If we could verify the following result

Ny (s.a

K
Z Z dg (5 a Phsa Z (Vh+1 V:ji&“))

k=1 (s,a)eSxA =

/ 2H
( ) > di(s (Vh*ﬂ(s) - Vf{gl(s)) + 48/ HC* K log = + 28c, H3C*VS12,  (B.82)

seS
then combining this result with inequality (B.81) would immediately establish Lemma 11. As a
result, it suffices to verify the inequality (B.82), which shall be accomplished as follows.

:Jg

Proof of inequality (B.82). We first make the observation that the left-hand side of inequal-
ity (B.82) is the same as what Lemma 8 shows. Therefore, we shall establish this inequality

following the same framework as in Appendix B.2.2. To begin with, let us recall several definitions
in Appendix B.2.2:

K Ni(sa)
) N (s, K (s,
=Y X W@ Xom Y (Va-H),
k=1 (S,G)GSX_A —
::Ah,k
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seS
dT(sF, ak)

Y _ _h h>™h nh
hk di(s¥, ak) hosi Z !

n=1

k(ok K
Ny (sh.ar) NE(sh

, ) k"( k’ k)
Sho%h (Vh+1 Vh+18h ap, > 7
1\ d7*(sF,al)
Inp= (14— ) % p <V* _ vk ) B.83
and we also remind the reader of the relation in (B.35) as follows

K

K
An <Y Bug+ Y (Zng — Buk) + > (Ang — Yir) (B.84)
k=1 k=1 k=1

] =

Equipped with these relations, we aim to control Zszl (Zh — Bp i) and Zszl (Ank — Yur)

respectively as follows.

e We first bound Zszl (Ank — Yhk), which is similar to (B.38) (as controlled by Lemma 29).
Repeating the argument and tightening the bound from the second line of (B.38), we have for
all (h,s,a) € [H] x § x A, with probability at least 1 — 0,

K
2H 2H
< |3"8cicr N dr(s,a) [PusaWh (s, a)] log = +2CaC*Cy log =

K
Z (Ank — Yar)
k=1

(s,a)eSxA

N;f(s,a) N( : ) 2 -

< |scriog 2 5 Z > dpsa) | > m P (Vi - ) +4HC" log =
1(s,a)eSxA n=1

~~

i) 2H 2H
< \/80* log 5 (36HK + 3c2HSSC*1) + 4HC” log 5

/ 2H
< 32)/HC*Klog == + 12¢, H3C*V'S 2. (B.85)

Here, (i) holds by virtue of the following fact

2

K Ni(sa)
S5 dren ] S im0 | < «aasscr,
k=1 (s,a)eSxA n=1

(B.86)
whose proof is postponed to Appendix B.3.2.1.

o Next, we turn to Y, (Znx — Bnx), which can be bounded similar to (B.42) (as controlled

via Lemma 29). Repeating the argument and tightening the bound from the second line of
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(B.42) yield

K

K
- 2H 2H
(Bhi — Zng)| < 28030* Z dp*(s,a) [PhsaWi (s, )] 1ogT +204C*Cy 1ogT
k=1 (s,a)eSx A
20 & 2H
<8y Clos Kl ;( )eZngAdm(S’ a) [Prsa (Vs — Vh+1)] +8HC" log — 5 (B.87)

To further control (B.87), we have

< 2 () & 2
S @) [Prsa (Vi Vi) =20 a7 (5,0) Pasia (Vitys = Vil )

k=1 (s,a)eSxA k=1 (s,a)eSx A

< HZ Z dZ* (8,a)Phs.a (Vl:—s—l - th—i-l)
k=1 (s,a)eSxA
(iif)

< 2HK + ZHSSC* .. (B.88)
Here, (i) holds due to the non-negativity of the variance
—k 2
Varpsa(Vigr = Viga) = Prsa (Vi — Vif—‘rl)Q - (Ph,s,a(vifﬂ - th+1)) > 0; (B.89)

(ii) follows from the basic property HV}Z‘ 1~ thHHoo < H; to see why (iii) holds, we refer the
reader to (B.96), which will be proven in Appendix B.3.2.1 as well. Inserting (B.88) back into
(B.87) yields

2H 2H
< 8\/0* log 5 (2KH + ¢2H55C*1) + 8HC™ log 5

2H
<164/ HC*K log =+ 16c, H3C*V/S1. (B.90)

Substituting the inequalities (B.85) and (B.90) into (B.84), and using the definitions in (B.83),

we arrive at

K
> (Buk — Zni)
P

K Ni(sa)
= Z Z d;zr* (57 a)Plus,a Z nT]yh (s0) (Vf:ii’]. - thjfs’a)>
k=1 (s,a)eSxA n=1
K K
S( >Zdh+1 (V]:+1() Viriy (s )+Z Zng = Bug) + Y (Angk — Yig)
s€S =1 k=1
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IN

1 / 2H
(1 + H> Zdh—i-l (V,l*+1(s) - V}fﬂ(s)) + 324/ HC*K log 5 + 12¢, H3C*V/ 8.2
SES
2H .
+ 161/ HC*K log = + 16¢, H*C VS.
* k * 2H 3 *\/> 2
Zdh+1 (VhH(S) - Vh+1(s)) + 48y HO*K log = + 28¢, H*C*VS/,  (B9)

which directly verifies (B.82) and completes the proof.

IN

B.3.2.1 Proof of inequality (B.86)

Step 1: rewriting the term of interest. We first invoke Jensen’s inequality to obtain

k k
NF Nf

Nk * n * n 2
( nnhPh,s,a (Vh+1 - th+1> ) Znn (Ph s,a (Vh+1 - V}f_t,_l) ) Z Tin Phs ,a (Vh+1 Vh+1) s

n=1 n=1

k k
where the first inequality follows from Zgil n,]lv " =1 (see (4.17) and (4.16)), and the last inequality
holds by the non-negativity of the variance Vary, s [V}* 1= thjl]. This allows one to derive

K Ni(sa) 2
Nk (s, n
Z Z dZ*(s, a) Z Tin ale Q)Ph,s,a (foﬂ - th+1>
k=1 (s,a)eSx.A n=1
K N}If Nk 2
< Z Z dy* (s,a)Phsa Z " (foﬂ Vh+1>
k=1 (s, a)ESX.A n=1

& x 2 2H L.2H
= < ) ; ze;s dia (s (Vh+1(3) - Vh’fﬂ(s)) + 32\/ HAC*K log == + 32H2C* log =

(B.92)

where (i) can be verified in a way similar to the proof of Lemma 8 in Appendix B.2.2. We omit the
details for conciseness.

Step 2: controlling the first term in (B.92). Let us introduce the following short-hand
notation

kstop == c2H?SC™1,
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and decompose the term in (B.92) as follows

i

K K
Zdh+1 Z (Vh+1 — Vi (s )2 < HZ mi(s (Vi:+1(5) - th+1(3))

—
=

SES k=1 k=1 seS
kstop

= HY Y i () (Vi (s) = Vida () + H Z D di () (Vi (s) = Vi (s)). (B.93)
k=1 se€S k=kstop+1 s€S

Here, (i) holds since 0 < V;*,;(s) — V}fﬂ(s) < H. The first term in (B.93) satisfies

k‘stop

HY > diia () (Virpa(s) = Vit (s)) < H <caw [ H5SC* 1kgrop + caH2SC’*L> < EH®SC*.,

k=1 seS
(B.94)

where the first inequality holds by applying the results of LCB-Q in (4.35) with K = Ksop. The

second term in (B.93) can be controlled as follows:

H Z Zdh—i—l Vh+1 s) — Vh+1 < HKZth (Vl:ﬂ(s) - V:-S:(ip(s))

k=kstop+1 s€ES seS
kstop
LSS g (s) (Vi ls) — V()
StOP k=1 seS
H55C~ H2SC*
< HK [ ca i & ") <2HK, (B.95)
kstop kstop

where the first and the second inequalities hold by the monotonicity property ijll > V,fH
introduced in (4.37), and the final inequality follows from applying (4.35).

Inserting the results in (B.94) and (B.95) into (B.93) yields

K

K
Z di(s Z (Vh—H — V(s ) Z Zdh—l-l <Vh*+1(3) - th+1<3)> <2HK + ;H°SC*..

seS k=1 k=1 seS
(B.96)

Step 3: combining the above results. Inserting the above result (B.96) back into (B.92), we

reach:

K
> a7 (s, a)

k=1 (s,a)eSx.A

” Mn

Ph s,a (Vh+1 Vh+1)
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2 °H °H
( ) Z S dfa(s (Vh*+1 - V,f;l) + 32\/H4C*Klog S+ 32H7C" log —
k=1 seS

(ig) 4HK +2c2HOSC*1 + 32\/ H4C*K log ? + 32H?*C* log ?
(;) 36 HK + 3c2HSSC*1, (B.97)
where (i) holds due to (B.96) and 1+ % < 2, and (ii) results from the Cauchy-Schwarz inequality.
B.3.3 Proof of Lemma 12

We shall verify the three inequalities in (4.45) separately.

B.3.3.1 Proof of inequality (4.45a)

We start by rewriting the term of interest using the expression of J,i in (4.42) as

H 1 h—1
> <1+H> J}

h=1
H h—1 K 7/4 2
1 x k(s,a dep, H de, H
:Z<1+H> Z Gt [né\[h(’)H—F ka L3/4+quD i/l
h=1 k=1 (s,a)ESx A (Nh(s,a) V 1) h(sva)
H h—1 K H h—1 K 7/4
1 * Nk(s a) 1 * 4CbH L
=2 1+> Z Z dw CH H+Z<1+> Y. D di(sa)— 3/4
h=1 ( H k=1 (s,a)E€Sx h=1 H k=1 (s,0)eSx A (Nfi(s,a) v 1)3/
=: \.711 :‘712
H h—1 K 2
1 * 4CbH L
+> <1+ ) Z oo dp(sa) (B.98)
h=1 H k=1 (s,a)eSx A Ny(s,a) V1
:;jf
Invoking (B.47) and (B.44) yields
Tt < H2SC .. (B.99)
In terms of jf, one has
H h—1 K 7/4
1 * dep, H'7=
Ji=> <1 + ) o> di(sa) .
h=1 H k=1 (s,0)eS x A (Nji(s,a) vV 1)i
® /4,2 L& > 1
STEEE 5 DD DI I —
h=1k=1 (s,a)eSx.A (kdy,(s,a))1
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(‘)H7/4 2(0%) 3 i
k=1
4N} .
Yoo Y a=mie) (4 a)"

1k=1 (s,a)eSxA

=

- -

_H7/42 C*%

h

. 1 8
where (i) holds due to (B.44) and NEGs,avT < kdg(;a)
definition of C* in Assumption 1. A direct application of Holder’s inequality leads to

1/4

3/4
> df(s,a)

from Lemma 27, and (ii) follows from the

H K
1
J2 < HA2(0%)1 — 1(a=7}(s
Pt S (X i)
=1k= (s,a)eSxA (s,a)eSxA
(iif) 7/4 2 *\ 3 T & 1 2.75 *\ 3 l 2
< HP(SCHY Y — S H*P(SCHiK /2, (B.100)
h=1 k=1 k1
where (iii) follows since 7* is assumed to be a deterministic policy
Similarly, we can derive an upper bound on J; as follows:
H h—1 K 2
1 x dep,H=
A=y (1vg) XX gl
h=1 H k=1 (s,a)€Sx.A Niy(s,a) V1
(B.101)

< g2 EHI EK: 3 G (5:0) < pragem,s
~ kdy(s,a) ™~ ’
Vi < kdf(‘s ) (cf. Lemma 27), and the

where (i) follows from the result in (B.44) and the fact (
last relation results from the definition of C* (cf. Assumptlon 1) and the assumption that 7* is a

deterministic policy.
Putting the preceding results (B.99), (B.100) and (B.101) together, we conclude that

H h—1
1
> (1 + ) JL < H2T(SCH 1K 12 + H3SCH3. (B.102)
h=1
B.3.3.2 Proof of inequality (4.45b)
)) in the expression of J? (cf. (4.42)), we obtain

Making use of the definition of Ez(s, a) (cf. (
h—1 K

u 1\ ul 1
Z <1 + H) J? =2 Z <1 + H) Z Z d”*(s,a)Ei(s,a)
h=1 1 (s,a)eSxA

h=1
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adv,k adv,k

A h=1 K S, a S, a
=2y <1+;I) oVHE S & (s,a)Y (| 2 (s,0) = (1™ (5,))
k=1

k
h=1 (s,0)ES XA Ny(s,0) V1

2

i( P RPNV S AC0) DR [ e L

k
h=1 (s,a)eESx.A k=1 Ny (s,a) V1
H K adv,k adv,k 2
VHLY dj (s,a) ) h (S’az e GID)
h=1(s,a)€ESx A k=1 Nii(s;a) V1
:;j21
+ \[i > i )i 7 (5,0) = (" (5, 0))" (B.103)
L s, a ’ .
" N[(s,a) V1
h=1 (s,a)eSxA k=1
:;j22

where the last inequality follows from (B.44). In the following, we shall look at the two terms in
(B.103) separately.

Nk
Step 1: controlling J3. Recalling the expressions of o}, (s a) = azdv’k "*1(s,a) in (B.54), we
observe that the main part of 73 in (B.103) satisfies

2
5,0 7Tsa 2V (s g
(5,0)) B P AR

k 7
h=1 (s,a)€Sx A k=1 Nj(s,a) V1 h=1 (s,a)€S x A k=1 kdy (s, a)
- F(s.a) NE(s,0) ppn (1rpn 7" 2
H K _— dh (S,CL) Zn 1 Min P]lf (th+1 Vthl)
= \ﬂz Z dp” (s,a) Fd (s.a)
h=1 (s,a)eSx A k=1 AN
() d SN M ke —kn )2
<VOnY Y D |t (a=m(s) df (s,a) R <Vf{€—:l - Vh+1)
h=1 (s,a)eSx A k=1 n=1
(i) K H NE(s,a) (o) N2 K H 1
YV S Y a0 (v V) TN Y 1 me)
k=1h=1 (s,a)eSxA n=1 k=1h=1 (s,a)€Sx A
K H Nf(s,a) NE (s e N2
<VHSC2 (1SS Y dtsa) Y YRR (v,fjl Vhﬂ), (B.104)
k=1h=1 (s,a)eSx A n=1
where the first inequality is due to the fact 8t

~F ( Vi < R (5.0) from Lemma 27, (i) follows from the
h
definition of C* in Assumption 1 and (4.26), and (ii) follows from the Cauchy-Schwarz inequality.
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To continue, we claim the following bound holds, which will be proven in Appendix B.3.3.4:

K H . NE(s,a) NE( ) 2

ZZ Z dy (s,a) Z " <Vh+1 Vh+1)

k=1h=1 (s, a)eSxA n=1

< H? s ;gdﬂ ( — V(s )) + K + HVSC™ 2. (B.105)

Combining the above inequality with (B.104), we arrive at

K
Jy SVH2SCx3, | H? max Y Y " di(s) (Vii(s) — Vii(s)) + K + HVSC*?
he[H] k=1 seS
K
S| HASCH 3 max > " drt (s) (Vir(s) — VIE(s)) + VH2SC* K3 + H*SC*/*®. (B.106)
he[H] k=1 seS
k

Step 2: controlling J2 . Recalling the expressions of Mref k“(s, a) = ,u;lef’thH(s, a) and
U,rlef’kﬂ(s a) = a,rlefk h“(s,a) in (B.55) to j2 in (B.103), we can deduce that

H ) K O_ref,k(s a) Mref k(S, a) 2
O ED IR ACTIDDNE i e

h=1(s,a)€SxA k=1 Nh(s’a) vl

- K NE(s,a) Vnextk kn 2 N[ (s,a) =snext,k™ , pn
g\ﬁz Z d;{*(s,a)z 1 2 onti (h+1 (Sh+1)) (an Vil (sh

k k k
"ol (srcax A —\ Ni(s,a) V1 Ny(s,a) V1 Ny(s,a) V1

(B.107)
We further decompose and bound F}, ;. as follows:

@ [N

h+1)>2.

2 NE(s,a) w5next,k™ , pn
Fp < h+1(8h+1)) B (En 1 Vi (Slfb+1))2
ok = NF(s,a) V1 NF(s,a) V 1
N( a) « 2 NF(s,a) ¢4 NE(s,a) ¢ 4 kn Nk( a) =>next,k™ n
Yntt (Vi (shi) B (Znhl Vh+1(5h+1)>2+ (Znhl Vira (s h+1)>2 _ (Zn 1 Vi (s ]fL+1)>2
NF(s,a) V1 NF(s,a) V1 NF(s,a) V1

NF(s,a) V1

220



NE(s, ) —>next, k"

k s.a n k * n
(2) Zgii N (Vh*+1(52+1))2 _ <Ziv § )Vlf+1(5h+1))2+ 2t (Vhﬂ(sh“) Vil (s ];L+1>>
- Nf(s,a) V1 NF(s,a) V1 Nf(s,a) V1
Ghk =:Lpk
(B.108)
where (i) follows from the fact that for some &’ € [K], V;‘Sﬁ Mo thjrl < Vjr, (see the update rule

of V™" in line 27 and the fact in (4.38)), and (ii) holds due to the fact that

Nf(s,a)

Nk(s,a n s,a) snext, k" n * k™ Trnextk™  pn
(Zni§ )Vh*+1(52+1)>2_<z ( )Vheﬂ (2+1))2<2H2n_1 <Vh+1(sh+1) Vit (Sh+1>>

NF(s,a) v 1 NF(s,a) v 1 NE(s,a) v 1

Inserting (B.108) back into (B.107), we arrive at

H
ngéxﬂz Z a7 ( Saz Nksa (th+Lhk)

h=1(s,a)eSx A

(i)
< (\/H3SC'*KL4 + HASC*3 + VHBSCA K2 + H2'5SC*L3> < VH3SC*K 5 + HSCH/A,

(B.109)
where (i) follows from the following facts

H
Y di(sa Z NG vt < VH3SCrK* + H*SC*2, (B.110)
h=1(s,a)eSxA Ny
H K

dr ( N o Ok S VHISCHEL H*SC*05. B.111
Z Z S a Z N hk S ¢+ ( )

h=1(s,a)eSxA

We postpone the proofs of (B.110) and (B.111) to Appendix B.3.3.5 and Appendix B.3.3.6, respec-
tively.

Putting the bounds together. Substitute (B.106) and (B.109) back into (B.103) to yield

H h—1
1 . 2.
> <1 + H) Ji S \| HASC*3 max Z > dr(s) — VE(s)) + VH2SC*K 3 + H*SC*(*®
h=1 k=1 seS
+ VH3SC*Ki5 + H*SC*/*
< | H4SC*13 max dr( + VH3SC*K .5 + H*SC**.
he[H] ; ; ( ))
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B.3.3.3 Proof of inequality (4.45¢)

Invoking inequality (B.44) directly leads to

ul 1\t 2O 2O
> (1 + H> (4& |HC*K log =+ 28caH3C'*\/§L2> < \/ H3C*K log = + H*C*VS.2

h=1

as claimed.

B.3.3.4 Proof of inequality (B.105)

We shall control the term in (B.105) in a way similar to the proof of Lemma 8 in Appendix B.2.2.

Step 1: decomposing the terms of interest. Akin to Appendix B.2.2; let us introduce the

terms of interest and definitions as follows:

K Nﬁ(s,a) Nk( ) —kn 2
Ah = Z Z d;lr (S, a) 77n h (Vh+l Vh+1> 5
k=1 (s,a)eSxA n=1
::Ah,k
—k 2
Bh = < >Zdh+1 (Vh+1( ) — Vh+1(5)> ;

seS

Tk k h(shah
v, _ dyr(sy,ap) N/f(Sﬁ,aZ)Pk" v 7" 2
hk = Znr &k & Tin h h+1 1) s
dh(8h7ah) n=1

1Y di*(sk,af) <k \2
Znp = (14 % | 2w ph (k75 ) B.112
= (1457 ) G el (Vi - Vi) (B.112)

With these definitions in place, we directly adapt the argument in (B.35) to arrive at
K K K
Ay, SZBh,k‘i‘Z(Zh,k_Bhk +Z Ahk_yhk (B.113)
= = k=1

As a consequence, it remains to control Zszl (Zn — Bh) and Zszl (Ap i — Yh 1) separately.

Step 2: controlling Zszl (Apk — Yni). To control Zszl (Apk — Yn 1), we resort to Lemma 29
by setting

k'n, 2
Wi (s,a) = ( bl — Vh+1> , Cq=1, (B.114)

” MM
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which satisfies
HW,]fH(s,a)H <4H* = C,,.
[e.e]
Applying Lemma 29 with (B.114) yields that: with probability at least 1 — 4,

K
= E Xnk
k=1

K
Z (Ank — Ynr)

k=1
- 9 2H 2H
< ZSC’%C* Z dp*(s,a)Pys.a [W}lfﬂ(s,a)] logT + 2C04C*Cy logT
= (s,a)eSxA
2H & Nl )] 2H
N s n —k"
S\ Crlos >0 X0 (P | 3o Y (VI - Vi) |+ CTHR o
\ k=1 (s,a)eSxA n=1
(B.115)
To further control the first term in (B.115), it follows from Jensen’s inequality that
2
kVL 2 k’VL 4
Phsa Znn ( - Vh+1) <Phsaznn ( L Vh+1) : (B.116)
which yields
K Np(s.a) 2
™ Nf (s,0) T )2
> Y di(s,a)Pasa n (Vh+1 Vh—i—l)
k=1 (s,a)eSx A n=1
K N A
< Z Z dy* (s,a)Phsa Z"?n <Vh+1 Vh+1)
k=1 (s,a)eSx.A n=1

1 = i k 7k 4 8(rx 2H 4% 2H
< (1472 ) oD i) (Vi () = Vi (s)) + 32y HSC*K log == + 32HC* log =

(B.117)

This can be verified similar to the proof for Lemma 8 in Appendix B.2.2. We omit the details for
conciseness. To continue, it follows that

Z Z dh+1 <Vif+1(5) - VZ+1(5)>4

k=1 seS
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L"’L

M
33 S ) (Vi) - T o)

1t=1 se8S

IN
=
=

1 »3 . m— 4
(i) Z Z Z dp41(5) (V;—i-l( ) — Vh(( 1)V1, 1)(5))

m=1 t=1 seS
11 M it ,
- di’a(s) Z 2™ (Vh*H( Vh(J(rnf VD (g )>

se§ m=1

M-2 4

= 4Zdh+1 Z gm=—2 <Vh*+1( ) — Vh(J(rT VI, 1)(3))

SES m—2=—1
_ 0 m—2 (1* 11) M-2 . Y
=4 ) 2 (Vh+1( )= Vg1 (s) ) +4) dii(s) Y 2 (Vh+1 (8) = Viy (8)) '
me se§ m—2=1

Here, (i) holds by using the pessimistic property V* > V* > V¥ for all k € [K] (see (4.38)) and by
regrouping the summands; (ii) follows from the fact (see updating rules in line 26 and line 27) that
for any (m,s,h) € [M] xS x [H +1],

ng,t)(s) _ Vh((m—l)\/l,l)(s)’ t=1,2,-, Ly: (B.118)

and (iii) results from the choice of the parameter L,, = 2™. In addition, we can further control

—k 4 (iv) = m+1,1), 2\
Z Zth (th+1(5) - Vh+1(5)) < 8H* 42 dh+1 Z (Vh*+1(5) o Vh(+1+ ’ )(5))
k=1 seS seS m=1 t=1
) M2Ln - .
<BH'4+4) diia(s) > Y (Vh+1(8) - Vh(+1’t)(8))
s€S m=1 t=1
K 4
<8H'+4) diy(s <fo+1(3) - th+1(3)> (B.119)
seS k:l

Mw

<8H'+4H®Y "df’(s)
s€ES

(Viria(s) = Vit (9))

T
I

(vi)
< H3K + H3SC™.. (B.120)

Here, (iv) follows from the fact 0 < Vj¥,,(s) — Vh(}rll)( ) < H -0 = H; (v) holds since V¥, ; >
Vh(_T;r L — Vh( +1L’”) > Vh(;nlt) for all t € [L,,] (using the monotonic increasing property of Vjq

introduced in (4.37)); and (vi) follows from (B.96). Putting (B.120) and (B.117) together with
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(B.115), we arrive at

K
> (Ank = Yir)
k=1

2H 2H 2H 2H
< .| C*log 5 <H3K + H8SC*1 + \/HSC’*Klog 5 + H*C* log 6) + C*H?log 5

SVH3C KL+ HWSC*2. (B.121)

Step 3: controlling Zle (Zn, — Bh). Similarly, we also invoke Lemma 29. Let’s set

N2 1
W;’f+1(s,a) = (th+1 — Vh+1> , Cq = (1 + H> <2, (B.122)

which satisfies

“Wf+1(s,a)“m < 4H? = Cy,.

Applying Lemma 29 with (B.122) yields that: with probability at least 1 — 4,

K
> (Buk — Zng)
k=1

K
=2 Xnx
k=1

2H 2H
< \ ZSC’&C* Z dp*(s,a)Phsa (Wl (s, )] logT + 2C4C*Cy log — 5
= (s,a)eSx A

S

C* log = Z > dir(s,a)Phsa [VhH vhﬂ} + C*H?log ?
\ 1 (s,a)eSxA

)
< \/ O log % (H3K + HSSC*0) + C*H? log % <VIBCK. + HWSC*2,  (B.123)

where (i) follows from (B.119) and (B.120).

Step 4: combining the results.

Inserting (B.123) and (B.121) back into (B.113), we can
conclude that

K H Ni(sa) g M
Z Z Z dﬁ* (s, a) Z nrzzvh(s “ <Vh+1 V:H) = Z Ap,
k=1h=1 (s,a)eSx.A n=1 h=1
H K H K H K
SIS Brk+ > (Znk = Bug) + D> (Ank — Yag)

h=1k=1
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H K H K H K
SZZ(ML > i1 (s) (Vfﬂ( ) — Vh+1 ) +Z Z (Zng — Bhx) +Z Z (Ank — Ynr)
h=1k=1 SES =11k=1 h=1 k=1
H K
<HY > (1 ) A7 (s) (V,ﬁ_l(s) - V’,‘;H(s)) + VHSC*K 1+ H?V/SC*/?
h=1k= seS
. H1 Kl €
SEY S S s (Vhﬂ( ) — V,fﬂ(s)) + K + BHWSC 2
h=1 k=1 seS
K
< H? ma SN d ( — V(s )) + K + HVSC*2, (B.124)
k=1 seS

where (i) follows from the same routine to obtain (B.119) and the Cauchy-Schwarz inequality.

B.3.3.5 Proof of inequality (B.110)

Step 1: decomposing the error in (B.110). The term in (B.110) obeys

H

1
Z Z dj, (s,a Z — < Lnk
k b
h=1 (s,a)€Sx A o\ Na(sa) V1
Nf(s,a ) * —>next,k" n

ZH: Z d“*( )i 1 Enil (Vh+1(3h+1) Vi (lfL+1)>
= h \S,a

h=1 (s,a)eSx.A k=1 N}’f(s,a)\/l N}f(s,a)\/l

N Nk(s,a n —next,k" , 1.n
0 EHZ Z fi T sz (3,00 Sy (Vi (sf) = Vi )
< I = s.a kdj (s, a)
ﬂ* N(sa) « —next,k™ , 1n
Z [1(a = 7*(s dj <Vh+1<3h+1) Vit (’fi+1)>
kd (s, a)

(s a)ESXAk 1

2/\~
HME

i K dp(s,0) Sn ) (Vi (k) = Vo b)) [ K (0=
VGRS S 3 <kd2<s,; +>JZ >y e

5,0)€Sx A k=1 h=1 (s,a)eSx A k=1

h=
=l A7 (s, a) & 1N}If(s’a) kn(s,a) Lk kn(s,a)
h ) * s,a —-next,k™ n(s,a
S VH2SCHS Z Z 4% (s, a) Zg (Vthl( Shr ) = Viasl (Spiq) )>
h=1(s,a)eSx.A h k=1 n=1
. H K a0k k K
(11) / * dh (Shaah) k 1 —next,k
= VH25C*? Z 4" (s, ak) by Z ?(Vthl Vi)
h=1k=1 ~h\"R>"h k'=k
H K *
dg (SQ,QZ)P]f —>next,k
< VH2S8C* A ZZW(V’LA_V"“ ). (B.125)
h=1k=1 h\"h> "R
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Here, (i) follows from the fact i ! Wi <z dug(b ) (cf. Lemma 27); (ii) follows from the definition of
n(s,a h(s,a

C™* in Assumption 1; (iii) invokes the Cauchy-Schwarz inequality; (iv) can be obtained by regrouping

the terms (the terms involving (V5,4 V?fﬁ ) associated with index k will only been added during

episodes ¥ =k, k+1,--- | K).
With this upper bound in hand, we further decompose

H . K : HE g (s a)PE e
Y. > di(sa)), NJ( ) NGy vtk S VE SCHA 1YY s (Vi = Vi)
k=1

,u
h=1 (s,a) ESx A h=1 k—1 dj, Shaah)

< vise, | Yoy ) AN

=i dalsian)

H K
VH2SC* 4 ZZ Z dTr (s,a)Ph 5.4 (V,:_H - VIZH)

h=1k=1 (s,a)eSxA

\/ﬁ T* _dﬂ-*( h’az) k * _*k
+VH25C* ZZ N dr(s,a)Phga — Ok ph (Vh+1 Vh+1).

H k
h=1 k=1 \(s,0)eSx A d(shyaf) "

(B.126)

Here (i) holds due to the following observation: denoting by m the index of the epoch in which
episode k occurs, we have

next,k m,1 m—1Vv1 =k
Vid = Vh(+1 ) > VifJ(rl VI = Vit (B.127)

which invokes the monotonicity of ViF,, in (4.37). In addition, (ii) arises from the Cauchy-Schwarz
inequality.

Step 2: controlling the first term in (B.126). The first term in (B.126) satisfies

H K
2 X (s s (Vi = Vi) = 3
=1k=1

- . —k
= Z dp (Sva)<Ph(' |'s,a), Visyy — Vh+1>
(s,a)eSxA
i)

h=1k=1 (s,a)cSxA

K

2

K X .

Z Z ha1(s s) (Vh*+1(3/) - Vh+1(3/)>
k=1s ES

—

>

h=1
(ii H . .
Y ) ) (Virea(s) = Vit (9))
h=1k=1seS
(iii)
< HK 4+ H®SC*, (B.128)
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where (i) holds due to the fact }- ,yesxa d7" (s,a)Pu(-| s,a) = d;{jrl(.), (ii) comes from the same
argument employed to establish (B.119), and (iii) follows from (B.96).

Step 3: controlling the second term in (B.126). We shall invoke Lemma 29 for this purpose.
To proceed, let

* —k
Wio(s,a) =Viy = Vi, Ca= 1, (B.129)
which satisfies
HW}?H(S’G)H < H = Cy.

Applying Lemma 29 with (B.129) yields, for all h € [H|, with probability at least 1 — ¢

K *
* dr (sk, ak —k
S| X P G| (v - V)
k=1 \(s,a)eSxA hA\"h> =k

K
§ Xk
k=1

3 2 2H 2H
< ;8030* > A (s,0)Pasa [WE,(5,0)] 10g7+20d0*cwlog7

(s,a)eSxA

A

K
2H — 2 2H
C*log 5 E E  d;(5,0)Phsa (Vh*ﬂ - V§+1) + HC” log 5
k=1 (s,a)eSxA

2H K 5 2H

A\ Crlog == | H2+) > di*(5,0)Pusa (Vi — Viliy)” | + HC log =
k=1 (s,a)eSxA

(i) 2H 2H

< \/C’*log(S (HK + HSSC*.) + HC*logT

SVHC*Ku+ H3VSC*.. (B.130)

Here (i) follows from the same routine to arrive at (B.119), and (ii) comes from (B.96). As a result,
the second term in (B.126) satisfies, with probability at least 1 — 4,

H K .
- di” (sp,ap) Py \ (e ok
> > df(s,0)Prsa — T (sEab) (Vh—H - Vh+1>
h=1k=1 \(s,0)eSxA h\Sp> g,

s * A ()P (e 70 | < VIBETR . HAWSO
é Z Z Z dh (S, CL)P]—%S’a - W <Vh+l - Vh+1) ~ H C L+ L.

(B.131)
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Step 4: combining the results. Finally, inserting (B.128) and (B.131) into (B.126), we arrive
at

Z Z dwsaz Nk

h=1(s,a)eSxA

S VH2SC*A\/HK + HSSC* + VH25C* /A \/ VH3C*Ku + H4WSCx

S VH3SC*Kut + H'SC*® + VH2SC* A \/ HEK + H*SC* SVH3SC*K* + H*SC*/?,

(B.132)
where the last two inequalities follow from the Cauchy-Schwarz inequality.
B.3.3.6 Proof of inequality (B.111)
Recall the expression of G}, i, in (B.108) as
NFE(s,a) n 2 Nk(s,a) n
G2 — St (Ve (shin) _ (Zn;1 Vh*ﬂ(sﬁﬂ))Q
NF(s,a) V1 NF(s,a) V1
( a) n NFE(s,a) n
_ Zn 1 Pk (Vh+1) _ (Znhl Pf]f V}:(—i-l)Q (B.133)
NF(s,a) V1 Nf(s,a) V1 ' '

To continue, we make the following observation

Gh,k § {}Gi%,k — Varh757a(v;:+1)| + Varh7s7a(Vh*+1)}1/2

* 1/2 *
< [G3 . = Varnea (Vi) + /Varssa (Vi) (B.134)

due to the elementary inequality va? + b2 < a+ b for any a,b > 0. Here, we remind the reader that
Varh,sya(V,jH) = Ph,s,a(V}:+1)2 — (Ph’s,aV,j+1)2 (cf. (B.51)). This allows us to rewrite

H

K
Z Z dz*(s,a)z M;Gh,k

h=1(s,a)€Sx.A k=1 h(s’ a) V1

K ‘Gh k — Vary, ,8 a h+1 ‘ K Vary, V )
Z Z Z Z Z Sa h+1
= ai (s.a) NF(s,a) V1 di (s.a) NE(s,a)v1’

h=1 (s,0)eSx A =1 h=1 (s,a)eSx A -1
(B.135)

leaving us with two terms to cope with.
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Step 1: controlling the first term of (B.135). By definition, we have

2
- Ph,s,a(vi:+1)2 + (Ph,S,aVi:-s-l)

n Nk(s,a n
G Vo = [ P V) —(Z”ii o )’
5 »S,a -

NF(s,a) v 1 NF(s,a) V1
Ni(s.a) pgn 2 Np(s,a) ppn
< Donti Pl’f (Vl;rl) — Phsa(VED 2 nt1 P}]f Vl;ﬂ)z _ (Ph vV )2
- N}f(s, a) V1 S Thtl N}f(s, a) V1 S thtl
En 1 P (Vh+1) E P Vit
< — Phsa(V +2H L PrsdVicl, B.136
- N}'f(s,a)\/l hsal hH) Nk(s a)V1 husia Tt ( )
where the last inequality holds due to
NEF(s,a) Hpn NE(s,a) Hpn NF(s,a) pn
(Zn 1 Pk Vh+1> (Ph vV )2 _ P Pk Vh+1 VR D ont Pilf Vif+1_i_ PhsaVit
NF(s,a) V1 Sathr NF(s,a) V1 Satht NF(s,a) V1 sathtl
NF(s,a) n
2 PPV
< 2H Zn—l h h+1 . Ph’s,av}:_t'_l )

- NE(s,a) v 1

We now control the two terms in (B.136) separately by invoking Lemma 24. For the first
term in (B.136), let us set

Wi, = (V,f+1)2 , and ul (s,a,N) = = Oy, (B.137)
which indicates that

IWisilleo < H? = Cy, (B.138)

Applying Lemma 24 with (B.137) and N = N, ,’f =N, ,’f(s, a), with probability at least 1 — g, we arrive

at
1 Ny i o k )
W;(Ph = Prea) (Vi) = Z;X <s,a,h,Nh>
gar | Ca SAT
< \/E nz::luh"(s,a,N}f)Varh,s,a(Wfil) + <CuCW + N,’;v10w> log? -
o

SRY S S PR ARy R Y -
NFVI\|Z= Nfv1 Wi NEv1™ NFv1
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Similarly, for the second term in (B.136), with W} 41 = V1, we have with probability at least

1- 8,
Nk
1i(Pn—Ph )V* < H/? ; (B.140)
N}'f(s,a)\/l — h Sa) Thl e Nf’f(s,a)\/l
n=1
Inserting (B.139) and (B.140) back into (B.136) yields
1
G? Va V; H*? | —— . B.141
‘ hk rhsa( h+1)‘ N}’f(s,a)\/l ( )
Consequently, the first term in (B.135) can be controlled as
i K67 - Vana(iey)| i I
> Y daXy emy ¥ @
NF(s,a) V1 ~ k i
h=1(s,a)eSxA k=1 hA™ h=1(s,a)eSxA k=1 (Nh (s, CL)) V1
< HXA(SC*)1K 1.2, (B.142)

where the last inequality holds due to (B.100).

Step 2: controlling the second term of (B.135). The second term can be decomposed as

H K
. Vary, s.qa(Vi¥, )
dﬂ' , 19y +1
2 2 WO A TR v

h=1 (s,a)eSxA k=1

A C*ud™" (s,a)Vary s o(V* ;)
S>> D e (a = i ()

i H K
* 1
< VO Z Z dr( saZVarhsa h+1 Z Z%]I ))
h=1(s,a)eSx.A k=1 h=1(s,a)eSxA k=1
H
SVHSCK? Y > di(s,a)Var .0 (ViE,), (B.143)

h=1 (s,a)eSxA

where (i) follows from the facts NFGs a)Vl < kdf(; ) by Lemma 27 and the definition of C* in
Assumption 1, (ii) holds by the Cauchy-Schwarz inequality, and the final inequality comes from the

fact that 7* is deterministic.
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We are then left with bounding Zle 2 (s.a)eSx A dr (s, a)Varp s o(V, ;). Note that

H

Z Varh7sh,W;(sh) (Vh*—i-l)
h=1

T* * _
Z Z dh (Sa a)varhﬁ,a(vh—i-l) - ESlNP,ShHNPh,Sh,W;L(Sh)
h=1 (s,a)eSx.A

H
2
= E 1~p»sh+1NPh »Sh 7Th(5h [Z Th Sh’ Trh(sh)) + Vh-‘rl (Sh+1) Vh (Sh)) ]

h=1
(i) = i
11
= ESlNP,ShHNPh,Sh,W;L(Sh) [Z Th(sh, Th(sK)) + Vh+1(5h+1) Vi (Sh))]
(iii) =l ? (v)
= Es1psh 1P g ok (s) ZTh shTh(sn)) | —Vif(s1)| < H, (B.144)
h=1

where (i) follows from Bellman’s optimality equation, (ii) follows from the Markov property, (iii)
holds due to the fact that V;_ ;(s) = 0 for all s € S, and (iv) arises from the fact r5(s,a) < 1 for all
(s,a,h) € S x A x [H]. Substituting (B.144) back into (B.143), we get

K

H
Y @Y M<\/H3SC*KL2 (B.145)

h=1(s,a)€Sx A —~\ Ni(s,a)V1

Step 4: combing the results. Combining (B.142) and (B.145) with (B.135) yields

K
2 TKT,2 *
Z >ody sa; N,’;sav th<H(SC*)4 1,2 + VH3SC*K .2

h=1 (s,a)eSx A
SVH3SC*K 2 + H*5SC*.3. (B.146)

B.3.4 Proof of Lemma 30

In view of (B.69), we can decompose the term of interest into

N}’f(s,a) Nk( :
‘ Z "y | < Uil + |Us,
n=1
where
N~ NE (e k"
Ul = Z Tn (Ph - Phus’a) (Vh+1 Vh+1) (B147a)
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(m™,1) .
Ny ki

N¥ =N 4 Py —
. h .
Us = Tn Prsa szo’mn_l(s, V1 Vit (B.147b)

n=1

k
Nh

Next, we turn to controlling these two terms separately with the assistance of Lemma 24.

Step 1: controlling U;. In the following, we invoke Lemma 24 to control Uy in (B.147a). Let us

set
WZH = VZH - V;fH, and u%(s, a,N) = 77N}'1 >0,
which indicates that

Whitllo < [Visilloo + IVisillo < 2H = Cy,

and

max n%i (s.0) < =: (. (B.148)
N h.s.a€ ({0}U[K]) x [H]xSx A "

Here, the last inequality follows since (according to Lemma 1 and the definition in (4.16))

2H 4
N : .
T]N;L(S’G)SN\/17 if 0 < Njp(s,a) < N,
n]]:ffi(s,a) =0, if Ni(s,a) > N.

To continue, it can be seen from (4.17) that
N N
0< > uphs,a,N) =3 n) <1 (B.149)
n=1 n=1

holds for all (N, s,a) € [K] x S x A. Therefore, choosing N = Nf(s,a) = N} for any (s,a) and

applying Lemma 24 with the above quantities, we arrive at

Nk X k
‘Ul, = Z Th]th (P}]fn - Ph,s,a) (V]:L+l - th-:-ll) = Z X’L (87 a, h7 N;f)
n=1 i=1

N

N
AT | & 3 AT
C,, log? ST Sl (s, a, NF)Vargso (WEL) + (cucw n NCV ch> log? ST

n=1
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H? Nk n H?2.2
= w22 Varsa (Vi = VT + oy (B.150)
h n=1 h
H.2 Nk Nk H7/4L2 H2L2
< vk (5 a) — (2N (s 0))? + + . B.151
~ \/N}]f\/l Uh ( ) ) (:uh ( ’ )) (Nf]f\/l)g/zl N}]f\/l ( )

with probability at least 1 — 0. Here, the proof of the inequality (B.151) is postponed to Ap-

pendix B.3.4.1 in order to streamline the presentation of the analysis.

Step 2: bounding Us. Making use of the result in (B.53), we arrive at

(m™,1) ) (m™,1)
N, i N, —next,k’
Pk n_ PF'V
Zz N(m -1, 1)+1 h —kn ZZ N(m 11)_H h h+1
rrepo,m™—1 h+1 — epo,m"—l
Ny (s,a)Vv1 N, (s,a) V1

To continue, for any (s,a) € S x A, we rewrite and rearrange Uy (cf. (B.147b)) as follows:

(m™,1)
iy P
NE =N k"
_ h
Uy = § n Prsa— ~epo,m’ 1 Vh+l
— N> (s,a) V1
(m™,1) )
N i—next,k
NE L PFV
k __n _a7(mT—1,1) h h+1
Ny k =N, +1
= § n Ph ,8 avh+1

]/\\f;po’mnfl(s, a) V1

n=1
(m™,1) (m™,1)
N N i—next,k*
NF h P, h Pk %
Q) h N}’f Zi:Néran71’1)+1 h,s,aikn Zi:N}(I’7,Ln71’1)+1 h+1
= E Tin =~ n_1 h+1 — =~ n_1
— NP " (s,a) V 1 NP " (s,a) V1
(m™,1)
Nk N

—next,k’
Z ]’\}epo mn —1 a \/ 1 Z (Ph,s,a ) Vh+1
n=1""h =N

N (m +2, 1)/\Nk Nk
(ii) 77n —next,k’
- Z yepo,m™—1 Ph,s,a Vh+1

=1 N(m7'+1 Dy Nh (S’ a) vl

NE [ N2 AR NE
— 77n —next,k?
— Z Z NePO,m \/71 (Ph,s,a ) Vh+1 )

i=1 7N(m +1, 1)+1 h
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where (i) follows from the fact that N(m 1) N}(Lmnfl’l) = NP (s, q), and (i) is obtained by

rearranging terms with respect to ¢ (the terms with respect to V;i(;’ki will only be added during the
epoch m® + 1), and the last equality holds since m"™ — 1 = m’ for all n = N}(Lmzﬂ’l) + 1, N}(Lmurl’l) +

(m?4-2,1)
2,N, :
With the above relation in mind, we are ready to invoke Lemma 24 to control Us. To continue,

for any episode j < k, let us denote by m(j) the index of the epoch in which episode j happens
(with slight abuse of notation). Let us set

ngm(j)+2’1)/\N
T-hext,)

N
J = 1

Wi, =V’ and  ul(s,a,N) = 2 Nep°’m(j)n .

=m0 g N (s,a) V1

As a result, we see that

next

HWleJrlHoo < ||Vh+1’]Hoo <H=~0Cy
and the following fact (which will be established in Appendix B.3.4.2)

(m(3)+2,1)
N, AN N 64 9

Ogui(s,a,N): Z — . <
AT ]\[}‘jpo,m(J)(s7 a) V1 NV1

= C, (B.152)

holds for all (4, h,s,a) € [K] x [H] x S x A with probability at least 1 — 4.
Given that N = N ,’f(s, a)=N ,’f, applying Lemma 24 with the above quantities, we can show
that for any state-action pair (s,a) € S X A,

NE [ NERD AN NE

U5 = |3 3 ot (ths,a )v?ﬁﬁ’“ = zk:Xj (s,a,h,N,’f)

Ngpom' v 1

=1 n:N}(lmi+1,1)+1 7j=1
sar |V C SAT
Culog? 2= | 3" Ut (s, 0, N)\Vary o o (Wi 4 (CuCW -y 10W> log? 2
i—1
Nk
L3 next,k? HL3
S Var \% —_
\/NT\/I NkVIZ woa (Vi )+N,’§v1
& £ VK 41 £ 1A 11 2 Hi3
N \/N}’f v 1\/‘7;16 (s,a) = (1y (s,a))” + W- (B.153)

To streamline the presentation of the analysis, we shall postpone the proof of (B.153) to Ap-
pendix B.3.4.3.
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Step 3: summing up. Combining the bounds in (B.151) and (B.153) yields that: for any
state-action pair (s,a) € S x A,

N} (s,a)

Z Nk (safkn

n=1

< |Ui| + |Uq|

H? \/ dv kK 41 dvkVh 41 2
< o9 + (8 a) _ ('ua v, + (S a))
~ k h 9 h 3
\/Nh V1

v \/reka'iH ref kA 41 2 H/42 H?%.2
+ ’ s,a) — ’ s,a +c +c
\/Nm ) = i o) e
— 1Nk 41 H/4.2 H?2.2
<B s,a)+ ¢ +c B.154
h ( ) b(N}’f\/1)3/4 bN}lf\/l ( )

holds for some sufficiently large constant ¢y, > 0, where the last line follows from the definition

BN
of BZ hH(s,a) in line 14 of Algorithm 6. As a consequence of the inequality (B.154), for any
(s,a) € S x A, one has

Nk

N}If k 7/4,2 2,2 h

N}’f En —kNh 41 H'7% H~. NE-k™+1
g <B s,a)+c +c < g "b ,
- 177n Sh| < B (s,a) b(N}]f\/l)3/4 bN}f\/l s 177n h

where the last inequality holds due to (B.62). We have thus concluded the proof of Lemma 30.

B.3.4.1 Proof of inequality (B.151)
To establish the inequality (B.151), it is sufficient to consider the difference
Nk

k™ dv, VA dv, VK
Wy = Znnhvarhsa(vh—i-l Vh+1) _U}az ’ h+1(saa) + (NZ ’ h+1<57a))2-

n=1

Before continuing, it is easily verified that if N¥ = N¥(s,a) = 0, the basic fact Zn 1M =0 leads
to Wy = 0, and therefore, (B.151) holds directly. The remainder of the proof is thus dedicated to
controlling Wy when NJf = NF(s,a) > 1. Recalling the definition in (B.51)

Varh,s,a(vhkﬂ - Vh+1) = Ph,s,a(Vh+1 Vh+1)2 - (Ph,s,a(vhﬂ Vh+1)> ) (B~155)

we can take this result together with (B.54) to yield

Nk Nf

N}’f kn —k" 2
Z n Ph sV = Vi)? =Y (Ph,s,a(VhH - Vh+1)>
n=1 n=1
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n —k" n —k"
<Z77nhph h+1 V1) ) Znnhph h+1 Vh+1)2

Nk
71{:1’1,
Znn Ph _Phsa)(vh-H Vh+1)2
n=1
::W11
Nk
x —n 2 h N}Ilc —n 2
(Zn” Py (Vs = Vh+1)) — 2. (Ph,sva(Vthl Vh+1)) : (B.156)
n=1
::W12

It then boils down to control the above two terms in (B.156) separately when N} = NF(s,a) > 1.
Step 1: controlling W}. To control W, we shall invoke Lemma 24 by setting
Wiir= Vi = Vi)’ and wh(s,0.N) =y 0 >0,
which obey
IWislloe < Vi % + Vi % < 2H? = G

Invoking the facts in (B.148) and (B.149), we arrive at

oH
Nv1i ¢
and
N
Z M9 0, NY <1, V(N,s,a) € [K] x S x A

Therefore, choosing N = N¥(s,a) = NF for any (s,a) and applying Lemma 24 with the above
quantities, we arrive at, with probability at least 1 — &,

Ny k
N]’C n —k™
W =) " (B = Prsa) (Vi = Vi)?| = D X (S,a,h,N;]f)
n=1 i=1
Nk
< 5 SAT |~ g ) o Cy o SAT
Cylog 5 Zuh (s,a, Nh)Varhvs’a(WhH) CuCyw + N\/lC log 5
n=1
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H N NE o kn 1o H3.2 H5 , H%?
< L MW < 12 + . B.157
~\ NFvi ;nn Wil N,’jv1” Nfv1l ~ Nfvl ( )

Step 2: controlling W2. Observe that Jensen’s inequality gives

Nk

Nk
(Znn Phsa(V}H_]_ Vh+1 ) Znn (Phsa(vh+1 Vh+1))27 (B158)
n=1 n=1

due to the fact Zn 1 77n

(see (4.17) and (4.16)). Plugging the above relation into (B.156) gives

_<Z77nhph Vi - Vh+1> (Zﬁn Phsa(Vits — Vh+1)>

Nk Nk
(Znn (PF" — Pusa) (Vi — V];L—H ) (Zﬁn (PF" + Phsa) (Vi — Vh+1)) (B.159)
n=1 n=1

Note that the first term in (B.159) is exactly |U;| defined in (B.147a), which can be controlled by
invoking (B.150) to achieve that, with probability at least 1 — 4,

Nk
7]{:71
‘E% Ph _Phsa)(vh+1 Vh—l—l)‘

H i Nk H?.2 H3.2 H?
< 2 "Var | +——< + L, B.160
~\ NV nzln" maa (Vi h“) NFvi~\NFv1 T NFva ( )

where the final inequality holds since Vary, 4, (th:1 —Vﬁ:l) < H? and the fact in (4.17). In addition,
the second term in (B.159) can be controlled straightforwardly by

Nk

Nk
‘Znn (Ph + Phsa) <Vh+1 Vh+1) ‘ < Zﬁn <H Hl + HPh,s,aH ) H h+1 VZ-‘FIHOO < 2H’
n=1 n=1

where we have used the fact in (4.17), ||V, — VZ:IHOO < H and HP{;’"HI = HP;%S@H
Taking the above two facts collectively with (B.159) yields

Hb5,2 H3 2
W S o+ o (B.161)
NFVI T NEVI
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Step 3: summing up. Plugging the results in (B.157) and (B.161) back into (B.156), we have

H5,2 H3.?
Wi <W WS [+
\ NFvi T NVl

which leads to the desired result (B.151) directly.

B.3.4.2 Proof of inequality (B.152)
To begin with, let us recall two pieces of notation that shall be used throughout this proof:
1. m(j): the index of the epoch in which the j-th episode occurs.

2. ]\Af;p(”m(s, a): the value of ]V,(lm’LmH)(s, a), representing the number of visits to (s,a) in the

entire m-th epoch with length L,, = 2™.
Applying (B.1) and taking the union bound over (m(j), h, s,a) € [M] x [H] x § x A yield

2mWdh (s, a)

ﬁ;po’m(j)(s,a) V1> (SAT)

B.162
8log ( )

with probability at least 1 — §/2.
For any epoch m, if we denote by kjast(m) the index of the last episode in the m-th epoch, we

can immediately see that
Flast (m ZL = 22’ gmtl _ g < gmHL (B.163)

Applying (B.1) again and taking the union bound over (m(j), h,s,a) € [M] x [H] x § x A, one can
guarantee that for every n € [N, N{mOFLD N(mu)ﬁ 1)] with probability at least 1 — /2,

N}(Lm(.])—"lvl) S n S N](Lm(j)+271) — N]]:last(m(j)'i_l)

om(i)+2 _ e22m+2ql (s,a)  if 2mF2dH (s, a) > log (24T)

< Nj .
2¢? log (247) if 2m0)+2dl (s, a) < 2log (24T)
(B.164)
Combine the above results to yield
]’\\fepo,m(j) (S (I) V1 (;) 2m(j)dﬂ(s a) (i) 1 n if 2m(j)+2 . dﬂ(s a) > lo (SAT)
h ’ = Blog(SAT) = 32¢Zlog( ALY 0\ @) =108

(B.165)

(111)
L n if 2m0)+2. d@l(s,a) < 2log (24T,

NP s, a) V121 2 gy
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where (i) follows from (B.162), (ii) and (iii) hold due to (B.164). As a result, we arrive at

N}(Lm(j>+2v1>/\N N;Lm(j>+2’1)/\N

Z 775 < Z 32¢2 log (S’?%T) 777];[
<$: 9 () -
nzN}(Lm(jHl’l)—i-l }eLpO " (57 a) vl nzN}(Lm(jHl’l)-}-l n
- i 32¢2 log (—SS‘T) nT]LV < 64e2 log (—S’;‘T)
- n - NvV1 ’

=N+

where the last inequality holds since SV Y < 1 (see Lemma 1).

zli—

B.3.4.3 Proof of inequality (B.153)

In this subchapter, we intend to control the following term

k

1 . next, k™ ref kA +1 ref kA 41 ?
Wo = NEU1 ZVarh’s,a (Vh+1 ) — | oy (s,a) — { mp, (s,a)
h n=1

for all (s,a) € S x A. First, it is easily seen that if N¥ = 0, then we have W5 = 0 and thus
(B.153) is satisfied. Therefore, the remainder of the proof is devoted to verifying (B.153) when
NF = NF(s,a) > 1.

Combining the expression (B.55) with the following definition

next, k"™ next, k™ next, k™
Varhsa (Vh+1 ) Phsa (V}H-l ) (Phsavh+1 ) ;

we arrive at

Nk
1 . next,k™ 2 —next,k" 2
Wo= g 2 (Prea () - (Praa?iS™)
h n=1
Nk 2
n ext, k™ n* ext, k™
N’“v1 th (V?L:l ) Zpk Vit
& 2 M ’ . M )
next, k™ —next,k™ next, k™
:]\WZ(Phys,a—P >(Vh+1 ) + Wz Vh+1 _]V;]f\/lZ(Phsavh-i—l ) .
n=1 n=1 n=1
::W21 ::W22

(B.166)

In the sequel, we intend to control the terms in (B.166) separately.
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Step 1: controlling W3. The first term W4 can be controlled by invoking Lemma 24 and set

1

2 )
Wh+1 = <Vzeﬁz) , and up(s,a,N) = ¥ = C.

To proceeding, with the fact

next,:

7 2 2
Wil < 7o < 2=

and N = N, }’f(s, a) =N, }’f, applying Lemma 24 with the above quantities, we have for all state-action
pair (s,a) € S X A,

k

ZXi (s,a,h,N;’f)

=1

W3] = kZ(Phsa Y (Vhes)| =

N (s,a)
SAT h n(s.a n(s.a Cu SAT
<4/Cy log? 5 u:h( ’ )(s,a, N)Varp, s 4 (W:ﬁr(l ’ )> + (CUCW +4/ NCW> log? 5

n=1
12 . H?2.2 H42  H?2.2
S/ wr vV IWaallse + S + : (B.167)
N,’f o N,’f N,’f N}’f

Step 2: controlling W2. Towards controlling W3 in (B.166), we observe that by Jensen’s

inequality,

K K\ 2
(L3 P2t ) < L 3 (Vi)

hnl hnl

Equipped with this relation, W22 satisfies

2 2
2 n—next,k™ —next, k™
W2 < Nk Z Ph Vh+1 - Nk Z P, ,8 thJrl
h n=1 h n=1
P | M
xt, k" xt, k"
= (ﬁ > (B = Pusa) Vi) - <W > (B + Pusa) Vit ) (B.168)
h n=1 h n=1

As for the first term in (B.168), let us set

~5hext,?

Wh+1 =V and u (s,a,N) = — = C,

1
N
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which satisfy

next,: H

Wil < Vi |l < H = Cy.

For any (s,a), Lemma 24 together with the above quantities and N = NF = N,’f(s, a) gives

k
n k™
NkZ(Ph Phsa)‘/?f:;
h n=1

NE(s,a
AT s,a n(s.a u SAT
<4/ Cu log? S(S Z k h( ) (s,a, N)Vary s q (W:ig ’ )) + <CuC’W + ”(];(VCW) log? 5
l (s, ]2
Wh+

with probability at least 1 — §. In addition, the second term can be bounded straightforwardly by

H.2 H212 H/2
S PN
NF NE TNE

k
Nh
next, k™

| (B + P Vi Z(\Ph"uﬁuph,s,aul) V3| <28,
Nh n=1 h n=1

next,k™ H

where the last inequality is valid since th 1 < H and HP,’Z‘:"

of the above two observations back into (B.168) yields

. = || Ph,s.al|, = 1. Substitution

H*4 H?
W3 < 12+ — /2
Nfv1® T Nfv1

(B.169)

Step 3: combining the above results. Plugging the results in (B.167) and (B.169) into (B.166),
we reach
7L 0

Wy < Wy + W35 <y [+ ———0%,
NFv1  Nfv1

thus establishing the desired inequality (B.153).
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Appendix C

Proofs for Chapter 5

C.1 Proof of auxiliary lemmas: episodic finite-horizon MDPs

C.1.1 Proof of Lemma 13

a €l usS begin provin € claim (9. aj). eca. rom our construction tha 1S compose
Let us begin by proving the claim (5.11a). Recall f truction that DU i d

of the second half of the sample trajectories, and hence for each s € Sand 1 < h < H,

K

N (s)= > 1{s}=s}

k=K/2+1

can be viewed as the sum of K/2 independent Bernoulli random variables, each with mean db (s).

According to the union bound and the Bernstein inequality, we obtain

P{H(s,h)eSx[H]: Nﬁ“x(s)—gdg(s) zr} < Y P{’Nﬁ“X(s)—IQ{dﬁ;(s) 27}
s€S,he[H]|
72/2
< 2SH -7
<25 exp< vs7h+7/3>

for any 7 > 0, where

Kdy(s)(1 - dB(s)) _ Kd(s)
2 - 2

Vg p = gVar(]l{sz = s}) =

A little algebra then yields that with probability at least 1 — 24, one has

H 2 H H H
< \/4vsp logTS + 3 logTS < \/QKd‘;L(s) logTS + log TS (C.1)

simultaneously for all s € § and all 1 < h < H. The same argument also reveals that with

« K
Ni¥(s) — S (s)

probability exceeding 1 — 24,

HS

H
< \/2Kd2(s) log—S + log — (C2)

main K
M) - k(e 'S og .
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holds simultaneously for all s € S and all 1 < h < H. Combine (C.1) and (C.2) to show that

| N[ (s) — N3¥(s)| < 2\/ 2K dp(s) log }{SS +2log h;s (C3)

forallse Sandalll1 <h<H.

To establish the claimed result (5.11a), we divide into two cases.

o Case 1: N7"(s) < 100log HTS. By construction, it is easily seen that

Nf™(s) = max {Naux 10\/ N2%%(s) log f.;S , o} =0 < Nn(s). (C.4)

o Case 2: NP"™(s) > 1001log %. In this case, invoking (C.1) reveals that

%dlbz(s) + \/2Kd2(8) log HTS + log HTS > N]E:UX(S) > 100 log HTS’

and hence one necessarily has
H H
Kd?(s) > (9v2)?log TS > 1001og TS (C.5)

In turn, this property (C.5) taken collectively with (C.28) ensures that

HS HS K

d?(s) — \/Qde( )log — — log — > ﬂz b(s). (C.6)

K
NaUX >
()_2 0 o

Therefore, in the case with N2"*(s) > 100 log %, we can demonstrate that

N (s) = max {Ng“X(s) - 10\/ N29%(s) log HTS 0} = NZ"(s) — 10\/ N29%(s) log HTS
(i)
< Na”X \/de log—s < Np™(s) — {2\/2Kd2(s) log h;S + 2log 11;5’}
(iii)
< Nmam( ), (C.7)

where (i) comes from Condition (C.6), (ii) is valid under the condition (C.5), and (iii) holds
true with probability at least 1 — 2d due to the inequality (C.3).

Putting the above two cases together establishes the claim (5.11a).

(b) We now turn to the second claim (5.11b). Towards this, we first claim that the following bound
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holds simultaneously for all (s,a,h) € S x A x [H| with probability exceeding 1 — 26:

Ni™(5,0) > NiT™ () (a | 5) - \/ AN (s)rha o) log =5 —log 5 (C8)

Let us take this claim as given for the moment, and return to establish it towards the end of this

subchapter. We shall discuss the following two cases separately.
o If Kdf(s,a) = Kd(s)m2(a|s) > 1600log £ then it follows from (C.6) (with slight modifi-

cation) that

KH
d?(s) > 4001og —— (C.9)

K
Ni™(s) =

This property together with the definition of Nf™(s) in turn allows us to derive

KH

KH K, K

NEm () > N2¥™(s) — 10\/ N (s) log —— >

K
8

v

and as a result,

KH

K
dy(s)mp(as) = gdg(&a) > 200log ——,

rim K
Ny (s)nhlals) =

where the last inequality arises from the assumption of this case. Taking this lower bound

with (C.8) implies that

KH

: K KH
N}tlrlm((g’ a) > dz(s,a) — \/2d2(3, a) log T — log T

\%
| X oo| X

KH
d®(s,a) — 2\/Kd2(s, a)log —

o If KdZ(s, a) <1600 log %, then one can easily verify that

K KH :
gd,ti(s,a) — 5\/Kd2(s, a) log 5 <0< Nifm(s,q).
Putting these two cases together concludes the proof, provided that the claim (C.8) is valid.

Proof of inequality (C.8). Let us look at two cases separately.

o If Nf"™(s)mP(a|s) < 4log £ then the right-hand side of (C.8) is negative, and hence the
claim (C.8) holds trivially.
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e We then turn attention to the following set:

KH
Alarge = {(s,a,h) €S xAx ‘ Nfrim( (a|s) > 4log 5 } (C.10)

Recognizing that

> Ny (s)mp(als) = Y Ni™(s) Y mp(als)= Y Ni™(s)

(s,a,h)ESXAX[H] (s,h)ESX[H] acA (s,h)ESX[H]
aux KH
(s,h)ESX[H]

we can immediately bound the cardinality of Aj,ge as follows:

Z(s,aﬁ) N;Lrim(s)wlbz(a ’ S)
4log %

| Alarge| < < KH)2. (C.11)
Additionally, it follows from our construction that: conditional on Nff™(s), N/"3"(s) and the
high-probability event (5.11a), Nf™(s, a) can be viewed as the sum of min { Nf"™(s), N"@i(s)} =
Nfim(s) independent Bernoulli random variables each with mean 7j,(a | s). As a result, repeat-
ing the Bernstein-type argument in (C.28) on the event (5.11a) reveals that, with probability
at least 1 —26/(KH),

NimM(s a) > NF™(s)7P(a | s) — \/4N,§”m(s)7r,g’(a | s)log K(SH —log K5H (C.12)

for any fixed triple (s, a, h). Taking the union bound over all (s,a,h) € Ajage and using the
bound (C.11) imply that with probability exceeding 1 — ¢, (C.12) holds simultaneously for all
(57 a, h) € Alarge-

Combining the above two cases allows one to conclude that with probability at least 1 — §, the
advertised property (C.8) holds simultaneously for all (s,a,h) € S x A x [H].

C.2 Proof of auxiliary lemmas: infinite-horizon MDPs

C.2.1 Proof of Lemma 14

Before embarking on the proof, we introduce several notation. To make explicit the dependency on

V', we shall express the penalty term using the following notation throughout this subchapter:

. cp log ﬁ 2¢p log ﬁ 1 5
b(S;a; V) = mln{max{\/wVarﬁsya(V% (1 —’Y)N(S,az)}’ 1 — 5 + N (013)
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For any Q, Q1, Q2 € R4, we write
V(s) = max Q(s,a), Vi(s) = max Q1(s,a) and Va(s) = max Q2(s,a) (C.14)
for all s € §. Unless otherwise noted, we assume that
Q(s,a),Q1(s,a),Q2(s,a) € [0, 1_17} for all (s,a) €e S x A
throughout this subchapter. In addition, let us define another operator ’ﬁe obeying
ﬁe(Q)(s,a) =r(s,a) —b(s,a; V) + ’yﬁs,av for all (s,a) e S x A (C.15)
for any Q € R54. Tt is self-evident that
Toe(Q)(5,a) = max {Tpe(Q)(5,a),0}  for all (s,a) € S x A. (C.16)

~v-contraction. The main step of the proof lies in showing the monotonicity of the operator ’7~Be

in the sense that

Toe(Q) < Tpe(Q)  for any Q < Q. (C.17)

Suppose that this claim is valid for the moment, then one can demonstrate that: for any @1, Q2 €
RSA,

Toe(@1) — Tpe(@2) < Tpe(Q2 + 11Q1 — Q2llocl) — Tpe(Q2), (C.18a)

Toe(Q1) = Tre(Q2) > Toe(Qa — Q1 — Qallool) — Tpe(Q2), (C.18b)

with 1 denoting the all-one vector. Additionally, observe that
Varp | (V)= Varlgs’a(V +c-1) and hence b(s,a; V) =b(s,a;V +c¢-1)
for any constant ¢, which together with the identity Pl1=1 immediately leads to

[ Toe(@2 = 101 = Qalloe) = Toe(@2)]|_ <3| P(1Q1 = @allc)|_ =101 — @2l
[ Toe (@2 + 1101 = Qalloc) = Toel@2)]|_ <3| P(1Q1 = Qalloc) | _ = 71@1 - @2

Taking this together with (C.18) yields

[ Toe(@1) = Tpe(@2)]]. < YQ1 — Qalocs
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which combined with the basic property H’]A;e(Ql) - ﬁe(Qg) HOO < Hﬁe(Ql) - ﬁe(Qg)Hoo (as a result
of (C.16)) justifies that

|Toe(@1) = Tre(@2)]| o, <71@1 — Qall- (C.19)
The remainder of the proof is thus devoted to establishing the monotonicity property (C.17).

Proof of the monotonicity property (C.17). Consider any point @ € R54, and we would like
to examine the derivative of 7~;,e at point (). Towards this end, we consider any (s,a) € S x A and

divide into several cases.

cp log N 2¢p, log ﬁ

o Case 1: max{\/WVarﬁsvu(V), (1—7)1\7(500} > ﬁ In this case, the penalty term
(C.13) simplifies to
1 5

b(s,a; V) = —— + —.
(S,CL,V) 1_')/+N

Taking the derivative of ﬁe(Q)(s, a) w.r.t. the s’-th component of V' leads to

0(Toe(@Q)(s,0)) _ 0(r(s,a) = 5 +7PsaV)

ovis) av (s) =P 5,a) 20 (6.20)
for any s’ € S.
b 1ogﬁ 2cp, logﬁ 1 . .
o Case 2: WVarﬁsa(V) < TG < T The penalty (C.13) in this case
reduces to N
b(s,a; V) = 2 logm >

(- )N(,a) N
an expression that is independent of V. As a result, repeating the argument for Case 1
indicates that (C.20) continues to hold for this case.

2 log — N log —N
o Case 3: % < \/WVarﬁsﬁa(V) < ﬁ In this case, the penalty term is given
by

¢ log liv 5 5
b(S, a; V) = \/MVarﬁm(V) =+ N

Note that in this case, we necessarily have

4cp log (17#5
Var s > 7)
2. () 2 TN s )
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which together with the definition in (1.7) indicates that

R N 4cyp, log N
2 (1—7)0
P (VoV)— (PsV)" > - 7)2N(z 2

> 0. (C.21)

As a result, for any s’ € S, taking the derivative of b(s,a; V) w.r.t. the s’-th component of V/

gives
) 2
ab(s a; V) Cb log (1 8\/-Ps a Vo V) (Ps,av)
V(s oV (s')
/cblog(l 7(sP s'|s,a)V )f(ﬁsaV)]S(s’]s,a)
(s,0) \/P (VoV) - (Py,V)?

‘b 1°g (=0 7 s's,a)V(s)
(s,a) \/P (VoV) = (P,V)?

< S =P |5, 0)V(s) < 7P(s' |,0),

where the penultimate inequality relies on (C.21), and the last inequality is valid since

V(s') = max, Q(s',a) < ﬁ and v > 1/2. In turn, the preceding relation allows one to derive

9(Toe(Q)(5,a))
Vv (s')

Ob(s,a; V)

— Dl _
=~P(s'|s,a) W(s) =

for any s’ € S.

Putting the above cases together reveals that

0(Tpe(Q) (5, a))
oV (s')

>0 for all (s,a,s') €eSx Ax S

holds almost everywhere (except for the boundary points of these cases). Recognizing that ﬁe(Q)

is continuous in @ and that V is non-decreasing in (), one can immediately conclude that
Toe(Q) < Toe(Q)  for any Q < Q. (C.22)

Existence and uniqueness of fixed points. To begin with, note that for any 0 < Q < ﬁ -1,
one has 0 < ’ﬁe(Q) < ﬁ - 1. If we produce the following sequence recursively:

QW =0 and QU =T, (Q"W) forallt>0,
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then the standard proof for the Banach fixed-point theorem (e.g., Agarwal et al. (2001, Theorem
1)) tells us that Q) converges to some point Q(*) as t — co. Clearly, Q(>) is a fixed point of ﬁe
obeying 0 < Q(*°) < ﬁ - 1.

We then turn to justifying the uniqueness of fixed points of Tpe. Suppose that there exists
another point C~2 obeying C~2 = 7A;e (@), which clearly satisfies @ > 0. If H@Hoo > ﬁ, then

191l = 175e (@)l < li7lloe + 7IP[IQll < 1+IQll < 4 =M@l + 7€l = 19l

resulting in contradiction. Consequently, one necessarily has 0 < @ < ﬁ - 1. Further, the

~-contraction property (C.19) implies that

10 = QP = 75e(Q) = Toe (@) [« < 7@ - Q||

Given that v < 1, this inequality cannot happen unless @ = (Q°°, thus confirming the uniqueness of

Q.

C.2.2 Proof of Lemma 15

Let us first recall the monotone non-decreasing property (C.17) of the operator 7~;e defined in (C.15),
which taken together with the property (C.16) readily yields

Toe(Q) < Toe(Q) (C.23)

for any @ and Q obeying @ < Q,0<Q< ﬁ land0< Q< ﬁ -1 (with 1 the all-one vector).

Given that @0 =0< @;‘,e, we can apply (C.23) to obtain
Q1 = Toe(Q0) < Toe(Qpe) = Qe
Repeat this argument recursively to arrive at
@T < @;e for all 7 > 0.

In addition, it comes directly from Lemma 14 that

[T (Qr—1) = Toe(@3)]].. < VN @ro1 — Qe

~ A*
1Qr — Qell

< <7Qo - 5l
/YT
< (C.24)
L=y
for any 7 > 0, where the last inequality is valid since Qo = 0 and H@;e”oo < ﬁ (see Lemma 14).
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The other claim (5.38) also follows immediately by taking the right-hand side of (C.24) to be no
larger than 1/N.

C.2.3 Proof of Lemma 19

Nd°(s,a)
2

For any (s,a) € S x A, if = < 2log SN then it is self-evident that this pair satisfies (5.69).

As a consequence, it suffices to focus attention on the following set of state-action pairs:

8log SN
Marge = {(S,G) ’ db(s,a) > ]gvé} (0.25)

To bound the cardinality of Marge, we make the observation that

8log STN b N
Vg 22T < S B Y deas,
(57a)eMarge (S,G)GSX.A
thus leading to the crude bound
N N

|Marge| < STog 5 << (C.26)

Let us now look at any (s,a) € Marge. Given that N(s,a) can be viewed as the sum of
N independent Bernoulli random variables each with mean d°(s,a), we can apply the Bernstein

inequality to yield

p{ ‘N(s,a) - Ndb(S,a)‘ > T} < 2exp <‘v72+/27/3>

for any 7 > 0, where we define
Vsq = NVar(]l{(si,ai) = (s,a)}) < Nd®(s,a).

A little algebra then yields that with probability at least 1 — ¢,

N(s,a) — Ndb(s,a)‘ < \/4v57alog§ + §IOg§ < \/4Ndb(s,a) log% + logg. (C.27)

Combining this result with the union bound over (s, a) € Marge and making use of (C.26) give: with

probability at least 1 — ¢,

N(s,a) — Nd®(s, a)‘ < \/4Ndb(s, a) Iog% + log% (C.28)

holds simultaneously for all (s,a) € Marge. Recalling that N d®(s,a) > 8log % holds for any
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(8,a) € Marge, we can easily verify that

N

b
N(s,a) > Nd®(s,a) — <\/4Ndb(s,a) log% +1og 5) 5 Nd'(s,a)

2, (C.29)

thereby establishing (5.69) for any (s,a) € Narge. This concludes the proof.

C.2.4 Proof of Lemma 20

If N(s,a) =0, then the inequalities hold trivially. Hence, it is sufficient to focus on the case where
N(s,a) > 0. Before proceeding, we make note of a key Bernstein-style result; the proof is deferred
to Appendix C.2.4.1.

Lemma 31. Consider any given pair (s,a) € S x A with N(s,a) > 0. Let V € R be any vector

independent of ]357(1 obeying ||V || < ﬁ With probability at least 1 — 465, one has

R 48Vars (V)log & 481log &
Pua 5 %85
B PVl < , .30
|(Ps, sa) V| < \/ N(s,a) + (1—7)N(s,a) (€30
5log%
3(1 - 7)2N(87a)

Varg (V) < 2Varp,, (V) + (C.30Db)

Remark 8. In words, Lemma 31 develops a Bernstein bound (C.30a) on ‘(]38@ — PM)V‘ that
makes clear the importance of the variance parameter. Lemma 31 (cf. (C.30b)) also ascertains that
the variance w.r.t. the empirical distribution ]33,(1 does not deviate much from the variance w.r.t. the

true distribution P ,.

Equipped with this result, we are now ready to present the proof of Lemma 20, which is built

upon a leave-one-out decoupling argument and consists of the following steps.

Step 1: construction of auxiliary state-absorbing MDPs. Recall that M is the empirical
MDP. For each state s € S and each scalar u > 0, we construct an auxiliary state-absorbing MDP
M5U in a way that makes it identical to the empirical MDP M except for state s. More specifically,
the transition kernel of the auxiliary MDP M®% — denoted by P®% — is chosen such that

P5%(5|s,0) =1(5=s) for all (s,a) € S x A,
PsU(-|s',a) = P(-|,a) for all (s',a) € S x A and 5" # s;

and the reward function of M** — denoted by r®* — is set to be

r¥(s,a) = u for all a € A,

r*U(s’ a) = (s, a) for all (s',a) € S x A and s # s.
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In words, the probability transition kernel of M is obtained by dropping all randomness of ]38@
(a € A) that concerns state s and making s an absorbing state. In addition, let us define the

pessimistic Bellman operator ﬁseu based on the auxiliary MDP M® such that
ﬁ‘i}“(@)(s, a) = max {rs’“(s, a) +yPoV = b7 (s, a5 V), O} (C.31)

for any (s,a) € S x A, where the penalty term is taken to be

s ) cblogﬁ 20blogﬁ 1 5
b (S’“’V"mm{m&"‘w eV b T

(C.32)

Step 2: the correspondence between the empirical MDP and auxiliary MDP. Taking

. 2¢p log % 1 5
f= (1) i = y C.33
w=(1-7) pe(8)+mm{(1—7) max, N(s,a)’ 1 —7~ + N ( )
we claim that there exists a fixed point @’S‘u* of Apse’u* whose corresponding value function ‘z*u*

coincides with V. To justify this, it suffices to verify the following properties:

e Consider any a € A. Given that P*%(-|s,a) only has a single non-zero entry (equal to 1), it

is easily seen that Varpsu(.|sq) (V) = 0 holds for any V' and any u, thus indicating that

2¢p log (=T N 3 1 5
bs,u . — : _“/) ) .
s,a; V) = min T N(G.a) 1 +—N (C.34)
( Y Y

Consequently, for state s, one has

max {rs’“*(s, a) — b (s,0; XA/p*e) + 7<P5’u*(~ |s,a), XA/p*e>} = max {u* —p5 (s,a; ‘A/p*e) + 'yf}p*e(s)}

a

IS

*— main R (s, a; Y7p*e) + 7‘7p*e(s)
1- 7)‘/}p*e(s) + ’Y‘//\;:a(s)
=V (s), (C.35)

pe

—~

)

where the third identity makes use of our choice (C.33) of u* and (C.34).

e Next, consider any s’ # s and any a € A. We make the observation that

max {rs7u*(s’, a) — b (s’, a; YA/p*e) + ’y<Ps7u*(. |s',a), YA/p’;>, 0}

= max {T(S/’ (1) - b(sla a; vpte) + ’Y<ﬁ( ’ S/, CL), ‘7p2>7 0} = Q\;e(sla CL), (036)
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where the last relation holds since @;e is a fixed point of ﬁe.

Armed with (C.35) and (C.36), we see that @‘;u* = ﬁ%u*(A;u*) by taking

rc?e%fl( Q:,u* (37 a) = Vp*e(s)7

Q\;u*(sla a) = @;e(sl, a) for all s’ # s and a € A.

This readily confirms the existence of a fixed point of ﬁsgu* whose corresponding value coincides
with V.

Step 3: building an e-net. Consider any (s,a) € S x A with N(s,a) > 0. Construct a set Ueover

as follows
Ucover = {Jif ‘ 1< < Numax} y (037)
2¢r log —N
. o . Cp log a—s 1 5 . . .
with Umax = min {7(1_”]\](8 R 177} + & + 1. This can be viewed as the e-net (Vershynin, 2018) of
the range [0, umax] C [0, %] with e = 1/N. Let us construct an auxiliary MDP M as in Step 1

for each u € Ugover- Repeating the argument in the proof of Lemma 14 (see Chapter C.2.1), we can
easily show that there exists a unique fixed point @;u of .K/l\s’“, which also obeys 0 < @’;u < ﬁ - 1.
In what follows, we denote by V%, the corresponding value function of Q5 ,,.

Recognizing that M5 is statistically independent from ]387,1 for any u € Ueoyer (by construc-
tion), we can apply Lemma 31 in conjunction with the union bound (over all u € Ucoyer) to show

that, with probability exceeding 1 — 9,

481og N2 481log BN
o) Tk (1—v)s > (1—v)
P o — P )VZE | < A| —————Vars (VX —_ C.38
’( ' ’ ) 5 N(s,a) arPs,a( 5’“) + (1 -=v)N(s,a) ( a)
8N?2
o Slog iy

Varlgs . (IZ,*U) < 2Varp,, (Vs*u) +

(C.38b)

hold simultaneously for all u € Ugoyer. Clearly, the total number of (s,a) pairs with N(s,a) > 0
cannot exceed N. Thus, taking the union bound over all these pairs yield that, with probability at
least 1 — 9,

~ . 48log AN R 48log N>
P, — P, Vr < MV ~ V* I 0L C.39
[Poa = Poa) Vi | NG Vo ) Y TNy (O3
8N3
. . 5log =T
Varp  (Viw) < 2Varp, (Vi) + (C.39D)
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hold simultaneously for all (s,a,u) € S X A X Ugover Obeying N(s,a) > 0.

Step 4: a covering argument. In this step, we shall work on the high-probability event
(C.38) that holds simultaneously for all u € Ueover- Given that YA/p’; satisfies the trivial bound
0< Vp*e(s) < ﬁ for all s € S, one can find some ug € Ugoyer suchﬂlat |lug — u*| < 1/N, where we
recall the choice of u* in (C.33). From the definition of the MDP M#*" and the operator (C.31), it

is readily seen that
1

7@ = T (@ < o =] <

holds for any @ € RS4. Consequently, we can use ~-contraction of the operator to obtain

1@ = Qoo = [T (@) = T (@2)|
< T (@) = T (@) |+ [T (@) = T (@)

<@~ @l + 3

which implies that

Qs = @ < Ty

and therefore . ~ )
H w0~ Vaur|loo < Hquo ~ Qi © = (1-7)N

This in turn allows us to demonstrate that

Varp, , (Vi) = Vare, (Vi)
= Poa (Vg = PoaViug) © (Vg = PoaViug) = (Ve = PuaViue) © (Vi = PuaVie) )

<PS“((V - P, V ) (Vs*uo Psq su*)_(SU* Psq su*)o(‘/}STU*_P ‘qu))

< Poa( (Vi = PoaVie + Vi = Poa Vi) © (Vi = Vi)

S,u0 s,u
2 2 _ 2
<1 < TV = Vil < A= N

PS &(?s*uo - ‘//\Tsu*)

where the third line comes from the fact that E[X] = argmin. E[(X — ¢)?], and the last line relies

on the property 0 < V;,*UO, o < ﬁ In addition, by swapping Vs*uo and Xqu*, we can derive
. ~ 2
Varp. (Vi) = Vare., (Vi) < 7=y

255



and then

2
(1=7)2N

~

Varp,, (Vi) = Var,, (V)| < (C.40)

Clearly, this bound (C.40) continues to be valid if we replace Ps, with ﬁsﬂ.
With the above perturbation bounds in mind, we can invoke the triangle inequality and
(C.39a) to reach

~

(P P V] = |(Pra — P V| < |(Pr = Pra) V| | (Pra = P (P — 2)
~ ~ 2
S )(Ps,a — 1Lsa V:uo + N(l - 7)
8N3
< 48 log anrA (‘,}* ) N 48 10g (1 ’Y)(s 2
- N(s,a) PsaX"50/7 (1 —4)N(s,a)  N(1—7)
8N3 8N3 8N3
< 48 log m Var (‘7 ) n 96 lOg (1_7)5 48 10g W 2
B N(s,a) Poa X Tow” (1-7)2N(s,a) (1 —=7)N(s,a) N(1-7)
481og 2N - 601og 2N
(1—9)0 (1)
< Al ————Vars (V* . —_ C.41
N\ Woa V)t TSN G 0 (G4
where the second line holds since
~ 2

’(Ps,a - Ps,a) (‘75 u* V*

suo

< (1Peally + [1Peall VIV = Vol < NI
the penultimate line is valid due to (C.40), and the last line holds true under the conditions that
T > N(s,a) and that T is sufficiently large. Moreover, apply (C.39b) and the triangle inequality to

arrive at

Varﬁsa(f/p’;) = Varlgsa(f/sfu*) < VarAsa(‘A/* ‘VarA i ‘A/Su*) Varp u(‘A/* )

P, S,uQ S,U0
3
(i _ 5log 75 2

< 2Varp, , (V;uO) +

<2Varp,, (178 u* + Q‘Varps Y (1//\'S u*) —Varp,, (V*

3
(i) ~ 6 5log %
< 2V iy 7
= ar}js,a (Vpe) + (1 7)2N 3(1 —"}/)2N(S, a)
R 23log

< 2Varp,, (Vo) + (C.42)
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where (i) arise from (C.39b) and (C.40), (ii) follows from (C.40), and the last line holds true since
N > N(s,a).

Step 5: extending the bounds to V. Consider any V obeying ||V — Vp*eHoo < 4 and 1V ]loo <
1

Invoke (C.41) and the triangle inequality to arrive at

1—v-
‘(ﬁs,a - Ps,a)‘/;’ S ‘(ﬁs,a - Ps,a)‘/}p*e + ‘(ﬁs,a - Ps,a) (‘7p*e - ‘7)’
3
_ | 48log (fjvv)d\/a“ e+ 60log 205 2
- N(s,a) Poal"su™/ 0 (1 —4)N(s,a) N’
2N
2 ~ 62 log =
S 12 (I=v)o ﬁ (‘/‘S*U* + (1 7)o
N(S7 CL) o (1 - V)N(Sv a)
log _2N 62log _2N __
(1—v)s % (1—v)s
=124/ ———Vars (Vx —_— C.43
\/ Nsra) V2P V) T T3 N s, ) (G45)

where the penultimate inequality relies on N > N(s,a), and the second line holds since

D Trx iyt D % T 2
(Poa = Poa) 0= D) < (1Pl + [Pl 1P~ P <

N

Given that Hff - 17,;;“00 < 1/N, we can repeat the argument for (C.40) allows one to demonstrate
that

‘Varﬁw (Vi) — Varp, | (17)) < apw

which taken together with (C.43) and the basic inequality /= +y < y/x + |/y gives

R N log 2N N log -2 9 62log 28
(-5 (-5 Gl
P, — P, ‘Slz —7 o Varp 12 )

log 2N _ N 741log 24
<124 = 0var, (V) 4 —— 0
N(Sv a) o (1 - V)N(& CL)

Additionally, repeating the argument for (C.42) leads to another desired inequality:

3
~ - 6 231og 2055
Var -~ < 2V -
ap, . (V) S 4Varp, . (V) + (1—-~)N t 3(1 —7)2N(s,a)
. 41 log (12_%5

<2Varp, (V) +

(1 =7)2N(s,a)
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C.2.4.1 Proof of Lemma 31

In this proof, we shalle often use Var;, to abbreviate Varp, , for notational simplicity. Before

proceeding, let us define the following vector
V=V-(Ps,V)1, (C.44)
with 1 denoting the all-one vector. It is clearly seen that
Pyo(VoV) = Pyo(VoV) = (Py,V)? = Var, (V). (C.45)

In addition, we make note of the following basic facts that will prove useful:

1 — 1 - —
Vi< 7=+ Wle<g—  IVeVile < [VIE < #, (C.46a)

Var,o(VoV) < P o(VoVoVoV) < Po(VoV) =

T _17) Vargo(V).  (C.46b)

1
(I—=")

Proof of inequality (C.30a). If 0 < N(s,a) < 48log %, then we can immediately see that

~ 1 481og ¥
Poa=Poa)V| < Vil < 5 C.4T
‘( $,a 5711) —H ||00— 1_7— (1—’7)N(S,(I) ( )
and hence the claim (C.30a) is valid. As a result, it suffices to focus on the case where
N
N(s,a) > 48log —. (C.48)

J

Note that the total number of pairs (s,a) with nonzero N(s,a) cannot exceed N. Akin to
(C.28), taking the Bernstein inequality together with (C.46) and invoking the union bound, we can
demonstrate that with probability at least 1 — 49,

~ 4Var (V) log% 2||VHoolog%
Ps a PS a S .
}( ’ ’ )V‘ \/ N(s,a) * 3N(s,a)
4V log ¥ 2log ¥
< | BVarsa(V)log 5 %85 (C.492)
N(s.a) | 3(1—)N(sa)
_ 4Var8a(VoV) log ¥ QHVoVHmlogﬁ
P,.— Py, E ’ D :
‘( ’ )(VeV) _\/ N(s,a) * 3N(s,a)
N N
4Var, (V) log 5 2log 5 (C.49b)
(L =9)2N(s,a) ~ 3(1 —7)?N(s,a)

hold simultaneously over all (s,a) with N(s,a) > 0. Note, however, that the Bernstein bounds in
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(C.49) involve the variance Var, ,(V'); we still need to connect Varg (V') with its empirical estimate

Vars (V).
In the sequel, let us look at two cases separately.

N
e Case 1: Varg (V) < (1_971;%. In this case, our bound (C.49a) immediately leads to
7log &¥
) (C.50)

ﬁs a Ps a V’ S T N AT/ N
Pea =PV ] < Tt
e Case 2: Varg (V) > %. We first single out the following useful identity:
(Vo V) =Varg (V) = Pu(VoV) = [Poa(VoV) = (BaV)’]
Poa(VoV) = 2(PuaV) (PuaV) + (PuaV)’ = [Pa(V o V) — (

= |(Psa = Pua)V [ (C.51)
Combining (C.51) with (C.49b) then implies that, with probability exceeding 1 — 44,
Vars o(V) = Ps o (V o V) = (Ps,a — ]Ss,a) (V ) V) + 1357,1 (V o V)
(C.52)

= (Ps,a - ﬁs,a) (VO V) + {‘(ﬁs,a - P’s,a)‘/‘2 + Varﬁs’a<v)}
2log%

4log% = 2
< NVareo(V) + |(Pow — Poa) V> + Vars (V
_\/(1—’7)2N(s,a) arsa(V) + (P V[ + arp, . ( >Jr3(1—’Y)2N(s,a)
21log ¥
%8 5 (C.53)

~ 2
(Ps,a - Ps,a)V‘ + Varﬁs,a(v) + 3(1 o ,},)QN(S’ a)’

where the second line arises from the identity (C.51), the penultimate inequality results from
9log ¥ .
> TN Ga B

(C.49b), and the last inequality holds true due to the assumption Var, (V)
this case. Rearranging terms of the above inequality, we are left with

~ 2 2 lOg %
Var, (V) < 3‘ (Ps,a — Ps7a)V‘ + 3Var13m(V) + (1= 7)2N (s, a)

Taking this upper bound on Varg ,(V') collectively with (C.49a) and using a little algebra lead

to
~ 1210gﬂ ~ 12Var13 (V) log% 5logﬂ
Psa_Psa ‘< —— Psa_Psa o 9
’( . ; )V =\ 'N(s,a) |( ; . )V‘—i_\/ N(s,a) +(1*7)N(S,a)
(C.54)
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N
with probability at least 1 —45. When N(s,a) > 48log & (cf. (C.48)), one has 1]2\,1((?5(1? <1/2.

Substituting this into (C.54) and rearranging terms, we arrive at

)(Psa_Ps,a)V’ <

N =

48Var135,a (V)log % N 101log %
N(Sva) (1 —")/)N(S,CL)

with probability at least 1 — 44.

Putting the above two cases together establishes the advertised bound (C.30a).

Proof of inequality (C.30b). It follows from (C.52) and (C.49a) that with probability at least

146,
Var,o(V) = = | (Pua = Poa) (V o v)‘ +Varp (V)
4Var, 4 (V) log 2log &
\/ (1—7)N (s, ) 31— 7)213(3, o Ve, V),

or equivalently,

Varg 4 (V) log % 2log %
(1=79)?N(s,a) = 3(1—7)>N(s,a)’

Varlgm (V) < Varso(V) + 2\/

Invoke the elementary inequality 22y < 22 + y? to establish the claimed bound:

log ¥ 21log ¥
Vars (V) < Varg (V) + | Varq(V § >
*pua (V) % Varal ”( oroal )+(1—7)2N(8,a)>+3(1—7)2N(8,a)

SIOg%

= 2Varg (V) + 3(1—=7)2N(s,a)

C.2.5 Proof of Theorem 5

To establish Theorem 5, we shall first generate a collection of hard problem instances (including
MDPs and the associated batch datasets), and then conduct sample complexity analyses over these
hard instances.

C.2.5.1 Construction of hard problem instances

Construction of the hard MDPs. To begin with, for any integer H > 32, let us consider a

set © C {0,1} of H-dimensional vectors, which we shall construct shortly. We then generate a
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collection of MDPs
MDP(©) = {M" = (S, A, P’ = {P" L, {n YLy H) |0 = Bnlicnen €O}, (C55)
where
Ss={0,1,...,5 -1}, and A= {0,1}.

To define the transition kernel of these MDPs, we find it convenient to introduce the following state

distribution supported on the state subset {0,1}:

u(s) = %n{s —0y+(1- %)]l{s — 13, (C.56)

where 1(-) is the indicator function, and C' > 0 is some constant that will determine the concentra-

bility coefficient C*

Ciipped (as we shall detail momentarily). It is assumed that

1

<
cs —

, (C.57)

=

With this distribution in mind, we can specify the transition kernel P? = {P}fh}th1 of the MDP
M? as follows:

pl{s’ =0} + (1 — p)u(s) if (s,a)=(0,6)
ql{s' =0} + (1 — @) u(s") if (s,a)=1(0,1—0y)

P (s [s,0) =S 1{s' =1} it (s,a) = (1,0) (C.58)
(1- 2%)]1{3/ =1} + %u §) if (s,a) =(1,1)

[ (11— H){s' =s}+ Fu(s)  if s>1
for any (s,a,s’,h) € S x A x S x [H], where p and ¢ are set to be
_1_4a & —q1_a_ et
p= 77 + 772 and q T (C.59)

1
< = < - C.60
H? = 2H — 8 ( )
It is readily seen from the above assumption that
1
p>q> 7 (C.61)
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In view of the transition kernel (C.58), the MDP will never leave the state subset {0, 1} if its initial
state belongs to {0,1}. The reward function of all these MDPs is chosen to be

1 if s=0
iif = (1,0
rh(s,a) = ¢ 2 1 (5,0) = (1,0) (C.62)
0 if (s,a)=1(1,1)
0 if s>1

for any (s,a,h) € S x A x [H].
Finally, let us choose the set © C {0,1}. By virtue of the Gilbert-Varshamov lemma (Gilbert,
1952), one can construct © C {0, 1} in a way that

O > f/8 and 16— 6|1 > % for any 6,60 € © obeying 6 # 0. (C.63)

In other words, the set © we construct contains an exponentially large number of vectors that are

sufficiently separated. This property plays an important role in the ensuing analysis.

Value functions and optimal policies. Next, we look at the value functions of the constructed
MDPs and identify the optimal policies. For the sake of notational clarity, for the MDP My, we
denote by 7% = {772’9},};{:1 the optimal policy, and let V," 0 (resp. Vh* ’9) indicate the value function
of policy 7 (resp. %) at time step h. The following lemma collects a couple of useful properties

concerning the value functions and optimal policies; the proof can be found in Appendix E.2.3.5.

Lemma 32. Consider any 8 € © and any policy w. Then it holds that
Vir20) = 1+ (n(Dzf + p(0) V5 0) + (1 — ap ) )V (1) (C.64)
for any h € [H], where
2i? = prn (01 10) + qra(1 — 60,1 0). (C.65)
In addition, for any h € [H], the optimal policies and the optimal value functions obey

0 (0n10) =1, Vv0(0) >
' 0]1) =1, vl =

(H+1-h), (C.66a)
(H+1-h), (C.66b)

D= Wl

provided that 0 < ¢; < 1/2.

Construction of the batch dataset. A batch dataset is then generated, which consists of K

independent sample trajectories each of length H. The initial state distribution p® and the behavior
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policy 7° = {72} | (according to (7.3)) are chosen as follows:
1
p°(s) = p(s) and wP(a|s) = 5 V(s,a,h) € S x A x [H],

where p has been defined in (E.67). As it turns out, for any MDP My, the occupancy distributions

of the above batch dataset admit the following simple characterization:
1
d?(s) = u(s), d®(s,a) = §,u(5), V(s,a,h) € S x A x [H]. (C.67)
Additionally, we shall choose the initial state distribution p as follows

1, ifs=0,
pls) = (C.68)
0, if s>0.

With this choice of p, the single-policy clipped concentrability coefficient C':“pped and the quantity

C are intimately connected as follows:

20. (C.69)

* —
clipped —

The proof of the claims (E.69) and (E.80) can be found in Appendix E.2.3.3.

C.2.5.2 [Establishing the minimax lower bound

We are now positioned to establish our sample complexity lower bounds. Recalling our choice of p

in (E.70), our proof seeks to control the quantity
,0 0 ,0 7,0
<Pv Vit =V > = V7(0) = Vi™(0),
where 7 is any policy estimator computed based on the batch dataset.

Step 1: converting 7 into an estimate 9 of . Towards this, we first make the following claim:

for an arbitrary policy 7 obeying

H
— C.70
8 (c.70)

H
> (- 10) = ¢ [0), >
h=1

one has

(p V! =V > e (C.71)
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We shall postpone the proof of this claim to Appendix [.2.3.3. Suppose for the moment that there

exists a policy estimate 7 that achieves

7 3
P{(pV;" -y <} =, (C.72)
then in view of (E.83), we necessarily have
3
{Z |7 (-10) — 7 |0)]|, < H/S} e (C.73)

With the above observation in mind, we are motivated to construct the following estimate )

for 6 € ©:

~

= 0) — 0. C.74
argmin ;Hm 10) — m:0(-[0)], (C.74)

If S, |7 (- 10) — 750(- | 0)||, < H/8 holds for some § € ©, then for any 6 € © with 6 # 6 one has

H
zum 0710l 2 3 1710 =i 0], - zum 0) =5[],

_2H9 0”1 ZHM 10) _Wh |0)H1

il E_E

> T 8 3 (C.75)

where the first inequality holds by the triangle inequality, the second line arises from the fact
772’0(9;1 |0) =1forall 1 <h < H (see (E.79)), and the last line comes from the properties (C.63)
about ©. Putting (C.74) and (C.75) together implies that 0=0if

H
> [Fut-10) — 70, < <ZHm )= =70,
h=1

is valid for all § € © with 6 # 6. As a consequence,

0 < ~ *,0 H 3
=6)>F (Z [7n(-10) = w7 C O], < 8) = (C.76)
h=1

In the sequel, we aim to demonstrate that (C.76) cannot possibly happen without enough

samples, which would in turn contradict (E.84).
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Step 2: probability of error in testing multiple hypotheses. Next, we turn attention to a
|©|-ary hypothesis testing problem. For any 6 € ©, denote by Py the probability distribution when
the MDP is My. We will then study the minimax probability of error defined as follows:

= iIdl)f max Py(yp # 0), (C.77)

where the infimum is taken over all possible tests 1 (constructed based on the batch dataset
available).
b,0 b,0p, C . .
Let p1>% (resp. ;" (sp,)) represent the distribution of a sample trajectory {s1,a1, s2,a2, - ,sg,an}
(resp. a sample (ap, sp41) conditional on sp,) for the MDP My. Recalling that the K trajectories in
the batch dataset are independently generated, one obtains

() Kmaxeeeee#eKL( 0| )+log2

Pe = log|©|
(it) ~
>1- 8K _max ~KL(Mb’9 I Mb’g) _ 8log2
H ygco,0+0 H
(iil) 1 SK ~
> - — — max KL(,ub’e I ,ub’e), (C.78)

T 2 H ggeo, 046

where (i) arises from Fano’s inequality (cf. (Tsybakov, 2009, Corollary 2.6)) and the additivity
property of the KL divergence (cf. Tsybakov (2009, Page 85)), (i) holds since |©| > ef//® (according
to our construction (C.63)), and (iii) is valid when H > 16log 2. Recalling that the occupancy state
distribution d? is the same for any MDP M, with 6 € © (see (E.69)), one can invoke the chain
rule of the KL divergence (Duchi, 2018, Lemma 5.2.8) and the Markovian nature of the sample
trajectories to obtain

T

H

KL T =30 & KU o) 1™ 0)] =203 S KL(FCI0.a) | P 10,.a)

h=1%r"~%, h=1ae{0,1}

where the last identity holds true since (by construction and (E.69))

m™(a| )P (s'|s,a
5, KL o 17 )] = S ) § 57 mblal 9Pyt TE T
h

sprdy

1 Por(s' |0
ZZPQ’Z 10, a) logifév (5°10,0)

. %M(O) STKL(PP(-[0,a) | PP*(-]0,a)).
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Substitution into (C.78) yields

H _ -
poz 2= O SOIKL(PE(10,0) | PP(10.0)) + KL (- [0,1) | (-0, 1))]

2 H  ggee,040 1=
(C.79)

It then boils down to bounding the KL divergence terms in (E.88). If 0, = éh, then it is
self-evident that

KL(P(-10,0) || PP (-10,0)) + KL(PP(-0,1) || P*(-|0,1)) = 0. (C.80)

Consider now the case that 6y, # 5,“ and suppose without loss of generality that 8, = 0 and §h =1.

It is seen that

1 1

PP (010,0) = PP (6,10,0) = (1 - == —=
4(010.0) = P 6,10.0) = (1= 55 )+ g

0 g ~ 1 1
pon = P (1 =(1- 4= —.

7010.0) = P (1= 10.0) = (1- g )0+ g

Given that p > ¢ > 1/2 (see (C.61)), we can apply Lemma 60 to arrive at

7. 1 1 1 1
On 3 _ _ _ )
KL(Ph (0]0,0) HPh (0’0,0)>—KL<<1 CS>p+CS I <1 CS>Q+CS>

(1-25)* (0 —a)?

S rr ) —p-(-nk)

(2 (1 - &)2 (p—q)? _ 4(cg)?e?
" ((-z)p) (A-p(1-gg) H'p(1-p)
(ii) 4(02)282

(C.81)

where (i) and (ii) make use of the definition (E.61) of (p,¢), and the last line follows as long as
s <95 < 1. Similarly, it can be easily verified that KL(P,fh(O 10,1) || Pgh(() 10,1)) can be upper
bounded in the same way. Substituting (E.89) and (C.80) back into (E.88) indicates that: if the
sample size obeys

N = ki < ACSH! _ e1CappeSH

= 512(cg)2e2 1024(c9)%e2 7

(C.82)
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then one necessarily has

H
1 4Ku(0) 0 7 0 7
pez b O e STIKL(BC10.0) | BJ-10.0)) + KL 10.1) | B (-[0.1))]
0,0€0,0#0 ) —
H
1 4Kp(0) = 32(c2)%e? _ 1
> - — > . .
—2 H 2. clH3 ~ 4 (C.83)

Step 3: combining the above results. Suppose that there exists an estimator 7 satisfying

0 7.0 1
rgleaglf’)g {<,0, | A I 5} <7 (C.84)

where Py denotes the probability when the MDP is My. Then in view of the analysis in Step 1, we

must have

(ZHW 10) —7°(-]0)|, < ) Z for all § € O,

and as a consequence of (C.76), the estimator § defined in (C.74) must satisfy

~

1
Py(6 # 6) < 7 for all € ©. (C.85)

Nevertheless, this cannot possibly happen under the sample size condition (C.82); otherwise it is

contradictory to the result in (C.83). This concludes the proof by inserting ¢; = 1/4 and co = 4096.

C.2.5.3 Proof of Lemma 63

To start with, for any policy 7, it is observed that the value function of state s = 0 at step h is

7,0 0 7r 0
V,7(0) = o 1+ E P (s'0,a) Vi (s ’)]
a’\‘ﬂ'h s

= 1 m(6|0) | (p+ (1 = P)u(0) Vi (0) + (1 = PV (1)
+7(1—6,10) [(q + (1= g)u(0)) VI (0) + (1 - Q)U(l)vf:fl(l)}

= 1+ [pm (04 |0) + qm(1 = 03[ 0) + 2(0) — pma (6| 0)a(0) — qm(1 — 61 | 0)p(0) | V715 (0)
(1) [1 = pmn (8] 0) — a1 — 61, 0)| Vi (1)

21t (o + (= OV 0) + (1 - 2 WV )]

D1 ()], 4+ p(0) Vil 0) + (1 — 2DV (1), (C.86)
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where (i) is valid due to the choice
23 ? = prp(61,]0) + g (1 — 65, 0), (C.87)

and (i) holds since p(0) + p(1) = 1.
Additionally, the value function of state 1 at any step h obeys

V(1) = m (0] 1) <;+Vh+1 >—|—7rh(1|1)[< 1535*) v,jﬁ(1)+;glsv,;ﬂ(0)} (C.88)
(0] 1) <;+Vh+1 >+7rh 1]1) [( %)V;fl(l)—i—;gs(}] h)}
(2 ™ (0[1) %+Vh+1 (1) ) +ma(1]1) [ + (1—;25> v,jfflu)]
= L) - A DV, (C.59)

where (i) arises from the basic fact 0 < V ( ) < H—h+1 for any policy m and all (s, h) € S x [H],

and (ii) holds since 1383 (H—h) < & for ¢; small enough. The above results lead to several

immediate facts.

o If we choose 7 such that 7,(0|1) =1 for all h € [H]|, then (C.88) tells us that
7,0 1 7,0
Vv, (1) = 3 + Vi (1). (C.90)

A recursive application of this relation reveals that

- %(H +1-h). (C.91)

_ %(H +1-h). (C.92)

The above two facts taken collectively imply that the optimal policy and optimal value function

obey
1
=0l =1, V)= GUH+1-h),  VhelH]. (C.93)

We then return to state 0. By taking 7 such that 7(6;,|0) = 1 (and hence xz,e =p) for all h € [H],
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one can invoke (C.86) to derive

Virf(0) = 1+ (u(Dp + u(0) VI 0) + (1= p)u(D VT (1)
iy H—h ‘ H—h Y 1_( _%)H7h+1
> 1402 Y P2 Y (1-3) T
j=0 §=0
> %(H +1-h). (C.94)

To see that why the last inequality holds, it suffices to observe that

(1_ %)H—h—l—l < exp <—%(H—h+1)) < 1_261(f-7:3—w7

as long as ¢; < 0.5, which follows due to the elementary inequalities 1 — z < exp(—=z) for any > 0

and exp(—z) <1 —2z/3 for any 0 < z < 1/2. Combine (C.94) with (C.93) to reach

V% 0) > v 0) > S(H +1-h) > V0. (C.95)

Wl N

Moreover, it follows from (C.86) that

* 71—*70 * W*,e *
V20) = 14 (u()ay 0+ u0) Vil 0) + (1 —2f v @)
* * * * 71'**0
= 1+ p(O)V;4(0) + p()Virfy (1) + (1) (Virfy 0) = Vi (1) (C.96)

Observing that the function
,0 *,0
/”(1)(‘/};1(0) - Vh+1(1))x (C.97)

is increasing in z (as a result of (C.95)) and that xZ’e is increasing in (0 | 0) (since p > q), we

can readily conclude that the optimal policy in state 0 obeys
m(0,10)=1,  forall h € [H]. (C.98)

C.2.5.4 Proof of auxiliary properties

Throughout this subchapter, we shall suppress the dependency on 6 in the notation dj whenever it

is clear from the context.

Proof of claim (E.69). For any MDP My, from the definition of d?(s,a) in (5.1) and the Markov

property, it is clearly seen that

A, (s) = di (5:0°) = P(spar = s|sn ~ ds7®),  V(s,h) €S x [H]. (C.99)
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Recalling that d®(s) = pP(s) = u(s) for all s € S, one can then show that
d3(0) =P{sy = 0|5y ~ di; 7"}
— 11(0) [ﬁ(el 10)PP1(0]0,6,) + 7(1 — 6, [ 0) PP (0]0,1 — 91)]
+ (1) [72O )PP (011,0) + 75(1| )PP (0] 1,1)]

_ HO) Py (0]0,61) + P (0]0,1 - 91)] + ”(21) [Pfl(()!l?O) +P(0]1,1)

2
= (20) (p+q) + (2 —p—qu0)] + M(;)M(O)QHCI
= “(20) [2 - 2% + 2;;”(0)] + *L(Ql)u(O)QIC{1 = 1(0),

where the last inequality holds since p(1) 4 (0) = 1. Similarly, it can be verified that db(1) = u(1),
thereby implying that dg = u. Repeating this argument recursively for steps h = 2,..., H confirms
that

d>(s) = u(s),  V(s,h) €S x [H]. (C.100)
This further allows one to demonstrate that
a3 (s,a) = d(s)m2(a|s) = p(s)mp(a|s) = u(s)/2, V(s,a,h) € S x A x [H]. (C.101)

Proof of claim (E.80). Consider any MDP My, for which we have shown in Lemma 63 that
WZ’G(Q}L |0) =1 for all h € [H]. It is observed that

d5(0,0,) = di (0)m° (0,1 0) = df(0) = P{sy = 0| sp_1 ~ djy_y; 7}
> di_ (0)m? 1<0h 110)P"51(0]0, 65, 1) 5 (0P (0]0,051)
> . > dx(0 HP (010,6;) = p(0 HP (0]0,6;)
7=0
h—1
c1\H 1
> p(0) [[p = (1—51) >3, (C.102)
j=0

where the last line makes use of the properties p > 1 —¢;/H, p(0) = 1, and

(-5 = (-5m) =
H o) 72
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provided that 0 < ¢; < 1/2. Combining this with (E.69), we arrive at

min {dj (0, 65), %} 2

- =20,
net)  dy(0,0) Su(0)
i min {d}*l((], 1—04), %} e min {dZ(O)ﬂ'z(l —6,0), %} _0
he[H] d?(0,1 — 6p,) he[H] d?(0,1—0y,) ’
e min {d}(1,a), %} (2 1/8 (i) 2 < 4 <20
a€{0,1},he[H] d?(1,a) “p(1)/2 S(l-g5) ST

where (i) arises from (E.69), (ii) relies on the definition in (E.67), and the final two inequalities come
from the assumption in (C.57). Taking this together with the straightforward condition dj (s) = 0
(s > 1) yields

. " 1
i min {céh(O, 1), S}
he[H| dh(07 Qh)

Cglipped = = 2C. (C.103)

Proof of inequality (E.83). By virtue of (E.77) and (E.79), we see that xz*’e’g = p for all
h € [H], which combined with (E.78) gives

(o, V" = V%) = V2(0) = Vi (0)

= (u(D)p + <>) Vil (0) + (1= p)u() Vi (1)

— (p(Da” + p(0) Vi (0) = (1 = 25 ) () VR4 (1)
i)
> (u(l)x;;ﬁ +0(0) (Vi (0) = Vi (0)) + u(1 ><p a7 ) Virfy(0)
+ (1= p)p(MVrh (1) = (1= u() Vi (1

= () + () (i 0) = Vi) + (0 = o)) (Vi ) = Vi ()

2 (V80 = V) + (- a7 ) (V40 ~ A

—

(iit) - 3

> ¢ (V0 - Vi) + 50— ol|m " 0) - mO), (Vi) - Vi)

(iv) N -

zqoﬁym—ngm»+§%w+1 )70 10) = (- 10)],  (C.104)

where (i) holds since Vh+1( ) < V,:fl( ), (ii) follows from the fact that 7 > ¢ for any 7 and h € [H],
and (iv) arises from the facts (E.79) and the choice (E.61) of (p,q). To see why (iii) is valid, it
suffices to note that 1(1) =1 — gz > 3 (as a consequence of (E.67) and (C.57)) and

p—zp? = (p—q)(1—7x (0, 0)) = %(p_Q)(l_Wh(eh|0)+7Th(1_9h‘0)) ; (p—q Hﬂh 1 0)=mh(-10)]|,-
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To continue, under the condition

H
*,0 H
> lma10) =m0, = 3 (C.105)
h=1
applying the relation in (C.104) recursively yields
ul CoE
*,0 7,0 h—1 €2
o) - <0>z};q gz H A+ 1= Wm0 (10) = 7 (- [0)]]
H Co€ h—1 CoE
:; 1_E 7)) mpEA1-h) (- 10) = wa(-10)|,
) e &
> e D (H+1-h (- 10) = wn(-10)|),
h=1
CoE
= 16H?2 Zh’HTrH-H h ’O — TH+1— h ‘0 Hl
} LH/16J
(i) e e | H H
> 2n =215 (5] +1): 1
— 16H? P 8H2 116 16 + (C.106)

Here, (i) follows since
C1 CoE h—1 201 H 1
holds as long as 0 < ¢; < 1/4 and cee/H < ¢;. To see why (ii) is valid, we note that for any

0<zq,- T < Tmax Obeying Z _, T > Zsum, the following elementary inequality holds:

Lxsum /-Tmaxj

H
§ Tia; > E Tmax0i;
i=1

i=1
this together with H7r*’9 |10) — 7rh( |0) H1 < 2 and (C.105) reveals that (by taking a, = h and
0
wh = |7 10) = maga-a(-10)[])

LH/16]

ZhHWHH n(-10) = T 1-n(-10)]]; > Z 2h,

h=1

thus validating inequality (ii). As a result, we can continue the derivation to obtain

H(H
H(H
(C.106) > —= 16(16; )

> S > g, (C.107)

272



provided that co > 4096.

C.3 Proof of minimax lower bounds

C.3.1 Preliminary facts
For any two distributions P and @, we denote by KL(P || @) the Kullback-Leibler (KL) divergence
of P and Q). Letting Ber(p) be the Bernoulli distribution with mean p, we also introduce

1—p ) (p—q)? , (p—q)?
and pll q) = + ,
T Xl q) . -

p
KL(p || 9) =plog _+ (1—p)log (C.108)
which represent respectively the KL divergence and the chi-square divergence of Ber(p) from Ber(q)
(Tsybakov, 2009). We make note of the following useful properties about the KL divergence.

Lemma 33. For any p,q € B, 1) and p > q, it holds that

(p — )
KL(p || ¢) <KL(q || p) < x*(¢ || p) = . C.109
(1 q) (¢l p) (¢ [Ip) p1=p) ( )
Proof. The second inequality in (E.11) is a well-known relation between KL divergence and chi-
square divergence; see Tsybakov (2009, Lemma 2.7). As a result, it suffices to justify the first
inequality. Towards this end, let us introduce a = I’Qﬂ € [%, 1] and b = % € [O, ﬂ, which allow us
to re-parameterize (p,q) as p = a+ b and ¢ = a — b. The definition (E.10) together with a little

algebra gives

1—p
1—¢q
l—a—b_
l—a+b

KL(p [l q) —KL(q [ p) = (p+Q)10g§+(2—p—Q)log

b
a+b) +2(1 —a)log

1 g(a,b).

a —

= 2alog<

Taking the derivative w.r.t. b yields

dg(a,b) 1 1 1 1 B
b _2a{a+b+a—b}_2(1_a){1—a—|—b+l—a—b}_f(a)_f(l_a)go’

with f(z) == ﬁ—fb + 2& (for x > b). Here, the last inequality follows since f(-) is a decreasing
function and that @ > 1 — a. This implies that g(a,b) is non-increasing in b > 0 for any given a,

which in turn leads to
KL(p || ) — KL(q || p) = g(a,b) < g(a,0) =0

as claimed. O
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C.3.2 Proof of Theorem 7

We now construct some hard problem instances and use them to establish the minimax lower bounds

claimed in Theorem 7. It is assumed throughout this subchapter that

14(1 —vy)e

1
< —. .
- <3 (C.110)

<~v<1 and

Wl N

C.3.2.1 Construction of hard problem instances

Construction of the hard MDPs. Let us introduce two MDPs { My = (S, A, Py,r,v) | 6 € {0,1}}

parameterized by 6, which involve S states and 2 actions as follows:
s=1{0,1,...,5 -1} and A=1{0,1}.

We single out a crucial state distribution (supported on the state subset {0,1}) as follows:

1 1
L (1_7)]1 —1 111
pls) = s =0} + (1= o )ifs =1} (©111)
for some quantity C' > 0 obeying

1 1
< C.112
CS 7 4y ( )
We shall make clear the relation between C' and the concentrability coefficient C:“pped shortly (see

(C.122)). Armed with this distribution, we are ready to define the transition kernel Py of the MDP
My as follows:

pI{s’ = 0} + (1 — p)u(s) for (s,a) = (0,6),
q1{s' = 0} + (1 — q)pu(s) for (s,a) = (0,1 0),
Py(s'|s,a) =< 1{s' =1} for (s,a) =(1,0), (C.113)
(29— )1{s' = 1} +2(1 — u(s) for (s,a) = (1,1),
YL(s" = s} + (1 —y)u(s) for s>1,
where the parameters p and ¢ are chosen to be
14(1 — 7)%e 14(1 — 7)%e
P=7+f, qzv—f. (C.114)

In view of the assumptions (C.110), one has

pP>q>y——5— 2> (C.115)
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As can be clearly seen from the construction, if the MDP is initialized to either state 0 or state 1,
then it will never leave the state subset {0,1}. In addition, the reward function for any MDP My is

chosen to be

1 for s=0,
1
1 -
r(s,a) =¢ 2 or (s,9) e (C.116)
0 for (s,a)=(1,1),
0 for s>1

where the reward gained in state 0 is clearly higher than that in other states.

Value functions and optimal policies. Next, let us take a moment to compute the value
functions of the constructed MDPs and identify the optimal policies. For notational clarity, for the
MDP My with 6 € {0,1}, we denote by 7 the optimal policy, and let V© (resp. V") represent the
value function of policy 7 (resp. 7). The lemma below collects several useful properties about the

value functions and the optimal policies; the proof is deferred to Appendix C.3.2.3.
Lemma 34. Consider any 0 € {0,1} and any policy 7. One has

1A =z eV 1- 1=V

B T T P M e O T ) (G.117)
where we define
Trp =pm(0]0)+qr(1—6]|0). (C.118)
In addition, the optimal policy mj and the optimal value function obey
010 =1, w0 =1, and VF(1) = 2(11_7) (C.119)

Construction of the batch dataset. Given any constructed MDP My, we generate a dataset
containing N i.i.d. samples {(s;, a;, s;) }1<i<n according to (5.22), where the initial state distribution

p® and behavior policy 7° are chosen to be:
p°(s) = pu(s) and mP(a|s) =1/2, V(s,a) € S x A,

with g denoting the distribution defined in (E.194). Interestingly, the occupancy state distribution

of this dataset coincides with pu, in the sense that

d°(s) = u(s) and  d°(s,a) = u(s)/2, V(s,a) € S x A. (C.120)
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Moreover, letting us choose the test distribution p in a way that

1, ifs=0
p(s) = (C.121)
0, ifs>0.

we can also characterize the single-policy clipped concentrability coefficient C(‘f“pped of the dataset
w.r.t. the constructed MDP My as follows

C;”pped == 2C (C122)
The proof of the claims (C.120) and (C.122) can be found in Appendix C.3.2.4.

C.3.2.2 Establishing the minimax lower bound

Equipped with the above construction, we are ready to develop our lower bounds. We remind the
reader of the test distribution p chosen in (C.121), and hence we need to control (p, V;* — Vf} =
V7(0) — V7 (0) with 7 representing a policy estimate (computed based on the batch dataset).

Step 1: converting 7 into an estimate 9 of . Consider first an arbitrary policy w. By
combining the definition (E.205) with the properties (C.119), we see that Txx 0 = p, which together
with (C.117) gives

* T\ __ /% T _ 1+ 7(1 - p):u(l)V*(l) B 1+ ’7(1 B xﬂﬁ)“(l)vw(l)
WV =V = Vi) = Vi) ==~ v(u()p + M(%)) 1=y (p(D)zr + u(%))
L+ =p)u)V5 (1) 14+ = zrp)nu(1)Vy (1)
1—y(u(1)p + 1(0)) 1— y(p()zrg + p(0))

> %(1 —x(6]0)). (C.123)

Here, the second line holds since V7 < Vi, and the last inequality will be established in Ap-
pendix C.3.2.4.
Denoting by Py the probability distribution when the MDP is My, suppose for the moment

that the policy estimate 7 achieves

Y

Bo{(p. Vi — Vi) <e} 2

(e aN|

then in view of (C.123), one necessarily has (6 |0) > 32 with probability at least 7/8. If this were

true, then we could then construct the following estimate 9 for 0:

f = argmax 7(a | 0), (C.124)
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which would necessarily satisfy

o~

Py(6 = 0) > Py{7(0]|0) > 1/2} > IP’G{ 610) > 13} > g (C.125)

In what follows, we would like to show that (E.86) cannot happen — i.e., one cannot possibly find

such a good estimator for § — without a sufficient number of samples.

Step 2: probability of error in testing two hypotheses. The next step lies in studying the
feasibility of differentiating two hypotheses § = 0 and # = 1. Define the minimax probability of

error as follows

= igf max {Po(¢ #0), Py(¢ # 1)}, (C.126)

where the infimum is taken over all possible tests 1) (based on the batch dataset in hand). Letting
ug denote the distribution of a sample (s;, a;, s;) under the MDP My and recalling that the samples

are independently generated, one can demonstrate that

po > s exp (= NKL(E | 1))

exp{ — S N(0) (KL(Po(10,0) | PA(-10,0)) + KL(Ro(- [0,1) | Ai(- |0, 1>))}- (C.127)

.&M—‘HMH

Here, the first inequality results from Tsybakov (2009, Theorem 2.2) and the additivity property of
the KL divergence (cf. Tsybakov (2009, Page 85)), and the second line holds true since

KL || 1) = 3 w(s)n®(a ) s)Po(s'| s, a) 10g5

Bo(s"10,a)
ZZPO |Oalogm

_ %M(O)ZKL(PO(' 10,a) || Pi(-]0,a)),

s,a,s’

where the second line is valid since Py(-|s,a) and P;(-|s,a) differ only when s = 0.

Next, we turn attention to the KL divergence of interest. Recall that

1 1 1 1
PO(O‘O’O):<1_CS)p+CS’ P1(0’070):< CS>Q+C'S'

Given that p > ¢ > 1/2 (see (C.115)), we can apply Lemma 60 to arrive at

KL(Po(-10,0) || Py(-]0,0)) = KL ((1— cls>p+ | ( cls> “6*15)
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® (1-d5)’ (0 )
“((-es)ptas) 1-p-(1-p)gs)
(- -9
“p(-p)(1-2g))
(i) 784(1 — v)*e?

~2 (7 i 14(17)25) (1 4o 14(1;7)25)

(iii) 1 1 — )42 (v)
< M < 12544(1_,},)352’
731 =1)

where (i) arises from Lemma 60, (ii) follows from the definitions of p and ¢ (C.114), (iii) holds true

as long as M(%ﬂ’)% < 1777, and (iv) results from the assumption v € [%,1). Evidently, the same
upper bound holds for KL(Py(-]0,1) || P1(-]0,1)) as well. Substitution back into (C.127) reveals

that: if the sample size does not exceed

< COSlog2 _ CaippeaSloz2 (C.128)
12544(1 — )32~ 25088(1 — 7)3¢2
then one necessarily has
1 1 12544N (1 — ~)3&? 1
Pe = 7 eXp ( — 12544N p(0)(1 — 7)352) = oD ( _ 1 és e ) = (C.129)

Step 3: putting all this together. To finish up, suppose that there exists an estimator 7 such
that

~ 1 ~ 1
Po{{p, Vg = Vg ) >¢e} < 3 and P {{p, Vg —Vy)>e} < 3

Then in view of our arguments in Step 1, the estimator 0 defined in (E.85) must satisfy

Py (6 # 6) <é and  P;(0#6) < é

This, however, cannot possibly happen under the sample size condition (C.128); otherwise it
contradicts the lower bound (E.91).

C.3.2.3 Proof of Lemma 34

To begin with, for any policy 7, the value function of state 0 obeys

o=, B[00y SR 0.0 )

= 1+9m(8]0) [ (p+ (1 = P)u(0) V7 (0) + (L = pu(D)VF (1)
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+m(1=010)[(g+ (1 = @)u(0)) Vi (0) + (1 — @)u() V5 (1)]

= 1+7[pm(8]0) + gm(1 = 0]0) + u(0) — pr(8] 0)u(0) — ar(1 — 0| 0)u(0) | V5" (0)
+ (1) [1 = pr(0]0) — ar(1 = 0]0) | V5 (1)

D14y g+ (1= 2 0)pO)VF(0) + (1= 2 g)u(DVF (1)]

149w 0+ pO) VF(0) + (1 = 220V (1)), (C.130)

where in (i) we have defined the following quantity
o =pr(0]0) +qm(1 —0]0) =g+ (p — ¢)7(0]0), (C.131)

and (ii) relies on the fact that u(0) + u(1) = 1. Rearranging terms in (C.130), we are left with

1—(1—y)V7(1)
1—yu(0) — yu(1)zrp

L+ = 2rp)pMVEQA) o on

i) =z v((Dzrp + p(0)) e+

(C.132)
Additionally, the value function of state 1 can be calculated as

Vi (1) = (0] 1) (1 e >) F (1] (2y = 1)+ 20 = () VF (1) + 21 = 7))V (0)]

7(0]1) <2 +VF(1 ) (1] 1)y {(1 - 2%;’”) V(1) + 2(10;7) VJ(O)} (C.133)
<; +AV (1 ) +(1] 1)y [(1 - 2(10_57)> Vi(1) + 2(10_37) 117}
7(0]1) <;+W9 1)>+7r1|1 [ 7<1—2<1C;7>>V9”(1)]
=L - 2 Dy, (C.134)

where (i) arises from the elementary property 0 < V(s) < ﬁ for any m and s € S, and (ii) comes

from the assumption (C.112). The above observation reveals several facts:

o If we take 7(0]1) = 1, then (C.133) tells us that

1 1
T — _ ™ 1 ™ 1 g .1
FO=5+% 0 = =g (C135)
e It also follows from (C.134) that for any policy 7, one has
V) < S 44VF(1) = V(1) < —— (C.136)
R T |
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These two facts taken collectively imply that the optimal policy and the optimal value function
obey

m0|) =1 and Vi) = (C.137)

2(1—7)
Next, we have learned from (C.132) that

1-(1-y)VFM)

Vg (0) = Vg (1) + 1 —yu(0) — ’y,u(l)xﬂ(;,o'

Note that 1 — (1 —)Vy (1) > 1 — (1 — 'Y)ﬁ = 0. Since the function

- (1-9)Vg@)
1 —yu(0) = yu(l)

glx) = Vg (1) +

is increasing in x and that z, ¢ (cf. (C.131)) is increasing in 7(#]0) (given that p > ¢), one can

easily see that the optimal policy obeys
7, (010) = 1. (C.138)

C.3.2.4 Proof of auxiliary properties

Proof of claim (C.120). We begin by proving the property (C.120). Towards this, let us abuse
the notation by considering a MDP trajectory denoted by {(st, at)}+>0, and suppose that it starts
from sg ~ p° = p. Tt can be straightforwardly calculated that

P{s; =0} zzsu(s){wb(0|s)P{sl —0|so=sa0=0}+7(1]s)P{s; =0]s0=s,a0= 1}}
=0 {570010.0) + 320010, } + ) {30110+ 570111
= p(0) {v+ (1 —y)p(0)} + p(1) {(1 —v)p(0)} = p(0),

where the last identity holds since p(0) + p(1) = 1. Similarly, one can derive P {s; = 1} = u(1),
thus indicating that s; ~ u. Repeating this analysis reveals that s; ~ p for any ¢t > 0. Consequently,

one has

d°(s) = (1 =7)E

Z’ytIP’(st =s|spn~ pb;ﬂb)] = u(s), Vs € S.
t=0
Additionally, it it observed that
d°(s,a) = d°(s)m®(a|s) = u(s)/2. (C.139)

Proof of claim (C.122). Consider the MDP My, whose optimal policy 7 satisfies 75(0|0) = 1
(see Lemma 34). Let us generate a MDP trajectory denoted by {(s¢, at)}i>0 with a; ~ 75(-| s¢),
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where we have again abused notation as long as it is clear from the context. In this case, we can
deduce that

d*(0,0) = (1=NE | > +'P(s; =0 so ~ p;m5) 75 (0| 0)] = (1=E | Y +P(st =0 s0 ~ p;7})
t=0 t=0
(i) >° — 1 1
> ( )[Pa(010,6)] (1-— A2 = = >
> Zv p(0)[Py(0] ;P v Rl S
where in (i) we compute, for each ¢, the probability of a special trajectory with s; = =s5=0
and ag = --- = a;—1 = 6, and (ii) holds true since P»(0]0,6) > p > ~. Taking this together with
(C.139) yields
in {d*(0,0), <
win {004} 2 .
d®(0, 0) Sp(0)
. * 1 : * 1 : * 1
min {d*(0,1 —6), <} _ min {d*(0,1-0), 4} < min {d*(0,6), ¢ } _s0 (C.140)
db(0,1 — 6) db(0, ) db(0,6)
In addition, it is easily seen that d*(s,a) = 0 for any s > 1, and that
. " 1
min {d (1,a),s}< 1/8 _ 2 <£<20,
db(1,a) —wl)/2 SA-1/CS) — S~

where the first inequality comes from (C.139), the first identity uses the definition (E.194), and the

last two inequalities result from an immediate consequence of (C.112) and v > 1/2, i.e.,

— < <= C.141
CS ~ 4y — 2 ( )
As a result, putting the above relations together leads to
min {d*(s,a), ¥}  min{d*(0,0), 4}
Ccr = AN F - 2 S1— 90, C.142
cipped = esxA  db(s,a) (0, ) (C.142)

Proof of inequality (C.123). Observing the basic identity (using u(0) 4+ p(1) = 1)

1—(1=9)VF(1)
1= yu(0) = yu(1)z’

L1 —2)p()VE@L)
1—(u(D)z +p(0) i

we can obtain

Ly —pp@VE1)  THy(A —zep)pMVyED)  1-(0 -7V  1-0-yV1)

1 —~(u(1)p + p(0)) 1—y(u(D)zrg +p(0)) — 1—yu0) —yul)p 1 —~yu(0) —yu(l)zrg
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P (1) (p — r0)
= (1- (1 -VF) (1=~ (u()p + p(0))] [1 = 7 (1(V)zrg + 1(0))]

_ w(l)(ga— o) (C.143)

where the last relation arises from the fact (C.119).
The remainder of the proof boils down to controlling «. Making use of the definition of p
(cf. (C.114)), u(s) (cf. (E.194)) and z, (cf. (E.205)), we can demonstrate that

o= [1—7<<1— 018>p+ 015>] [1—7(<1— 015> x”’9+015>] < (1 =) =v2r0)

< <1 =yp)(1—7q) < < (1 - 7]%)2
=(1-7")?=01-7)1+7)* <41 —-9) (C.144)

where (i) holds true owing to the trivial fact that x, ¢ > ¢ for any policy 7 (as long as p > ¢), and
(ii) is a consequence of the AM-GM inequality. Substituting it into (C.143) and using the definition
(E.205) give

Ly =p)pMVy() 1+ = 2rp)p()VEQA) _ yp() P = 2rp) _ 71 — Zrp)

1=y (u()p + (0)) 1=y (u(V)zro + p(0)) 200 — o 8(1—y)?
ZM(Z)—Q)W@—Q‘O)
3y 28(1—n)% 21e

232(1_7)2 > (1 —-01]0) = 3 —(1-n(6]0)).

C.4 Discounted infinite-horizon MDPs with Markovian data

In this subchapter, we extend the i.i.d. sampling model (5.22) for discounted infinite-horizon MDPs

to accommodate Markovian data.

C.4.1 Sampling models and assumptions

A single Markovian trajectory. Suppose that we have access to a historical dataset D, which
comprises a single trajectory of samples with length T' generated by a behavior policy 7°. More

precisely, the sample trajectory starts from an arbitrary state sg and takes the form

{507 agp, 81,41, , 8T, aT}u (0145)
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which is generated by the MDP M (cf. Chapter 5.2.1) in the following manner
CLtN7Tb(‘|St), S:f:st+1 NP(‘|8t,CLt), OStST (0146)

Note that the dataset D here consists of a single trajectory, thus resulting in substantially more
complicated statistical dependency in comparison to the independent sampling model. This model
has also been investigated in our companion paper Yan et al. (2022a), although the focus therein is
on model-free algorithms. With regards to the Markov chain generating the above sample trajectory,
we shall assume it to be uniformly ergodic (see, e.g., Paulin (2015, Definition 1.1)). We denote by
ub the stationary state-action distribution of this chain, and let ¢« indicate its mixing time as
follows (Paulin, 2015)

tmix(0) == min {t ’ mg‘)S(dTV (1(se, ae | s0), ub) < 5} , (C.147a)
50

tmix = 75mix(1/4)a (Cl47b)

where u(s¢, at | sp) denotes the probability distribution of (s¢,a;) given the initial state sp, and
dtv(p,v) indicates the total-variation distance between two distributions p and v.

Similar to Definition 4, we introduce the following concentrability to capture the distribution
shift.

Definition 7 (Single-policy clipped concentrability for discounted infinite-horizon MDPs). The
single-policy clipped concentrability coefficient of the dataset D (cf. (C.145)) is given by

min {d*(s,a), &
C:Iipped = max { (s, )75}-

C.148
(s,a)eSxA Mb(S, a) ( )

In comparison to Definition 4, the denominator in (C.148) uses the stationary distribution
1P of the underlying Markov chain. In particular, if the initial state sq is also drawn from this
distribution pP, then it is self-evident that = 1®; in such a case, Condition (C.148) can be
alternatively expressed as

min {d*(s, a), %}

Cr = , C.149
clipped (s,;?eang d“b(s,a) ( )

which is largely dictated by the closeness between the resulting occupancy of the target policy n*

and that of the behavior policy 7.

C.4.2 A subsampling trick

Before continuing, we single out a crucial property that allows us to reuse the algorithmic idea

developed for the i.i.d. sampling model. Imagine that the Markovian trajectory runs until ¢t = oo,
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although only the first 7" sample transitions are revealed to us. For any given (s,a), denote by
ti(s,a) the time stamp when the trajectory visits this state-action pair (s,a) for the i-th time. As
has been rigorized in Li et al. (2021, Section B.1), for any given (s,a) € S x A, the following sample

transitions
{(87 a, Sti(s,a)-‘rl) [1<i< T} (C.150)

are statistically independent, resembling the i.i.d. sampling model in some sense.
On a high level, our algorithm is built upon a two-fold subsampling trick to decouple the
statistical dependence across the sample rollout. Roughly speaking, the main steps are as follows,

with a detailed description provided in Algorithm 15.

i) Split data into two parts: D™ and D%, each containing half of the sample trajectory. Let
N™n(s a) denote the number of sample transitions in D™" from state s when action a is

taken.

ii) For each (s,a) € S x A, use D to compute lower bounds {N*"'M(s a)} on {N™"(s,a)}.

Subsample the first N trim(s, a) sample transitions from DM 4 construct data subset D™,
iii) Run VI-LCB (i.e., Algorithm 11) on the subsampled dataset D™,

The lemma below states several properties about N, lzrim(s, a) that resemble the properties in

Lemma 13.
Lemma 35. With probability at least 1 — 2§, the quantities constructed in (C.151) obey

NIM(s,a) < N™" (s a), for all k > 665t mix (C.153a)

Tub(s, a)

TR for all k < 665tmix (C.153b)

- A
max {N,ﬁ”m (s,a),222tmix log S(S} >

simultaneously for all (s,a) € S x A.
Lemma 35 tells us the following important properties:

e When N"™(s,a) = N{i%  (s,a), then it follows directly from Lemma 35 that

. b
max {Nt”m(s, a), 222t mix log 5;4} > Tul(;a). (C.154a)

e When N%M(s,a) = Ng(i:‘a)(s, a) (cf. (C.152)), it is easy to show that k(s,a) < 665tmix and

. A T b
max {Nt”m(s,a),222tmix log 55} > w. (C.154b)
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Algorithm 15: Subsampled VI-LCB for discounted infinite MDPs with Markovian
data

1 input: Markovian dataset D (cf. (C.145)); reward function r.

2 subsampling: run the following procedure to generate the subsampled dataset D™,

1) Data splitting. Split D into two halves: D™ = {5, ag, 51, a1, ,87/2} (Which
contains the first 7//2 transitions), and D™ = {572, ar/2, ST/241, AT /241," " > ST}
(which contains the remaining 7/2 transitions); we let N™"(s,a) (resp. N2“%(s,a))
denote the number of sample transitions in D™2" (resp. D2Y¥) that transition from state
s with action a taken.

2) Lower bounding {N™"(s,a)} using D**. For each (s,a) € S x A, let
trim 1 aux aux SA
N"™(s,a) = §N (s,a)ﬂ(N (s,a) > klog T)’ k e N. (C.151)

If we know tmix, set N (s, a) = N§im (s, a); otherwise, set N™™(s,a) = Ng(isma)(s,a)
with 7

k(s,a) = min {k NEm(s,a) < N™ain(s, a)}. (C.152)

3) Subsampling. Let Dmain’ he the set of all sample transitions (i.e., the tuples taking the
form (s,a,s')) from D™". Subsample D™ to obtain D™, such that for each
(s,a) € S x A, D™ contains the first N*™(s, a) sample transitions from pmain’
run VI-LCB: set Dy = D™, and run Algorithm 11 to compute a policy 7.

To see why this is true, it suffices to combine the fact (C.153a) with the choice (C.152).

Proof of Lemma 35. Since Ni"™(s, a) is non-increasing as k grows, it is sufficient to prove (C.153)
for k = 665tmix. Repeating similar arguments as for Li et al. (2021, Lemma 8) — which concerns
the concentration of measure for the empirical distribution of a uniformly ergodic Markov chain —

implies that: with probability at least 1 — 6,

b b
N2™(s,a) — Tp és’a) < Tw f;’a) (C.155a)

holds for all (s,a) obeying w > 443t mix log %, and
SA
N (5, 0) < 665t log “= (C.155D)

holds for all (s,a) obeying w < 443tmix log %; we omit the proof for brevity. Recalling the

definition (C.151), we can readily see from (C.155) that when k = 665tmix: N M(s,a) = 0 if
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Tub(s,0)

> < 443t mix log %, and

Tu®(s,a)
12

. b
< NIm(s,q) < Tp>(s,a)

(C.156)
if w > 1330t mix log STA. Therefore, we have established (C.153Db).
We then prove relation (C.153a). Similar to (C.155a), with probability at least 1 — § we have

TuP(s,a) < TuP(s,a)

Nmain .
(57 a) 2 — 4

(C.157)

for all (s,a) with w > 443t mix log %. Putting (C.156) and (C.157) together establishes
relation (C.153a). O

C.4.3 Performance guarantees

We are now ready to present our theoretical guarantees for Algorithm 15 in the presence of Markovian
data.

Theorem 19. Consider any v € [%, 1),0<d<1and anye € (O, ﬁ] Suppose that the number
of iterations exceeds Tmax > ﬁ log % With probability at least 1 — 36, the policy T returned by

Algorithm 15 obeys

V*(p) = V™ (p) <e, (C.158)

as long as the penalty terms are chosen according to the Bernstein-style quantity (5.33) for any
constant cy, > 144, and the total number of samples exceeds
S mix?' S mix 1"
1 SCH log % CltmixSC:;]ipped log 6655 tmix I

clipped (1—v)d
T > = TR (C.159)

for some large enough numerical constant ¢y > 0 (e.g., c; = 22000).

Theorem 19 provides a sample complexity bound that is very similar to the i.i.d. sampling
case (i.e., Theorem 6), except that the length T of the sample trajectory also needs to exceed some
linear scaling in the mixing time. This is unavoidable though (see also other related works Li et al.
(2021); Yan et al. (2022a)); unless the sample trajectory mixes well, in general one would not be
able to obtain enough information associated with all states given only this sample trajectory. In
comparison to the variance-reduced offline model-free algorithm proposed in Yan et al. (2022a), our
sample complexity (C.159) is strictly better (more precisely, the sample complexity in Yan et al.

(2022a) has two additional terms (fi 2)*45 + (tl"‘_‘ch)yga

and hence incurs a longer burn-in phase than the

one derived herein).
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Proof of Theorem 19. The proof follows very similar arguments as for Theorem 9, although we need
to replace Lemma 19 by Lemma 35. For brevity, we shall only point out the parts of the analysis
that need modification.

To begin with, we shall suppose for the moment that
N(s,a) = N"™(s,a) = NI™ (s, a), V(s,a) e Sx A

for a fixed integer k < 665tmix, and assume that the two parts D and D™ are statistically
independent. We will come back to remove these two assumptions towards the end of this proof.
This analysis mainly differs from that of Theorem 9 in its Step 4 when controlling (d*, b*),

which we shall detail now. Let us first divide S into the following two disjoint state subsets:
small b * SA
S =<seS|Tu (s,7r (s)) < 2660%mix logT : (C.160a)

Slaree . {s €S| TP (s,7*(s)) > 2660tmix log SéA} (C.160D)

e Firstly, for any state s € S combine Definition 7 with the definition of S™2! to give

1 2660C%, _ ytmixlog s ]
min {d*(S), 7} < Céippedﬂb(&ﬁ*(s)) < clipped®m (1-7)d <=, (0161)
S T S
provided that T > 266050(‘:*“ppedtm;x log (1_%)6. An immediate consequence of this result is
that
26600 ippedtmix 108 755 1
< ' LA 162
(5) < - < (C.162)
Taking this inequality together with the fact below (see the definition (5.33))
b*(s) = b(s 71'*(5)"7) < L + > (C.163)
) b) — 1 _ /y T’
we can demonstrate that
2660C7; pedtmix 108 s 5
d*(S)b*(S) < ( Pp (I—=7) + d*(s)i
Segnan Segun 1=yT T
* . T
o 2005 Crppetmi 98 755 5 (C.164)
(1-y)T T
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e Secondly, we look at any state s € S'28. From the definition (5.33) of b(s,a; V'), one obtains

¢ log cblog 55 )6 ~ 2cp log 7 e )5 b}
b < ’Y vV —_
(s) < (s (s ) w*(s)( ) + (1-— )N(S,ﬂ'*( )) + T
(2 cp log 7 e log =55 )5 oy (‘7) N 41 log % N 2¢y, log 7(1_2)5 N 5
arp. T
=\ N(s,7*(s)) Fomrts) (1—7)2N(s,7*(s)) ] = (1—=7)N(s,7*(s)) T
(i) | 2cplog =35 7) 5 ~ ey, log ﬁ

S WVQFPSJ*(Q (V) + (1 — ’)/)N(S, W*(S)) y (C165)

where (i) comes from Lemma 20 and inequality (5.71), (ii) follows since \/z +y < /x + /¥
for any x,y > 0 and T' > N(s,a) for ¢y large enough. Moreover, it is seen that

i ii 12C% 12C%;
1 (S) - 12 (S) : clipped < clipped < *1 —I—S) : (C.166)
N(s,m*(s)) — TuP(s,7*(s)) ~ Tmin{d*(s), 5} T d*(s)

where (i) follows from (C.154), and (ii) invokes Definition 7. Plugging this inequality into
(C.165) gives

2Cb log ﬁ
N(s, Tr*(s))

~ 4Cb log ﬁ

b*(s) < Varp, ., (V) + (1 —~)N (s, 7*(s))

IN

2461 Clliipped 198 (1575 ) = 1 481 Cllipped 108 (1—Tv)6 1
\/ - Varp, .., (V) T(S)Jﬂ@ T 1T (d*(s)

= ai(s) = az(s)

(C.167)

where the last line also applies the elementary inequality /z +y < /z + /y for any =,y > 0.

To continue, observe that summing the first terms in (C.167) over s € S'"8¢ satisfies

> dr(s)aa(s)

seSIarge
24e,C%log L 5 V
_ \/ b cllppe; & T Z \/d*(s)Varpg’,r*(S) (V) + Z \/m\/Sd*(s)Varps,w*(s) (V)
Seslarge SESIarge
D (246,07 log L V
(S)\/ b llppe; 8 T8 <\f Z d*(s)Varp, ., ( Z d*(s)SVarp, ., (V)>
seslaree sesee
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96¢,SC* Jlipped log —
:\/ - \/Z d*(s)Varp, ., (V), (C.168)

ESIarge

where (i) comes from Cauchy-Schwarz and the fact ), d*(s) = 1. In addition, the sum of the

second terms in (C.167) over s € S'"8¢ obeys

96¢,SCY; log
> dr(s)aa(s) < (1'p_pefy)T( ”)5, (C.169)

Seslarge

which follows since ) d*(s) = 1. Combine (C.168) and (C.169) with (C.167) to yield

Z d*(s)b* (s, 7" (s Z d*(s)a (s Z d*(s)as(s

scSlarge seSlarge scSlarge
96CbSCc|.pped log = = 96¢1,SCippeq 108
v clippe (1- )
< \/ T \/ Z d*(s)Varp, ., (V) + -7 :
Seslarge
(C.170)
The above results (C.164) and (C.170) taken collectively give
<d*,b* o Z d* b* Z d* b*
SESIarge Sessmall
96¢,SCY, Clipped log = = 96ch SClinned 108 =5
'y clippe (1— )6
< \/ T Z d*(s Varps *(s) (V) + (-7
Seslarge
. 2660.5SCppedtmix 108 55 L5
(1-— )T T
(i) [96¢c,SC* log =~ 192¢ptmixSCH: log ~—L—
< \/ “pped (1 Zd* (s)Varp, .., (V) + - (1 C"PP;; e
-7

SES

)

T (1—7y)T (1=yT (1=yT

(2) 2\/96ch0 Jlipped log( 77 <d* b*> \/192chCC||pped10gu_TV)5 192cbtm,XSCchpped log(l_%

T T
(2) \ \/96ch0 ioped 198 T3 () 42 \/192ch0 ipped 108 T3 N 192¢1imix S Cppea 108 7575

(1=7T (1=yT (1—=yT

1, . T768,5C l,ppedlogﬁJr \/7680bSC Giped 108 T35 1926btmixS Cliipped 108 12575

< @6+

(1—=y)T (1-=yT (1-yT

Here, (i) follows when ¢, is sufficiently large, tmix > 1 and Cgj; g = 1/5 (see (5.26)), (ii) holds by
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recalling (5.105) that

2 4 N
TR

d*(s)Varp. . (V) < +
;9 (s) arp, . (s)( ) 2(1—7) v

(iii) is valid since v € [%, 1), and (iv) follows since 2zy < 22 + y%. Rearrange terms to yield

* T T
@) < \/ 307206 SCipped 108 175 19200k tminsS Clipped 108 7575
T (1-=yT (1—)T 7

which in turn leads to

* Tk * T . * T
oV VY < 2<1d ") a0 \/cbscdipped log 7155 3840k tminS Clipped 108 775

(1—7)o
— (1T apr

where the first inequality follows from relation (5.91).
Finally, we explain how to relax the two strong assumptions imposed at the beginning of this

proof.

e Note that when ¢nx is not known a priori, the choice E(s, a) is not a fixed integer independent
from the data. Fortunately, we have already demonstrated right after Lemma 35 that

k(s,a) < 665tmix. Taking the union bound over all integers 1 < k < 665ty suffices to handle
this statistical dependency.

e In general, D™ and D™" are statistically dependent as they are two parts of the same
trajectory. To resolve this issue, consider an additional collection of S independent Markovian
trajectories each of length 7'/2 (denoted by D"*(1), D2*(2),--- , D®*(S)), where the D¥"*(s)
starts from state s (note that these trajectories are introduced merely to assist in the proof).
Taking the union bound over all s € §, we can establish the desired result, for every s € S, if
the second dataset is D?"*(s). Additionally, due to the Markovian property, we know that the
true D must be statistically equivalent to one of these trajectories D"*(1),--- , D3"(S);

this in turn establishes the claimed results for the true dataset.

Putting everything together ensures the desired sample complexity as stated in Theorem 19.
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Appendix D

Proofs for Chapter 6

D.1 Preliminaries

For any vector z, we overload the notation by letting 2°2 = [m(s,a)Q](S )eSx A (resp. 2°? =

[2(s)?] scs)- With slight abuse of notation, we denote 0 (resp. 1) as the all-zero (resp. all-one) vector,

and drop the subscript p to write 4?(-) = Ug (-) whenever the argument holds for all divergence p.

Matrix notation. To continue, we recall or introduce some additional matrix notation that is

useful throughout the analysis.

o PY ¢ R¥4%9: the matrix of the nominal transition kernel with P, as the (s,a)-th row.

o PO c RSAXS: the matrix of the estimated nomimal transition kernel with ﬁga as the (s, a)-th

TOW.

o 7 € R54: a vector representing the reward function r (so that T(s,a) = 7(8,a) for all (s,a) €

S x A).

o II" c {0,1}° xSA: a projection matrix associated with a given deterministic policy 7 taking

the following form

eI(U or ... of
07 e or
" = ) , (D.1)
T T T
0 0 €r(s)
where 671;(1)7 671—(2), e el( s) € R4 are standard basis vectors.

e 7, € R%: a reward vector restricted to the actions chosen by the policy 7, namely, 7, (s) =

r(s,m(s)) for all s € S (or simply, r = II"r).

e Varp(V) € R54: for any transition kernel P € R¥4*5 and vector V € RS, we denote the
(s,a)-th row of Varp(V) as

Varp(s,a) = Varp, ,(V). (D.2)
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o PV c RSAXS PV € RSAXS, the matrices representing the probability transition kernel in the
uncertainty set that leads to the worst-case value for any vector V € R%. We denote Ps‘f a
(resp. ﬁya) as the (s,a)-th row of the transition matrix PV (resp. ]3‘/) In truth, the (s,a)-th

rows of these transition matrices are defined as

PS"/Q = argminp ey (po )PV, and ISSVG = argming ., po PV (D.3a)

Furthermore, we make use of the following short-hand notation:

7V -—_ V‘n"a‘ P 3 k) 7‘7 -— ‘771-70' P 3 % k)
Pl =P, = argminpeye(po yPV™, Pl =P, = argminpeys(po yPV™,
(D.3b)
Vo . pV™T . 0 BV . pUme . ~ o
Pl =P, = argmlnpeud(ﬁsoa)PV , Pl =P, = argmlnpeu(,(Pga)PV .
(D.3c)

The corresponding probability transition matrices are denoted by P™V € RS4xS pmV ¢
RSAXS PV e RSAXS and PV ¢ RS4%5  respectively.

~ % STV S,V .
e P™ ¢ RSXS’ PT c RSXS’ BW,V c RSXS’ BTF,V c RSXS’ ETF c RS*S and Bw c RS*S. gix

square probability transition matrices w.r.t. policy 7w over the states, namely

pr=1"pP°, Pr=1rp’, PV e=1rp~Y, P~V —1rprY
A,V ~ ~ D
P =1T"P", and P =1"P"". (D.4)
We denote PT as the s-th row of the transition matrix P”; similar quantities can be defined

for the other matrices as well.

D.1.1 Basic facts

Kullback-Leibler (KL) divergence. First, for any two distributions P and @, we denote by
KL(P || @) the Kullback-Leibler (KL) divergence of P and Q. Letting Ber(p) be the Bernoulli
distribution with mean p, we also introduce
L=a®  (p-9?
1—q  q(1-¢q)
(D.5)

(p—q)?

P 1-
KL(p || q) = ploga +(1—p)log and  *(pllq) =

1—gq

which represent respectively the KL divergence and the x? divergence of Ber(p) from Ber(q) (Tsy-
bakov, 2009). We make note of the following useful property about the KL divergence in Tsybakov
(2009, Lemma 2.7).
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Lemma 36. For any p,q € (0,1), it holds that

KL(p || ¢) < (D.6)

q(1 —q)
Variance. For any probability vector P € RS and vector V € R, we denote the variance
Varp(V) = P(VoV)— (PV)o (PV). (D.7)

The following lemma bounds the Lipschitz constant of the variance function.

Lemma 37. Consider any 0 < Vq, V5 < ﬁ obeying ||V1 — Valloo < @ and any probability vector
P e A(S), one has

Varp(Vp) — Varp(Vs)| < . D.8
Varp(Vi) — Varp(V5)] < o= (D-5)
Proof. 1t is immediate to check that
[Varp(V1) — Varp(Vz)| = [P(Vi o V1) — (PV1) o (PV1) — P(Va 0 V) + (PV2) o (PV2)]
<[P(VioVi = VaoVo)| + |(PVi + PV2)P(Vi — V3)]
2z
<2[V1 + V2 loo|Vi = Valloo £ 77— D.9
I ool | = (D.9)
where the penultimate inequality holds by the triangle inequality. O

D.1.2 Properties of the robust Bellman operator

v-contraction of the robust Bellman operator. It is worth noting that the robust Bellman
operator (cf. (2.29)) shares the nice y-contraction property of the standard Bellman operator, stated

as below.

Lemma 38 (y-Contraction). (Iyengar, 2005, Theorem 3.2) For any v € [0,1), the robust Bellman
operator T°(-) (cf. (2.29)) is a vy-contraction w.r.t. || - ||eo. Namely, for any Qi,Qs € RS54 s.t.
Q1(s,a),Q2(s,a) € [O, ﬁ] for all (s,a) € S X A, one has

I77(Q1) = T?(Q2)ll 0o <7 1@1 = Q2| - (D.10)

Additionally, Q*° is the unique fized point of T?(-) obeying 0 < Q*7(s,a) < ﬁ for all (s,a) €
S x A.

Dual equivalence of the robust Bellman operator. Fortunately, the robust Bellman operator

can be evaluated efficiently by resorting to its dual formulation (Iyengar, 2005). In what follows, we
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shall illustrate this for the two choices of the divergence p of interest. Before continuing, for any

V € RS, we denote [V]a as its clipped version by some non-negative value «, namely,

a, if V(s) > a,
V(s), otherwise.

[V]a(s) = (D.11)

e TV distance, where the uncertainty set is L{g(ﬁga) = U—?V(ﬁga) = Z/lgw(ﬁga) w.r.t. the TV
distance p = pty defined in (6.1). In particular, we have the following lemma due to strong

duality, which is a direct consequence of Tyengar (2005, Lemma 4.3).

Lemma 39 (Strong duality for TV). Consider any probability vector P € A(S), any fized
uncertainty level o and the uncertainty set U° (P) = US,(P). For any vector V € R obeying
V' >0, recalling the definition of [V]q in (D.11), one has

PeUs (P) a€[ming V(s),maxs V(s s

inf PV = max : {P Vi, —o <a —min [V], (5’)) } . (D.12)
In view of the above lemma, the following dual update rule is equivalent to (6.8) in DRVI:

Ou(s,a) = r(s,a) + 7  max . {ﬁga [f/t_l} o (a — min [ﬁ_l] ) (s’)) } .

a€E [mins Vi—1(s),maxs Vt,l

(D.13)

e \? divergence, where the uncertainty set is Ug(ﬁg o) =UD (ﬁsoa) = Z/{gxg (]359 o) w.r.t. the x?
divergence p = p,2 defined in (6.2). We introduce the following lemma which directly follows

from (Iyengar, 2005, Lemma 4.2).

Lemma 40 (Strong duality for x?). Consider any probability vector P € A(S), any fived
uncertainty level o and the uncertainty set U (P) = U)‘(’Q(P). For any vector V € RS obeying
V >0, one has

inf PV = P[V]s — /oVarp ([V]a) b, D.14
Peg}’(P) oae[mins\/n(f)%,}fnaxsl/'(s)]{ [ ] 7 aI’P([ ] )} ( )

where Varp (+) is defined as (D.7).

In view of the above lemma, the update rule (6.8) in DRVI can be equivalently written as:

Q(s.0) = r(s.0) +9 T AL Joveras, ([7id] )}

(1S [mins \7,5,1 (s),maxs ‘271(5)

(D.15)
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The proofs of Lemma 39 and Lemma 40 are provided as follows.

Proof of Lemma 39. To begin with, applying (Iyengar, 2005, Lemma 4.3), the term of interest obeys

where p(s’) represents the s’-th entry of u € R®. Denoting p* as the optimal dual solution, taking

a =maxy {V(s') — u*(s')}, it is easily verified that p* obeys

. V(s)—a, ifV(s)>a
pr(s) = (D.17)
0, otherwise.

Therefore, (D.16) can be solved by optimizing « as below (Iyengar, 2005, Lemma 4.3):

inf PV = max {P V], —o (a —min [V], (s’)) } . (D.18)
PeUe (P) a€[ming V(s),maxs V(s)] s’

O]

Proof of Lemma 40. Due to strong duality (Iyengar, 2005, Lemma 4.2), it holds that

inf PV = max {P(V—u)—\/aVarP(V—u)}, (D.19)

PeU (P) neRS ;>0

and the optimal p* obeys

. V(s) —a, ifV(s)>a
i (s) = (D.20)
0, otherwise.

for some «a € [ming V(s), maxs V(s)]. As a result, solving (D.19) is equivalent to optimizing the

scalar o as below:

inf V= PlV], — V \% . D.21
’Pellﬁ’(P),P ae[minSVI{ls??r(nast(s)]{ [ ]a avare ([ ]a)} ( )

O

D.1.3 Additional facts of the empirical robust MDP

Bellman equations of the empirical robust MDP M\rob. To begin with, recall that the
empirical robust MDP M\rob ={S, A4, 7,01”(130), r} based on the estimated nominal distribution

PY constructed in (6.5) and its corresponding robust value function (resp. robust Q-function) V™7
(resp. Q™).

295



Note that Q* is the unique fixed point of ’/f"() (see Lemma 38), the empirical robust Bellman
operator constructed using PO, Moreover, similar to (2.27), for M\rob, the Bellman’s optimality

principle gives the following robust Bellman consistency equation (resp. robust Bellman optimality

equation):
V(s,a) €eSx A: Q(s,a) =r(s,a)+7 inf_ PV™, (D.22a)
PEUU(PQ’Q)
V(s,a) €S x A: Q%(s,a) =r(s,a) +7 inf_ PV, (D.22b)
Peu(PL,)

With these in mind, combined with the matrix notation, for any policy 7, we can write the

robust Bellman consistency equations as

Q™ =r+~ inf PV™ and Q™ =r+~ inf PV, (D.23)
PeU (PY) PeUo (PO)

which leads to

VO — T + ’}/Hﬂ— inf Py ™ g ro+ ,YBW,V‘/F,O"

Pelte (PO)

V0 —po Al inf PO D P e (D.24)

Peue (P0)

where (i) and (ii) holds by the definitions in (D.1), (D.3) and (D.4).
Encouragingly, the above property of the robust Bellman operator ensures the fast convergence

of DRVI. We collect this consequence in the following lemma.

Lemma 41. Let Qo = 0. The iterates {Q;},{Vi} of DRVI obey

A k.0 th i {x,0 7t
Furthermore, the output policy T obeys
[P — TR < 217: where [V — V|| = com. (D.26)

Proof of Lemma 41. Applying the y-contraction property in Lemma 38 directly yields that for any
t>0,

H@t - @*’U”oo = H7A'U(@t—1) - '?J(@*"’)Hoo < ’YH@t—l _ @*,OHOO
-~ ~ ~ t
S R I e

9
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where the last inequality holds by the fact ||C§*"’ lo < 7= (see Lemma 38). In addition,

1—y

R -
o0 seS

t
~ A*7 ~ A*’ ’}/
max Qi(s, a) — max Q*"(s,0) | <|Qi = @™, < —

where the penultimate inequality holds by the maximum operator is 1-Lipschitz. This completes
the proof of (D.25).
We now move to establish (D.26). Note that there exists at least one state sy € S that is

associated with the maximum of the value gap, i.e.,

~

[V57 = Vo] = V*(s0) = V77 (s0) 2 V*7(s) = VT7(s), Vs €S.

Recall 7* is the optimal robust policy for the empirical RMDP M\,ob. For convenience, we denote

a1 = 7*(so) and ag = 7(sp). Then, since 7 is the greedy policy w.r.t. @T, one has

r(so,a1) + 7y inf P‘AfT,l = @T(so, ap) < @T(So, ag) = r(sp,a2) +y inf 73‘7T71-

PEU(PY, ) PeU(PY .,)
(D.27)
Recalling the notation in (D.3), the above fact and (D.26) altogether yield
SVr_1 {7 %,0 SVro15
r(s0,a1) + ¥ Pso.ar (V - 5opt1> < r(s0,a1) + 7 Psgar V-1
< r(so,a2) +7 inf PVr_,
PeU(PL, )
(i) /\‘7%,0 -
< T(307 a2) + 7Pso,a2 V-
< r(s0,a2) + 7Pl e (V57 + 2opel ) (D.28)
where (i) follows from the optimality criteria. The term of interest can be controlled as
[V27 = VRl = V2 (s0) = V7 (s0)
=r(sp,a1) +7 inf PV — <r(so, asz) + 7y inf 73‘7%”)
Peus (P9, ) PeU(PY, ,,)
= r(sg,a1) — r(so,a2) + ’y( inf PV — inf 77‘7%’U>
PeU (P, ,,) PeU?(Pg, a5)
(1) AT .o S A~/ ~ ~ A~
< 2veopt + 7(138‘3 a V7 — PS‘QT,;; Vo 4+ inf PV*T — inf PV”"7>
’ PeU(PY a)) PeU (PY ,,)
= 2’75opt =+ ’Y(ﬁs‘gfa; ‘7*,0 - in/f: PV?J) + '}/< iIlAf 73‘7*70 B ﬁs‘gi;;ll ‘7*,0’)
PeuU (P, .,) PEU (PG ay)
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(11) T, 0 s A~ ~17 ~ A~ ~
< 27v€opt + vPs‘gm (V*’U - V”’U) + v <Ps‘gfall Vo — Ps‘gﬂ{f V*’0>

< 27v€opt + ’YH‘/}*’U - ‘7%’0“007 (D.29)

where (i) holds by plugging in (D.28), and (ii) follows from inf PV < PV* for any

P €U (P? . ). Rearranging (D.29) leads to

50,01

PeU(PY 4,)

%0 _ 1 7,0 @
e~ 75, < 2t

D.2 Proof of the upper bound with TV distance: Theorem 10

Throughout this subchapter, for any transition kernel P, the uncertainty set is taken as (see (6.1))
1
U7 (P) = Uy (P) = @ Uy (Pra),  USy(Pra) = { Pl € AWS): S|Py~ Prll, <o} (D:30)

D.2.1 Technical lemmas

We begin with a key lemma concerning the dynamic range of the robust value function V™¢

(cf. (2.25)), which produces tighter control when o is large; the proof is deferred to Appendix D.2.3.1.

Lemma 42. For any nominal transition kernel P € R94%S  any fized uncertainty level o, and any

policy 7, its corresponding robust value function V™7 (cf. (2.25)) satisfies

1
Vo — min V™% < )
s (s) es () < ymax{l —v,0}

Next, we introduce the following lemma, whose proof is postponed in Appendix D.2.3.2.

Lemma 43. Consider an MDP with transition kernel matriz P and reward function 0 < r < 1. For
any policy ™ and its associated state transition matriz Py = II" P and value function 0 < V™ < ﬁ
(cf. (2.20)), one has

_ - 8(max; V™F (s) — ming V™ (s))
(I —~yPz)" " \/Varp (V©P) < \/ 1) 1.

D.2.2 Proof of Theorem 10

The main proof idea of Theorem 10 is similar to that of Agarwal et al. (2020a) and Li et al. (2023c)

while the argument needs essential adjustments in order to adapt to the robustness setting. Before
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proceeding, applying Lemma 41 yields that for any eqpt > 0, as long as 7" > log(m), one has

7o — 77 < 27Eopt

oo — 1_7’

(D.31)

allowing us to justify the more general statement in Remark 4. To control the performance gap
HV*’U — Y7o ‘OO, the proof is divided into several key steps.

Step 1: decomposing the error. Recall the optimal robust policy 7* w.r.t. M, and the
optimal robust policy 7*, the optimal robust value function Vo (resp. robust value function @“’U)

w.r.t. .K/l\rob. The term of interest V*° — V79 can be decomposed as

Vo V%,a _ (VW*,U _ ‘/}W*,J) + (f}w*,a _ ‘7%*,0) + (‘7%*,0 N ‘7%,0) + (‘7%,0 N Vﬁ,a)

< (VW*,J _ ‘771'*70') + (‘7?*,0 - ‘7?70) + (‘7?,0 _ Vﬁ,a)

—~
=

—~
=

1 *

* =5 2 fo) AN~ ~
< (Vﬂ' o T ,U) + 1’7%:1 + (VTI’,O’ _ VT(,O’) (D32)

where (i) holds by Vo — V&9 < () since 7* is the robust optimal policy for M\rob, and (ii) comes
from the fact in (D.31).

To control the two important terms in (D.32), we first consider a more general term yme _yme
for any policy 7. Towards this, plugging in (D.24) yields

‘77‘(,0’ N A nyﬂ',Vi}ﬂ',U _ (1”71- + ,YBW,VVW,U)
SO o o

— (’YBW Vo _ ,)/EW,VVW,O') + (,YBW,VVW,O' o ,YBW,VVF,0'>

(2 ,Y(Pﬂ',V‘/}ﬂ,U o Pﬂ*,Vvﬂ',o’> + (7?5”7‘7‘771',0‘ _ ,YPW,‘/}‘/}TA',J>
where (i) holds by observing

PTI’,‘/}‘/}TF,O' < PTI’,V‘/}TI',O'
due to the optimality of B’T"A/ (cf. (D.3)). Rearranging terms leads to
Ve Ve < (1Y) (PP - prl ), (D.33)

Similarly, we can also deduce

~ ~m,V ~
Vo YT — e+ 'YBTF Vo _ (Tﬂ- + ,YBW,VVTI',G')
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("yﬁﬂ V‘/}ﬂ o _ ,YBﬂ,\//\"/}Tr,U) + (,}/Eﬂ',‘/}‘//\'ﬁ,d N ,YBW,VVﬂ’,o)
(Pﬂ' Vv7r o Bw,ﬁvﬂ,o') + <7EW7‘7‘7W70 o /_}/Bﬂ,f/\"//\'ﬂ',d)
N\ =1 / ~xV ~ 5~
> 5 (I _ ’YBW’V) (Bﬂ’,VVTr,a' _ BW,VVTF,O') ] (D34)

Combining (D.33) and (D.34), we arrive at

H"/\'ﬂ',a . VmaHOO < VmaX{H (I _ ,Y£7r7V)*1 (EW’V‘/}W’U . BW,V‘/}W,U>

E

S\ =1 /o Ar VT~ S~
H (I _ 7£7T,V> (B ’Vvﬂ,o _BTF,Vvﬂ,O'> ’ } (D35)

By decomposing the error in a symmetric way, we can similarly obtain

)

H‘//\'ﬂ',a N V7T,UH < ymax I — ,YEmV -1 Eﬂ—?‘/vﬂ',a . Bﬂ,Vvﬂ,o
0o

‘ [e.e]

P N R
O I Gt | I

With the above facts in mind, we are ready to control the two terms H‘A/’T*"’ — V“*’UH

H‘Af% o YT "H in (D.32) separately. More specifically, taking m = 7*, applying (D.36) leads to

H‘?W*7U _ Vﬂ—*’O'HOO S 'ymax{H (I ’yﬁﬂ' V) (EW*7VV7T*7O- _ BT(-*7VV7r*70')

K

H(I ~B" V) <Eﬂ*’VV“*’”—£W*’VV”*’”)‘ 3 (D.37)
Similarly, taking © = 7, applying (D.35) leads to
o _ P S P
Hvﬂ,a o V7r,UHOO < 'YmaX{H (I _ ,YBW,V) (B Vo Bﬂ,VVmJ) ‘ ’
=V 1 TV~ ~ U S5a
() @ v ) wa

Step 2: controlling |[V™" — V™| : bounding the first term in (D.37). To control
the two terms in (D.37), we first introduce the following lemma whose proof is postponed to
Appendix D.2.3.3.

Lemma 44. Consider any 6 € (0,1). Setting N > log(%), with probability at least 1 — 6, one

has

( ISSAN)

N

log( 1856AN)

N(1=7)

log

)2 Vﬂ'*,a _ Bﬂ*,\/vw*,a 1

<2 Var pr+ (V*9) 4
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185’AN)

log(
< 71 D.
where Var p+ (V*7) is defined in (D.2).

Armed with the above lemma, now we control the first term on the right hand side of (D.37)

as follows:

(I o /}/ﬁﬂ'*vv)*l (ﬁﬂ-*’vvﬂ—*va _ PW*»VVW*J)

(1) ~m* * * *
<(1-22"") HP yrto _ privyTe

(ii) - 1 185AN 1 185AN
< (I—’yP7r V \/ o8 \/VaurP,r (V*9) og >

10g(18SAN) TtV log( 1SSAN) ~* v\ —1 s
gy oS
=:C1
log( ISSAN) g V
+ 2 T <I ’)/P ‘Varpﬂ— Varﬁn (V*,O')
lo 18SAN oV
o[RBT (1) (warpw* (V+0) = \[Varp.. (V) (D-40)

=:C3
where (i) holds by (I 'yﬁﬂ V) > 0, (ii) follows from Lemma 44, and the last inequality arise

from

Var p.« (V*7) = (\/VMPTr (V*0) \/Var (Vo) > + 4/ Var g« (V*7)

< <\/Varpﬂ* (V*o) — \/Var]sw* (V*#’)) + \/‘Varlg,r* (V*o) — VarET*,V(V*vU)

+ /VarE,r*,v (Vo)

by applying the triangle inequality.
STV - C . .
To continue, observing that each row of Bﬂ is a probability distribution obeying that the

sum is 1, we arrive at

~* VY —1 = ~* V\ 1 1
(1=22"") 1= (1432 (P77 ) 1=t (D.41)
t=1

1—7

Armed with this fact, we shall control the other three terms Cy,Co,Cs in (D.40) separately.
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e Consider C;. We first introduce the following lemma, whose proof is postponed to Ap-
pendix D.2.3.4.

Lemma 45. Consider any 6 € (0,1). With probability at least 1 — &, one has

10g( 1SSAN) 10g( 1SSAN)
(1 T ) (1 T )
<4 1<4 1.

— NP1 —=v)Pmax{l —v,0} ~ P31 —7)3

(I ”yﬁw V) Varﬁw*,V<V*’U)

Applying Lemma 45 and inserting back to (D.40) leads to

log( 1SSAN) e 1
¢ =2 ~ (1 4P ) Var ey (V49)
-3 10g(18SAN) 10g(18SAN) . (D 42)
=5\ S0 =) Zmax{1 — 5, 0} N 1—N )" |

e Consider Cy. First, denote V' := V*? —mingcg V*?(s')1, by Lemma 42, it follows that

0<V' < ! 1. (D.43)

- ~ ymax{l —~,0}

Then, we have for all (s,a) € S x A, and P,, € A(S), and P, , € U (Ps):

|Var~ (V*7) — Varps,a(V*"’)‘ = ‘Varjgsya(V’) — Varpsya(V/)‘

< |Poa = Poall IV'II%,
20 2

1< 1. D.44
v (max{l —v,0})2" = y?max{l —~,0} ( )
Applying the above relation we obtain
log(185AN ) S
Cy =218 ) (I VP ) \/’Var (V4) = Var oo v (V21)
10 lSSAN « v
gy [lel ) (1 BT ) I (Varp, (VAe) — Varp. o (V29))|
log(185AN ) -
<o) 8C5) (1 W) HIVar o (V29) = Varpe o (V21
log(185AN ) PO 2 log(1ESAN
<oy fl85) (I +B" V) —9 08(~5 ) 1,
max{l -1, a} Y2(1 — )2 max{l —~,0}N
(D.45)
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where the last equality uses (I ’y]s7r V) 1= % (cf. (D.41)).

e Consider C3. The following lemma plays an important role.

Lemma 46. (Panaganti and Kalathil, 2022, Lemma 6) Consider any § € (0,1)

. For any
fized policy © and fized value vector V€ RS, one has with probability at least 1 — &
Nara, (V) 2||V|I3, 10g( )
‘ VarPW — 4/ Vi ‘ \/ 1.
Applying Lemma 46 with 7 = 7* and V = V*7 leads to
2[V=7||2, log(%54)
\/Varp,r* (V*9) \/Var (V*o) < \/ N 21,
which can be plugged in (D.40) to verify
].Og ].SSAN /\7T*,V —1
Cy =2 (I ~P ) <\/varp,r* (Vo) — \/varﬁ,r* (V*ﬁ))
4 1 AN Vro 41 1SSAN
_ AVl | Alog(s8aY) -
(1—-7) N (1- )2N

~7*V
where the last line uses (I ~P ) 1= ﬁ (cf. (D.41)).

Finally, inserting the results of C; in (D.42), Ca in (D.45), Cs in (D.46), and (D.41) back into
(D.40) gives

g g . . . log(188AN log(188AN
(I ,YP V) (B 7V‘/Tr o Eﬂ' ,Vvﬂ ,U) < 8 _ Og( ) Og( )
V(1 —=7)? maX{l —7,0}N (1- ) N
21 ISSAN 41 ISSAN 1 18SAN
4o og(=%) | Hlog(P5) L o )1
P w17 AN T @y L NI )
<10 210g( ISSAN) log(S‘gN) 510g(18SAN)1
=10\ S50 =T max{1 =, 0}V —27N ) T AN
log( 185’AN) 5 log( IBSAN)
<1 D.4
< 60\/<1 o max{I= 7,0}V T ()N (D-47)

. . 1 . log( SAN)
where the last inequality holds by the fact v > ; and letting N > —3 .
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Step 3: controlling H‘A/’T*’U — V™| : bounding the second term in (D.37). To proceed,
applying Lemma 44 on the second term of the right hand side of (D.37) leads to

(I "yﬁw V) (Aﬂ'*,V Pﬂ.* Vvﬂ. U)
et v log ISSAN 18SAN
< 2([ vP \/Var]yr (Vo) 1)
210g(lSSAN) lOg(lSSAN) /\71-*,\7 1 .
< 2 o0 7 9N o 7 _ Yo ™0
T (I VB ) 142 = (I vP ) \/Varﬁw o (V™)
—C4
(185AN)

log ~*,V v o Omto
+ 2 T(I ’}/P ) <\/Varﬁw*7‘7(v 7 —V ’)>

1 18SAN o
) Og(N5 )<I +P V

T (I 'yP <\/Vaer (V*9) \/Val”ﬁw* (V*’0)> ) (D.48)

Var g« (V*9) — Varﬁﬁ*,c, (Vx0)

where the last term C~3 can be controlled the same as C3 in (D.46). We now bound the above terms
separately.
e Applying Lemma 43 with P = 13”*7‘77 7 = m* and taking V = V™9 which obeys Ve =
/\Tr*?VA * . . .
rax +yP 7 V™% and in view of (D.41), the term C4 in (D.48) can be controlled as follows:

log( 185AN)

Cy=2 (I yﬁﬂ V) \/Var (V’T*”)

log 185‘4 \/ max, V7" 9(s) — ming v (s ))
\' 72 (1—7)?

N

log 1SSAN
< 1, D4
_8\/73(1 i S (D4

where the last inequality holds by applying Lemma 42.
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e To continue, considering Cs, we directly observe that (in view of (D.41))

1 18SAN g —
Cs =2 Og()(I ~P V) \/Varﬁﬁ*,f/(vw*"’ _ o)

18SAN
1. (D.50)

o0

HV*O’ Vﬂ' e

e Then, it is easily verified that Cg can be controlled similarly as (D.45) as follows:

210g(ISSAN)
< . .
Co = 2\/72(1 —7)? max{1 — %U}Nl (D:31)

e Similarly, C7 can be controlled the same as (D.46) shown below:

41 ISSAN
e, < og (=)

< W (D.52)

Combining the results in (D.49), (D.50), (D.51), and (D.52) and inserting back to (D.48)

leads to

- R . . 1 1SSAN

(I ’yPﬂ V) ( O Vvﬂ— o _ pr Vyr ,o) <8 Og( ) 1

AP max(l 0]V
log ISSAN HV*J B ‘7#*’0 o 210g(185AN) N 410g( ISSAN)
2]\7 o0 2(1 —vy)2max{l —~v,0}N (1 —7)2N

IOg 18SAN IOg 18SAN . 4log(185AN)

<80 Hv*vff—wr 7| e =R (D
= \/(1— )2 max{l—’y,a}N 210 e ST Aoy b (P83

where the last inequality follows from the assumption v > i.
Finally, inserting (D.47) and (D.53) back to (D.37) yields

1 1SSAN 51 1SSAN
Smax{160\/( og(75 ) + og( ),

H‘/}ﬂ*,o‘ _ VTr*,U

1—7)2 maX{l —v,0}N (1-—

<0 log( 1SSAN s log ISSAN HV*@— B ‘771—*70— N 410g(185AN)
(1—7)2 max{l —v,0}N 2N o  (1=79)2N
log( ISSAN) 810g IBSAN
<1 D.54
= 60\/(1— (i N T o )N ’ (D-54)

SAN
where the last inequality holds by taking N > %
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Step 4: controlling ||[V™7 — V79| : bounding the first term in (D.38). Unlike the earlier
term, we now need to deal with the complicated statistical dependency between 7 and the empirical

RMDP. To begin with, we introduce the following lemma which controls the main term on the right
hand side of (D.38), which is proved in Appendix D.2.3.5.

Lemma 47. Consider any § € (0,1). Taking N > log (54SAN2>, with probability at least 1 — ¢,

(1-7v)s

one has

log(25240-) oy -1 = ey 1 [8log(BAANE)
<2 4——Ji¥ﬁif(l——yﬂmv) Vagﬁ(v*ﬂ)+-(1-ypﬂ”’) (173 7 | “7€opt | 4

N(1 =) 1—7

() (8log(HANE) 9 log(2424557) ~ o\
< < (1—v)d YE€opt 142 (1-7)é (I_,YBW,V)

T\ NA=9)2 (1=9)? N P
=D
10g(54S_AN2) 4 —~ —
+2 % (I - ’YB”’V> \/Var 2v(V*?) = Var . »(V70)
=Dy
log(54€AN2) 1 — —
+ 2 % (I — VBF’V> \/VarP%(V*:U) _ VarB,;y(V*"’) , (D.56)
=:D3

_ oy -1
where (i) and (ii) hold by the fact that each row of (1 —~) (I — ’yB”’V) is a probability vector
that falls into A(S).

The remainder of the proof will focus on controlling the three terms in (D.56) separately.

e For Di, we introduce the following lemma, whose proof is postponed to D.2.3.6.

1 54SAN?
Lemma 48. Consider any ¢ € (0,1). Taking N > Oggl(_li;)”f and eopt < 1777, one has with
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probability at least 1 — ¢,

=N\ —1 S 1 1
1Y ) <0 16yt
(1P arpap (V) < \/73(1—w)2max{1—%0} C VA=

Applying Lemma 48 and (D.41) to (D.56) leads to

og(GIANZ) _

by =2 B (1 7)™ N ()
2
log(345422)

<12 .
- 7?(1 = ~)?max{1l —,0}N

(D.57)

e Applying Lemma 37 with |[V*9 — V7| < 217%?;" and (D.41), Dy can be controlled as

10g(5(45’4])\g2) oy -1

_ 1y 7V (%0 _ _(UTFo

DQ — 2 T <I - 77 ) \/‘Varp%,V (V* ) Va'rB%,V (V )
<4 log(555 ) (I - pﬁ,‘A/)_l VCopt | JEopt log(2555) 1 (D.58)
- N 7= 1—v — (1—~)*N ’

e D3 can be controlled similar to Cy in (D.45) as follows:

log(BASAN2 ) . — —
Dy = 2/ S0 (152 0) Vi (729 — Var 0 (79)
54SAN? 54SAN?
leCmr) (L ey ! o8y
<4 I—~P 1<4
N v?max{l —~,0} v2(1 —v)2max{1 —v,0} N
(D.59)

Finally, summing up the results in (D.57), (D.58), and (D.59) and inserting them back to (D.56)
54S AN
)

1
yields: taking N > Og(fli;;g‘; and eopt < 1_77, with probability at least 1 — 4,

4SAN2
810g(5(1—’7)5 ) 2y€opt
N(1—~v)? (1—7)?

54S AN?2 545 AN?2 54S AN?2
412 log("7=5)5) - Veopt 108 (055 )1 T4 log(%2555)
Y3 (1 —7)?max{l —v,0} N (1—7)4N Y2(1 = 7)?max{l —v,0}N
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54SAN2 545 AN?
<16 log( =r, ) 14 log( (=)0 ) (D.60)
- 31 —v)?max{l —v,0}N N(1—-v)?2 7 '

(1—v)é
YN

here the last i lity holds by taki oo iy esCERE | res(CEEAR
where the last inequality holds by taking eqpt < min =, _ o

Step 5: controlling H?%"’ —

V™7t bounding the second term in (D.38).
applying Lemma 47 leads to

Towards this,

~ -1/ < ~ ~T A~ ~ -1y 57V
(1-7V) (B 077~ PRT9R0) < (1- 27 Pt
54SAN?2

log( ) o1 = N1 8log(54SAN2) 9

(I—=7)o 7,V 7,V (1—7)d YEopt

< _ ) ~(V*0o _ )

<9 (1= 2RY ) Varps (V29) + (1= 927 < ~ 4 1

54SANZ 54SANZ2
< (810g( (1-—)5 ) 27v€opt )1 49 log( (1-)5
— 2

) _
I—~P™Y Var p=v (V50
NI1-72 (-7 N ( i > arpry (V7°)
=Dy
10g(54SAN2) _1
(1—)o o 7,V T,o _ /7,0
42 < (1—~E™) V Varpsy (V70 — V7o)

log(54SAN2) 1
+2 7<N ) <I—'y£”’v) \/ ‘Varga,v(V*va)—Varﬂﬁ,v(vﬁv")

2
log(E

) =
+2 7(]\7 ) ( \/’Vanrlmr V*a) Varpwv(V*U) )
=D,

(D.61)

We shall bound each of the terms separately.

e Applying Lemma 43 with P = P™Y, 7 = 7, and taking V = V™ which obeys V77 =
r= +~vP™Y V™% the term Dy can be controlled similar to (D.49) as follows

10g(54SAN2)
Dy <8 ) 1. D.62
‘= \/73(1 —7)?max{l —v,0}N (D-62)

e For Ds, it is observed that

log(54SAN2) N — —
Ds = 2| — (1= 4PV ) Nar ey (VA2 — VEo)
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54SAN
HVW o V7T o

1. (D.63)

o)

e Next, observing that Dg and D7 are almost the same as the terms Dy (controlled in (D.58))
and D3 (controlled in (D.59)) in (D.56), it is easily verified that they can be controlled as

follows
Do < 4y| log (%4555 ) Dy < 4 log (%2555 ) 1L (D.64)
= (1—-9)'N "=\ 21 =92 max{l = 4,0}N '

Then inserting the results in (D.62), (D.63), and (D.64) back to (D.61) leads to

7 54SAN?Z
(I . P%,V) -1 (zﬁ%,\/"}ag _ Pﬁj}"/\v%,o) - 8log( 1-7)3 ) n 27Eopt - log(w)
YL — - - N(l_’}/)2 (1—/-)/)2 73(1_7)2max{1_770}N

54SAN 54SAN?2 54SAN2
5 ‘V%’a o 144 YEopt log( 1-—)8 ) 4 log( (=90 )
o0 (1=y)'N 7*(1 = 7)?max{l —v,0}N
8SAN? 54SAN>

<12 2 log( (1_7)6) 14 1Og( (1—7)é ) lOg 54SAN HVW N V7T N 1

— \ (1 —v)?max{l —y,0}N N(1—7v)? oo
(D.65)

54SAN>
where the last inequality holds by letting eqpt < ((17]\,”)5), which directly satisfies eopr < 1_77 by
(54SAN )
letting N > =
54SAN2)

1
Finally, inserting (D.60) and (D.65) back to (D.38) yields: taking eopr < Og(vli]\’,”” and
1610g(545?N2) . s
N > T with probability at least 1 — §, one has

54SAN? 54SAN?
HV%’U —ymell < maX{16 tog( (=7 ) + Lo (1=7)0 )
00 = (1 —~v)?max{1l —~v,0}N Nl —v)?2 "’
2
. 2 log($54N%) 14 log (242405 log (P45 Hvﬂ oy )
Y3 (1 —7)2max{1l —v,0} N N(1 - o0
54SAN? 54SAN?
<24 oeliy)0 ) 2 log(7i)s) (D.66)
— O\ P =y)?max{l —v,0}N = N(1-7)? ‘
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Step 6: summing up the results. Summing up the results in (D.54) and (D.66) and inserting

54SAN? 54SAN?
back to (D.32) complete the proof as follows: taking eopt < Og((liN“’)‘s) and N > %, with
probability at least 1 — 4,
- X ~ 2 =
e I e I e »
_ 2750pt 160 log( 18SAN) 8 log( ISSAN)
T 1l—x (1 —~)?max{l —~,0}N (1—7)2N
2 2
\ oy log (%25 ) 28log(*5235)
P (1 —v)?max{l —y,0}N = N(1-7)?
54SAN2 54SAN?
< 184 log( =0 ) 36 log( =0 )
- (1 —v)?max{l —y,0}N = N(1-7)?
10g(54SAN2)
< 1508 (1=7)d (D.67)

(1 —~v)2max{l —~,0}N’

2
16log(24540°)

where the last inequality holds by v > % and N > =2

D.2.3 Proof of the auxiliary lemmas
D.2.3.1 Proof of Lemma 42

To begin, note that there at leasts exist one state sg for any V™7 such that V™7(sg) = minges V™(s).
With this in mind, for any policy 7, one has by the definition in (2.25) and the Bellman’s equation
(2.27a),

V™(5) = max Eyun( |5 | (s, it PV™|
B V) = g Ren i M0 O 4

<  max (1 +~ inf PV”’Cr),
(s,a)eSxA PeU (Ps,a)

where the second line holds since the reward function r(s,a) € [0,1] for all (s,a) € S x A. To

continue, note that for any (s,a) € S x A, there exists some ﬁs,a € R® constructed by reducing

the values of some elements of P;, to obey P, > ]Bs,a > 0 and Y, (Psa(s) — ]sta(s’)) = 0.

This implies PS o+ ae € U (Ps ), where e, is the standard basis vector supported on s, since

QHPM + aeso — Py ol1 < QHPS’a — Py 4ll1 + § = 0. Consequently,

pltf, PV < (Poat+0el, ) V7 < || Boall V77| + V™ (s0)
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< (1 — ™0 : T,0 D.
<( o) rgleegcv (s)+0131€1é1v (s), (D.68)

where the second inequality holds by Hﬁwﬂl = S Pa(s) = =%, (Ps,a(s’) —]38@(8’)> +

)

Yo Psa(s') =1 — 0. Plugging this back to the previous relation gives

Vo <1 1— Vo in ™o
max V™7(s) <1+7(1 - o) maxV™?(s) + yomin V"(s),

which, by rearranging terms, immediately yields

1 + yo minges V™ (s)

max V77 (s)

s€S - 1—7(1-0)
1
< - 3 Vﬂ',o’ < . VﬂvU )
“(1-=7v)+n0 + Ses (s) < ymax{l —v,0} + Ses (5)

D.2.3.2 Proof of Lemma 43

Observing that each row of P; belongs to A(S), it can be directly verified that each row of
(1 —7) (I —~P;) " falls into A(S). As a result,

(I —~4P2) " [Varp, (V7F) = 1_17(1 — N (I =P\ [Varp, (V)

0 1 -
< _ _ T, P
< =) U= Vare, (e

1 o
Vi, Z 7t (Pyr)! Varp, (V©F), (D.69)
=0

where (i) holds by Jensen’s inequality.
To continue, denoting the minimum value of V' as Vipi, = mingeg ymP (s) and V' := ymP
Vininl. We control Varp_(V™F) as follows:

Véitl"p7r (VTF’P)
O o (V) = P (V' 0V) — (V) o (B2V)

QP (vov') - 712 (V' = ra 4 (1= Viminl) o (V' = v + (1= 7)Viuin)

1 2 1
=P (V'oV') = SV oV + SV o (rr — (1 = M Vininl) — —5 (rx — (1 = 7)Vininl) © (rx — (1 — ) Vinin1)

72 72 72
1 2
<P (V' oV —gv’ov’+$||v/||oo1, (D.70)

where (i) holds by the fact that Varp (V™" —b1) = Varp_ (V™F) for any scalar b and V™F € RY,
(ii) follows from V' = r, + yP, V™" — Viinl = 77 — (1 — 4)Viuinl + 7P V', and the last line arises
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from V%V’ oV'> VoV and |1y — (1 =) Viminl|leoc < 1. Plugging (D.70) back to (D.69) leads to

1
5

1 2
(I —~yP;)" "/ Varp (V©P) < 1/ Z*y ( (V'oV’) — ;V’ oV’ + 72||V’||Ool>

o0 o0 2
>t ) (Pevrovy —Jvev) >t () 2Vt

1—n =0 7 t=0
/ 1 = yi = 2V |o0l
= \KZ -2 ) VeV |+ Y31 —7)?
0 t=0

v HV’ |2 1 2|V |01
Y31 —7)?

8[[V"]loo

T (D.71)

where (i) holds by the triangle inequality, (ii) holds by following recursion, and the last inequality

holds by [|[V']|c < ﬁ

D.2.3.3 Proof of Lemma 44

Step 1: controlling the point-wise concentration. We first consider a more general term
w.r.t. any fixed (independent from PO) value vector V obeying 0 <V < 5 1 and any policy 7.
Invoking Lemma 39 leads to that for any (s,a) € S x A,

Pryv - Priv| <

a€[ming V(s),maxs V(s)]

- max {Psoa V], —wo (a—min [V]a(s'))} ‘
a€[mins V(s),maxs V(s)] ’ s
(Pﬁ?,a - ﬁso,a> [V]Oé

::gs,a(avv)

mes LBV, o (amp, )}

< max
a€[min, V(s),maxs V(s)]

: (D.72)

where the last inequality holds by that the maximum operator is 1-Lipschitz.
Then for a fixed a and any vector V' that is independent with ]30, using the Bernstein’s

inequality, one has with probability at least 1 — 9,

[21og(2) 21
og 5 ,/Varp 3N01g_
21og(2) 21
</ Og 2oe(3) A 3N01g (D.73)
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Step 2: deriving the uniform concentration. To obtain the union bound, we first notice that
gs,a(a, V') is 1-Lipschitz w.r.t. a for any V obeying ||V||oO < L. In addition, we can construct an
, liw} whose size satisfies | N, | < ﬁ (Vershymn 2018). By the union bound

and (D.73), it holds with probability at least 1 — S—A that for all &« € N,

[ 25‘A|N51 210 25 A|N., |

g( 5 )
sial — D.74
Js.ala, V) Varpo SN =) (D.74)

Combined with (D.72), it yields that,

e1-net N, over [0

ﬁg&VV—Pg&VV‘g max ()]‘(P —PO)[V]Q

a€[ming V(s),maxs V

)
\(zasa N
a€Ng,

/ QSA|N51 210 25A|Ne, |
g( s )
< V - D.75
€1+ aI‘PO 3N(1 _’Y) ( )
111 25A|N51 10g(2SA15N51 |)
Varpo W

1 18SAN 1 18SAN
Og Varpo O]\gf((l_ry)) (D76)
ISSAN ISSAN)
||V\|oo _5
7)
lOg 1SSAN
< _— D.
<3\ Ge )2N (D.77)

where (i) follows from that the optimal a* falls into the ;-ball centered around some point inside
25A|Ne |
S

Ng, and gsq(a, V) is 1- Lipschitz (ii) holds by (D.74), (iii) arises from taking e; = %, (iv)
is verified by |Ng, | < ooy < 9N, and the last inequality is due to the fact V500 < ﬁ and
letting N > log(lSSAN)

To continue, applying (D.76) and (D.77) with 7 = 7* and V = V*? (independent with ﬁo)
and taking the union bound over (s,a) € S x A gives that with probability at least 1 — ¢, it holds
simultaneously for all (s,a) € S x A that

. . lO ISSAN lo 18SAN
PS’fa’VV*’(’ — Pga’vV*’J g Varpo V* U) ]\g[(<1_7))
lOg ISSAN
<3/ B 5 ) (D.78)
(1- )2N
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By converting (D.78) to the matrix form, one has with probability at least 1 — ¢,

log ISSAN 18SAN
\/Varpw 1
1 ISSAN
<34/ (()g)QNl (D.79)

Following the same argument as (D.69), it follows

<I — WEW*’V) _1‘ /Varﬁ,,*,v(v*v") = Hlify i'yt (EW*’V)tVarﬁﬂ*,v(V*vU). (D.80)
P pord p

To continue, we first focus on controlling Varﬁ,r*,v (V*?). Towards this, denoting the minimum

Py - prVye| <

D.2.3.4 Proof of Lemma 45

value of V*7 as Viyiy = minges V*7(s) and V’ := V*? —Vuin1, we arrive at (see the robust Bellman’s

consistency equation in (D.24))
VI = V5 = Viginl = re + 4PV V57 — Vi1
STV « SV
S e At v(E VPN VR Vg
= e = (L= WVand + 9BV 4y (BT — P Yy
— PV 'y<P” v _p" )V*"’ (D.81)

where the last line holds by letting r. = rz« — (1 —7)Vminl < 7. With the above fact in hand,

we control Varﬁw*,v(V*"’) as follows:

TV N

oy () /\ﬂ' WV ~ ~
Varéﬁ*,v(V*’ ) = VaI‘Eﬂ*,v(V,) = (V'oV)— (P " V)o (P "V
i)~ 1 * S 02
(:)B 4 (V/OV/) _ ?(V/ . _,_y(Bﬂ‘ V_p V)V*’U)
_ ﬁﬂ' WV (V/ o V/) - ;QV/ o V/ + %V/ o (T;r* + 7(271’*7\/ . EW*,V)V*,0>
1 X ~ 02
_72(74;*+'Y(£7r WV P V>V*a>
v
(i) . or 1 2 2 . ST
<P (Vo V) = SV oV 4 S|Vl + —||V/||OO‘ (v -p ’V)V*’”
Y Y Y
(D.82)
v 1 2 6 log(1854N)
<P U (VoV) ==V oV + S ||[Vleol + = ||V ||oot | ——2—-=1, D.83
( ) 5 72|| [ 7|| | (1—7)?2N (D.83)
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where (i) holds by the fact that Varp, (V — bl) = Varp_(V) for any scalar b and V € R, (ii) follows
from (D.81), (iii) arises from ?V’ oV’ > %V/ oV and =1 < 7px — (1 —4)Viinl = rhs < rpe <1,
and the last inequality holds by Lemma 44.

Plugging (D.83) into (D.80) leads to

(I — WEW*’V) o VarEw*,v(V*v")

IN

/\71'*V 1 2 6 lo 18SAN
Z'V( ) ( Y wrovn = 2vrovie 2yt + Sy B0
Y Y Y Y

(1=7)°N
/\7'r ~T* 1
( V) (P VoV - Zvio v'>
— o

1 00 v\t [ 2 6 10g(18S6AN)
/A2 (BT [ SV el + 21 1
i\ SV ol + ZIV oo\ | T2
/1
< 4 -
> 1—~

INE
-

18SAN
~ (2 +6 w> V"l
~7*V t ~7*.V 1
,}/t (B ) ) |:P ’ (V/OV/)_V/OV/:| + 1
v

_ 2~2 )
— (1 =)y

(D.84)

where (i) holds by the triangle inequality. Therefore, the remainder of the proof shall focus on the
first term, which follows

(A” V) (A“ V(V’oV’)—}yV’OV’)

~T* t+1 ° ~m* t 1
= <th ™) -a(2) ) (Vo) | < V|21 (D.85)
t=0 t=0 v
by recursion. Inserting (D.85) back to (D.84) leads to
~1
~7*V
<I vP > Varﬁﬂ*,v(V*v")
log( 18SAN
7 (14 /) IV
AVIE
< 143 55 1
(1 =) (1 =)y
log(l 8SAN log( 1SS§AN log( ISSAN)
(14 S IVl (1S (14 Si5)
<4 B} 1<4 3 P 1<4 3 3 ’
(1 =7y 7(1 = 7)?max{l —v,0} (1 =)
(D.86)
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where the penultimate inequality follows from applying Lemma 42 with P = P° and 7 = 7*:

1
V/ — V*,O’ _ : V*,O’ < .
IV lloo s (s) s () < ymax{l —~,0}

D.2.3.5 Proof of Lemma 47

To begin with, for any (s,a) € S x A, invoking the results in (D.72), we have

BFVR BT e (R 7,
’ ’ a€[mins V™9 (s),;maxs V79 (s)] ' ’

(i) ~ ~ ~ e ~

< max (‘ (P2~ P2) [V*’”]a‘ + ’(Pga = P2) (V7= [V*71.)])
a€[ming V™9 (s),maxs V7™ (s)]

< max ( ‘ (PO _po ) ‘7*,0} i ‘ po _ po H . ‘7*,0} )
e X oy M = P ) V] [P = Pl ([T = V27l

(ii) ~ -~ ~ ~

< . max ‘ (Pga — Pga) [V*’U]a‘ +2 HV”’U — Ve
a€[min, V79 (s),maxs V™ (s)] 0

(iii) ~ ~ 2

< _ max ’(Pga — Pga> [V*"’]a’ + @, (D.87)
a€[ming V7™ (s),maxs V77 (s)] -7

where (i) holds by the triangle inequality, and (ii) follows from HPSO’G - ]350 CLHI < 2and || [‘A/%’U}a -
[V*’”]QHOO < HV%’U — V*’UHOO, and (iii) follows from (D.31).

To control ’(nga - ]33%) [‘A/*’U]a
pendency between V*9 and ]307 we resort to the following leave-one-out argument motivated by
(Agarwal et al., 2020a; Li et al., 2022a; Shi and Chi, 2022). Specifically, we first construct a set of

auxiliary RMDPs which simultaneously have the desired statistical independence between robust

in (D.87) for any given o € [0, ﬁ], and tame the de-

value functions and the estimated nominal transition kernel, and are minimally different from the
original RMDPs under consideration. Then we control the term of interest associated with these
auxiliary RMDPs and show the value is close to the target quantity for the desired RMDP. The

process is divided into several steps as below.

Step 1: construction of auxiliary RMDPs with deterministic empirical nominal tran-
sitions. Recall that we target the empirical infinite-horizon robust MDP M\rob with the nominal

transition kernel P°. Towards this, we can construct an auxiliary robust MDP Af(’;é for each state s

and any non-negative scalar u > 0, so that it is the same as M\rob except for the transition properties

in state s. In particular, we define the nominal transition kernel and reward function of MY

rob &5
P%% and r*", which are expressed as follows
Psi(s|s,a)=1(s"=s for all (s',a) € S x A,
(5,0) = 1( =) (¢, D)
P%(-15,a) = P°(-|5,a) for all (5,a) € S x A and 5 # s,
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and

r¥t(s,a) = u for all a € A,
(D.89)
r®U(s,a) = r(3,a) for all (s,a) € S x A and 5 # s.
It is evident that the nominal transition probability at state s of the auxiliary /\//\lf(’)ﬁ, i.e. it never

leaves state s once entered. This useful property removes the randomness of ﬁga for alla € A in
state s, which will be leveraged later.

Correspondingly, the robust Bellman operator ’f;”u() associated with the RMDP /(/l\f(’)ﬁ is
defined as

V(Ea) e Sx A T2(Q)(3 a) =ro"(5,a) + v in(f )PV, with V(3) = max Q(3, a).
’ PeU (P a

(D.90)

Step 2: fixed-point equivalence between M., and the auxiliary RMDP /T/l\fét. Recall
that @*"7 is the unique fixed point of ’7A"’() with the corresponding robust value V%7, We assert
that the corresponding robust value function 17;51 obtained from the fixed point of ﬁ”u() aligns

with the robust value function V*° derived from ’?‘7(~), as long as we choose u in the following

manner:

* i ¥ (s) = V*9(s) —~ inf PV D.91
u = u(s) (s) Y ot (D.91)

where e, is the s-th standard basis vector in R®. Towards verifying this, we shall break our arguments

in two different cases.

e For state s: One has for any a € A:

% (s,a) +y  inf  PVYT =uw* 4y inf PV

'peucr(p:’»;*) PeU (es)
— ‘//\'*,U _ : f P‘//\'*,a' + : f 7)‘//\'*70' — ‘//\'*,O' )
O el PV el )

(D.92)

where the first equality follows from the definition of P;S,’;‘* in (E.164), and the second equality
follows from plugging in the definition of v* in (E.169).

e For state s’ # s: It is easily verified that for all a € A,

P (s',a) +~ inf PV = r(s’,a) +~ inf PY*o
Peu (P} Peu(Fj )
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I
)

7(Q7)(s',a) = Q7 (s, a), (D.93)

where the first equality follows from the definitions in (E.165) and (E.164), and the last line
arises from the definition of the robust Bellman operator in (6.7), and that @*’” is the fixed
point of 77(-) (see Lemma 38).

Combining the facts in the above two cases, we establish that there exists a fixed point @:Z*

of the operator 77,.(-) by taking

Q:Z*( a) = V*(s) for all a € A,

s (D.94)
/ / /

Qgyr(s',a) = Q*"’(s ,a) for all s’ # s and a € A.

Consequently, we confirm the existence of a fixed point of the operator 7 u*( ). In addition, its

corresponding value function V .+ also coincides with V*9. Note that the corresponding facts

between X/l\rob and M\féﬁ in Step 1 and step 2 holds in fact for any uncertainty set.

Step 3: building an e-net for all reward values u. It is easily verified that

-~ 1
0 S U* S V*’U(S) S ﬁ (D95)

We can construct a Ne,-net over the interval [0, ] where the size is bounded by |N,| < m
(Vershynin, 2018). Following the same arguments in the proof of Lemma 38, we can demonstrate
that for each u € Ng,, there exists a unique fixed point @;Z of the operator i"u(), which

satisfies 0 < @:Z < ﬁ - 1. Consequently, the corresponding robust value function also satisfies
<L
o — 177

|7

By the definitions in (E.164) and (E.165), we observe that for all u € N,, M Jp 18 statistically
independent from PO This independence indicates that [Vsu ]o and P507 ., are independent for a
fixed ov. With this in mind, invoking the fact in (D.76) and (D.77) and taking the union bound
over all (s,a,a) € S x A X N, u € Ng, yields that, with probability at least 1 — 4, it holds for all
(s,a,u) € S x Ax N, that

18SAN|N., | 18SAN|N., |
log(LSSANN-al g og( AN
PO ) V*o’ ‘ < + 2\/ ) V. V:s*ﬁo- + 0
a€l0.1)(1-)] ‘ ( . = N wrrp, (Vo) 3N(1—7)
18SAN|N., |
log( 5 )
<eo+ 3\/ = 7)2N , (D.96)

where the last inequality holds by the fact Varpsoa(@*,;f) < H‘A/;ugHoo < ﬁ and letting N >
(185‘AN|N€2\> ’
log (——5—2).
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Step 4: uniform concentration. Recalling that u* € [0, 1= 7] (see (D.95)), we can always find

some U € N, such that |z —u*| < e9. Consequently, plugging in the operator ’tf’u() in (D.90) yields

VQ € RSA . ‘

Tol@ - T @_ = la—w| <o

With this in mind, we observe that the fixed points of 7\;‘%() and ﬁ"u*() obey

‘ oo

~

Q\*,o Q*,a
S,U s,u*

To (A0 To A*,0
E,H(Qs,’ﬂ) - 7;,11,* (stu*)

=

- ~NE - ~NE * - A,
< |[Tea@3) = Tou@in)|_ + [T @) = T @200 |
<v|@mg- Q| +e

where the last inequality holds by the fact that ﬁ”u() is a y-contraction. It directly indicates that

£2
(1-7)

€2
(I—7)

1%, 1%,
Vo -V

s,u s,u

< and ‘

ke ~y
o0

< (D.97)

Armed with the above facts, to control the first term in (D.87), invoking the identity Vo =
V*ua* established in Step 2 gives that: for all (s,a) € S x A,

S

_ max (Pga — ﬁ&;) [17*’0]&‘

a€[ming V79 (s),maxs V™ (s)]
< max (PO, = PO) (V) = max|(PY, = PO, ) [V a

a€l0,1/(1—)] ' a€l0,1/(1—)] ’ ’
@) ~ ~ ~ ~ ~
< o (P PL) V37| + | (P20 = PL) (175370 — V270 |

a€l0,1/(1-7)] : , , ; ; :
(ii) ~
< max ‘(Psoa — P£a> ‘ + 262

a€l0,1/(1—y)] I\" % ’ =)
e SAN|Ng, |
@) 2e \/ log(1SANIN=1]) - log(1SSANIN)
< 2 \Y Vel
=0z )+€2+ N arpbqya( W)+ SN =)

52 +2\/10g(185A§[N€2) Varpo (V) + 2log(=25 )
(1= N Fea 3N(1-7)
18SAN|N, |
1 2 N —~
= 2\/ B )\/ Varpy, (V49) = Varpy (V57)
(i<v) 3, N 2\/log(185AJgf|N52|) P s 210g(18SAJ(;/|N52\) o 9, log(ISSAJ(;HNEQ\)
= (1= N P 3N(1 1) N( =7)?
log(54SAN2) _ 810g(54SAN2)
(1=9)3 (1-)3

<2\ ———— 2\ /V *,0 _ D.98
>~ N \/ arPga (V ) + N(]. _ 7) ( )

319



—, (D.99)

where (i) holds by the triangle inequality, (ii) arises from (the last inequality holds by (E.181))

(P = P2 (1710 = 172200 )| < || PR = PR (192700 = (72570 |
o x,0 282
e -] < o (D.100)
(iii) follows from (D.96), (iv) can be verified by applying Lemma 37 with (E.181). Here, the
18SAN|Ne, |
penultimate inequality holds by letting o = M which leads to | N, | < 5277) < %, and

the last inequality holds by the fact Varpo (V*o) < |V

and letting N > log (5(45’4])\? )

Step 5: finishing up. Inserting (D.98) and (D.99) back into (D.87) and combining with (D.99)
give that with probability at least 1 — ¢,

A s ~ s ~ -~ 2rve
VP e [(R B 7+ 2o
a€[ming V79 (s),maxs V™ (s)] -7
50 ) 1t 27Eopt
< (PO . PO ) Ve ‘ P
= actotfi oy [\ Fre = Fra ) Ve 4 200
log( 5415AA{S _ 8 log( 5415’A]\g2 ) o -
< 2 'Y) \/V V*’U ( _’Y) 7 opt
- A VTR R
54SAN?2
og(*=55) | 270t (D.101)

(1=7)2N  1-v

holds for all (s,a) € S x A.

Finally, we complete the proof by compiling everything into the matrix form as follows:

IR N log(54SAN2 3 log<54SAN2) 9
N A ~ U5 1 (1—7)é YEopt
PV yRe _ prVpRe| <9 7” V Varpe (V<o)L + + 1
- - P N(1—7) 1—v
5(45AZ)\£; ) 2ve
1—v opt
1 1. D.102
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D.2.3.6 Proof of Lemma 48

The proof can be achieved by directly applying the same routine as Appendix D.2.3.4. Towards

this, similar to (D.80), we arrive at

oy =1 —— 1 ° o\t o

7V ~ ) —_— 7V = k)
(1=2"7) "\ Var e g (VF9) < 4| — - ;:0 7 (PPV) Var . o (V7). (D.103)
To control Varpﬁ V(V%"’), we denote the minimum value of V77 as Viyn = minses 17%"’(3)

and V' = V7o _ Viinl. By the same argument as (D.82), we arrive at

A~ P 1 2 2 A%’A S R
Var . o (V7)) < PPV (Vo V) = =V o V! + S [V [l + =V [l ' (P - va> v
- v v Y
54SAN?2
P 1 2 2 S ) 2
SERV(V/oV) = VoV 4 IV el + SVl (10 Ol + 7€°Pt> L,

(1=7)?°N ~ 1-v

~ T 1
P V(V’OV')—;V/OV/)

54SAN2)
(=)o
_ 7)2]\7 1—

)
)

(2205 e

V113
VIS 4y 1
(1 =7) (1=7)%y
(iii) |12 24|V! !
< Ml—l— L”;";l <6 %1’ (D.105)
~(1—7) (1—7)%y (1 =)y

where (i) arises from following the routine of (D.84), (ii) holds by repeating the argument of
54SAN2
)

1
D.85), (iii) follows by taking N > M and gopt < =2, and the last inequality holds by
(1-7) P ¥
IIV’Iloo <V < 15
Finally, applying Lemma 42 with P = P? and 7 = 7 yields

~n ~n 1
1744 < V™%(s) —min V™o (s) <
Vo < Teaéc (s) rsnel};1 (s) < ymax{l —v,c}’
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which can be inserted into (D.105) and gives

oy —1 — 1 1
I —~P™V \/ﬁ< : 1<6)— 1.
( e ) VarB’T’V(V ) < 6\/75(1 —7)2max{l —y,0} — 0 (1 —)342

D.3 Proof of the lower bound with TV distance: Theorem 11

To prove Theorem 11, we shall first construct some hard instances and then characterize the sample
complexity requirements over these instances. Note that the hard instances for robust MDPs are
different from those for standard MDPs, due to the asymmetric structure induced by the robust RL
problem formulation to consider the worst-case performance. By constructing a new class of hard
instances inspired by the asymmetric structure of the RMDP, we develop a new lower bound in
Theorem 11 that is tighter than prior art (Yang et al., 2022).

D.3.1 Construction of the hard problem instances

Construction of two hard MDPs. Suppose there are two standard MDPs defined as below:

{My=(5.4,P%19) |o={0.1}}

Here, v is the discount parameter, S = {0,1,...,5 — 1} is the state space. Given any state
s€{2,3,---,5 — 1}, the corresponding action space are A = {0,1,2,--- ;A — 1}. While for states
s =0 or s = 1, the action space is only A’ = {0,1}. For any ¢ € {0, 1}, the transition kernel P? of
the constructed MDP My is defined as

PU(s' = 1)+ (1= p)(s' =0) if (s,a) = (0,0)
PO [s,0) = § qU(s' = 1)+ (1—q)L(s' =0) if (s,a)=(0,1—¢) . (D.106)
1(s=1) if s>1
where p and ¢ are set to satisfy
0<p<1l and 0<g=p-—-A (D.107)

for some p and A > 0 that shall be introduced later. The above transition kernel P? implies that
state 1 is an absorbing state, namely, the MDP will always stay after it arrives at 1.

Then, we define the reward function as

1 ifs=1
r(s,a) = ne . (D.108)
0 otherwise
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Additionally, we choose the following initial state distribution:

1, ifs=0
o(s) = . (D.109)
0, otherwise

Here, the constructed two instances are set with different probability transition from state 0
with reward 0 but not state 1 with reward 1 (which were used in standard MDPs (Li et al., 2022a)),

yielding a larger gap between the value functions of the two instances.

Uncertainty set of the transition kernels. Recalling the uncertainty set assumed throughout
this subchapter is defined as U (P?) with TV distance:

1
U7 (P) = Uy (P) = @ URY(Poa),  Usy(Pua) i= { Pl € AS) : 5 | Pl = Puall, < 0},
(D.110)

where Psq? o« = P?(-|5,a) is defined similar to (2.24). In addition, without loss of generality, we recall
the radius o € (0,1 — ¢o] with 0 < cop < 1. With the uncertainty level in hand, taking c; :== %, p

and A which determines the instances obey
p=(1+c)max{l —~,0} and A < ¢y max{l —~,0}, (D.111)

which ensure 0 < p <1 as follows:

3 3
(1+cl)0§1—00+010§1—%0<1, (1+cl)(1—7)§§(1—7)§1<1. (D.112)
Consequently, applying (E.190) directly leads to
p>q>max{l —~,0}. (D.113)

To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to

the next state s’ associated with any perturbed transition kernel Py, € U (PL,) as

P?(s'|s,a) = inf P(s'|s,a) = max{P(s'|s,a) — 0,0}, (D.114)
P, o €U”(PLa)

where the last equation can be easily verified by the definition of 2 (P?) in (D.110). As shall be
seen, the transition from state 0 to state 1 plays an important role in the analysis, for convenience,

we denote
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which follows from the fact that p > ¢ > o in (E.192).

Robust value functions and robust optimal policies. To proceed, we are ready to derive
the corresponding robust value functions, identify the optimal policies, and characterize the optimal
values. For any MDP M, with the above uncertainty set, we denote 7[':; as the optimal policy, and
the robust value function of any policy 7 (resp. the optimal policy W;) as V(;r 7 (resp. V(; 7). Then,
we introduce the following lemma which describes some important properties of the robust (optimal)

value functions and optimal policies. The proof is postponed to Appendix D.3.3.1.

Lemma 49. For any ¢ = {0,1} and any policy m, the robust value function obeys

2 —0
VI (0) = 7((f ) ) : (D.116)
y(27 —0o
-1+ &) a-va-o)
where z s defined as
zg = pm($]0) + gm(1 — ¢0). (D.117)
In addition, the robust optimal value functions and the robust optimal policies satisfy
*,0 _ v (p - J)
Vs (0) = ; ; por—= ; ; , (D.118a)
( —7)< +m)( —7(1-0))
m(¢|s) =1, forseS. (D.118b)

D.3.2 Establishing the minimax lower bound

Note that our goal is to control the quantity w.r.t. any policy estimator 7 based on the chosen
initial distribution ¢ in (E.197) and the dataset consisting of N samples over each state-action pair

generated from the nominal transition kernel P?, which gives
(0, V7 = VI7) = V3 (0) = V7 (0).

Step 1: converting the goal to estimate ¢. We make the following useful claim which shall

be verified in Appendix D.3.3.2: With ¢ < , letting

C1
32(1-7)
A =32(1 —y)max{1l —vy,0}e < cymax{l —v,0} (D.119)
which satisfies (D.111), it leads to that for any policy 7,

(P, V7 —VI7) > 2:(1 - 7(40)). (D.120)
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With this connection established between the policy 7 and its sub-optimality gap as depicted
in (D.120), we can now proceed to build an estimate for ¢. Here, we denote Py as the probability
distribution when the MDP is Mg, where ¢ can take on values in the set {0,1}.

Let’s assume momentarily that an estimated policy 7 achieves

Po{(p, V37 = V]7) <e} >

ol 3

: (D.121)

then in view of (D.120), we necessarily have 7(¢ |0) > 3 with probability at least %. With this in

mind, we are motivated to construct the following estimate gg for ¢ € {0,1}:

6 = arg max 7(a|0), D.122
) rgagoﬁ}ﬂ(a!) ( )

which obeys

ool

Pyld =0} >Py{7(¢]0) > 1/2} > (D.123)

Subsequently, our aim is to demonstrate that (E.86) cannot occur without an adequate number of

samples, which would in turn contradict (D.120).

Step 2: probability of error in testing two hypotheses. Equipped with the aforementioned
groundwork, we can now delve into differentiating between the two hypotheses ¢ € {0,1}. To

achieve this, we consider the concept of minimax probability of error, defined as follows:
Do = iﬁf max {Po(¢ # 0), Py (¢ #1)}. (D.124)

Here, the infimum is taken over all possible tests ¥ constructed from the samples generated from
the nominal transition kernel P?.

Moving forward, let us denote jug (vesp. pe(s)) as the distribution of a sample tuple (s;, a;, s})
under the nominal transition kernel P? associated with M and the samples are generated indepen-
dently. Applying standard results from Tsybakov (2009, Theorem 2.2) and the additivity of the KL
divergence (cf. Tsybakov (2009, Page 85)), we obtain

pe > jexp (~ NSAKL (o || 1))
— iexp{ = N(KL(P(-10,0) | PX(-]0,0)) + KL(P°(-|0,1) || P'(-]0,1)) )}, (D.125)

where the last inequality holds by observing that

Ko 1) = g S0 KL(P( | 5,0) | PA(s' | 5,0)

s,a,s’
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1
=<7 > KL(PC[0.a) || P'(-|0,0)).
ac{0,1}

Here, the last equality holds by the fact that P°(-|s,a) and P!(-|s,a) only differ when s = 0.
Now, our focus shifts towards bounding the terms involving the KL divergence in (E.88).
Given p > ¢ > max{1 — v, 0} (cf. (E.192)), applying Lemma 60 (cf. (E.11)) gives

0¢. 1/, = (p_Q)Q(i) -
KL(P°(-10,1) || PL(-]0,1)) =KL(p || q) < 1—pp p(l—p)

(i) 1024(1 — v)? max{1 — v, o } 2>

p(1-p)
1024(1 — 7)® max{1 — - 40%
< 1) A = 5,08 A0y (1 .0},
> €1

(D.126)

where (i) stems from the definition in (E.190), (ii) follows by the expression of A in (E.82), and the
last inequality arises from 1 —¢>1—p > ¢ (see (D.112)).
Note that it can be shown that KL(P%(-]0,0) || P*(-|0,0)) can be upper bounded in a same

manner. Substituting (E.89) back into (E.88) demonstrates that: if the sample size is selected as

c1log?2
N < D.127
~ 8192(1 — v)? max{l — v,0}e?’ ( )
then one necessarily has
1 8192 1
De > 4exp{ —N(l—'y)QmaX{l—%U}62} > 3’ (D.128)
1

Step 3: putting the results together. Lastly, suppose that there exists an estimator 7 such
that

Po{{p, V5™ — VO%’U> >e} < é and P {{p, V] — Vf’g> >e} < é

According to Step 1, the estimator $ defined in (E.85) must satisfy

Po(¢ # 0) <é and  Pi(p#1) < %

However, this cannot occur under the sample size condition (E.90) to avoid contradiction with
(E.91). Thus, we have completed the proof.
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D.3.3 Proof of the auxiliary facts
D.3.3.1 Proof of Lemma 49

Deriving the robust value function over different states. For any M, with ¢ € {0,1}, we
first characterize the robust value function of any policy 7 over different states. Before proceeding,
we denote the minimum of the robust value function over states as below:

Vi min = r;ggl Vo (s). (D.129)

Clearly, there exists at least one state sj ., that satisfies V"7 (s7 ;) = Vi 7

With this in mind, it is easily observed that for any pohcy m, the robust value function at

state s = 1 obeys

VI9(1) = Eyor + inf PV”’U]
¢ W) (ll)[( 2 Peu(Py,) ¢

(1) o ('i) e
=1 +7Ea~7r(-|1) |:£¢(1 | 1,(1)V¢’ ( )} +7 UV =1 +/7(1 - U)V¢ ( )+70—V¢ min’

(D.130)

where (i) holds by 7(1,a) = 1 for all a € A’ and (E.201), and (ii) follows from P?(1]1,a) = 1 for all
aeA.
Similarly, for any s € {2,3,---,5 — 1}, we have

Vy7(s) =0+ vEqun(.|s) [B‘z’(l |8,@)V77 (1) +v0VS 0,
=y (1=0) V(1) + oV, (D.131)

¢,min’

since r(s,a) = 0 for all s € {2,3,---,5 — 1} and the definition in (E.201).
Finally, we move onto compute V(;’U(O), the robust value function at state 0 associated with

any policy 7. First, it obeys

Vl(0) =Egori oy |7(0,a) +y  inf  PVY
¢ 10 PeUs (Py,) ¢
=0+9m(¢[0) inf PV +ym(l—¢]|0) inf PV (D.132)
PeU(Py ) PEU (P, _,)

Recall the transition kernel defined in (E.189) and the fact about the uncertainty set over state 0 in
(E.202), it is easily verified that the following probability vector P, € A(S) obeys P; € UU(Pg’ )

which is defined as

P1(0):1—p+011(0=sg7mm), P(l)=p=p-o,
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Pi(s) =01 (s =] min) Vs e {2,3,---,5 -1}, (D.133)

where p = p — o due to (E.202). Similarly, the following probability vector P» € A(S) also falls into

the uncertainty set U (P(‘f 1_g):
Pg(O)zlquLJ]l(O:sg’min), Py(1)=q=q—o,
Py(s) = 01 (0= 7 nin) Vs e {2,3,---,5—1}. (D.134)

It is noticed that Py and P; defined above are the worst-case perturbations, since the probability
mass at state 1 will be moved to the state with the least value. Plugging the above facts about
P e U"(Pg’ ) and P, € U (P? 0.1_¢) into (D.132), we arrive at
VI7(0) < (| )PV +4m(1 — 6 0) PV
= 97(010)[ (b= o) VI (1) + (1= p) VI (0) + V],

(1= 810)[ (4= o) VIT() + (1= @) V7 (0) + 0V,

—~
—-

= (25 —0) VO (1) oV, +(1 = 25)V;7(0), (D.135)

¢,min

where the last equality holds by the definition of 27 in (E.205). To continue, recursively applying
(D.135) yields

VIT0) < (55 — ) V() + a0V + 91— 25) [y (53 = 0) V(1) + 90V + 21 = )V 7 (0)]

<7y (25 —o0) V¢ 7(1) + fyan:rm‘Tm +(1 - 23) [’722 ;w(l) 41— zg)Vg’a(O)

< (25 = 0) VIO (1) + 70V + 72 S AL = 2V (1) + lim (1 = 25)' V0 (0)

t—o0
t=1
(i) V2]
<y (25 —0) VO (L) + oVt + (1= 25) —————= V7 (1) + 0
(25— o) V(1) =g %
< (ZZ; _ O’) V(;r,a( )+ oV C min T ~v(1 — zg)V(;rvU(l)
=71 =) V"0 (1) + oV, (D.136)

where (i) uses V7. < VWJ

(;Smln —

(1 ) (ii) follows from (1 — 2z7) < 1, and the penultimate line follows
_ e
T—(1-27)

from the trivial fact that 5 oy < 1.
Combining (D.130), (D.131) and (D.136), we have that for any policy m,
Voo 0) =V (D.137)
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which directly leads to

. . e L470VI0)
V') =14~71—=0) V7 (1) + 7oV,

= D.138
min =T (1 o) (D-135)

Let’s now return to the characterization of V"?(0). In view of (D.137), the equality in (D.135)

holds, and we have

V(;F’U(O) =7 (zg — U) VJ’U(l) + v (1 — 25+ J) VJ’U(O)

(i) (ZW_U 1+’}/0V$’a<0)
T\ 1—7(1-o0)

()

iy (1 G R

) (- ) e,

—i-'y(l —zg—i-a) V;’G(O)

AL

1-v(1-0o 1—v(1—o0) ¢
where (i) arises from (D.138). Solving this relation gives
(e5-0)

V™ (0) = 1—7(1—;7()277_0) : (D.139)
-1+ )

The optimal robust policy and optimal robust value function. We move on to characterize

the robust optimal policy and its corresponding robust value function. To begin with, denoting

(25 —0)

1oy

(D.140)

we rewrite (D.139) as

z

0=

=: f(2).
Plugging in the fact that zy 2 q=0>0in (E.192), it follows that z > 0. So for any z > 0, the
derivative of f(z) w.r.t. z obeys

1= +2)-(1-1)z 1

(1—=7)2(1+2)? - (I —9)(1+ 2)? > 0. (D.141)
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Observing that f(z) is increasing in z, 2 is increasing in z7, and z7 is also increasing in 7(¢ | 0) (see

the fact p > ¢ in (E.192)), the optimal policy in state 0 thus obeys
my(¢]0) = 1. (D.142)

Considering that the action does not influence the state transition for all states s > 0, without loss

of generality, we choose the robust optimal policy to obey
Vs >0: my(¢]s)=1. (D.143)

Taking m = wg, we complete the proof by showing that the corresponding robust optimal

robust value function at state 0 as follows:

e o
%0 () —(1=o _ —(1—0 , D.144
V (0) ( 7T*_o_) (1 _ ) (1 + 7(23 a,) ) ( )
(1 - fy) L+ 1—y(1—0) 1—(1-0)

D.3.3.2 Proof of the claim (D.120)

Plugging in the definition of ¢, we arrive at that for any policy m,

7(p—=7)
(0, V7 = V7Y = V27 (0) - V7 (0) = (o) (D.145)

@ ] 7
~(p—o0) V(25—
(1_ )<1+1 —y(1— o')) ( +1 —y(1— U)

which follows from applying (E.204) and basic calculus. Then, we proceed to control the above

term in two cases separately in terms of the uncertainty level o.

e When o € (0,1 —7]. Then regarding the important terms in (D.145), we observe that
1=y <l-79(1=-0)<1-79(1-01-=7)=>0-700+7) <2(1-1), (D.146)
which directly leads to

1Wzf—0) @ y(p—o) yer(1—x) (i)
< < D.14
1—(—0) “1-7(l-0) 1-q(-0) = (D-147)

where (i) holds by 2§ < p, and (ii) is due to (D.146). Inserting (D.146) and (D.147) back into
(D.145), we arrive at
(P77

*,0 .o 2(1—v) ’7(p_2(g)
7‘/7 _V7 Z fl
Ve V) 2 A e 2 81 =)
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WW—ggig;WUn)_WAgfjxém)Zle_qum,(DJ%)

where the last inequality holds by setting (v > 1/2)
A =32(1 — ). (D.149)
Finally, it is easily verified that
C1

< — < — ).
5_32(1_7) = A<ca(l-v)

e When o € (1 —~,1 — ¢1]. Regarding (D.145), we observe that
yo<l—7y(l—-0)=1—-7+v <(1+7)o <20, (D.150)

which directly leads to

V(Zg B U) Y (p — O') yero (i)
< < .
I-v(1-0) " T-7(1-0) " 1-n(l-0) = (D.151)

where (i) holds by (D.150). Inserting (D.150) and (D.151) back into (D.145), we arrive at

) 1p—27) Y(P=2)  yp—q) (1-n(]0)
V=V 2 (e 2 8i=ye — s(—4)e
_2A0=m@10) S o - rie0)), (D.152)

8(1—~)o

where the last inequality holds by letting (y > 1/2)

A =32(1 —v)oe. (D.153)
Finally, it is easily verified that
C1
< — A < cq0. D.154
6_32(1—V) — = €10 (D.154)

D.4 Proof of the upper bound with x? divergence: Theorem 12

The proof of Theorem 12 mainly follows the structure of the proof of Theorem 10 in Appendix D.2.

Throughout this subchapter, for any nominal transition kernel P, the uncertainty set is taken as
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(see (6.2))

D.4.1 Proof of Theorem 12

In order to control the performance gap HV*"’ — V%"’HOO, recall the error decomposition in (D.32):

= * Sk 2 o AN ~
V*o _yTe < (VT( O T ,O’> + 17i ?Ytl + (VT(,O‘ _ V7T,O'> 7 (D156)
where eopt (cf. (D.31)) shall be specified later (which justifies Remark 5). To further control (D.156),

we bound the remaining two terms separately.

Step 1: controlling H‘A/”*"’ — V”*"’HOO. Towards this, recall the bound in (D.37) which holds

for any uncertainty set:

H‘?ﬂ—*70 . VTF*’UHOO g f}/max{H <I _ PYETI—*J/})*:L (Eﬂ'*yvvﬂ*’a _ Bﬂ-*VVVﬂ—*7O—)

~7* =1/ g * * *
H(I_'YBW ,V) (Eﬂ ,VVW o _ pr VT ,cr)

‘ Y
o0

LO}. (D.157)

STV * * * g . .
To control the main term P V™0 — PTVymo iy (D.157), we first introduce an important

lemma whose proof is postponed to Appendix D.4.2.1.

Lemma 50. Consider any o > 0 and the uncertainty set U (-) = U)‘(’Q(-). For any § € (0,1) and
any fized policy m, one has with probability at least 1 — 6,

§ 4\/2(1 + ) log(245AN )
o0

~7,V
pUyme _ P7T,Vv7T,O‘
H* - (1-7)2N

Applying Lemma 50 by taking m = 7* gives

ATV e 2(1 + o) log (454N
p oyt _priVymiel < g o 7 D.158
which directly leads to
~r* VN =1/ ~g* * * *
H(I*’YBW 7V) <£ﬂ’ :Vvﬂ' o pT ,VVW ,cr) ‘
oo
¥, " N N ~t Py —1 2(1 + o) log(245AN
< HB Vyme - prvymall H(I—vﬂ V) 1H < gy 2LEBEFT) g 5
[e'e} e’} (1 — ’)/)4N
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Similarly, we have

ATK‘*, -1 Aﬂ'*, * * * 2 ]- + 1 M
O N G [T A
Inserting (D.159) and (D.160) back to (D.157) yields
P s 2(1 + o) log(2454N)
V™o — v \0054\/ (1_7)4]\75 (D.161)

Step 2: controlling Hf}%"’ — VT Recall the bound in (D.38) which holds for any uncertainty

set:

o0

We introduce the following lemma which controls E
deferred to Appendix D.4.2.2.

Lemma 51. Consider the uncertainty set U°(-) = U;Q(-) and any § € (0,1). With probability at

least 1 — 6, one has

- 12\/2(1 + o) log(w) N 279€0pt +4 TEopt
00 (1-7)2N 11—~ (1—n)2

Repeating the arguments from (D.158) to (D.161) yields

7o 7,0 2(1 + U) log(w) 2')/<€opt OEopt
|[ver —vme|| < 12\/ 1N o2 +4’/W' (D.164)

Finally, inserting (D.161) and (D.164) back to (D.156) complete the proof

o o 0 n*o 2750Pt 7,0 o
= =Vl < [V = Vool + 30 A IV -Vl
) 4\/2(1 o) log(BSANY e . 12\/2(1 1 o) log (365402 . e
- (I —=7)*N 1—vy (1 —-7)*N (1—7)?
2(1+0) log(w)
<24 , (D.165)
\/ (I—=7)'N
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] ) ) 32(1+0) log( 36SAN2Y 41 365 AN
where the last line holds by taking eopt < min {\/ (I+o) O];g,( 2 ), og( N ) .

D.4.2 Proof of the auxiliary lemmas
D.4.2.1 Proof of Lemma 50

Step 1: controlling the point-wise concentration. Consider any fixed policy 7= and the
corresponding robust value vector V := V™7 (independent from ]30). Invoking Lemma 40 leads to
that for any (s,a) € S x A,

PrYvme - prVyme| = max P2, [V]a — y/oVarpo ([V]a
’ ’ a€[ming V(s),maxs V(s)] { ’ [ ] Pia ([ ] )}
- max ﬁfava— oVarz, ([Vl]a }'
a€[ming V(s),maxs V(s)] { ’ [ ] P, ([ ] )

IN

max
o€[ming V(s),maxs V(s)]

(Pla = Pa) VI +\JoVarpy ([VIa) = yfoVarpg, (V1)
(Pou=PL) Vi

max Vo
a€[ming V (s),maxs V(s)]

IN

max
a€[ming V(s),maxs V(s)]

_l’_

(D.166)

where the first inequality follows by that the maximum operator is 1-Lipschitz, and the second
inequality follows from the triangle inequality. Observing that the first term in (D.166) is exactly
the same as (D.72), recalling the fact in (D.77) directly leads to: with probability at least 1 — 4,

1 2SAN
<9 og(=25~)

< W (D.167)

max Ve ‘ (PO — ﬁga) [V]a

o€[ming V(s),maxs

holds for all (s,a) € S x A. Then the remainder of the proof focuses on controlling the second term
n (D.166).

Step 2: controlling the second term in (D.166). For any given (s,a) € S x A and fixed
ac |0, 7] applying the concentration inequality (Panaganti and Kalathil, 2022, Lemma 6) with

||[V] oo < 1i7, we arrive at

2log )
2N

Var

Varpo

(D.168)
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holds with probability at least 1 — §. To obtain a uniform bound, we first observe the follow lemma
proven in Appendix D.4.2.3.
Lemma 52. For any V obeying ||V < ﬁ, the function Jgq(a, V) :

— |\ Varg, (V1) -
Varpo ([V]a)

w.r.t. a obeys

[aalan, V) = Tuafern, V)] < 4012221

In addition, we can construct an e3-net N, over [0, ﬁ] whose size is |Ng,| < % (Ver-

shynin, 2018). Armed with the above, we can derive the uniform bound over a € [ming V' (s), max, V' (s)] C

[0,1/(1 —4)]: with probability at least 1 — &5, it holds that for any (s,a) € S x A,

\/Var Vl]a) — \/Varpg,a (V]a)
oI [V Y, (O10) = Varen, (V]

> V ) =/ V Vla
<4y ]3 Vare, (Vla) = /Vareg, ([V]a)
. 2SA\N53|>

max
a€[ming V(s),maxs V(s)]

—
=
=

(2) , 210g(2SA(|;N63|) 2log(24SAN) (D 169)
(I=9)>2N ~ (1—7)2N "~ '

where (i) holds by the property of N,

(ii) follows from (D.168), (iii) arises from taking e3 =
10g(2SA‘N€3I)
S

—EN(I=y) and the last inequality is verified by |Ng,| < -

< 24N.

1 es(1=7)
Inserting (D.167) and (D.169) back to (D.166) and takmg the union bound over (s,a) € S x A
we arrive at that for all (s,a) € S x A, with probability at least 1 — 4§,

PrVy - P:&VV’ < max
’ ’ a€[ming V(s),maxs V(s)]

(pga _ ﬁga) ma\ +

oVar PO,
ac [minS (s) maxS

210g(2SAN) 2010g(24SAN) 2(1—|—O') 10g(24SAN)
S\/<1— N +2\/ (T~ 72N §4\/ (=

Finally, we complete the proof by recalling the matrix form as below:

Hﬁ”’vvﬂ',a _ Pﬂ',VVTr,a

< max

oo (s,a)eSxA

2(1+0) log(w)
< 4\/ - 7)2N6 .
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D.4.2.2 Proof of Lemma 51

Step 1: decomposing the term of interest. The proof follows the routine of the proof of
Lemma 47 in Appendix D.2.3.5. To begin with, for any (s,a) € S x A, following the same arguments
of (D.166) yields

pr \7‘7%,0— _ pF \7‘7%,0 < max )(PO _po ) [‘7%,0]&‘ 4

o€ [min, 77 (s) mae, 722 (5)]

+ max Vo (D.170)

a€ [mins V7o (s),maxs Vo (S)]

Invoking the fact in (D.101) (for proving Lemma 47), the first term in (D.170) obeys

«

max ‘(Poa — ﬁ&) [‘7%’”}

A~ S~ S?
a€c [minS V7 (s),maxs V’T’”(s)]

0 _ po 7,0
Saeﬁ%—v)]’(&’“ Ps’“> vl

3SAN3/2 )

log( (1—v)d 2'ygopt
(1=7)2N  1-v

. (D.171)

The remainder of the proof will focus on controlling the second term of (D.170).

Step 2: controlling the second term of (D.170). Towards this, we recall the auxiliary robust
MDP/\/T/l\f(’;E> defined in Appendix D.2.3.5. Taking the uncertainty set U’ () = UZ(:) for both /T/l\fc’g
and Mop, we recall the corresponding robust Bellman operator 77,(-) in (D.90) and the following

definition in (E.169)

u* =V (s) — inf PV D.172

(s) =y in o) ( )

Following the arguments in Appendix D.2.3.5, it can be verified that there exists a unique fixed

point @;Z of the operator ’7A'S"u()7 which satisfies 0 < @;Z < ﬁl. In addition, the corresponding
robust value function coincides with that of the operator 7A"’(-), ie., ‘75’;;0 = V*o,

We recall the N,,-net over {0 1 } whose size obeying |N.,| < ﬁ (Vershynin, 2018).

P 1y 1-7)
Then for all u € N., and a fixed o, M,/ is statistically independent from ]350 4, Which indicates the
independence between [V37], and ﬁso o~ With this in mind, invoking the fact in (D.169) and taking

the union bound over all (s,a) € S x A and u € N, yields that, with probability at least 1 — ¢,

— — 2 Tog( 24SAN|N., | )
\/Varﬁsoa ([V;;’]a) - \/Varpsqa (quf]a> <2 5 (D.173)

(1=7)2N
holds for all (s,a,u) € S x A X N,.

max
aE[O,l/(l—'y)]
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To continue, we decompose the term of interest in (D.170) as follows:

Varp, ([‘7%70] a) - \/ Varpo, ([f/aa} a)

_ max
oze[minS V7.9 (s),maxs Vﬁvf’(s)]

< gt [V, (7771,) = Vors, (17701,)
: a0/ (1—)] \/Varﬁs% ([‘7*’0]&> - \/VarPﬁa (W*’U]a)

e [\/‘Varpo ([77e],) = Varp, ([7+],)] + \/‘Varpo V7e],) - varpgaqrf*,a]a)]
2 o e (7)o, (91) e 07 1L
< e\ vargy (170].) = o, (1771, <4525 (D.174)

where (i) holds by the triangle inequality, (ii) arises from applying Lemma 37, and the last inequality
holds by (D.31).

Armed with the above facts, invoking the identity V*¢ = 17;;:7* leads to that for all (s,a) €
S x A, with probability at least 1 — 4,

(0.1 (1—7)]
= e [, ([722] ) - s, ([722])
gﬁwmwwdm&%Wwﬂ%D

e [, (2] ) —varsy, ([T )]+ vores, ([F],) —vare, ([722],)
< vy ([‘fo]a)—Warpga([‘iffu oy

24SAN\N5 |
(iii) o eal
<2 \/ ) Ty -

36SAN |N52|)
, (D.175)

where (i) holds by the triangle inequality, (ii) arises from applying Lemma 37 and the fact

V;{ _ V:ua* < (15_27) (see (E.181)), (iii) follows from (D.173), and the last inequality holds by
2o (24SAN\N52|
letting e = g (177)% , which leads to |Ng,| < 52(13—7) < %
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In summary, inserting (D.175) back to (D.174) and (D.174) leads to with probability at least
1-4,

max Var 5 Vo o) — \/Var 0 V7o N
oce[rninS \7*70(5)71113)(5 V%,a(s)] \/ Pso,a ([ ] ) Py, ([ } )
20 log(W) OEopt
=6 T4 /T e D.176
- \/ (1—=7)*N (1—~)2 ( )

holds for all (s,a) € S x A.

Step 4: finishing up. Inserting (D.176) and (D.171) back to (D.170), we complete the proof:
with probability at least 1 — ¢,

~ 3SAN3/2 365SAN2|N.
H % V‘/} A7‘7‘7%70 - log( 1-7)5 ) 2v€opt \/20 log(%) 4 OCopt
0 (L=9)2N  1-v (1 —=7)2N (1 —7)?
2(1 + (7) log(w) 2’)/Eopt OEopt
<12 + +4 . D.177
\/ (1—-7)2N 1—7 (1—7)? ( )

D.4.2.3 Proof of Lemma 52

For any 0 < ay, a0 < 1/(1 — 7), one has
‘Js,a(ala V) - Js,a(O@a V)|

= ‘\/Varp0 \/Varpo lag) ‘\/Varpo \/Varpo las)

< [Varps, (IV warpo Vla) = Varpg ([V]a,) + \/Varpgu ([V]as)

< \/Varp0 \/Varp0 laz) ‘\/Varpo \/Varpo laz)

< NVarpe ([Vlaw) = Varpy ([VIay) + (/Vares, ([V]as) = Varps, ([V]a,)

|

—
—-
=

P l(V]ar) o (V) = (V]an) © ([V]m)]‘ +

P2 ([V]ay + [Vlas) P2 (V]ay — [V]as)

+ \/\ o ([V]ay) = ([Vaz) © (V]a)]| + [ P2 ([Viay + [V]az) - P4 ([V]ay = [Vla,)]
< 2\/2(0614-042)‘041 —062| <4 ’O‘i__;‘@‘ (D.178)

where (i) holds by the fact ||z] — |y|| < |z — y| for all z,y € R, (ii) follows from the fact that
VT —/y < x—yforany x > y > 0 and Varp ([V]a,) > Varp ([V]y,) for any transition kernel
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P € A(S), (iii) holds by the definition of Varp(-) defined in (D.7), and the last inequality arises
from 0 < aj,as < 1/(1—7).

D.5 Proof of the lower bound with Y? divergence: Theorem 13

To prove Theorem 13, we shall first construct some hard instances and then characterize the sample
complexity requirements over these instances. The structure of the hard instances are the same as

the ones used in the proof of Theorem 11.

D.5.1 Construction of the hard problem instances

First, note that we shall use the same MDPs defined in Appendix D.3.1 as follows

{My=(5.4,P%19) |o={0.1}}

In particular, we shall keep the structure of the transition kernel in (E.189), reward function in
(E.193) and initial state distribution in (E.197), while p and A shall be specified differently later.

Uncertainty set of the transition kernels. Recalling the uncertainty set associated with x?
divergence in (D.155), for any uncertainty level o, the uncertainty set throughout this subchapter is
defined as U7 (P?):

! — §1s.a))?
U (P?) = @ U%(PL,), U%(PY,) = {p&a INGIDY (PG ‘S’;z(s, fji) [5,@) < a}.

(D.179)

Clearly, Z/lU(Pﬁ? 0) = Pj,) « whenever the state transition is deterministic for x? divergence. Here, ¢ and

A (whose choice will be specified later in more detail) which determine the instances are specified as

. 1—
1—7 1f0€(0,TV)

lfO'G [T,OO)

, P=gqtA, (D.180)
ag
140

and
11— ) if o € (0,557

0<A< min{i(lfwvﬁ} ifae[l%,oo)-

(D.181)
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This directly ensures that

1
5+0 5
P:A+QSmaX{i_Hja4(1_7)}§1

since v € [%, 1).
To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to

the next state s’ associated with any perturbed transition kernel P, € U? (Psfz5 ) as

P?(s'|s,a) = inf P(s'|s,a). (D.182)
Py a€U (PL4)

In addition, we denote the transition from state 0 to state 1 as follows, which plays an important

role in the analysis,

Before continuing, we introduce some facts about p and ¢ which are summarized as the

following lemma,; the proof is postponed to Appendix D.5.3.1.

Lemma 53. Consider any o € (0,00) and any p,q, A obeying (D.180) and (D.181), the following
properties hold

(D.184)

Value functions and optimal policies. Armed with above facts, we are positioned to derive
the corresponding robust value functions, the optimal policies, and its corresponding optimal robust
value functions. For any RMDP M, with the uncertainty set defined in (D.179), we denote the
robust optimal policy as W;, the robust value function of any policy 7 (resp. the optimal policy w(’;)
as V(; 7 (resp. V(; 7). The following lemma describes some key properties of the robust (optimal)

value functions and optimal policies whose proof is postponed to Appendix D.5.3.2.

Lemma 54. For any ¢ = {0,1} and any policy w, one has

V;2(0) = % : (D.185)
(1= (1-7(1-27))
where zg 1S defined as
zg = pr(¢]0) +gm(1—¢|0). (D.186)
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In addition, the optimal value functions and the optimal policies obey

P
1-7(1-7(1-p)
Th(d]s) =1, forseS.

V3 7(0) =

(D.187a)
(D.187b)

D.5.2 Establishing the minimax lower bound

Our goal is to control the performance gap w.r.t. any policy estimator 7 based on the generated

dataset and the chosen initial distribution ¢ in (E.197), which gives

(o, V37 = V%) =V7(0) = V7 (0). (D.188)

Step 1:
following fact which shall be verified in Appendix D.5.3.3: given

converting the goal to estimate ¢. To achieve the goal, we first introduce the

1 . 1-
m lf g c (0, T’Y) ;
1 . 1— 1
3 . 1
choosing
18(1 — )2 ifoe (0, 1?%) ,
_ . 1—
A={64(1+0)(1—7)2 ifce [% 3(1_7)) , (D.190)
16 . 1
3(i10)C if o > 307"
which satisfies the requirement of A in (D.180), it holds that for any policy 7,
(0, V37 = V57) 2 2:(1-7(9]0)). (D.191)

Step 2: arriving at the final results.

To continue, following the same definitions and argument

in Appendix D.3.2, we recall the minimax probability of the error and its property as follows:

o= gesp{ = N (KLPC10.0) | PHC10,0) 4 KL(PC|0.1) | P20, 1)

then we can complete the proof by showing pe >

(D.192)

% given the bound for the sample size N. In the

following, we shall control the KL divergence terms in (D.192) in three different cases.
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e Case 1: 0 € (0, %) In this case, applying v € [2,1) yields

1>1
16~ 2’

NSV

1
1—q>1—p:1—q—A>'y—T>

p=2qg=1-1. (D.193)

Armed with the above facts, applying Lemma 60 (cf. (E.11)) yields

— a2 2
KL(P(0.1) | P J00) = KL o) < 22000 B
) 324(1 — )%
- p(l-p)
2 6as(1 — )32, (D.194)

where (i) follows from the definition in (D.180), (ii) holds by plugging in the expression
of A in (D.190), and (iii) arises from (D.193). The same bound can be established for
KL(PP(-10,0) || PE(-10,0)). Substituting (D.194) back into (D.192) demonstrates that: if the

sample size is chosen as

log 2
N ——-"——— D.195
= 1206(1 — )32’ (D-195)
then one necessarily has
p >Alexp{-—]V-1296(1——7f%2} >1 (D.196)
e 4 - 8- .
e Case 2: 0 € [%, ﬁ) Applying the facts of A in (D.181), one has
1 1 1
1-— l-p=1—q—A> - =
LR =1 21+0) 20+o)
o
>qg= . D.197
P2aq4=11 ( )
Given (D.197), applying Lemma 60 (cf. (E.11)) yields
_N\2 . A2
KL(P(-10,1) || P'(-]0,1)) =KL(p | g < P —9" O
(P10.1) [ PC10.1) = KL(p o) < =20 0 5
(i) 4096(1 + 0)%(1 — v)*e?
p(l—p)
(i) 4096(1 2(1—7y)te?  8192(1 — )4 (1 + o0)'e?
g 096( —1—02‘( v)ie §89( 7)*( +U)€’ (D.198)
2(1+0)2 o
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where (i) follows from the definition in (D.180), (ii) holds by plugging in the expression
of A in (D.190), and (iii) arises from (D.197). The same bound can be established for
KL(PP(-10,0) || Pi(-10,0)).

Substituting (D.198) back into (E.88) demonstrates that: if the sample size is chosen as

olog?2
N < D.199
~16384(1 — )4(1 + 0)%e?’ ( )
then one necessarily has
1 16384(1 — v)*(1 + 0)%e? 1
peZexp{—N (L=7)(A+0)%e }z. (D.200)
4 o 8
Case 3: 0 > ﬁ > % Regarding this, one gives
1 1 1
l—g>1—-p=1—-qgq—A> — >
e b =1 s  4l+to) " 20 +o)
1
pP=q> (D.201)
Given p > ¢ > 1/2 and (D.201), applying Lemma 60 (cf. (E.11)) yields
N2 . A2
KL(P°(-0,1) | P'(-]0,1)) =KL (p || ) < =9 O
(P°C10.1) | P(10.1) = KL [l o) < F—25- 0 =
(2 4(1-%7)252
p(1—p)
(i) 492¢2
< 2927 (D.202)
o

where (i) follows from the definition in (D.180), (ii) holds by plugging in the expression
of A in (D.190), and (iii) arises from (D.201). The same bound can be established for
KL(P(-10,0) || P{(-]0,0)). Substituting (D.202) back into (E.88) demonstrates that: if the

sample size is chosen as

olog?2
D.203
< Ra ( )
then one necessarily has
1 984¢? 1
pez4exp{—N - }28. (D.204)
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Step 3: putting things together. Finally, summing up the results in (D.195), (D.199), and
(D.203), combined with the requirement in (D.189), one has when

L ifoe (0, 1
e<e g ) ‘ A (D.205)
max{m,l} ler |:T’7,OO>
taking
1 if o€ (0, 1
N < U7 o (D.206)
w11 (io)Tj2 10 € [T77OO>

leads to pe > %, for some universal constants ¢y, co > 0.

D.5.3 Proof of the auxiliary facts

We begin with some basic facts about the x? divergence defined in (E.10) for any two Bernoulli

distributions Ber(w) and Ber(x), denoted as

(wfsn)g_i_(lfwf(lf:n))2 B (wfx)2

2
flw,2) = x| w) = 2 0 e ma)
For x € [0, w), it is easily verified that the partial derivative w.r.t. x obeys of g;,x) = i((gi:ﬁ)) <0,
implying that
Vo <z €[0,w), flw,z1) > f(w,x2). (D.208)

In other words, the x? divergence f(w,z) increases as = decreases from w to 0.

Next, we introduce the following function for any fixed o € (0,00) and any = € [1%,, 1>:

fo(z) = inf Y O max {0,:1: —Vox(l— :L')} =z —ox(l —zx), (D.209)

{2 (llz)<owel0,2]}

where (i) has been verified in Yang et al. (2022, Corollary B.2), and the last equality holds since

o > 77— The next lemma summarizes some useful facts about f,(-), which again has been verified

in Yang et al. (2022, Lemma B.12 and Corollary B.2).

a

Lemma 55. Consider any o € (0,00). For x € | 1), fo(x) is convex and differentiable, which

I+o
obeys
2z — 1
é(zg):l_i_M.
2y/z(1—x)
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D.5.3.1 Proof of Lemma 53

Let us control ¢ and p respectively.

Step 1: controlling q. We shall control ¢ in different cases w.r.t. the uncertainty level o.

e Case 1: 0 € (O, ITTW) In this case, recall that ¢ = 1 — v defined in (D.180), applying (D.209)
with z = ¢ leads to

1—x 1—7
l=v=q¢>¢=fol@)=1-7-vVorl=7) 21—y —/——7(1~7)>—— (D.210)

o Case2: 0 € {17%, oo). Note that it suffices to treat P0¢1—¢ as a Bernoulli distribution Ber(q)

over states 1 and 0, since we do not allow transition to other states. Recalling ¢ = 7 in

(D.180) and noticing the fact that
2 0-0-9) _  q

_qi = =0 .
f(q,0) = PR R =" (D.211)

one has the probability Ber(0) falls into the uncertainty set of Ber(q)) of size 0. As a result,
recalling the definition (D.183) leads to

q=P%(1]0,1-¢) =0, (D.212)
since q > 0.

Step 2: controlling p. To characterize the value of p, we also divide into several cases separately.

e Case 1: 0 € (O, %) In this case, note that p >q¢=1—v > 1%0 Therefore, applying that

fo(+) is convex and the form of its derivative in Lemma 55, one has

p=fo(p) > folq) + fr(0)(p — q)
191 _ o1 —
. <1+W>Azq+<1—v 21201 7))>A2q+3A. (D.213)

2/q(1—¢) 2¢/(L =)y

Similarly, applying Lemma 55 leads to

p=fo(p) < fola) + fr(p)(p— q)

=q+ <1m>qu+A, (D.214)
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where the last inequality holds by 1 —2p > 0 due to the fact p = g+ A < (1 v) < % < % (cf.

(D.181) and v € [3,1)). To sum up, given o € (0, T) combined with (D.210), we arrive at

5(1 —9)

D.21
2, (D.215)

e~

g+ SA<p<g+A<

where the last inequality holds by A < (1 —~) (see (D.180)).

e Case 2: 7 € { oo) We recall that p =g+ A > ¢ = 17 in (D.180). To derive the lower
bound for p in (D.183), similar to (D.213), one has

2v/q(1—q)
i 0'0-771 -1 1
Do+ 1+L A:(1+0>A:<U+>A, (D.216)
9./ 1 2 2
1+0 1+
where (i) follows from ¢ = {7, and ¢ = 0 (see (D.212)). For the other direction, similar to

(D.214), we have

p=fo(p) < fola) + o) — ) =+ (1 + m> A
@<1+VE@”_D>A§9 1+ Ve (s +22) A
S A RN TS E
(i) Vo(l+24A) (i) 1
1 A< (1+(1+0)(1 A=(3+0)A, (D217
= |1 ap— < ( +(1+ )<-+1+0)> (3+0)a,  (D.217)

where (i) holds by ¢ = 0 (see (D.212)), (ii) follows from plugging in p = ¢+ A = 175 + A,

and (iii) and (iv) arises from A = min {%(1 —) } < 1in (D.181). Combining (D.216)

and (D.217) yields

’ 2(1-‘,—0)

A<p<(3+0)A. (D.218)

Step 3: combining all the results. Finally, summing up the results for both ¢ (in (D.210) and
(D.212)) and p (in (D.215) and (D.218)), we arrive at the advertised bound.
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D.5.3.2 Proof of Lemma 54

The robust value function for any policy m. For any My with ¢ € {0, 1}, we first characterize
the robust value function of any policy 7 over different states.
Towards this, it is easily observed that for any policy 7, the robust value functions at state
s=1oranyse€{23,---,5—1} obey
1

T,0 (i) 0

and

e (ii) ™0 Y
where (i) and (ii) is according to the facts that the transitions defined over states s > 1 in (E.189) give
only one possible next state 1, leading to a non-random transition in the uncertainty set associated
with x? divergence, and 7(1,a) = 1 for alla € A’ and r(s,a) = 0 holds all (s,a) € {2,3,--- ,S—1} x A.

To continue, the robust value function at state 0 with policy 7 satisfies

VW’U(O) = EaNﬂ.(, |0) r(0,a) + inf ’PV(;WT
PeUs (Py,)

=0+97(#[0) inf PV +ym(l-¢]0) inf PV (D.220)

Peuo(ng ) Peuv(ngl_ o)

—~
=
=

ol
S — D.221
1 _,y’ ( )

IN

where (i) holds by that [V, lo < ﬁ Summing up the results in (D.219b) and (D.221) leads to

Vs €{2,3,---,5}, Vil(1) > Vo (s) = V0 0). (D.222)
With the transition kernel in (E.189) over state 0 and the fact in (D.222), (D.220) can be rewritten

as

Vy3o0) =ym(¢]0) inf PV 4am(l—¢[0) inf  PVT?
PeU(Fy,) PeU (P, _,)
(1) m,0 0 m,0 0
2 ym(@]0)[pV]7 (1) + (1= ) V(0] +9m(1 = 6] 0)|aV] 7 (1) + (1 - a) V7 (0)]

(11) T m™,0 b m™,0

V%4
= : (D.223)
(=) (1-~(1-27))
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where (i) holds by the definition of p and ¢ in (D.183), (ii) follows from the definition of 27 in
(D.186), and the last line holds by applying (D.219a) and solving the resulting linear equation for
V(;r 7(0).

Optimal policy and its optimal value function. To continue, observing that V(;r 70)=: f (zg)

is increasing in zj since the derivative of f(2f) w.r.t. 2 obeys

(1 =) (1—7(1—4{))—7222(1—7) _ 5 -

(1— )2 (1—7(1—23;))2 (1—7(1—235))2

where the last inequality holds by 0 < 2§ < 1. Further, 27 is also increasing in 7(¢[0) (see the fact

1'(5) =

p > ¢ in (D.183)), the optimal robust policy in state 0 thus obeys
w4 (6]0) = 1. (D.224)

Considering that the action does not influence the state transition for all states s > 0, without loss

of generality, we choose the optimal robust policy to obey
Vs>0: mp(o]s)=1. (D.225)

Taking m = 7r(z*S and zf = p in (D.223), we complete the proof by showing the corresponding

optimal robust value function at state 0 as follows:

B el (s Bl L)

D.5.3.3 Proof of the claim (D.191)

Plugging in the definition of ¢, we arrive at that for any policy m,

(V57 =VI7) = V37 (0) = V7(0)

(i ’yz B V24

Q= =20-2) @-y) (1-7(1-2]))

_ (e =) © (=) wap-0(-@l0)

(1-9(1-p) (1-2(1-27))  (O-~0-p)"  (-7(-p)"
(D.226)
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where (i) holds by applying Lemma 54, (ii) arises from 2§ < p (see the definition of 27 in (D.186)
and the fact p > ¢ + % in (D.183)), and (iii) follows from the definition of 2§ in (D.186).

To further control (D.226), we consider it in two cases separately:

e Case 1: 0 € (0, 17%) In this case, applying Lemma 53 to (D.226) yields

p=a)(1=7(¢]0) L1 -7(s]0)
(1-~v(1-p)” _<1_7<1_5(14)))2

A(1—7(¢]0))
= 91—

*,0 T,0 ’Y(
<307V¢7 *V¢’ >Z

=2:(1—m(¢]0)), (D.227)

where the penultimate inequality follows from v > 3/4, and the last inequality holds by taking
the specification of A in (D.190) as follows:

A =18(1 — ). (D.228)

It is easily verified that taking ¢ < m as in (D.189) directly leads to meeting the

requirement in (D.181), i.e., A < 1(1 — 7).
e Case 2: 0 € [ITTV, oo). Similarly, applying Lemma 53 to (D.226) gives

p—9)(1-n(¢]0) - 775 A(L - 7(¢]0))

*,0 m™,0 fY(
VT =Vt ) = >
T T ) min {1, (1 =7 (1 - (3+0)A))*}

(D.229)

Before continuing, it can be verified that

17(1(3+U)A):17+7(3+0)A217+(3+0)min{i(17),2(011)}

N W

< min {2(1 +0)(1—7), } , (D.230)

where (i) is obtained by A < min {i(l - ), ﬁ} (see (D.180)). Applying the above fact
to (D.229) gives

o o YA (1 - 7(9]0)) O 3(c+1)A(1—n(¢]0))
(oo~ V") 2 min{l, (1—~(1— 3+ U)A))Q} “ Smin {41 +0)2(1 —v)2, 1}
> A - 7(9]0) = 2(1—7(6]0)), (D.231)
min {32(1 +0)(1—7)2, 3(13_0)}

where (i) holds by v > 2 and (D.229), and the last equality holds by the specification in
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(D.190):

N2 s 1=y _ 1
A 641(;4-0')(1 V)% ifoe [ 41 ’3(1—7))’ (D.232)
Tsye if o > 30

As a result, it is easily verified that the requirement in (D.181)

1 1
_mm{4( 7),2(1+0)} (D.233)
is met if we let
S B S s R
o < ) BO[F) (T ifoe [ 4 ’3(1*7)>’ (D.234)
<9 . 1
35 if o> 30—’

as in (D.189).

The proof is then completed by summing up the results in the above two cases.
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Appendix E

Proofs for Chapter 7

E.1 Preliminaries

Before starting, let us introduce some additional notation useful throughout the theoretical analysis.

Let essinf X denote the essential infimum of a function/variable X.

E.1.1 Properties of the robust Bellman operator

To begin with, we introduce the following strong duality lemma which is widely used in distributionally

robust optimization when the uncertainty set is defined with respect to the KL divergence.

Lemma 56 ((Hu and Hong, 2013), Theorem 1). Suppose f(z) has a finite moment generating
function in some neighborhood around x = 0, then for any o > 0 and a nominal distribution P°, we

have

sup  Exop[f(X)] = inf {)\logEXNpo {exp (JC(AX)H —i—)\a}. (E.1)

PeU (PO) A20

Armed with the above lemma, it is easily verified that for any positive constant M and a
nominal distribution vector PY € RS supported over the state space S, if X(s) € [0, M] for all
s € S, then

inf PX =sup {—)\log (PO exp (—X>> - )\a} . (E.2)
Peus (pP?) A>0 A

For convenience, we introduce the following lemma, paraphrased from Zhou et al. (2021,
Lemma 4) and its proof, to further characterize several essential properties of the optimal dual

value.

Lemma 57 ((Zhou et al., 2021)). Let X ~ P be a bounded random variable with X € [0, M]. Let

o > 0 be any uncertainty level and the corresponding optimal dual variable be
N -X
A e arg max f(\ P), where f(\, P) = {—)\logEXNp [exp (/\)] - )\a}. (E.3)
Then the optimal value \* obeys
M
e [O, } , (E.4)
o
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where X* = 0 if and only if
log (P(X = essinfX)) + o > 0. (E.5)

Moreover, when A\* =0, we have
. . -X .
lim f(\, P) = lim {—)\logEXNp [exp ()} — /\U} = essinf X. (E.6)
A—0 A—0 A

E.1.2 Concentration inequalities

In light of Lemma 57 (cf. E.6), we are interested in comparing the values of essinfX when X is
drawn from the population nominal distribution or its empirical estimate. This is supplied by the

following lemma from Zhou et al. (2021).
Lemma 58 ((Zhou et al., 2021)). Let X ~ P be a discrete bounded random variable with X € [0, M].

Let P,, denote the empirical distribution constructed from n independent samples X1, Xa, -+ , Xy,
and let X ~ P,,. Denote Pyin x as the smallest positive probability Puin x = min{P(X =z):z €
supp(X)}, where supp(X) is the support of X. Then for any § € (0,1), with probability at least

1 -9, we have

min X; = essinfX = essinf X, (E.7)
1€[n]

as long as

- log(2/96)
~  log(l — Pminx)’

(E.8)

We next gather a elementary fact about the Binomial distribution, which will be useful

throughout the proof.

Lemma 59 (Chernoff’s inequality). Suppose N ~ Binomial(n,p), where n > 1 and p € [0,1). For

some universal constant cs > 0, we have
P(|N/n —p| > pt) < exp (—cempt?), vt € [0,1]. (E.9)

E.1.3 Kullback-Leibler (KL) divergence

We next introduce some useful facts about the Kullback-Leibler (KL) divergence for two distributions
P and @, denoted as KL(P || Q). Denoting Ber(p)(resp. Ber(q)) as the Bernoulli distribution with

mean p (resp. ¢), we introduce

p l-p
KL(Ber(p) || Ber(q)) = plogg + (1 —p)log - (E.10)
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which represents the KL divergence from Ber(p) to Ber(q). We now introduce the following lemma.

Lemma 60. For any p,q € [%, 1) and p > q, it holds that

2

(P—q)
KL(Ber(p) || Ber(¢q)) < KL(Ber(q) || Ber(p)) < b= p) (E.11)
Moreover, for any 0 <z <y < q, it holds
KL (Ber () || Ber(q)) > KL (Ber (y) || Ber(q)) . (E.12)

Proof. The first half of this lemma is proven in Li et al. (2022a, Lemma 10). For the latter half, it

follows from that the function

f(z,q) = KL (Ber (z) || Ber(q))

is monotonically decreasing for all = € (0, ], since its derivative with respect to x satisfies or Cf()fc’q) =

1—
log 7 +log =2 < 0.

O

E.2 Analysis: episodic finite-horizon RMDPs

E.2.1 Proof of Theorem 14

Before starting, we introduce several additional notation that will be useful in the analysis. First,

we denote the state-action space covered by the behavior policy 7° in the nominal model P as
cb = {(h,s,a) : dZ’PO(s,a) > O} . (E.13)

Moreover, we recall the definition in (7.15) and define a similar one based on the exact nominal
model P° as

Prin,n (8, a) = min {P,?(s’ |s,a): PP(s'|s,a) > 0}. (E.14)
Clearly, by comparing with the definitions (7.16) and (7.17), it holds that

min min

* = min Prminn(s, 775 (s)), P2 = min  Puinn(s, a). E.15
h.s mln,h( h( )) (h.s.a)eCb mm,h( ) ( )

For any time step h € [H], we denote the set of possible state occupancy distributions associated

with the optimal policy 7* in a model within the uncertainty set P € U? (PO) as

v {76 Peun (P} ={[a" (s mis)| iPeu (P}, (E.16)

sES seS
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where the second equality is due to the fact that 7* is chosen to be deterministic.
With these in place, the proof of Theorem 14 is separated into several key steps, as outlined

below.

Step 1: establishing the pessimism property. To achieve this claim, we heavily count on the

following lemma whose proof can be found in Appendix E.2.2.

Lemma 61. Instate the assumptions in Theorem 1j. Then for all (h,s,a) € [H] x S x A, consider

any vector V. € RS independent of ]3,? obeying ||V|eo < H. With probability at least 1 — 6, one has

s,a

inf PV - inf PV | < bu(s,a) (E.17)
Peus (P, ) PeU(Fy )

with by,(s,a) given in (7.14). Moreover, for all (h,s,a) € C®, with probability at least 1 — &, one has

Pmin h(57a) 5 2
— L P < e“ Py . E.1
8log(KHS/5) > m|n,h(37a) e m|n,h(37a> ( 8)

Armed with the above lemma, with probability at least 1 — §, we shall show the following

relation holds

V(s,a,h) € S x Ax [H+1]: Qn(s,a) < Q7% (s,a), Va(s) < V77 (s), (E.19)
which means that Qy, (resp. f/\'h) is a pessimistic estimate of Qi’a (resp. V;r 7). Towards this, it is

easily verified that the latter assertion concerning Vhﬁ 7 is implied by the former, since

~

Va(s) = max Qn(s,a) < max Q7 (s,a) = V7 (s). (E.20)

Therefore, the remainder of this step focuses on verifying the former assertion in (E.19) by induction.

e To begin, the claim (E.19) holds at the base case when h = H + 1, by invoking the trivial fact

Qu+1(s,a) = QZL(S,&) =0.

e Then, suppose that Qp1(s,a) < Qifl (s,a) holds for all (s,a) € S x A at some time step
h € [H], it boils down to show @h(s,a) < Qi’g(s,a).

By the update rule of @h(s, a) in Algorithm 13 (cf. line 7), the above relation holds immediately
if @h(s, a) = 0 since @h(s, a)=0< QZ’U(S, a). Otherwise, @h(s, a) is updated via

~ ~ -V
=i s v (o)) 2]

A>0
) ru(s,a) + inf Pf}h‘” — bals, a)
PeU° (PP

5.a)
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< rp(s,a) + inf P‘/}h+1 + inf P‘/}h+1 — inf PVhH —bp(s,a)
PeU (P, ,) PeU (P, ) peus (b

,s,a)

< ru(s,a)+  inf PV 402 QT(s,a), E.21
< (s, a) PGU;I(IP}?’S’G) h+1 Qp (s,a) ( )

where (i) rewrites the update rule back to its primal form (cf. (7.11)), (ii) holds by applying
(E.17) with the condition (7.20) satisfied and the induction hypothesis Vj41 < V,i’_i, and
lastly, (iii) follows by the robust Bellman consistency equation (2.18).

Putting them together, we have verified the claim (E.19) by induction.

Step 2: bounding V" (s) — Vhﬁ’a(s). With the pessimism property (E.19) in place, we observe
that the following relation holds

0 < V27 (s) = Vi (s) < V7 (s) — Vil(s) < Q17 (s, m5(s)) — Qn (s, 7 (s)), (E.22)

where the last inequality follows from Q) (s,77(s)) < maxq Qn(s,a) = Vi(s). Then, by the robust
Bellman optimality equation in (2.19) and the primal version of the update rule (cf. (7.11))

27 (s, (s)) = ra(s, mh(s)) + inf PVh*_fl,
Peue (PO o
S Th
@h (s, W,*Z(s)) =7y (s, wi(s)) + inf 7317h+1 — by, (s, 7(9)),
PeuU° (Pg,s,w;@)

we arrive at

V() = Vals) < Q57 (5. 77 (s)) = Qn (5. 74 (5))

= inf PV - inf  PVigr + b (s i (s))
Peu (Ph,smr;;(s) Peu (Ph,s,ﬂ';;(s)

< ) irtf PVh*fl — ) irtf PVhit
Peu (Ph,s,‘ir;;(s) Peu (Ph7377f;l(3)
+ in 73‘7}1.:,_1 — inf PVh-{-l + by (37 WZ(S))

Peue (P}?ysyﬂz ) Peue (P,?Mz “

©) ~

< irtf PV — irtf PVhi1 + 2bp (s, m5(s))
Peus (Ph’mz(s)) Peus (Phwz(s)

(i) . .

LB o (Vi = Ths) + 200 (5, 73(5), (B:23
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where (i) holds by applying Lemma 2 (cf. (E.17)) since Vh+1 is independent of P hsnh(s) by

construction, and (ii) arises from introducing the notation

pinf o ~
Pl (s) 7= argMing, (P2 s PVit1 (E.24)
and consequently,
1 f b .
ll’lf PV];+O—1 P;LHS ﬂ'h (8) Vh*+0-1 ) and mf PVh+1 h s ﬂ.* (S) Vh+1
pPeu (Ph s ﬂ*(s)) PeuU° (Ph ot ()

To continue, let us introduce some additional notation for convenience. Define a sequence of
matrices ﬁ}ilnf € R5*9 and vectors b} € RS for h € [H], where their s-th rows (resp. entries) are

given by

[me]s — P,}fsfmh(s) and by, (s) = ba(s, 7 (s)). (E.25)

)

Applying (E.23) recursively over the time steps h, h+1,--- , H using the above notation gives
0 <V =V < BV — Vi) + 207

< PPt (V)% — Vigo) + 2P0 + 20 < -+ <2 Z H Pt b, (E.26)
i=h \j=h

where we let (Hl ! me) = I for convenience.
For any dj € Dy (cf. (E.16)), taking inner product with (E.26) leads to

H i—1 H
< Z,V,f"’—ffh> §< 2> [P b;> =2 (d;, b)), (E.27)
i=h

i=h \j=h
where
i—1 T
= (@) | [[P™]]| epr (E-28)
j=h

by the definition of D} (cf. (E.16)) for alli=h+1,--- , H.

Step 3: controlling (d7,b;) using concentrability. Since (d},b;) = > . s d;(s)b;(s), we shall

177 (R

divide the discussion in two different cases.

e For s € S where maxpgyo(po) d,f’P (s,7%(s)) = max peyo (po) d:’P(s) = 0, it follows from the
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definition (cf. (E.16)) that for any d € Dy, it satisfies that
di(s) =0. (E.29)

*7
%

For s € S where maxpgyo(po) d:’P(S,ﬂ'Z»((S)) = maxpeyo(po) d P(s) > 0, by the assumption
in (7.5)

. *, P * 1 . a‘(,P 1
e R {d; i (s,7 (), 5} ey un {odl s), 5} <Cr, < o0,
Peus (PY) d?’P (8,771-*(8)) PeuUs(P?) d?’P (Saﬂf(s))
it implies that
d?’PO (s,7}(s)) >0 and (i,s,m}(s)) € C". (E.30)

Lemma 21 tells that with probability at least 1 — 86,

K l.)’PO * Q) K t'),PD *
Ni(s, 75 (s)) > d; (;ﬂh (5)) —5\/Kd?’P0(s,7ri*(s))log K5H 2 d; iégm (s))
@) K maxpeyo (po) min {d;"(s,7(s)) . § } _ Kmin {di(s), 4} o
- 16C7 2 wer, 0 (E3D

where (i) holds due to

b, PO - KH
KPP (5,7()) = &1 d;" (5,75 (s)) log(KHS/b) S log =5
? - db pb — Pb

s 1t
min~ min

KH
> C1 log T (E32)

min

for some sufficiently large ¢, where the first inequality follows from Condition (7.20), the

second inequality follows from

dP. = min {dZ’PO(s,a) : dZ’PO (s,a) > 0} < d?’PO (s, 75 (s)) (E.33)

h,s,a

and the last inequality follows from PP

> < 1. In addition, (ii) follows from Assumption 5.

With this in place, we observe that the pessimistic penalty (see (7.14)) obeys

KHS i 2(KHS
bi(s) < CbE = log(Z5~) (S) 4610E log (5 )
(o Pmin,i (S,T[';(S))Ni(s,ﬂ';(rs)) o Pmin,i (Svﬂg(s))Ni(Sa’n—Z’((s))
* 2 KHS
< 166,22 Crop 108" 5 — (E.34)
o min, i (s, W:(S))K min {d;(s), g}

where (i) holds by applying (E.18) in view of the fact that (4,s, 7 (s)) € C® by (E.30), and
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the last inequality holds by (E.31).

Combining the results in the above two cases leads to

* ] 2 KHS'

D di(s)bi(s) <Y 16d;(s)e \/ Crob 108 _
seS seS Pmin,i (57 (S ( ))Kmln {dz (5), ?}

M) H O, log? KHS

< 16¢c,— dr rob d*

= Ch o SGZS i (5) Pmin,i (3, % ( ))Kmln {d* \/?

SC*, log? KIS
< rob |
=~ Szcb o \/Pm|n7z (8, ﬂ-i (S))K’ (E 35)

where (i) follows from the Cauchy-Schwarz inequality and the last inequality hold by the trivial fact

me{d* BETE Zd* ( 5 1/S> ZH Zd* < 28. (E.36)

seS seS SGS

Step 4: finishing up the proof. Then, inserting (E.35) back into (E.27) with A = 1 shows

H H 2 KH 2 KH
% 2 : H SC = SC* log* &4
*’V*,U_Vvl> <2 d*,b* < } :64Cb* rob ) <ec rob—’

< 1 Y1 o i z — o Pmmz( ( )) o P':“nK

(E.37)

where the last inequality holds by plugging in the relation P*. < Pmin Z(s, 7'(':(8)) fori=1,....H

min —

by the definition in (7.16) (see also (E.15)), and choosing cs to be large enough. The proof is
completed.

E.2.2 Proof of Lemma 61

To begin, we shall introduce the following fact that

KHS 2KHS

c1 log log =55
V(h,s,a) € CP: Np(s,a) > Z = )
( ) h( ) 16Pm,n7h(s,a) log( Pmln,h(sv a))

(E.38)

as long as Condition (7.20) holds. The proof is postponed to Appendix E.2.2.3. With this in mind,
we shall first establish the simpler bound (E.18) and then move on to show (E.17).
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E.2.2.1 Proof of (E.18)

To begin, recall that (.38) is satisfied for all (h,s,a) € C°. By Lemma 27 and the union bound, it
holds that with probability at least 1 — & that for all (h,s,a) € C®:

PY(s|s,a) S PY(s|s,a)

Vs €S PY(s'|s,a) >
h( | ) = e2 —-86210g(K3¥S)

(E.39)

To characterize the relation between Prin (s, a) and ﬁmimh(s, a) for any (h,s,a) € C°, we suppose—
without loss of generality—that Pminp(s,a) = PP(s1|s,a) and ﬁm;n’h(s, a) = ﬁ,?(sz | s,a) for some
s1,82 € S§. Then, it follows that
Prinn(s,a) = PX(s1 | 5,a) (2‘) h(s(122|s ,a) > ﬁmim;(s,a) _ ]3}?(522| s, a)
(i) P)(s2]s,0) > Prinn(s,a)
8e2 log(£H5) = ge2log(LHS)

where (i) and (ii) follow from (E.39).

E.2.2.2 Proof of (E.17)

The main goal of (E.17) is to control the gap between robust Bellman operations based on the

nominal transition kernel P}? sa

Towards this, first consider (h, s,a) ¢ C®, which corresponds to the state-action pairs (s,a) that

and the estimated kernel 13}? s.a DY the constructed penalty term.

haven’t been visited at step h by the behavior policy. In other words, Ny(s,a) = 0. In this case,
(E.17) can be easily verified that

O it PV < V] € H D (50, (E.40)

Peua(hsa)

inf PV — inf PV
Peu (P, ) PeU (B}, )

where (i) follows from the fact P}? sa

IV]eo < H, and (iii) holds by the definition of by (s, a) in (7.14). Therefore, the remainder of the
proof will focus on verifying (E.17) for (h,s,a) € C°. Rewriting the term of interest via duality

= 0 when Nj(s,a) = 0 (see (7.8)), (ii) arises from the assumption

(cf. Lemma 56) yields

inf PV — inf PV
Peus (P, ) Peus (P, )

= |sup {—)\log (ﬁlgsaexp <_V>) — )\0} — sup {—/\log (P;?saexp <_V>> — )\J} .
A>0 ” A A>0 " A

(E.41)
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Denoting

~ ~ -V
hsa = arg max {—)\log <P;?787a exp <)\>> - )\0} , (E.42a)
¥ =argmax<{ —Alog ( PY, exp AN Ao (E.42b)
h,s,a, )\20 h757a )\ 9 .
Lemma 57 (cf. (E.4)) then gives that
H ~ H
2787‘1 € |:0’ O':| ) Z,s,a S |:0a 0_:| > (E43)
due to ||V < H. We shall control (E.41) in three different cases separately: (a) A; ; , =0 and
/)\\sz’a =0; (b) /\,*1787(1 > 0 and B\\Z,s,a =0 or )\sz’a =0 and :\\275@ > 0; and (c) )\275701 #0 or :\\,*1757(1 #0.
Case (a): \; ., =0 and X}*Z <o = 0. Applying Lemma 57 and Lemma 58 to (E.41) gives that,
. 21 )
with probability at least 1 — 177,
. . ) . .
inf PV — inf PV| = |essinf__ 5, V(s)— essinf, Vis ‘
PeU (B, ) PeUs (P, ) s~Fp o (s) w0,V (5)
@ essinf_po V(s) — essinf_po V(s)‘
=0 < by(s,a). (E.44)

where (i) holds by Lemma 57 (cf. (E.6)) and (ii) arises from Lemma 58 (cf. (E.7)) given (E.38).

— 0 and \*

h,s,a

Case (b): A7 . >0 and Xe =0or A\

h,s,a h,s,a h,s,a

trivial facts are implied by the definition (E.42):

Vv ~ -V ~
sup < —Alog P;?S W €XP | — — Ao > =)\, log P,?S o exp | = — )\Z s.a0
A>0 " A 7 ” ¥ "

> 0. Towards this, note that two

h,s,a
(E.45a)
sup{Mog (ﬁﬁsaexp <_V>) - Aa} > Naalog [ Py exp [ | ) = Mo aur
A>0 77 A ” T )\h,s,a o
(E.45b)

To continue, first, we consider a subcase when Ay . = 0 and X}‘l sq > 0. With probability at least
1

- KLH, it follows from Lemma 57 (cf. (E.6)) and Lemma 58 (cf. (E.7)) that

= -V = -V
sup< —Alog (PP, exp(—— ) ) —=Xop > lim { —Xlog (PP, exp| — | ) = Ao
A>0 ™ A A—=0 ” A
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=essinf_ 50 V(s) = essinfSNP}?’s V(s)

h,s,a Y

= sup {)\log (P;?S 0 €XP <_V)> - )\J} . (E.46)
A>0 " A

leading to

sup {—/\log (ﬁ}?s o €XD (_V>> — )\a} — sup {—)\log <Pf?s o €XD (_V>> — )\a}‘

A>0 > A A>0 > A

< <_3‘\;{L,s,a lOg (ﬁ}?,s,a " €Xp (’/\\:V >> - /)‘\);L,S,tz0'> - <_A);L,s,(z 1Og (Pf?,s,a " €Xp (’)\\:‘/>> - X);L,s,a‘j)
h,s,a

h,s,a
~ N -V -V
< )\};,S’a log (P,?Ml - exp (,/\\* >> — log (P,?’S’a - exp (,}\\* )) , (E.47)
h,s,a h,s,a
where (i) follows from the definition of XZ <o in (E.42) and the fact in (E.45a).
We pause to claim that with probability at least 1 — §, the following bound holds
(Plaa= Phaa) -expo (30)] T |
V(h,s,a) €CP, V € RS Sl A < 8l 5~) <. (E48)
By o0 () N5 0) B (50) 2

The proof is postponed to Appendix E.2.2.4. With (E.48) in place, we can further bound (E.47)
(which is plugged into (E.41)) as

-V
) ) —~ (Pi(z)sa Pi(z)s,a) 'eXp(T)
inf PV - inf PV <A, gqllog | 1+ 5 —~
PeU (PP, ) Peu (P, ) h s.q " €XD (=)

@ 2H log(£415)
o Cho(S,a)Pmin,h(sva>

<%H¢ log(KIIS) <%H¢ log(KHS)
0\ ¢rNi(s,a)Prinp(s,a) O\ Prinn(s,a)Ni(s,a)

(E.49)

where (i) follows from log(1 + z) < 2|z| for any |z| < 3 in view of (E.48), (ii) follows from (E.43) as
well as (E.48), and the last line follows from (E.18) and choosing ¢}, to be sufficiently large.
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Moreover, note that it can be easily verified that

inf PV — inf PV|I<H
Peus (P, ) Peus (P )

due to the assumption ||V||o < H. Plugging in the definition of by(s,a) in (7.14), combined with
the above bounds, we have that with probability at least 1 — 4,

inf PV - inf  PV|<min{c,— g5 ) , H b =bp(s,a). (E.50)
Peus (P, ) Peus (P, ,) o\ Np(s, a)Pmin’h(s, a)

The other subcase when A; ( , > 0 and XZ s.q = 0 follows similarly from the bound

sup {)\log <]3,?8 o €XD (_V>> — )\o} — sup {)\Iog <P,?S o €XP (_V>) — )\0}
A>0 o A A>0 B A
log ﬁi?sa'exp md — log Pl(z]sa'exp v

o )\;(L,s,a o )\Z,s,a

and therefore, will be omitted for simplicity.

<)‘hsa

, (E.51)

Case (c): \j,, >0 and Xzyw > 0. It follows that

~ -V -V

sup {—)\log <P,?s o XD <>> — )\a} — sup {—/\log <P;?3 o €XD ()) — )\U}
A>0 ” A A>0 = A

© p0 5. 0 5 NG

< max h s,a log Ph,s,a cehsa )‘h s,a9 | — h s,a 10g Ph,s,a cethsa | — )‘h,s,aa )

= ~ =
< h s,a 10g (Pf?,s,a ’ eAh’s’a> )‘h s,a9 > - ( h s,a log (Pf(L),s,a ’ €>‘h,s,a> )‘h s,a9 > }
log <]3;?7s’a - exp (;Y)) —log (P}?’s’a - exp <_;/>)

where (i) can be verified by applying the facts in (E.45). Hence, the above term (E.52) can be
controlled again in a similar manner as (E.47); we omit the details for simplicity.

< max A
)\e{)\h s, a’)\h s,a}

, (E.52)

Summing up. Combining the previous results in different cases by the union bound, with
probability at least 1 — 104, it is satisfied that for all (h, s, a) € CP:

inf PV — inf PV < br(s,a),
Peu (P . ) PeuU (P, )
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which concludes the proof.

E.2.2.3 Proof of (E.38)

Observe that for all (h, s,a) € C:

b po () e1d>F (s, a) log(KHS/(S 1) c1log(KHS/S) W) ¢ log(KHS)/9)
Kd; (s,a) > > Z )
db Pb Pmm,h(saa)

min mln min

(E.53)

where (i) follows from Condition (7.20), (ii) follows from the definition that d®. < dZ’PO (s,a) for
(h,s,a) € C°, and (iii) comes from (E.15).
Lemma 21 then tells that with probability at least 1 — 84,

Kd>™ (s,q) b.P KH
Np(s,a) > % — 5\/th’ (s,q) logT

Kd?’P0 (s,a) . _a log 4
16 - 16Pmin,h(57a),

> (E.54)

where the second line follows from the above relation as long as c; is sufficiently large. The last

inequality of (E.38) then follows from

KHS 2KHS

c1 log log ===
16Pm,n7h(s,a) —  log(1 Pm,n,h(s,a))’

(E.55)
since z < —log(1 — z) for all = € [0, 1].

E.2.2.4 Proof of (E.48)

Denoting
supp(Py,,) = {s' € S: P)(s'| s,a) > 0}

as the support of P,?} s We observe that

~ v DO/ _ pO(ot —V(S')>
‘(Pgm P,gsa> - exp (T)’ ) Zs/esupp(P;gm ‘Ph(s |s,a) — B (s !s,a)‘exp( A

0 . -V = V(s
Ph’s’a exp( hy ) ZS’ESUPp(P}jM) pO( "I s,a) eXp< (s))
]3,9(3’ |s,a) — PP(s| s,a)‘
< max , (E.56)
sEsupp(Phsa) P}?(S/| Sva)

where the second line follows from 3, a; = >, bigt < (max; §*) >, b; for any positive sequences

{a;, b;}; obeying a;, b; > 0.
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To continue, note that for any (h,s,a) € C® and s’ € supp(P,?S o) Nh(s,a)ﬁ}?(s’ | s,a) follows
the binomial distribution Binomial (Nj(s,a), PY(s'|s,a)). Thus, applying Lemma 59 with ¢ =

log(KHS) _
V/qrwmsa)P°<'|aa> yields

Q& 'Is,a) — a(wﬂ>m(w@)<mﬂqm@@m(ww% (E.57)

KHS’

as soon as ¢t < %, which can be verified by the fact (E.38) and Pinp(s,a) < PP(s'|s,a) (cf. (E.14)),

namely,

KHS (KHS) (KHS)

lo lo lo
Na(s.a) = 105 = =

= > > E.58
16Pm,n7h(s,a) 4ct Prin,n (8, @) 4CfP,?( "s,a) ( )

as long as ¢ is sufficiently large.

Applying (E.57) and taking the union bound over s € su pp(P0 ) lead to that with probability

h,s,a
at least 1 — KH,
~ 0/ 1 10g(KHS)
‘Pi?(sl ’ S, a’) - P}?(Sl ‘ 5, CL)‘ Ph(s | 8 a)\/Cho(S a)PP(s' | s,a)
max Y < max 04/
s’esupp(PS s a) Ph (s'|s,a) s’Esupp(P,?’s’a) Ph (s'|s,a)

\/ log(KHS)
= max
s’Esupp(Pg5 a) Cho( ) )P}g( ! ‘ S, a)

1 KHS
< sl 1
chh( S, )Pmln,h(57a) 2

where the last line uses again (E.58). Plugging this back into (E.56) and applying the union bound

over (h,s,a) € C® then completes the proof.

E.2.3 Proof of Theorem 15

The proof of Theorem 15 is inspired by the construction in Li et al. (2022a) for standard MDPs,
but is considerably more involved to handle the uncertainty set unique in robust MDPs. We shall
first construct some hard instances and then characterize the sample complexity requirements over

these instances.

E.2.3.1 Construction of hard problem instances

Construction of a collection of hard MDPs. Let us introduce two MDPs

{Mo = (8. AP = (BYIL (n}iLi ) |0 = (0.1} (E.59)
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where the state space is S ={0,1,...,5 — 1}, and the action space is A = {0,1}. The transition
kernel P? of the constructed MDP My is defined as

pl(s =0)+ (1 —pi(s'=1) if (s,a)=1(0,9)
P 10, ;111(1;8'_ =1§J> Q=01 =D) (o) =019 _—
qgl(f =s)+ (1 —@)I(s'=1) if s>1
and
P;f)(s’\s,a):]l(s’:s), V(h,s,a) € {2,...,H} x S x A. (E.60b)

In words, except at step h = 1, the MDP always stays in the same state. Additionally, the MDP
will always stay in the state subset {0, 1} if the initial distribution is supported only on {0, 1}, in
view of (E.60). Here, p and ¢ are set to be

p=1—« and g=1l—a—-A (E.61)

for some H > 2¢®, o and A obeying

1 1

o 1
0 < =< — d A< < —<K E.62
SOSH S 28 a =25 2H S a8 (E.62)
where [ is set as
log ;1x _ log(2H

2 2

The assumption (E.62) immediately indicates the facts

1
1>p>q2§. (E.64)

Moreover, for any (h,s,a) € [H] x S x A, the reward function is defined as
1 ifs=0

rn(s,a) = . E.65
n(s,a) { 0 otherwise ( )

Construction of the history/batch dataset. In the nominal environment My, a batch dataset
is generated consisting of K independent sample trajectories each of length H, where each trajectory

is generated according to (7.3), based on the following initial state distribution p° and behavior
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policy 7° = {mP}/L .
p°(s) = p(s) and wP(a|s) = %, V(s,a,h) € S x A x [H]. (E.66)

Here, 1u(s) is defined as the following state distribution supported on the state subset {0, 1}:

1u(s) = %]l(s =0)+ (1~ %)1(5 1), (E.67)

where 1(+) is the indicator function, and C' > 0 is some constant that will determine the concentra-

bility coefficient C, (as we shall detail momentarily) and obeys

1

<
cs —

. (E.68)

| =

As it turns out, for any MDP My, the occupancy distributions of the above batch dataset

are the same (due to symmetry) and admit the following simple characterization:

1
a7 (0, a) = 5i(0),  VaeA (E.69a)

“(25) < d(s) < 2u(s), “Ef) <d(s,a) <p(s),  V(s,a,h) €S x Ax [H]. (E.69b)

In addition, we choose the following initial state distribution

1, ifs=0
p(s) = . (E.70)
0, ifs>0

The proof of the claim (E.69) is postponed to Appendix F.2.3.3.
Uncertainty set of the transition kernels. Denote the transition kernel vector as
Py, . =Pl(-|s.a)€ 0,15, (E.71)

For any (s,a,h) € S x A x [H], the perturbation of the transition kernels in M, is restricted to the

following uncertainty set
U (P?) = o U” (P;is,a) Cunpy,,) = {ths,a e A(S) : KL (Ph,s,a [ Pf”w) < o} . (E.72)

where the radius of the uncertainty set o obeys
3 1 2 1
1——=]1 <o<(1—-=]1 . E.73
( 6) Og<a+A>‘U‘< ﬁ) °g<a+A> (573)
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Before continuing, we shall introduce some notation for convenience. For any P,‘f (-]s,a) in
(E.60), we define the limit of the perturbed kernel transiting to the next state s’ from the current

state-action pair (s,a) by

Bi(s’ |s,a) = inf , Py(s'|s,a), (E.74)
P}L,s,aEMU(Ph,s,a)

and in particular, denote

p:=P{(0]0,6), q=P{0]0,1—¢). (E.75)

Armed with the above definitions, we introduce the following lemma which implies some useful

properties of the uncertainty set.

Lemma 62. When [ satisfies (E.63) and the uncertainty level o satisfies (E.73), the perturbed

transition kernels obey

I3
Vv

Es
v

(E.76)

@ =

Proof. See Appendix E.2.3.4. O

Value functions and optimal policies. We take a moment to derive the corresponding value
functions and identify the optimal policies. With some abuse of notation, for any MDP M, we
denote 7% = {772’¢}hH_1 as the optimal policy, and let Vhw’g’q5 (resp. V' ’U’¢) represent the robust

value function of policy 7 (resp. Tr*’¢) at step h with uncertainty radius . Armed with these
notation, we introduce the following lemma which collects the properties concerning the value

functions and optimal policies.

Lemma 63. For any ¢ = {0,1} and any policy m, defining
zg = pm1(¢]0) +qmi(1 — ¢ 10), (E.77)
it holds that
VIT(0) = 1+ 25 (H — 1). (E.78)

In addition, the optimal policies and the optimal value functions obey

VET?(0) =14 p(H — 1), (E.79a)
Vhe [H\{1}: V7%0)=H —h+1, (E.79b)
Vhe H]: m%¢|0)=1, x%e|1)=1,  V}7%(1)=0. (E.79¢)
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The robust single-policy clipped concentrability coefficient C, obeys

20 < %, < 4C. (E.80)

rob

Proof. See Appendix E.2.3.5. O

In view of Lemma 63, we note that the smallest positive state transition probability of the

optimal policy 7* under any MDP M with ¢ € {0,1} thus can be given by
* : @ *,¢ . p? *,¢ _ p?¢ _ -1 _
Pro= ﬁ{g{Ph ( I, 759 (s )) . P ( |5, 7% (s )) >o} =PP(10,1—¢)=1—p, (E81)

which obeys
a= P

min

€ (0,1/H]

according to (E.61) and (E.62).

E.2.3.2 Establishing the minimax lower bound

We are now ready to establish the sample complexity lower bound. With the choice of the initial
distribution p in (E.70), for any policy estimator 7 computed based on the batch dataset, we plan

to control the quantity
<p’ * g ¢ 71' g, ¢> — ‘/1*70-7¢(0) _ ‘/171—70-7(1)(0)‘

Step 1: converting the goal to estimate ¢. We make the following claim which shall be

H H .
384¢6 log (1) < 28100 oa( )’ choosing

verified in Appendix E.2.3.6: given ¢ <

6 1
128¢%0(1 — ) _ 12880 (a +A)e _ 128¢ (a+ A)elog (a—i—A) .

(6%
A= - - = < — <3 (E.82)

which satisfies (E.62) with the aid of (E.73) and (E.61), it holds that for any policy 7,
(p, V7 — V79 > 2¢(1 = 71(8]0)). (E.83)

Armed with this relation between the policy 7 and its sub-optimality gap, we are positioned to

construct an estimate of ¢. We denote P as the probability distribution when the MDP is M, for

any ¢ € {0,1}.
Suppose for the moment that a policy estimate 7 achieves

P¢ {<p’ V*U¢ Vf’a’¢> < 8} > g’ (E84)
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then in view of (E.83), we necessarily have 71(¢|0) > 1 with probability at least %. With this in

mind, we are motivated to construct the following estimate <$ for ¢ € {0,1}:

~

_ #(al0 E.85
¢ argaggﬁ}ﬂl(al ) (E.85)

which obeys

ool

Po{d = ¢} > Ps{F1(¢]0) > 1/2} > (E.86)

In what follows, we would like to show (E.86) cannot happen without enough samples, which would
in turn contradict (E.83).

Step 2: probability of error in testing two hypotheses. Armed with the above preparation,
we shall focus on differentiating the two hypotheses ¢ € {0,1}. Towards this, consider the minimax

probability of error defined as follows:
Pe = Hlll)f max {P(](lﬁ # 0)7 ]P)l(w - 1)}7 (E87)

where the infimum is taken over all possible tests 1 constructed from the batch dataset.
Let u®® (resp. ,u,z"z)(sh)) be the distribution of a sample trajectory {sp,an}fL | (resp. a sample
(an, Sh+1) conditional on sj) for the MDP My. Following standard results from Tsybakov (2009,

Theorem 2.2) and the additivity of the KL divergence (cf. Tsybakov (2009, Page 85)), we obtain

exp (= KKL(2 | u))

exp{ - %KM(O)(KL(PP(. 10,0) | P{(-]0,0)) + KL(PP(-]0,1) || P{(-]0, 1)))}, (E.88)

De =

v
[ N

where we also use the independence of the K trajectories in the batch dataset in the first line. Here,

the second line arises from the chain rule of the KL divergence (Duchi, 2018, Lemma 5.2.8) and the

b, PO b, P!
:dh )

Markov property of the sample trajectories (recall that d, according to

H
KL a2 =30 B KL (o) | 1 )]

h=1 sprd T’
— b,P° 0 1
= > dy"(0,a)KL (PY(-]0,a) | PL(-]0,a))
ae{0,1}
1
= 5n(0) > KL(P)([0,a) | PL(-]0.a),
ac{0,1}

where the penultimate equality holds by the fact that P)(-|s,a) and P}(-|s,a) only differ when
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h =1 and s = 0, and the last equality follows from (E.69).
It remains to control the KL divergence terms in (E.88). Given p > g > 1/2 (cf. (E.64)),
applying Lemma 60 (cf. (E.11)) yields

_4\2 A2
KL(PY(-10,0) || Pi(-]0,0)) = KL =90
(PY(-10,0) | P{(-]0,0)) (pl!q),(l_p)p =)
(i_i) 128261202(1 _ q)252
H?p(1 - p)
(i) ¢y02Pr, g2
- H?2 (E.89)

where (i) follows from the definition (E.61), (i) holds by plugging in the expression of A in (E.82),
(iif) arises from 1 — ¢ < 2(1 — p) = 2P%; (see (E.62) and (E.81)), p > 3, as long as ¢ is a large
enough constant. It can be shown that KL(PP(-|0,1) || P}(-|0,1)) can be upper bounded in the

same way. Substituting (E.89) back into (F.88) demonstrates that: if the sample size is chosen as

H3SC*, log 2
KH < = Z—rb o7 E.90
- 461P;in02€2 ( )
then one necessarily has
1 1 c10?Pr 2 () 1 c102Pr. &2
Po> 4exp{ PR A Bt B e Che
() 1 dcio2P*. g2 1
> exp{ or br;i'r"Q } > 3’ (E.91)
ro

where (i) follows from (E.67) and (ii) holds by (E.80).
Step 3: putting things together. Finally, suppose that there exists an estimator 7 such that
*,0,0 70,0 1 *,0,1 70,1 1
Po{(p, ;""" =V >>€}<§ and P {{(p, V""" =V} >>5}<§.

Then Step 1 tells us that the estimator $ defined in (E.85) must satisfy

Po(¢ # 0) <é and  Pi(p#1) < %

which cannot happen under the sample size condition (E.90) to avoid contradition with (E.91). The
proof is thus finished.
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E.2.3.3 Proof of (E.69)

With the initial state distribution and behavior policy defined in (E.66), we have for any MDP Mg
with ¢ € {0, 1},

¢
v (s) = p°(s) = u(s),
which leads to
1
Vae A: d7°(0,a) = 54(0). (E.92)

In view of (E.60a), the state occupancy distribution at step h = 2 obeys

B (0) = B = 0]s1 ~ 170} = u(0) [2(0]0)p + 71 — 6] 0)g] = LTDEO)
and
B (1) = IP{32 — 1|81 ~ d*;’Pd’;wb}
= 1(0) [=5010)1 — p) + 721~ 610)(1 )] + (1) = (1) + EZLZDHO),

With the above result in mind and recalling the assumption in (E.64), we arrive at

©(0 po po,
O) < (0) < o), w(1) < a7 (1) 2 2p(1), (8.93)
where (i) holds by applying (E.64) and (E.68) (which implies 1(0) < p(1) by the assumption in
(E.68))

P (1) = p(1) + @-p 5 DO < (1) + 1u(0) < 200,

Finally, from the definitions of P;f (-]s,a) in (E.60b) and the Markov property, we arrive at for any
(h,s) € [H] x S,

K < b (5) < 2p(s), (B.94)
which directly leads to
p(s) po o
2D < a2 (5,0) = wh(a ] )" () < p(s), (E.95)
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E.2.3.4 Proof of Lemma 62

Note that p > ¢ can be easily verified since p > ¢, which indicates that the first assertion is true. So
we will focus on the second assertion in (E.76). Towards this, invoking the definition in (E.10), let

o’ be the KL divergence from Ber(%) to Ber(q), defined as follows

1

o =kt (Ber () 1 Bert0)) = 310w 2 + (1- ) g L)

p l1—gq
O L R e O I e B T O

where the second line uses the definition of ¢ in (E.61). We claim that ¢’ satisfies the following

relation with o, which will be proven at the end of this proof:

(1 D (L) <o (1 DJtoe (L) o (1- 2 me (1) e

Recalling the definition of the transition kernel in (E.60a)

the uncertainty set of the transition kernel with radius ¢ is thus given as

Z/IU(P{%’I_(ﬁ) ={Pi1o1-¢ € A(S) : P(0]0,1—¢) =¢,P(1]0,1 —¢) =1—¢,KL(Ber (¢) || Ber(q)) < o}.
(E.98)

Recalling the definition of ¢ in (E.75), we can bound

q= inf PO|0,1—9¢)= inf q
o P1y011*¢€ua(P{b,0,17¢) ( | ) q":KL(Ber(q')||Ber(q))<o
)
Z inf q/ = l’
q":KL(Ber(q’)||Ber(q)) <o’ B

where (i) holds by o < ¢’ (cf. (E.97)) and the last equality follows from applying Lemma 60
(cf. (E.12)) and (E.96) to arrive at

W< < ; . KL(Ber (¢) | Ber(q)) > KL <Ber (;) H Ber(q)) _ o
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Proof of (E.97). To control ¢/, we plug in the assumptions in (E.64) and 8 > 4 and arrive at the

() Ghome (-3)(o-3)o

The above facts directly lead to

trivial facts

, 1 1
Similarly, observing
1 1 1 1 1
() () + (1 5) e (1 5) <0~ (5)stor =0
we arrive at
, 1 1 2 1

as long as log (ﬁ) > 6 (cf. (E.63)). With (E.99) and (E.100) in hand, it is straightforward to
see that the choice of the uncertainty radius o in (E.73) obeys the advertised bound (E.97).
E.2.3.5 Proof of Lemma 63

For notational conciseness, we shall drop the superscript ¢ and use the shorthand V"7 = Vhﬁ’("’q>
and V}: 7 = V}f % whenever it is clear from the context. We begin by deriving the robust value

function for any policy 7. Starting with state 1, at any step h € [H], it obeys

V}?’U(l) = ]Earwrh(~ |1) ’I“h(l, a) + inf PV};’_‘; =0+ Vh:’_al(l),
PeUs (P, ,)

where the first equality follows from the robust Bellman consistency equation (cf. (2.18)), and the
second equality follows from the observation that the distribution P;f’ 1.4 18 supported solely on state
1 in view of (E.60a), therefore U7 (PP, ) = P, . Leveraging the terminal condition Vi (1) =0,

and recursively applying the previous relation, we have
V}:(aU(l) = VhTr,cr(l) = (), Yh € [H] (E.l()l)

Similarly, turning to state 0, at any step h > 1, the robust value function satisfies

V}ZF,U (0) = Ea~7rh(~ |0) Th (Oa (Z) + inf /PV}ZTJS =1+ Vhﬂjﬁ (O)a
PeU (P, )
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which again uses the fact that the distribution P,‘f 0. 18 supported solely on state 0 in view of
(E.60Db), therefore L["(P;fo J) = P,?Oa. Leveraging the terminal condition V;7,(0) = 0, and

recursively applying the previous relation, we have
Vio7(0) =V (0) = H — h + 1, 2<h<H. (E.102)
Taking (E.101) and (E.102) together, it follows that
V2<h<H: V,o7(0) > Vo (1). (E.103)

Consequently, the robust value function of state 0 at step h = 1 satisfies

‘/IW,U(O) = EQNTFI(- |0) 1 (0’ a) + inf 73‘/27r,a
PeuUs (P, ,)

94 m@l0)(  mf - PV)+m-ol0)( it PVF)
PeuU(Py, ) PeUT (P _y)

2 1m0 [pVET 0+ (L= p) VD] + M1 = 610)[0770) + (1= 9) Vi ()
Wy 4 yrea) + 2 [V577(0) = V377 (1)]

=1+ 23V,7(0) (E.104)

where (i) uses the definition of the reward function in (E.65), (ii) uses (E.103) so that the infimum
is attained by picking the choice specified in (E.75) with a smallest probability mass imposed on
the transition to state 0. Finally, we plug in the definition (E.77) of 27 in (iii), and the last line
follows from (E.101).

Therefore, taking 7 = 7% in the previous relation directly leads to
Vio(0) = 14257 V57 (0) = 1+ 23 (H — 1), (E.105)

where the second equality follows from (E.102). Observing that the function (H — 1)z is increasing
in z and that 27 is increasing in m1(¢[0) (due to the fact p > g in (E.76)). As a result, the optimal
policy obeys

(¢]0) =1 (E.106)

at state 0, and plugging back to (E.105) gives
VI(0) =1+ 25 (H — 1) = 1+ p(H ~ 1),

where zgw = Qﬂ"b(d) |0) + gﬂf"b(l — ¢]0) = p. For the rest of the states, without loss of generality,
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we choose the optimal policy obeying
Vhe H:  m%p|0)=1, =%|1) =1 (E.107)

Proof of claim (E.80). Given that 7TZ’¢(¢ |0) = 1forall h € [H] and p(0) = 1, for any P € U°(P?),

we have

(E.108)

which (i) holds by plugging in the definition (E.74), (ii) follows from the definition (E.75), and the
final inequality arises from Lemma 62. Hence, for all 2 < h < H, by the Markov property and
P,f)(0|0, ¢) =1, we have

k * 1
47" (0,9) = 4" (0,9) = 5. (E.109)
Examining the definition of Cy, in (7.5), we make the following observations.
e For h =1, we have
. *, P 1 . *, P 1
min {d1 (s,a),g} Q) mm{d1 (0, ¢)7§} (ii) 1
A oo b, P9 T anar b, P? T X e b P
(sa,PYeSxAxus(Po)  @>FP? (5 q) peus(pe) @ (0, ¢) Peus(P?) §d>° (0, ¢)
(i) 2

= = 2C, E.110
Siu(0) —

where (i) holds by d;’P(s) =p(s) =0 for all s € S\ {0} (see (E.70)) and ﬂ,’;’d)(qb [0) =1 for
all h € [H], (ii) follows from the fact dI’P(O,gﬁ) = 1, (iii) is verified in (E.69), and the last
equality arises from the definition in (E.67).

e Similarly, for h = 2, we arrive at

. *,P M *7P
min {d2 (s,a),%} 0 min {d2 (S,QS),%}
max s = max b.P%
(s,a,P)ES X AXUT (P%) A2 (s, a) 5€{0,1},PEU (P?) ds (s, )
1 i) 4
< max < =4C,

T 5€{0,1},PeU (P?) Sdg”m’(s,@ ~ Su(0)
(E.111)

where (i) holds by the optimal policy in (E.79) and the trivial fact that d;’P(s) = 0 for all
s € S\ {0,1} (see (E.70) and (E.60a)), (ii) arises from (E.69), and the last equality comes
from (E.67).

375



e For all other steps h = 3, ..., H, observing from the deterministic transition kernels in (E.60b),
it can be easily verified that
. P . P
mm{dz (s,a),%} min {d; (s,a),%}

max b p? = max b o
(s,a,P)ES X AxXUT (P?) dy' (s, a) (s,a,P)ESX AXUT (P?) dy” (s, a)

Combining the above cases, we complete the proof by

min {d5F 5,a), &
20 < Chp = max {di ( )S}

< 4C.
(h,s,a,P)€[H] xS x AxU (P%) d27p¢(s, a) B

E.2.3.6 Proof of the claim (E.83)

Recall that by virtue of (E.77) and (E.79), we arrive at
*i= 2T = prl?(60 (1 —¢0) =
%o = % pr (¢ 10) + ¢ (1 = ¢ [0)
Applying (E.78) yields

(p. V70 = VI79) = Vi (0) = VP 79(0) = (p — 25) (H = 1) = (p— ) (H = 1) (1 = m($]0)) ,
(E.113)
where the last equality uses the definition (E.77). Therefore, it boils down to control p — g.

To continue, we define an auxiliary value function vector V€ RS*! obeying
VO)=H-1 and V(s)=0, VseS\{0}. (E.114)

With this in hand, applying Lemma 56 gives

(H-1)(p—q)
® inf PV — mf PV
Peu( 1Oqﬁ) Peuff( 101 ¢)

-V v
syl () g ()
(11) -V

(oo (o om (50) ) oot = {vtoe (P (50)) -}
. v v
=-A [log <P1¢j0,¢ - exp <)\*>> — log (Pf0,1—¢ - exp <)\*>>} ) (E.115)
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where (i) follows from (see the definition of p in (E.75))

™, PV = P{(0]0,6)V(0) = (H — L)p,

€U (P ¢

- (igg )PV = PJ(0]0,1 - ¢)V(0) = (H — 1)g.
eue 1,0,1—¢

Here, (ii) holds by letting

s
* . . _ ¢ ) _
A= arg Iilza()){ f(A) == arg r;\lzaé({ Alog <P1,0,1¢> exp < 3 >> /\O’} . (E.116)

The rest of the proof is then to control (E.115). We start with the observation that \* > 0; this is

because in view of Lemma 57 (cf. (E.5)), it suffices to verify that

(i) 2 1 2 1
log(1 —¢q) + o0 <log(a+ A) + <1 5) log (a—i—A) 3 og <a+A> <0, ( 7)

where (i) holds by (E.73). We now claim the following bound for A* holds, whose proof is postponed
to the end:

£§&</\*< H-1 (E.118)

07 s (ats) (1) e ()

which immediately implies the following by taking exponential maps given A* > 0:

a+ A
B

Moving to the second term of (E.115), it follows that

-V “V\\ @, pe”HDA 4 (1 —p)
¢ -V _ @ , AN
e (Pl esp (5) ) =8 (oner o (55)) i i

~ log (1 4 (z;— q) ("D — 1))

< e H-D/N < (o 4 A)I3/8, (E.119)

e"H=D/X 4 (1 —q)
(i) A (L— e H-D/A
ge=(H=D/3" 4 (1 —q)

(iii) 1 A
S_i 3
() -9+ (-0
A
— E.12
yercent (.120)
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where (i) follows from the definitions in (E.60) and (E.114), (ii) holds by log(l + z) < z for
x € (—1,00), (iii) can be verified by (E.119), 8 > 4, and (E.62):

1/4
1—e DN > (a4+ AP >1—(a+A) /1 >1- <2‘j’1[> > %

3 6/ lo 1
and the last line uses (ﬁ) = (ﬁ s(ws) = €8 by the definition of 3 in (E.63). Plugging

(E.118) and (E.120) back into (E.115) and (E.113), we arrive at

(p, V7P — 7Y — (H = 1) (p— ) (1 — m(¢]0))

()
> G =z (1= m(610) =2 (1= m(]0).

where (i) holds by (E.118) and the last equality follows directly from the choice of A in (E.82).
Proof of inequality (E.118). Applying (E.4) in Lemma 57 to A* in (E.116) leads to the upper
bound in (E.118):

P i1 (E.121)

S ()

where the last inequality holds by (E.73). As a result, we shall focus on showing the lower bounds

in (E.118) in the remainder of the proof.
Recalling the definition of ¢ in (E.61), we can reparameterize 1 — ¢ using two positive variables

¢q and A, (whose choices will be made clearer soon) as follows:
l-g=a= cqe_(H_l)/)‘q. (E.122)

Deriving the first derivative of the function of interest f(A) in (E.116) as follows:

Vaf(A) =V (—/\log <P1¢:071_¢ - exp (‘f)) - )\a>

) Vi (—)\log <q6_(H_1)/)‘ +1- Q) - )\U)

(H- 1 q(H —1)e"H-D/A
_ H-1)/X
= o ~log (qe - q) XN geH-DAL g (E-123)

where (i) holds by the chosen transition kernels in (E.60) and the last line arises from basic calculus.

378



To continue, when A = A, the derivative of the function f(\) can be expressed as

17
(1—q)Z log 72
A-g)t+1—g¢

VA | aer, = —0 — log ((1 L q) ;

o
— q Cq Cq_
——U—log(l—q)—log<1+>+
Cq L
:—J—log(l—q)(l—q/cq>—log<1+ -
q/cg+1 14q/cq
q
0 _ LN (/e ) 4 _ w8l
N UHOg(aJrA)(l q/0q+1> 10g<1+ ) 1+4q/cq
(i) 1 2 q/c q ) Zlog(cq)
> . VA NN v (S O e
B Og(a+A> <5 Q/Cq“‘l) Og( +Cq 1+q/cq
(i) 1 1 1
> _ -y —
_BIOg<a+A> log(1+ﬁ) 1
1 1
> —1 —2= E.12
> pioe (1) 20, (5.125)

where (i) holds by (E.122), (ii) follows from the bound of ¢ in (E.73), (iii) arises from letting
cq = B > 4 and noting the fact 1/2 < ¢ <1 (see (E.64)), leading to

(E.124)

Cq

q
1 1 Llog(cq)

y ﬂ <, e 2V g (E.126)
28 " ¢q B q/cg+1 P 14 q/cq

Finally, the last line holds by 1/8 < 1 and log (ﬁ) = 20 (see (E.63)).
To proceed, note that the function f(A) is concave with respect to A. Therefore, observing
Vaf(A) [ x=r, = 0 with ¢, = 8, we have A\, < \*, which implies (see (E.122))

l—g=a+A=pBe DN < ge=(H-1)/A" (E.127)

The above assertion directly gives

N> H-1
log (afA)
The proof is completed by noticing
H-1 H-1 O H-1 H
> P
- — 160

log (MLA) log (aiA) +logB 2log (ﬁ)

where (i) follows from (E.63), and the last inequality follows from (E.73) and the fact 5 € [4, c0).
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E.3 Analysis: discounted infinite-horizon RMDPs

E.3.1 Proof of Lemma 38

We shall first show that the operator ﬁ%() (cf. (7.30)) is a y-contraction, which will in turn imply
the existence of the unique fixed point of ’7;‘2() Before starting, suppose that the entries of

Q1, Q2 € R4 are all bounded in [0, ﬁ] for all (s,a) € S x A. Denote that

VseS: Vi(s) = mgXQl(s,a), Va(s) = méleg(s,a). (E.128)

Proof of y-contraction. We first show that ’7;‘2() is a y-contraction. Towards this, instead of

ﬁ%(-), we begin with a simpler operator ﬁ"e(), defined as follows:

V(s,a) e Sx A: ’7;‘2(@)(5, a)=r(s,a)+~ inf_ PV —b(s,a), (E.129)
Peu"(Pga)

which consequently leads to
V(s,a) €S x A:  TL(Q)(s,a) = max {ﬁz(Q)(s, a), o} . (E.130)

It follows straightforwardly that
|Tz@n - Tz@)||_ < [[T@u) - @2 (E.131)

and hence it suffices to establish the y-contraction of ﬁ‘;() With this in mind, we observe that

(i)
<yIVI = Vall

[e.e]

inf PV — inf PV,
Peu(P?,) Peu(PL,)

| 7@ - Ta@w)|_ =~

o ~ max ’max Q1(s,a) — max Qg(s,a)’

Svr(lgf}f)dQl(Sva) — Q2(s,a)| =7[Q1 — Q2 (E.132)

where the first equality holds by the definition of ﬁ"e() (cf. (E.129)), (i) follows from that the
infimum operator is a 1-contraction w.r.t. ||-|lec and ||PVi —PValleo < ||[Vi — V2|0 for all P € A(S),
(ii) arises from the definitions in (E.128), and the last inequality is due to the maximum operator
is also a 1-contraction w.r.t. || - [[«. Combining the above two inequalities establish the desired

statement.

Existence of the unique fixed point. To continue, we shall first claim that there exists at least

one fixed point of ’7;",3() This is a standard argument, which we omit for brevity; interested readers
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are encouraged to refer to, e.g. Li et al. (2022a), for details.

To prove the uniqueness of the fixed points of ﬁ%(), suppose that there exist two fixed points
Q" and Q" obeying obeying Q' = 72(Q") and Q" = T.(Q"). Moreover, the definition of 73(-)
directly implies 0 < @', Q" < ﬁ, since for any 0 < Q < ﬁ, it follows that 0 < ﬁ%(Q) < ﬁ By
the ~-contraction property, it follows that

l@ = Q" = |7(@) - Tou@

<@, (B133)

However, (E.133) can’t happen given v € [%, 1), indicating the uniqueness of the fixed points of
Toel)-

E.3.2 Proof of Lemma 41

To begin with, considering any @, Q' obeying Q < @', and 0 < Q,Q’ < ﬁ We observe that the

operator ﬁ‘g() (cf. (7.30)) has the monotone non-decreasing property, namely,

ﬁi(@)(& a) = max {7’(8, a)+~v inf PV - b(s, a), 0}

Peue(PY,)

= max {r(s, a)+~ inf me}x Q(-,a) — b(s,a), 0}

Peus(P?,) @

< max {r(s, a)+~ inf  PmaxQ'(-,a’) —b(s,a), 0} = ﬁZ(Q')(s, a), (E.134)
Peus(P2,) @

where the last line uses @ < @’. Recalling the fixed point @;g’ of ﬁ"e(-), armed with (E.134) and

the initialization @0 = 0, we arrive at

Q1 = T52(Qo) < Toa(@d) = Q3¢

where the inequality follows from @0 =0< @;’eg. Implementing the above result recursively gives
Vm>0: Qm< Q5.

Applying the ~-contraction property in Lemma 38 thus yields that for any m > 0,

1@ = Q5 oo = || T @) = T Q38

< Y@m—1 — Q¥ Il
o
~ ~ ~ ,Ym
< < 'YmHQO - Q;éa“oo = ’YmHQ;;sU”oo < ﬁa

loo < 72= (see Lemma 38).

where the last inequality holds by the fact H@;g —
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E.3.3 Proof of Theorem 16

To begin, we introduce some additional notation that will be useful throughout the analysis. We

denote the state-action space covered by the batch dataset D as
b = {(s, a) : >’ (s,a) > 0} . (E.135)

In addition, recalling the definition in (7.31), we define a similar one based on the true nominal

model P as

Prin(s,a) = min {PO(S/ |s,a): P°(s'|s,a) > 0}, (E.136)

s

which directly indicates that

r;in = msin Pmin(sﬂ W*(S))v Prlr)min

= min Puin(s,a). E.137
(s,a)ecP mn( ) ( )

Next, we denote the set of possible state occupancy distributions associated with the optimal policy

m* in a model within the uncertainty set P € U° (PO) as
D* = {[d"F(5)] o5 : P U (P) | = { [0 (5,7(5))] o5 P €U (P°) |, (E.138)

where the second equality is due to the fact that 7* is chosen to be deterministic.
We are now ready to embark on the proof of Theorem 16. We first introduce a fact that is

used throughout the proof; the proof is postponed to Appendix E.3.3.2:

Nd>P’ (s, q) S a log(NS/6) S log 22

b
. > N
V(s,a) €C M) = 2 P (i) © loa(l — Prin(s.0))

(E.139)

as long as (7.42) holds.

For notation simplicity, denote the output Q-function and value function from Algorithm 14
~ ~ ~ ~ log <N
as Q = Qp; and V = V). Invoking Lemma 41 with M > b

N
S 1
Tog L directly leads to

1
< — (E.140)

[loRery|
@ pe llco = gV

and therefore

1
| < —- (E.141)

|V = Ve < max max Q(s, ) — max Qg (5,0)| < Q- Q¢ | <

The proof of Theorem 16 is separated into several key steps as follows.
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Step 1: controlling the uncertainty via leave-one-out analysis. Given access to only a
finite number of samples for estimating the nominal transition kernel P°, we need to efficiently
control
inf PV - inf PV
PeuUs (P2,) PeU(PY,)

across the robust value iterations, where V is statistically dependent on 132(1 (since ﬁga will be
reused in the update rule (cf. (7.35)) for all the iterations). A naive treatment via the standard
covering arguments will unfortunately lead to rather loose bounds (Panaganti and Kalathil, 2022;
Yang et al., 2022; Zhou et al., 2021). To overcome this challenge, we resort to the leave-one-out
analysis—pioneered by Agarwal et al. (2020b); Li et al. (2022a, 2023c) in the context of model-based
RL—to decouple the statistical dependency. The results are summarized in the following lemma,

with the proof provided in Appendix E.3.3.1.

Lemma 64. Instate the assumptions in Theorem 16. Then for all vector 1% obeying H‘N/ - T?,;;’UHOO <

L and IV lloo < 1=, with probability at least 1 — &, one has

=
N _ log (24205 4 1
inf  PV-—  inf PV|<mind 2 | (=0 ,
PEZ/I”(ﬁga) PeU(PY,) 0(1 - ’Y) Pmin(87 CL)N(S, a) NO'(l a 7) 1—n
(.142)

for all (s,a) € S x A. In addition, for all (s,a) € CP, with probability at least 1 — &, one has

Pmin(sa a)

_mint%H % P < e2Prin . E.14
810g(NS/5) —_ (S7a)—e (S,CL) ( 3)

Step 2: establishing the pessimism property. Armed with Lemma 64, we aim to show the

key property that

~

V(s,a) €S x A:  Q(s,a) <Q™(s,a),  V(s) <V™(s). (E.144)

Similar to the finite-horizon setting, it suffices to focus on verifying the former assertion in (E.144).
Towards this, we first recall that the fixed point @;’ea of the pessimistic robust Bellman operator
TZ() (cf. (7.30)) obeys

A;g’ = ﬁZ(A;’e") = max {r(s,a) +v inf_ PIA/p*é" —b(s,a), 0} . (E.145)
'PEZ/{"'(PS({G)
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If Q3¢ (s,a) = 0. Given the initialization Qo = 0, invoking Lemma 41 gives
@(s,a) = @M(s,a) < A;’e"(s,a) =0.

As a result, Q7 (s,a) > 0 = @(s, a) as desired. Therefore, it boils down to examine the case when
@;’eg(s, a) > 0. One has

~ 1 7 1
Qe (s,0) + — =7r(s,0) +7__inf - PV —b(s,a) + =

)
) N PeU (P9,) oN

i
<

Qs,a

inf  PVXT —  inf PV

~ 1
<r(s,a)+v inf PV —b(s,a)+ — +7 - be -
PeU(PY,) PeU (PY,)

Peu (P, oN

(if) ~ 2
< r7r(s,a)+vy inf PV —0b(s,a)+ —
() tn b PV —bsa)+ g

inf PV - inf PV

N 2
<r(s,a)+~ inf PV —b(s,a)+ —+~ %
Peue (PO,) PeU (PY,)

PeU(P?,) oN

<r(s,a) + inf PV, E.146

<r(s,a) Y perPoo ( )
where (i) follows from (E.140), (ii) arises from (E.141) and the basic fact that infimum operator is
1-contraction w.r.t || - ||so, and the last inequality holds by the definition of b(s,a) (cf. (7.32)) and
Lemma 64. Putting the above inequality together with the robust Bellman equation (cf. (2.27a))

pertaining to Q™7 (s, a), we arrive at

™7(s,a) — Q(s,a) > r(s,a) +~y inf  PV™ —(r(s;a)+~ inf PV
@ (s,0) = Qos) 2 (ss) il (T(S VY paiblen, )

:7< inf  PV™ —  inf PX?)
Peus(P?,) Peus(pP,)

O (5 y7 . 7 5 Fo T
=7 PsaV™ - f  PV|>qPa (V™I -V,
7( ’ Petts(P5,) > i ( )

where (i) holds by setting ]Ss,a = argminpcyo( PS()G)PV%’O-. Consequently, one has

Igi(ln Q™ (s,a) — @(S, a)} > 12171an [vﬁ&a (V%’U — ‘7)} g ’ymsin [V%’U(S) — ‘?(s)]

— ymin [Q7 (5,7(s)) = Q(s,7(s)) |

> vy min [Q%’” (s, a) — @(s, a)} , (E.147)

384



where (i) follows from ]58@ € A(S) for all (s,a) € S x A. Noting that 0 < v < 1, we conclude
Q™ (s,a) — Q(s,a) > 0 for all (s,a) € S x A. This establishes the claim (E.144).

Step 3: bounding V*?(p) — V™7(p). In view of the pessimistic property (cf. (E.144)), it follows
that

VAO(s) — VIO (s) < V*(s) — V(s). (E.148)
Towards this, note that
T A A * @ A*,0 * 1
V(s) = mCzLixQ(s,a) > Q(s,w (s)) > Qps (3,77 (3)) Y
(i) ~ 1
> r(s,m(s)) +~ inf PVT —b(s,7(s)) — —
. 1 . .
>r(s,m(s)) +~ inf PV —b(s,7(s)) — —= — 7 inf PV — inf PV
( ) Peu° (ﬁso’w*(s)) ( ) oN PeuU°c (ﬁsom*(s)> Pe PeuU°s (13277*(3)
(iif) ~
> r(s,7(s)) +v inf PV —b(s,7*(s)) — 2
Peus (Pl () N
. 2 . .
>r(s,m(s)) + inf PV —b(s,7(s)) — —= — 7 inf PV — inf PV
( ) Peye (PS’W*(S)) ( ) olN Pelc <§S,7\-*(s)> PeU° (RE,W*(S))
>r(s,m(s)) +v inf PV — 2b(s,7*(s)), (E.149)
Peu (PO v,

where (i) follows from (E.140), (ii) holds by applying (E.145), (iii) arises from (E.141), and the
basic fact that the infimum operator is a 1-contraction w.r.t. || - ||, and the final inequality holds
by the definition of b(s,a) (see (7.32)) and Lemma 64.

To continue, invoking the robust Bellman optimality equation in (2.27b) gives

V*I(s) = Q™ (s,7(s)) = r(s,m*(s)) + inf PYV*o.
Peu (P

s,m*(s)

Combining the above relation with (E.149), we arrive at

VR (s) — V(s) <~ inf PV*T —~ inf PV + 2b(s, 7 (s))
PeU (Pl ) PeU (Pl )

< 713;?75*(8) (V*’U - ‘7) + 2b(s, 7 (s)), (E.150)
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where the final inequality holds evidently, by introducing

~

) PV (E.151)

Hinf o
P = argmin,, L{U(PO

s,m*(s)

Before continuing, for convenience, let us introduce a matrix P™ e R5*S and a vector

b* € RS, where their s-th rows (resp. entries) are defined as
[ﬁinf} = ;n:*(s) and b*(s) = b(s,7*(s)). (E.152)
87
With these notation in hand, averaging (E.150) over the initial state distribution p leads to

V*9(p) — Zp (V*” ‘/}(S))

seS
<~ Z p(s Psmi* (V* 7 — ‘7) +2 Z p(s)b(s, 7 (s))
s€S s€S
— ~pT Pinf (V*,a _ "}) 2070, (E.153)

Applying the above result recursively gives
V*’U(p) _ V(p) < ’YPTﬁinf (V*,a _ f}) + 2pr*

<~ (,YpTﬁinf> pinf (V*,o' _ ‘7) 19 (,ypTﬁinf> b+ 2p b

<. {hm (ﬁmf>’(vw_v)}+2;z¢ () v
11— 00 i—0

) e o\ —1
<op" Z’y (me) b =2p" (I - ’mef) b, (E.154)

. 7 ~. % ~
where (i) holds by ‘p (me) (V*"’ — ) ‘ < 1= for all i > 0, and that lim;_,o 7'p (me> (V*"’ - V) =
0 since lim; oo 7" = 0 for all 0 < v < 1.

To further characterize the above performance gap, invoking the definition of d** (cf. (2.22)

and (2.28a)), we arrive at

x, Pint T S Sinf) Hin -1
(d o ) =(1=-7p" > (P f) =(1=)p' (I —yP f) : (E-155)
t=0

Plugging the above expression back into (E.154), and combining with(E.148), yields

V) = VA () S V() = Vo) < o (a0 (E156)
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Step 4: controlling <d*713inf, b*> using concentrability. Note that P € U°(PY) (see (E.151)
and (E.152)), which in words means Pt s some transition kernel inside U° (PY) — the uncertainty

set around the nominal kernel P?. Similar to the finite-horizon case, observing that we can express
<d*’P " b*> =Yg d®r mf(s)b*(s), we divide the states into two cases and control them separately.

e Case 1: s € S where max ) d*F (s,7*(s)) = 0. Since Pt ¢ 147(PY), one has

Peue (PO

0<d " (s) = a P (s,7%(s) < max  d(s,7(s)) =0,

peue (Po)

which consequently indicates
2" (s) = 0. (E.157)
e Case 2: s € S where max, . (o) d*T (s,7*(s)) > 0. For any such state s, we claim that
P’ (s,7(s)) >0 and (s, 7*(s)) € C°. (E.158)
This is due to Assumption 6, which requires C}, to be finite given the numerator is positive:

min {d* (s, 7*(s)), %} min {d*(s), %}

max = max < Oy < 00. E.159
Peue (Po) d>F° (s, (s)) peus(po)  d>FP(s,a) P ( )

To continue, invoking the fact in (E.139) with (s, 7*(s)) € C® gives

N(s,m*(s)) > Nd> (s,7"(s))

= 12

i ; P * 1 i e, P10 1

) Nusspmn 71 0) ) Ve @04y
12C%, 1207,

where (i) holds by Assumption 6, and the last inequality holds by pinf ¢ o (PY). With this
in mind, we can control the pessimistic penalty b*(s) (cf. (7.32)) by

2(1+0)N3S
b*(S) < Cb log ( (1—-v)0 ) n 4 n i
“o(l-9) Pm;n(s,ﬂ*(s))N(s,W*(s)) oN(1—v) oN
. 2 (2(140)N3S
@) 4 log” | = =55 4 2
< b ( (1) ) n L2

U(l - ’7) Prin (S,T('*(S))N(S, 77*(3)) UN(l - 7) oN
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1+0)N3S
16¢y, Crob 10g ( (( —'))/)6 ) 6

To(l- 7)\ Prin (s,ﬂ*(s))Nmin {d*vﬁmf(s), %} oN(1—-7)

o 3
(1 =)\ Prin(s, 7*(s)) N min {d*’ﬁinf(s)’ st

where (i) arises from (E.143), the penultimate inequality follows from (E.160), and the last
inequality holds as long as ¢}, is large enough.

Summing up the above two cases, we arrive at

<d¢<,ﬁinf7 b*> — Z d*,ﬁi“f (S)b*(S)

SES
o) N3
3 Py 200 Crawlog” (21255
= 2 ST\ B (6 N min (a7 51, 1]

1+0)N3S

i N C*, log? (_7
gﬂ Zd*’pinf(s) rob ( (1-7)s )f Zd* me
-\ Pin (5,7 (5)) N min {7 (s), £} | 45

(140)N3S
40cy, SCrob IOg ( (1—v)d )
o(l—7) P N '

min

(E.161)

where (i) arises from Cauchy-Schwarz inequality, and the last inequality holds since Pnin (s, 77*(8)) >

px. forall s € S (see (E.137)) and the following fact (which has been established in (E.36)):

*7ﬁinf
Z d _ (s) < 28.

s min {d~F"(s), 5}

Finally, inserting (E.161) back into (E.156), with probability at least 1 — 20, one has

SC*. lo 2 (2(140)N3S
~ 2 Sinf 80cy rob 108 (4(1_7)5
*,0 _ T,0 < - *, P * <
Viile) -V (p)—1—7<d ’b>_a(1—’y)2 P* N ’

min

which concludes the proof.

E.3.3.1 Proof of Lemma 64

We first note that the second assertion in (E.143) is the counterpart of (E.18), which can be verified

following the same argument in Appendix E.2.2.1. For brevity, we omit its proof, and shall focus on
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verifying (E.142).

To begin with, we consider the situation when N(s,a) = 0. In this case, (E.142) can be easily
verified since
i) 1

(ii)
inf PV - inf PV|= inf PV <[[V]oo < —, (E.162)
Peue(P?,) PeU (P2,) Peuc(P?,) 1—x

—~

where (i) follows from the fact ]350@ = 0 when N(s,a) = 0 (see (7.28)), and (ii) arises from the

assumption ||V |oo < ﬁ Consequently, in the remainder of the proof, we focus on verifying (E.142)

when N(s,a) > 0. Let us first introduce the counterpart of the claim (E.17) in Lemma 61 as follows.

Lemma 65. For all (s,a) € S x A with N(s,a) > 0, consider any vector V€ R independent of
PO obeying ||V || < ﬁ With probability at least 1 — &, one has

Cp log(NTS)
= o(l—7) \/ﬁm;n(s, a)N (s, a)' (E-163)

inf PV — inf PV
PeuUs (P?,) Peus(pP,)

Proof. The proof follows from the same arguments in Appendix E.2.2.2, with small modifications to

adapt to the infinite-horizon setting; we omit the details for conciseness. ]

Armed with the above point-wise concentration bound, we are now ready to derive the uniform
concentration bound desired as in Lemma 64, counting on a leave-one-out argument divided into
the following steps. The crux of the analysis is to construct a set of auxiliary RMDPs, each different
from the empirical RMDP only at a single state but possessing crucial statistical independence that
facilitates the concentration arguments, which can then be transferred back to the empirical RMDP

via a simple triangle inequality.

Step 1: construction of auxiliary RMDPs with state-absorbing empirical nominal tran-
sitions. Denote the empirical infinite-horizon robust MDP with the nominal transition kernel po
as /\//\lrob. Then, for each state s and each scalar u > 0, we can construct an auxiliary robust MDP
./T/l\féz so that it is the same as M\rob except the properties in state s. To be precise, let the nominal

—

transition kernel and reward function of Mf(’)z be P%* and r*", which are given respectively as

PU(s | s,a) =1(s" = s) for all (s,a) € S x A,
- (E.164)
P34(-|3,a) = P°(-|5,a) for all (5,a) € S x A and s # s,
and
ro¥(s,a) = u for all a € A,
(5,0) (E.165)
roU(s,a) = r(s,a) for all (5,a) € S x A and s # s.
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Clearly, state s of the auxiliary /(/l\f(’:; is absorbing, meaning that the state stays at s once entering it.
This removes the randomness of ﬁga for all @ € A in state s, a key property we will leverage later.
With the robust MDP M\f(;% in hand, we still need to complete the design by defining the

corresponding penalty term for all (5,a) € S x A, which is given as follows

2(140)N35

. c 10%( a—7)3 ) 4 1 2 . ~
b (5 ) mm{o(liw PR aNGE®) T No(i ) 0 T ( Ton NG a)>0,

min

(E.166)
ﬁ + ULN otherwise,

where P;ﬁ (S,a) is defined as the smallest positive state transition probability over the nominal

kernel P*"(-|s,a):

V(3,a) €S x A:  P(3,a) = min {PS’"(S’ 15,0) : P*U(s' |5, a) > o}. (E.167)
In view of (E.164) and (7.31), it holds that P%"(3,a) = Pmin(3, a), and therefore b*%(3, a) = b(3, a),
when § # s for any u > 0. Armed with the above definitions, the pessimistic robust Bellman
operator ﬁ"u(Q)() of the RMDP M\fé% is defined as

V(s,a) €S x A: T2,(Q)(s,a) = max {r(s, a)+~y inf PV —b%"(s,a), 0} . (E.168)
' PeU’(Psg')

Step 2: fixed-point equivalence between M\rob and the auxiliary RMDP ./T/l\f(’)ﬁ. Recall
that @;é’ is the unique fixed point of ’7;‘2() with the corresponding value ‘A/p*éo. We claim that
there exists some choice of u such that the fixed point of 77,(Q)() coincides with that of 73;(-). In

particular, given a state s, we show the following choice of u suffices:

] 2(140)N3S
w* == (1 —~)V%7(s) + min e >~ ( 1= ) + 4 ! + l
pe o(l—n) \ Ps(s,a)N(s,a) No(l—7~) 1—7v oN
(E.169)

Towards this, we shall break our arguments in two different cases.

e For state s’ # s. In this case, for any a € A, it can be verified that

* . = *
max ¢ % (s,a) +~  inf  PVRT - b (s, a), 0
PeUs(PS")

=max r(s’,a)+~  inf PV —b(s,a), 0
PGMU(PSO/’G)
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= Toe(Qp2)(s a) = Q2 (5, ), (E.170)

where the second line follows from the definitions in (E.165) and (F.164) as well as b** (s, a) =
b(s',a) when s’ # s, the last line arises from the definition of the pessimistic Bellman operator
(7.30), and that Q}¢ is the fixed point.

e For state s. In this case, for any u and a € A, observing that P%“(s"|s,a) has only one

positive entry equal to 1 (cf. (E.164)), applying (E.167) yields

P>"(s,a) = 1. (E.171)

min
Plugging the above fact into (E.166) leads to

2(1+0)N3S

: log (24275 :
ch (=3 4 1 2
bs’u(s,a) — i { o(1—y) N(s,a) + No(1—7) 1—7} + oN if N(S’a) > 07

= otherwise
(E.172)
for all a € A. As a result, we have for any a € A:
max { 5% (s,a) +~  inf 7317;6;‘7 — %" (s,a), 0
Peu (PLi")
= max {u* + 717;;"7(3) — b (s,a), 0}
= max {(1 = )V () + 7Vpe(s), 0} = Ve (9), (E.173)

where the second line follows from the fact that Ps ;;“ is a singleton distribution at state s,
and hence U7 (P52") = P& by the definition of the KL uncertainty set, and the second line
follows from plugging in the definition of u* in (E.169) and b5% (s, a) in (E.172).

Summing up the above two cases, we establish that there exists a fixed point @:Z* of the operator
7o (+) if we let

s,u*

Q7. s,a) = Vol (s for all a € A,
ojur(5,8) = V"3 (E.174)
Q:,’Z*(Sl, a) = Qpe (s, a) for all s’ # s and a € A.

Consequently, we confirm the existence of a fixed point of the operator i"u*() In addition, its

. . Sx . . . Sx
corresponding value function V], also coincides with Vpe.
K
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Step 3: building an e-net for all reward values u. It is easily verified that the reward u*

obeys
2(1+0)N35
* <1+ mi b k’g(i(lfw)a ) 4 Lf,2 2. 2
u min — <=+ —.
- o(l—7) \ Pii(s,a)N(s,a) oN(1—~) 1—~ oN ~ o 1-x
(E.175)
As a result, we construct an e-net (Vershynin, 2018) of the line segment within the range [0, %+ %]

with € = ﬁ as follows:

u :—{Uévugig {UN@H_QV)J} (B.176)

u

Armed with this covering net U, we can construct an auxiliary robust MDP /T/l\s’b and its

roi
corresponding pessimistic robust Bellman operator for each u € U. (see Step 1). Following the same

arguments in the proof of Lemma 38 (cf. Appendix E.3.1), for each u € U, it can be verified that

there exists a unique fixed point @;Z of the operator 7A;"u(), which satisfies 0 < @§Z < ﬁ -1. In

. . . r*
turn, the corresponding value function also satisfies ||Viu/ oo < ﬁ

In view of the definitions in (E.164) and (E.165), for all u € U, /(/l\fc’)ﬁ is statistically indepen-
dent from ﬁga, which indicates the independence between @f{f and ]32 o~ This makes it possible

to invoke Lemma 65, and taking the union bound over all samples N and u € U, give that, with

probability at least 1 — 9,

2(140)N3S
< Ch 10g< (1-7)o >

= 0(1=7) \ Puin(s,a)N(s,a)

inf  PVX— inf PVXC

EA77
peus(po,) " Peus(py,) ( )

hold simultaneously for all (s,a,u) € S x A x U, with N(s,a) > 0.

2

Step 4: a covering argument. Recalling that u* € [0, =+ %} (see (E.175)), we can always

find some w € U; such that |u — u*| < ﬁ Consequently, plugging in the operator in (E.168) yields

~ ~ i . 1
7@ = T @) =li-wil< — (E78)

VQ € R4 ‘ ,
Q e’e] O'N

where (i) holds by b%%(s,a) = b>%"(s,a) for s (see (E.172)) and b>%(s', a) = b5*"(s',a) = b(s', a) for
all ' # s.
With this in mind, we observe that the fixed points of 'i"a(-) and ’i"u*() obey

To(Qr2) = T2, (Qhe)
SuN¥ s s,u* ¥ s u*

= N
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< |[Tem@39) - Teu@io)|_ + 7@y - 7o @200 |
~ A~ 1
*, *,
<7 HQSE = Qs St (E.179)
which directly indicates that
H@*"’ SO e — (E-180)
S,u s,u* — (1 _ ’Y)UN .
and
~ ~ ~ 1
‘ o Vil < HQ;g Q|| < TN (E.181)
Armed with the above facts, invoking the identity ‘A/;e"’ = ‘A/;f* established in Step 2 gives
inf PVA°— inf PVX=| inf PVL— inf PV
peus(Po,) 5 peus(P,) P peus(po,) T Peus(Pl,) T
(i) . {r*,0 . %,
< inf PV L — inf PV~
PeUs (P?,) ’ PeuU (PY,) ’
+| inf PV~ inf PV 4| inf PV —  inf  PVML
Peus(P0,) M peus(Po,) | [Peut (P, M Peus(P,)
B N inf PV 2
in g in 2 =
= lpeus(po,) " Peus(pr,) M| No(l—7)
log (2(1+45)N53S) P
< o\ U : (E.182)
(1 =) \ Puin(s,a)N(s,a) No(l—7)

where (i) holds by applying the triangle inequality, (ii) arises from (E.181) and the basic fact that

infimum operator is a 1-contraction w.r.t. || - ||, and the final inequality follows from (E.177).

Step 5: finishing up. Now we are positioned to finish up the proof. For all vector 1% obeying
HXN/ - ‘A/p*éoHoo < L and 1V]loo < ﬁ, we apply the triangle inequality and invoke (E.182) to reach

inf PV - inf PVI<| inf PUET— inf PVX°
PeuU (P?,) Peuc(P,) PeU (P?,) PeuUc(PY,)
+| if PV— inf PVEO|+| inf PV -  inf PV
Peus(PY,) Peu(P?,) Peus(PY,) PeU(PY,)
log ( 2(1+5)N3S>
<& 1\ 4R L (E.183)
(L =) \ Pin(s,a)N(s,a) No(l—7)
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Finally, we complete the proof by verifying that

inf PV — inf PV

_ |
3 < HVH < - (E.184)
PeU (P?,) PeU’(P,) o0

—= 1_7'

E.3.3.2 Proof of (E.139)

For all (s,a) € C°, one has

. 0 .t
NP (5,0) (;) c1d®P (s, a) log(NS/6) (;) c1log(N S/5) (;) c log(NS/5)7
- N - pb = Puin(s,a)

min~ min min

(E.185)

where (i) follows from the condition (7.42), (i) arises from the definition that d®. < d>¥ °(s,a) for

all (s,a) € C°, and (iii) follows from the definition in (F.137). In particular, when ¢; is large enough,

< Nab-P° (s,a)

one has 2 log % 73— To continue, we recall a key property of N(s,a) (cf. (7.27)) in the

following lemma.

Lemma 66 ((Li et al., 2022a, Lemma 7)). Fiz § € (0,1). With probability at least 1 — 0, the
quantities {N(s,a)} in (7.27) obey

2 NS\ _ Nd>F
maX{N(s,a), glog 5 } > 12(3,&) (E.186)
simultaneously for all (s,a) € S x A.
Consequently, Lemma 66 tells us that with probability at least 1 — 4,
NP log(N
N(s,a) > YO _(5:0)  clog(VS5/9) (E.187)

12 ~ 12Pnin(s,a)

as long as ¢; is large enough. Last but not least, taking the basic fact z < —log(1 — x) for all
x € [0, 1], the last inequality of (E.139) can be verified by

c1log(NS/9) S log%

12Pmin(3,a) - _log(l _ Pmin(s,a)). (E.188)

E.3.4 Proof of Theorem 17

Similar to the finite-horizon case, we shall first construct some hard discounted infinite-horizon

RMDP instances and then characterize the sample complexity requirements over these instances.
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E.3.4.1 Construction of hard problem instances

Construction of a collection of hard MDPs. Suppose there are two MDPs

{AA¢::(S“A,P¢ﬂ37>\¢::{Q1}}.

Here, « is the discount parameter, S = {0,1,...,5 — 1} is the state space, and A = {0, 1} is the
action space. The transition kernel P? of either constructed MDP My is defined as

pI(s'=2)+ (1 =p)I(s'=1) if (s,a)=(0,¢)
1(s' =2 1—g)l(s=1) if =(0,1—
Pd)(sl ‘ s, CL) — q (S ) + ( Q) (S ) 1 (S) CL) ( ) ¢) ’ (E189)
1(s' =) if s=1lors=
qgl( =s)+ (1 —L(s'=1) if s>
where p and ¢ are set as
p=1l—-a and ¢g=1—-a-A (E.190)
for some v, a and A obeying
] 1 «
0<a§1—’y§1/(2e)§§ and Agg. (E.191)

Here, o and A are some values that will be introduced later. Consequently, applying (E.190) directly

leads to

1>p>qg>y=>5. (E.192)

N | =

Note that state 1 and 2 are absorbing states. In addition, if the initial distribution is supported on
states {0, 1,2}, the MDP will always stay in the state {1,2} after the first transition.

Finally, we define the reward function as

1 ifs=0 =2
M&@:{ pemTers=S (E.193)

0 otherwise
Construction of the history/batch dataset. Define a useful state distribution (only supported
on the state subset {0, 1,2}) as

u(s) = %1(3:0”%1(5:2” (1—%)11(3:1), (E.194)
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where C' > 0 is some constant that determines the robust concentrability coefficient C}, (which will

be made clear soon) and obeys

1 1

— < - E.1l
cS 4 (E-195)

A batch dataset—consists of N i.i.d samples {(s;, a;, s;) }1<i< n—1is generated over the nominal

environment My according to (7.24), with the behavior distribution chosen to be:

V(s,a) €S x A: d°(s,a) = M(;). (E.196)

Additionally, we choose the following initial state distribution:

1, ifs=0
p(s) = . (E.197)
0, otherwise

Uncertainty set of the transition kernels. We next describe the radius o of the uncertainty
set in our construction of the robust MDPs, along with some useful properties, which are similar to
the finite-horizon case. To begin with, with slight abuse of notation, we introduce an important

constant 8 defined as

1
=1 > 4. 1
P=gls A= (E-198)

The perturbed transition kernels in M is limited to the following uncertainty set

s,a

U (P?) = @ U° (pga) (Pt = {Ps,a e A(S) : KL (Ps,a I ija) < 0} . (E.199)
where PS‘{’ o= P?(-|s,a) € [0,1]'*5. Moreover, the radius of the uncertainty set o obeys

3 1 2 1
1——)1 <o<[(1l—-—=]1 . E.2
< 6) Oga+A‘a—< B) ®ara (E.200)

For any (s,a,s’) € S x A x S, we denote the infimum entry of the perturbed transition kernel

P, o € U7 (P2,) moving to the next state s’ as

P?(s | s,a) = inf P(s'|s,a). (E.201)
Py a€U” (PL)

As shall be seen, the transition from state 0 to state 2 plays an important role in the analysis, for

convenience, we denote

p=DP?2|0,¢), q:=P%2|0,1-¢). (E.202)
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With these definitions in place, we summarize some useful properties of the uncertainty set in the

following lemma, which parallels Lemma 62 in the finite-horizon case.

Lemma 67. Suppose (8 satisfies (E.198) and the uncertainty level o satisfies (E.200). The perturbed

transition kernels obey

P=2q= (E.203)

@ -

Proof. The proof follows from the same arguments as Appendix E.2.3.4 by replacing H with ﬁ;
we omit the details for brevity. O

Value functions and optimal policies. Now we are positioned to derive the corresponding
robust value functions and identify the optimal policies. For any MDP M, with the above uncertainty
set, denote 7@ as the optimal policy. In addition, we denote the robust value function of any policy
7 (resp. the optimal policy 7}) as V(;r 7 (resp. V(; 7). Then, we introduce the following lemma which

describes some important properties of the robust value functions and optimal policies.

Lemma 68. For any ¢ = {0,1} and any policy w, one has

0 v T
Vy 0)=1+ T qub, (E.204)
where zg 18 defined as
zg = pr(¢]0) + gm(1 — ¢0). (E.205)

In addition, the optimal value functions and the optimal policies obey

o i N 1 N
Vd)* (0)=1+ ﬁg, V(; (2) = T V(; (s)=0 fors=1ors>2, (E.206a)
mh(d]s) =1, forseS. (E.206b)

Moreover, choosing S > 213, the robust single-policy clipped concentrability coefficient C}, obeys

Cj:)b - 20 (EQO?)

r

Proof. See Appendix E.3.4.3. O

E.3.4.2 Establishing the minimax lower bound

Now we are positioned to provide the sample complexity lower bound. In view of Lemma 68, the

smallest positive state transition probability of the optimal policy 77(‘; under any nominal transition
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kernel P? with ¢ € {0, 1} satisfies:

min = min {P¢ (s'|s,m5(s)) : pP? (s s, my(s)) > 0} = P?(100,¢) =1 —p. (E.208)

s

Our goal is to control the quantity w.r.t. any policy estimator 7 based on the batch dataset

and the chosen initial distribution p in (E.197), which gives
V7 (p) = V"% (p) = V7 (0) = V7 (0). (E.209)

Towards this, we first introduce the following lemma, which parallels the claim in (E.82)-(E.83) in

the finite-horizon case.

. 1 1 .
Lemma 69. Givene < 38151 Tog( 1) < 3840501 —) o) choosing A = 128¢50(1—q)e(1—7) <

128e%(a + A)elog (ﬁ) (1 —-~) < %, one has for any policy T,
V7(0) = V7 (0) > 2¢(1 = 7(¢0)).

Proof. This lemma follows from the same arguments as Appendix E.2.3.6 except replacing H with

ﬁ under the additional condition v > %; we omit the details for brevity. O

Armed with this lemma, following the same arguments in Appendix E.2.3.2, we can complete
the proof by observing that: let ¢; be some sufficient large constant, as long as the sample size is
beneath

SC* log 2

N < rob E.210
~ dey P 0% (1 — y)2%e?’ ( )
then we necessarily have
=~ 1
inf P {v*ﬂ _VR(p) > }> - E.211
inf max, Po (Vo™ (0) = V5 (p) 2 65 2 (E-211)

where Py denote the probability conditioned on that the MDP is My. We omit the details for
brevity and complete the proof.

E.3.4.3 Proof of Lemma 68

For any M, with ¢ € {0,1}, we first characterize the robust value function for any policy 7 over
different states. due to state absorbing, the uncertainty set becomes a singleton containing the

nominal distribution at state s = 1 and s = 2. It is easily observed that for any policy 7, the robust
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value functions at state s =1 and s = 2 obey

[e.o]

V(1) =Y 40=0, (E.212a)
t=0
> 1
T(9) = t1= E.212b
Vi (2) ; = ( )

since r(1,a) = 0 and 7(2,a) = 1. In addition, for state s > 2, the perturbed transition kernel is

supported on itself and state 1, both of which receive a reward of 0 by design (E.193), leading to
oo
Vi%(s)=> 4"-0=0,  fors>2. (E.212¢)
t=0
Moving onto the remaining states, the robust value function of state 0 satisfies

Vo(0) =Egornigo) [7(0,a) +y  inf  PVY
¢ 1 [ PeUs (Py,) ¢

D9 4 ym(p]0) int L PVIT4+am(1=0[0) i PV]C

PeU(Fy ) PeU(Fy,_y4)
19761 0) [pVI7@) + (1= p) VI (O] +am(1 = 610) [0V 7 (2) + (1 - 0) VI ()]
D1 V1) 42 [vgﬂ(z) - vgv”(l)}

=1+ =% (E.213)

where (i) holds by the reward function defined in (E.193). To see (ii), note that (E.212) indicates
V;?(2) = V;77(1), so that the infimum is obtained by picking the smallest possible mass on the
transition to state 2, provided by the definition in (E.202). Last but not least, (iii) follows by
plugging in the definition of 2§ in (1.205), and the last identity is due to (E.212). Consequently,

taking m = 7[':;, we directly arrive at

*,0 - i T*
VIO =1 e (E.214)

Observing that the function zﬁ is increasing in z and 27 is also increasing in m(¢|0) (see the fact

p > q in (E.203)), the optimal policy in state 0 thus obeys

(6]0) = 1. (E.215)
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Finally, plugging the above fact back into (E.205) leads to

2y =2 = pry(¢]0) + g (1 — ¢|0) = p, (E.216)
which combined with (E.214) yields

KOO0y =14 — E.21
V¢ 0)=1+ 1 _,YQ ( 7)

Regarding the optimal policy for the remaining states s > 0, since the action does not influence the
state transition, without loss of generality, we choose the optimal policy to obey

Vs>0: mp(o]s)=1. (E.218)

Proof of (E.207). To begin with, for any MDP My with ¢ € {0, 1}, recall the definition of C},

as

min {d*F (s, a), %
:;b: max { (? )15}

(s,a,P)ES X AXUT (P%) d°(s,a)

(E.219)

Given m3(¢|s) =1 for all s € S and the initial distribution p(0) = 1, for any P € U°(P?), we arrive

at

a7 (0,6) = (1 = 7)p(0)7(¢]0) = (1~ ), (E.220)

which holds due to that the agent transits from state 0 to other states at the first step and then will
never go back to state 0. In addition, one has for any P € U°(P?),

d°F(2,6) = (1-7)P(2]0,¢ Zv (P(2]2,9))"
= (1-7)P(2|0,¢ Z ipzlﬂ, (E.221)

where (i) holds by (E.202) and the final inequality follows from (E.203) and v > 1/2. Armed with
the above facts, we observe that
min {d*(s,a), £ } min {d*'(s, ¢), &}

(s,a,P)egfﬁ{xuv(m) db(s,a) - sE{O,l,QT%éM"(PM db(s, )

(E.222)

which follows from the properties of the optimal policy in (E.218) and consequently d**(s) =
d~F(s,¢) =0 for all s > 2 and all P € U7 (P?).
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To continue, we control the term in states {0, 1,2} separately:

min {d""(2,¢). 5} © 1 @ 2

i — 90, E.223
P T P(2,0) SE2.6)  Sa2) (E.223)
min {d*’P(O,d)), %} 1 (i) 2
< i — 20, E.223b
P T B(0,6) S SP0.9)  Su(0) (E.223)
min {d*"(1,¢), £} 1w 2 (v) 4 ()
< iv <22 ¢ E.223
o T BLe) S SBLe  SI-Z) =8 S (B 223¢)

where (i) holds by (E.221) and S > 24, (ii), (iii) and (iv) follow from the definitions in (E.196) and
(E.194), (v) and (vi) arise from the assumption in (E.195). Plugging the above results back into
(E.222) directly completes the proof of

. min {d*’P(s, a), %}

= max
0 (5,0,P)ES X AXUT (P9) db (s, a)

=2C.
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