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Successes of reinforcement learning (RL)
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Recap: Supervised learning

Given i.i.d training data, the goal is to make prediction on unseen data:

— pic from internet
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Reinforcement learning (RL)

In RL, an agent learns by interacting with an environment.

• no training data

• maximize total rewards

• trial-and-error

• sequential and online
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Challenges of RL

• explore or exploit: unknown or changing environments

• credit assignment problem: delayed rewards or feedback

• enormous state and action space

• nonconvex optimization
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Sample efficiency

• prohibitively large state & action space

• collecting data samples can be expensive or time-consuming

Challenge: design sample-efficient RL algorithms
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Computational efficiency

Running RL algorithms might take a long time . . .

• enormous state-action space

• nonconvexity

Challenge: design computationally efficient RL algorithms
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Theoretical foundation of RL
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Understanding sample efficiency of RL requires a modern suite of
non-asymptotic analysis tools
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This tutorial

(large-scale) optimization (high-dimensional) statistics

(Non)-

(large-scale) optimization (high-dimensional) statistics(large-scale) optimization (high-dimensional) statistics

nonconvex optimization(large-scale) optimization (high-dimensional) statistics

1

(large-scale) optimization (high-dimensional) statistics

1

Demystify sample- and computational efficiency of RL algorithms

Part 1. basics, and model-based RL

Part 2. model-free RL

Part 3. policy optimization
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Outline (Part 1)

• Basics: Markov decision processes

• Basic dynamic programming algorithms

• Model-based RL (“plug-in” approach)

12 / 50



Basics: Markov decision processes



Markov decision process (MDP)

• S: state space

• A: action space

• r(s, a) ∈ [0, 1]: immediate reward
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Markov decision process (MDP)

• S: state space

• A: action space
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• π(·|s): policy (or action selection rule)

• P (·|s, a): unknown transition probabilities
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Help the mouse!

• state space S: positions in the maze

• action space A: up, down, left, right

• immediate reward r: cheese, electricity shocks, cats

• policy π(·|s): the way to find cheese
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Value function

Value of policy π: cumulative discounted reward

∀s ∈ S : V π(s) := E

[ ∞∑

t=0

γtr(st, at)
∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor

I take γ → 1 to approximate long-horizon MDPs

I effective horizon: 1
1−γ
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Q-function (action-value function)

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): induced by policy π

18 / 50



Q-function (action-value function)

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): induced by policy π

18 / 50



Optimal policy and optimal value

optimal policy π?: maximizing value function maxπ V
π

Proposition (Puterman’94)

For infinite horizon discounted MDP, there always exists a deterministic
policy π?, such that

V π?(s) ≥ V π(s), ∀s, and π.

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

• How to find this π??
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Basic dynamic programming algorithms
when MDP specification is known



Policy evaluation: Given MDP M = (S,A, r, P, γ) and policy
π : S 7→ A, how good is π? (i.e., how to compute V π, ∀s?)

Possible scheme:

• execute policy evaluation for each π

• find the optimal one
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Policy evaluation: Bellman’s consistency equation

• V π /Qπ: value / action-value function under policy π

Bellman’s consistency equation

V π(s) = Ea∼π(·|s)
[
Qπ(s, a)

]

Qπ(s, a) = r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
V π(s′)︸ ︷︷ ︸

next state’s value

]

• one-step look-ahead

• let P π be the state-action transition matrix
induced by π:

Qπ = r + γP πQπ =⇒ Qπ = (I − γP π)−1r

Richard Bellman
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Optimal policy π?: Bellman’s optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

γ-contraction of Bellman operator:

‖T (Q1)− T (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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Two dynamic programming algorithms

Value iteration (VI)

For t = 0, 1, . . .,

Q(t+1) = T (Q(t))
<latexit sha1_base64="rT7iLQvfD9IOq2lJQ2RoDn9TtCo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFXWWZX277FbdHM4y8eakDHPU+/ZXbxDjNCJcYYak7HpuonyNhKKYkazUSyVJEB6jIekaylFEpK/zzZlzapSBE8bCFFdOrv6e0CiSchIFpjNCaiQXvan4n9dNVXjta8qTVBGOZ4vClDkqdqZZOAMqCFZsYgjCgpq/OniEBMLKJFYyIXiLJy+T1nnVu6y6jYty7WYeRxGO4QQq4MEV1OAO6tAEDBqe4RXerCfrxXq3PmatBWs+cwh/YH3+AMaHlgE=</latexit>

Q(t)

<latexit sha1_base64="4OzImxkacR2IGPi1SMp0pzJ55ow=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFfcsy/p22a26OZxl4s1JGeao9+2v3iDGaUS4wgxJ2fXcRPkaCUUxI1mpl0qSIDxGQ9I1lKOISF/nmzPn1CgDJ4yFKa6cXP09oVEk5SQKTGeE1EguelPxP6+bqvDa15QnqSIczxaFKXNU7EyzcAZUEKzYxBCEBTV/dfAICYSVSaxkQvAWT14mrfOqd1l1Gxfl2s08jiIcwwlUwIMrqMEd1KEJGDQ8wyu8WU/Wi/VufcxaC9Z85hD+wPr8AV6rlb0=</latexit>

Q(0)

<latexit sha1_base64="pN71jMgwlpUXirPEUKZwBLRvYu8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFe8sy/p22a26OZxl4s1JGeao9+2v3iDGaUS4wgxJ2fXcRPkaCUUxI1mpl0qSIDxGQ9I1lKOISF/nmzPn1CgDJ4yFKa6cXP09oVEk5SQKTGeE1EguelPxP6+bqvDa15QnqSIczxaFKXNU7EyzcAZUEKzYxBCEBTV/dfAICYSVSaxkQvAWT14mrfOqd1l1Gxfl2s08jiIcwwlUwIMrqMEd1KEJGDQ8wyu8WU/Wi/VufcxaC9Z85hD+wPr8AWAylb4=</latexit>

Q(1)

<latexit sha1_base64="MlzkVSJPX37LZqo/7hjDVKE1fe8=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+O05Fv</latexit>T

...

Q?

<latexit sha1_base64="MlzkVSJPX37LZqo/7hjDVKE1fe8=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047JCX9CGMplO2qGTmTBzI5TQz3DjQhG3fo07/8ZJm4VWDwwczrmXOfeEieAGPe/LKa2tb2xulbcrO7t7+wfVw6OOUammrE2VULoXEsMEl6yNHAXrJZqROBSsG07vcr/7yLThSrZwlrAgJmPJI04JWqk/iAlOKBFZaz6s1ry6t4D7l/gFqUGB5rD6ORgpmsZMIhXEmL7vJRhkRCOngs0rg9SwhNApGbO+pZLEzATZIvLcPbPKyI2Utk+iu1B/bmQkNmYWh3Yyj2hWvVz8z+unGN0EGZdJikzS5UdRKlxUbn6/O+KaURQzSwjV3GZ16YRoQtG2VLEl+Ksn/yWdi7p/VfceLmuN26KOMpzAKZyDD9fQgHtoQhsoKHiCF3h10Hl23pz35WjJKXaO4Recj2+O05Fv</latexit>T

Policy iteration (PI)

For t = 0, 1, . . .,

policy evaluation: Q(t) = Qπ
(t)

policy improvement: π(t+1)(s) = argmax
a∈A

Q(t)(s, a)

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?
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Policy iteration (PI)

For t = 0, 1, . . .,

policy evaluation: Q(t) = Qπ
(t)

policy improvement: π(t+1)(s) = argmax
a∈A

Q(t)(s, a)

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?
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Iteration complexity

Theorem (Linear convergence of policy/value iteration)
∥∥Q(t) −Q?

∥∥
∞ ≤ γ

t
∥∥Q(0) −Q?

∥∥
∞

Implications: to achieve ‖Q(t) −Q?‖∞ ≤ ε, it takes no more than

1

1− γ log

(‖Q(0) −Q?‖∞
ε

)
iterations

Linear convergence at a dimension-free rate!
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When the model is unknown . . .

Need to learn optimal policy from samples w/o model specification
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Three approaches

Model-based approach (“plug-in”)

1. build an empirical estimate P̂ for P

2. planning based on the empirical P̂

Tutorial Part 2: Model-free approach
— learning w/o estimating the model explicitly

Tutorial Part 3: Policy based approach
— optimization in the space of policies
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Model-based RL (a “plug-in” approach)

1. Sampling from a generative model (simulator)

2. Offline RL / batch RL



A generative model / simulator

— [Kearns and Singh, 1999]

• sampling: for each (s, a), collect N samples {(s, a, s′(i))}1≤i≤N

• construct π̂ based on samples (in total |S||A| ×N)
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`∞-sample complexity: how many samples are required to

learn an ε-optimal policy︸ ︷︷ ︸
∀s: V π̂(s)≥V ?(s)−ε

?



An incomplete list of works

• [Kearns and Singh, 1999]

• [Kakade, 2003]

• [Kearns et al., 2002]

• [Azar et al., 2012]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

• [Li et al., 2020]

• [Cui and Yang, 2021]

• . . .
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Model estimation

Sampling: for each (s, a), collect
N ind. samples {(s, a, s′(i))}1≤i≤N

Empirical estimates:

P̂ (s′|s, a) =
1

N

N∑

i=1

1{s′(i) = s′}
︸ ︷︷ ︸

empirical frequency
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Empirical MDP + planning

— [Azar et al., 2013, Agarwal et al., 2019]

Find policy︸ ︷︷ ︸
using, e.g., policy iteration

based on the empirical MDP︸ ︷︷ ︸
(P̂ , r)

(empirical maximizer)
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Challenges in the sample-starved regime

truth: P ∈ R|S||A|×|S| empirical estimate: P̂

• Can’t recover P faithfully if sample size � |S|2|A|!

• Can we trust our policy estimate when reliable model estimation is
infeasible?
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`∞-based sample complexity

Theorem (Agarwal, Kakade, Yang ’19)

For any 0 < ε ≤ 1√
1−γ , the optimal policy π̂? of empirical MDP achieves

‖V π̂? − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) when ε ≤ 1√

1−γ
(equivalently, when sample size exceeds |S||A|

(1−γ)2 ) [Azar et al., 2013]

• established upon leave-one-out analysis framework
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Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) when ε ≤ 1√

1−γ
(equivalently, when sample size exceeds |S||A|

(1−γ)2 ) [Azar et al., 2013]

• established upon leave-one-out analysis framework

35 / 50



`∞-based sample complexity

Theorem (Agarwal, Kakade, Yang ’19)

For any 0 < ε ≤ 1√
1−γ , the optimal policy π̂? of empirical MDP achieves

‖V π̂? − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ
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[Agarwal et al., 2019] still requires a burn-in sample size & |S||A|
(1−γ)2

Question: is it possible to break this sample size barrier?
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Perturbed model-based approach (Li et al. ’20)

—[Li et al., 2020]

Find policy based on the empirical MDP with slightly perturbed rewards

37 / 50



Optimal `∞-based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen ’20)

For any 0 < ε ≤ 1
1−γ , the optimal policy π̂?p of perturbed empirical MDP

achieves

‖V π̂?p − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) [Azar et al., 2013]

• full ε-range: ε ∈
(
0, 1

1−γ ] −→ no burn-in cost

• established upon more refined leave-one-out analysis and a
perturbation argument
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Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

Agarwal et al. ’19
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Model-based RL (a “plug-in” approach)

1. Sampling from a generative model (simulator)

2. Offline RL / batch RL



Offline RL / Batch RL

• Collecting new data might be expensive or time-consuming

• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Question: Can we design algorithms based solely on historical
data?
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Offline RL / batch RL

A historical dataset D =
{

(s(i), a(i), s′(i))
}

: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Goal: given some test distribution ρ and accuracy level ε, find an
ε-optimal policy π̂ based on D obeying

V ?(ρ)− V π̂(ρ) = E
s∼ρ

[
V ?(s)

]
− E
s∼ρ

[
V π̂(s)

]
≤ ε

— in a sample-efficient manner
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Challenges of offline RL

• Distribution shift:

distribution(D) 6= target distribution under π?

• Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1
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Challenges of offline RL

• Distribution shift:

distribution(D) 6= target distribution under π?

• Partial coverage of state-action space:
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)

where dπ(s, a) = (1− γ)
∑∞
t=0 γ

tP
(
(st, at) = (s, a) |π

)

• captures distributional shift

• allows for partial coverage ⇡1
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How to quantify quality of historical dataset D (induced by πb)?

Single-policy concentrability coefficient

C? := max
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dπ
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∞
≥ 1
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(
(st, at) = (s, a) |π

)
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A model-based offline algorithm: VI-LCB

Pessimism in the face of uncertainty: penalize value estimate of those
(s, a) pairs that were poorly visited [Jin et al., 2021, Rashidinejad et al., 2021]

Algorithm: value iteration w/ lower confidence bounds

• compute empirical estimate P̂ of P

• initialize Q̂ = 0, and repeat

Q̂(s, a) ← max
{
r(s, a) + γ

〈
P̂ (· | s, a), V̂

〉
− b(s, a; V̂ )︸ ︷︷ ︸

Bernstein-style confidence bound

, 0
}

for all (s, a), where V̂ (s) = maxa Q̂(s, a)
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Minimax optimality of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any 0 < ε ≤ 1
1−γ , the policy π̂ returned by VI-LCB achieves

V ?(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC?

(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( SC?

(1−γ)3ε2 ) [Rashidinejad et al., 2021]

• depends on distribution shift (as reflected by C?)

• full ε-range (no burn-in cost)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
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t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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standard form problem (not necessarily convex)
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subject to fi(x) Æ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

variable x œ Rn, domain D, optimal value pı
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mÿ

i=1
⁄ifi(x) +

pÿ

i=1
‹ihi(x)

Duality 6-2

1

"2

1

SC
?

1�
�

SC
?

(1
� �

)3

SC
?

(1
� �

)5

" =
1�

�

H
2 SC

?

H
4 SC

?

H
6 SC

?

H
9 SC

?

SC
?

(1
� �

)3 "
2

SC
?

(1
� �

)5 "
2

H
4 SC

?

"
2

H
6 SC

?

"
2

" =
H

" =

1
H

" =

1

H
2.
5

1

La
gr

an
gia

n

Xie
et

al.
Sh

i e
t a

l.

Ra
shi

din
eja

d e
t a

l.
Ya

n e
t a

l.

ou
r r

esu
lts

S
C

ı
(1

≠
“)

5 Á
2

sta
nd

ard
for

m
pr

ob
lem

(no
t n

ece
ssa

rily
co

nv
ex)

mi
nim

ize
f 0

(x
)

sub
jec

t t
o

f i
(x

) Æ
0,

i =
1,
. .
. ,
m

h i
(x

) =
0,

i =
1,
. .
. ,
p

var
iab

le
x

œ R
n , d

om
ain
D,

op
tim

al
va

lue
p

ı

La
gr

an
gia

n:
L

: R
n ◊

R
m
◊

R
p æ

R,
wi

th
do

m(
L
) =
D

◊
R
m
◊

R
p ,

L
(x
,⁄
, ‹

) =
f 0

(x
) +

mÿ
i=

1
⁄ i
f i
(x

) +
pÿ

i=
1

‹ i
h i

(x
)

Du
ali

ty

6-2

Opt
im

al
`1

-b
as

ed
sa

mple
co

mple
xit

y

The
or

em
(L

i,
W

ei,
Chi,

Gu,
Che

n ’20
)

Fo
r an

y 0 <
" 

1

1�
�
, th

e op
tim

al
po

lic
y b⇡

?
p
of

pe
rtu

rb
ed

em
pir

ica
l M

DP

ac
hie

ve
s

kV
b⇡?p �

V
? k1
 "

with
hig

h pro
b.,

with
sa

mple
co

mple
xit

y at
mos

t

eO
✓ |S||A

|

(1
� �

)3 "
2

◆

• matc
he

s mini
max

low
er

bo
un

d:
e⌦(

|S||A
|

(1
��

)3
"
2
)

[A
za

r et
al.

, 20
13

]

• ful
l "

-ra
ng

e:
" 2
� 0,

1

1�
�
]
�!

no
bu

rn-
in

co
st

• est
ab

lish
ed

up
on

more
refi

ne
d lea

ve
-on

e-a
na

lys
is

an
aly

sis
an

d a

pe
rtu

rba
tio

n arg
um

en
t Li

et
al.

’20
Li

et
al.

’22

41
/ 53

offline/batch RL

Model-based RL is minimax optimal with no burn-in cost!
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Reinforcement Learning:
Fundamentals, Algorithms, and Theory (Part 2)

Yuxin Chen
Wharton Statistics & Data Science, ICASSP 2022



Model-based vs. model-free RL

Model-based approach (“plug-in”)
1. build empirical estimate P̂ for P
2. planning based on empirical P̂

Model-free approach
— learning w/o modeling & estimating environment explicitly
— memory-efficient, online, . . .

2/ 47



Focus of this part: classical Q-learning algorithm and its variants



Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



A starting point: Bellman optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

• takeaway message: it suffices to solve the
Bellman equation
• challenge: how to solve it using stochastic

samples?

Richard Bellman
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Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro, 1951

for solving the Bellman equation

T (Q)−Q = 0
where

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]
.
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Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation T (Q)−Q = 0

Qt+1(s, a) = Qt(s, a) + ηt
(Tt(Qt)(s, a)−Qt(s, a)

)
︸ ︷︷ ︸

sample transition (s,a,s′)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max
a′

Q(s′, a′)
]
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



A generative model / simulator

— Kearns, Singh ’99

In each iteration, collect an independent sample (s, a, s′) for each
(s, a)

9/ 47



Synchronous Q-learning

Chris Watkins Peter Dayan

for t = 0, 1, . . . , T

for each (s, a) ∈ S ×A
draw a sample (s, a, s′), run

Qt+1(s, a) = (1− ηt)Qt(s, a) + ηt
{
r(s, a) + γmax

a′
Qt(s′, a′)

}

synchronous: all state-action pairs are updated simultaneously
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Sample complexity of synchronous Q-learning

Theorem 1 (Li, Cai, Chen, Gu, Wei, Chi ’21)

For any 0 < ε ≤ 1, synchronous Q-learning yields ‖Q̂−Q?‖∞ ≤ ε
with high prob., with sample complexity (i.e., T |S||A|) at most

Õ

( |S||A|
(1− γ)4ε2

)

• Covers both constant and
rescaled linear learning rates:

ηt ≡
1

1 + c1(1−γ)T
log2 T

or ηt = 1
1 + c2(1−γ)t

log2 T

other papers sample complexity

Even-Dar & Mansour ’03 2
1

1−γ |S||A|
(1−γ)4ε2

Beck & Srikant ’12 |S|2|A|2
(1−γ)5ε2

Wainwright ’19 |S||A|
(1−γ)5ε2

Chen et al. ’20 |S||A|
(1−γ)5ε2
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All this requires sample size at least |S||A|
(1−γ)4ε2 . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
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Even-Dar & Mansour ’03
�

t1+3�
cover
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� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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: Is Q-learning sub-optimal, or is it an analysis artifact?

Question: Is Q-learning sub-optimal, or is it an analysis artifact?



A numerical example: |S||A|
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p = 4γ − 1
3γ

r(0, 1) = 0, r(1, 1) = r(1, 2) = 1
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Q-learning is NOT minimax optimal

Theorem 2 (Li, Cai, Chen, Gu, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exist an MDP such that to achieve
‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
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(1≠“)4Á2 linear: 1
t
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!

t1+3Ê
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" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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t
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Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning is NOT minimax optimal

Theorem 2 (Li, Cai, Chen, Gu, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exist an MDP such that to achieve
‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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s = 1
<latexit sha1_base64="M12rUwvsKTCSWc8Hzyng+LaS4Og=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklnj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fefWNww==</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

a = 1 a = 2

1

a = 1 a = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

a = 1 a = 2 s = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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1

1 � �
<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>

|S||A|

(1�
�)

4 "2

<latexit sha1_base64="lPnFN4OWaCFB2yI6g650iGCas40="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit>

|S|
|A|

(1
� �

)5
"
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1 � �)3"
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>
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1

1 � �
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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�

t1+3�
cover

(1≠“)4Á2

� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1
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2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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t
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Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning is NOT minimax optimal

Theorem 2 (Li, Cai, Chen, Gu, Wei, Chi, 2021)
For any 0 < ε ≤ 1, there exist an MDP such that to achieve
‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃
( |S||A|

(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound
• Holds for both constant and rescaled linear learning rates
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p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>
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<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>
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<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>
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<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>
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<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
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(1≠“)4Á2 linear: 1
t
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!

t1+3Ê
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" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>
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4 "2

<latexit sha1_base64="lPnFN4OWaCFB2yI6g650iGCas40="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit>

|S|
|A|

(1
� �

)5
"
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1 � �)3"
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>
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<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>
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• Sharpened sample complexity for sync Q-learning: |S||A|
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• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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• Sharpened sample complexity for sync Q-learning: |S||A|
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(1≠“)3Á2 (Azar et al ’13)
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Why is Q-learning sub-optimal?

Over-estimation of Q-functions (Thrun & Schwartz ’93; Hasselt ’10)

• maxa∈A E[X(a)] tends to be
over-estimated (high positive
bias) when E[X(a)] is replaced
by its empirical estimates using a
small sample size

• often gets worse with a large
number of actions (Hasselt, Guez,
Silver ’15)
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Improving sample complexity via variance reduction

— a powerful idea from finite-sum stochastic optimization



Variance-reduced Q-learning updates (Wainwright ’19)
— inspired by SVRG (Johnson & Zhang ’13)

Qt(s, a) = (1− η)Qt−1(s, a) + η
(
Tt(Qt−1) −Tt(Q) + T̃ (Q)︸ ︷︷ ︸

use Q to help reduce variability

)
(s, a)

• Q: some reference Q-estimate
• T̃ : empirical Bellman operator (using a batch of samples)

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T̃ (Q)(s, a) = r(s, a) + γ E
s′∼P̃ (·|s,a)

[
max
a′

Q(s′, a′)
]
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An epoch-based stochastic algorithm

— inspired by Johnson & Zhang ’13

for each epoch
1. update Q and T̃ (Q) (which stay fixed in the rest of the epoch)
2. run variance-reduced Q-learning updates iteratively
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Sample complexity of variance-reduced Q-learning

Theorem 3 (Wainwright ’19)
For any 0 < ε ≤ 1, sample complexity for variance-reduced
synchronous Q-learning to yield ‖Q̂−Q?‖∞ ≤ ε is at most

Õ

( |S||A|
(1− γ)3ε2

)

• allows for more aggressive learning rates

• minimax-optimal for 0 < ε ≤ 1
◦ remains suboptimal if 1 < ε < 1

1−γ
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Markovian samples and behavior policy

Observed: {st, at, rt}t≥0︸ ︷︷ ︸
stationary Markovian trajectory

generated by behavior policy πb

Goal: learn optimal value V ? and Q? based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability (uniform coverage)

µmin := min µπb(s, a)︸ ︷︷ ︸
stationary distribution• mixing time: tmix
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Q-learning on Markovian samples

Chris Watkins Peter Dayan

Qt+1(st, at) = (1− ηt)Qt(st, at) + ηtTt(Qt)(st, at)︸ ︷︷ ︸
only update (st,at)-th entry

, t ≥ 0

Tt(Q)(st, at) = r(st, at) + γmax
a′

Q(st+1, a
′)
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Q-learning on Markovian samples

• asynchronous: only a single entry is updated each iteration

◦ resembles Markov-chain coordinate descent

• off-policy: target policy π? 6= behavior policy πb
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A highly incomplete list of works
• Watkins, Dayan ’92
• Tsitsiklis ’94
• Jaakkola, Jordan, Singh ’94
• Szepesvári ’98
• Borkar, Meyn ’00
• Even-Dar, Mansour ’03
• Beck, Srikant ’12
• Chi, Zhu, Bubeck, Jordan ’18
• Lee, He ’18
• Chen, Zhang, Doan, Maguluri, Clarke ’19
• Du, Lee, Mahajan, Wang ’20
• Chen, Maguluri, Shakkottai, Shanmugam ’20
• Qu, Wierman ’20
• Devraj, Meyn ’20
• Weng, Gupta, He, Ying, Srikant ’20
• Li, Wei, Chi, Gu, Chen ’20
• Li, Cai, Chen, Gu, Wei, Chi ’21
• Chen, Maguluri, Shakkottai, Shanmugam ’21
• ...
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Sample complexity of asynchronous Q-learning

Theorem 4 (Li, Cai, Chen, Gu, Wei, Chi ’21)
For any 0 < ε ≤ 1

1−γ , sample complexity of async Q-learning to yield
‖Q̂−Q?‖∞ ≤ ε is at most (up to log factor)

1
µmin(1− γ)4ε2 + tmix

µmin(1− γ)

• learning rates:
constant & rescaled linear

other papers sample complexity

Even-Dar et al. ’03 (tcover)
1

1−γ
(1−γ)4ε2

Even-Dar et al. ’03
(

t1+3ω
cover

(1−γ)4ε2

) 1
ω +

(
tcover
1−γ
) 1

1−ω , ω ∈ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1−γ)5ε2

Qu & Wierman ’20 tmix
µ2

min(1−γ)5ε2

Li et al. ’20 1
µmin(1−γ)5ε2 + tmix

µmin(1−γ)

Chen et al. ’21 1
µ3

min(1−γ)5ε2 + other-term(tmix)
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Linear dependency on 1/µmin
agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =

r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples (experience) model optimal value function policy (i.e. P 2 R|S||A|⇥|S|)
S A bQ(s, a)

Chris Watkins Peter Dayan
(s0, a0) (s1, a1) (s2, a2) (s3, a3) update planning (policy iteration, Q-value iteration, · · · |S||A|

| {z }

1

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art: async Q-learning

Li et al. ’20 ’21

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper
sample complexity

learning rate

Even-Dar & Mansour ’03
(tcover)

1
1≠“

(1≠“)4Á2

linear:
1
t

Even-Dar & Mansour ’03
! t

1+3Ê

cover
(1≠“)4Á2

" 1
Ê +

! tcover
1≠“

" 1
1≠Ê poly:

1
tÊ

, Ê œ (1
2, 1)

Beck & Srikant ’12
t3cover

|S||A|

(1≠“)5Á2

constant

Qu & Wierman ’20

tmix

µ2
min(1

≠“)5Á2

rescaled linear

if we take µmin ® 1
|S||A|

, tcover ® tmix
µmin

All prior results require sample size of at least tmix|S|
2 |A|2 !

36/ 41

if we take µmin � 1
|S||A| , tcover � tmix

µmin

26/ 47



Effect of mixing time on sample complexity

1
µmin(1− γ)4ε2 + tmix

µmin(1− γ)

• reflects cost taken to reach steady state

• one-time expense (almost independent of ε)
— it becomes amortized as algorithm runs

• can be improved with the aid of variance reduction (Li et al. ’20)

— prior art: tmix
µ2

min(1−γ)5ε2 (Qu & Wierman ’20)
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Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Recap: offline RL / batch RL

Historical dataset D =
{
(s(i), a(i), s′(i))

}
: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Single-policy concentrability

C? := max
s,a

dπ
?(s, a)

dπb(s, a)
≥ 1

where dπ: occupancy distribution under π

• captures distributional shift
• allows for partial coverage

⇡1
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uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1
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How to design offline model-free algorithms
with optimal sample efficiency?

Q-learning LCB-Q LCB-Q-Advantage

1

Q-learning LCB-Q LCB-Q-Advantage

1

Q-learning LCB-Q LCB-Q-Advantage

1

variance reduction pessimism principle (low confidence bounds)

How to design o�ine model-free algorithms
with optimal sample e�ciency?

Q-Learning LCB-Q LCB-Q-Advantage

UCB exploration variance reduction early-settled variance
reductionUCB exploration variance reduction early-settled variance

reduction

LCB
penalty

Our algorithms
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LCB-Q: Q-learning with LCB penalty

— Shi et al. ’22, Yan et al. ’22

Qt+1(st, at)← (1− ηt)Qt(st, at) + ηtTt (Qt) (st, at)︸ ︷︷ ︸
classical Q-learning

− ηt bt(st, at)︸ ︷︷ ︸
LCB penalty

• bt(s, a): Hoeffding-style confidence bound
• pessimism in the face of uncertainty

sample size: Õ
(

SC?

(1−γ)5ε2
)

=⇒ sub-optimal by a factor of 1
(1−γ)2

Issue: large variability in stochastic update rules
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Q-learning with LCB and variance reduction
— Shi et al. ’22, Yan et al. ’22

Qt+1(st, at)← (1− ηt)Qt(st, at)− ηt bt(st, at)︸ ︷︷ ︸
LCB penalty

+ ηt

(
Tt(Qt)− Tt(Q)︸ ︷︷ ︸

advantage

+ T̂ (Q)︸ ︷︷ ︸
reference

)
(st, at)

• incorporates variance reduction into LCB-Q
agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =

r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples (experience) model optimal value function policy (i.e. P 2 R|S||A|⇥|S|)
S A bQ(s, a)

Chris Watkins Peter Dayan
(s0, a0) (s1, a1) (s2, a2) (s3, a3) update Q variance-reduced Q-learning

| {z }

1
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…
epochm = 1
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<latexit sha1_base64="xNgkITrJrfBuEr1mT6WLYQ77k80=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqey2gl6EghePFW0ttEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0JimOCKtSy3gnUSzYgMBXsMxzcz//GJacNj9WAnCQskGSoecUqsk+7ldb1frnhVbw68SvycVCBHs1/+6g1imkqmLBXEmK7vJTbIiLacCjYt9VLDEkLHZMi6jioimQmy+alTfOaUAY5i7UpZPFd/T2REGjORoeuUxI7MsjcT//O6qY2ugoyrJLVM0cWiKBXYxnj2Nx5wzagVE0cI1dzdiumIaEKtS6fkQvCXX14l7VrVr1drdxeVhpfHUYQTOIVz8OESGnALTWgBhSE8wyu8IYFe0Dv6WLQWUD5zDH+APn8AxiGNZw==</latexit>

…

Theorem 5 (Yan, Li, Chen, Fan ’22, Shi, Li, Wei, Chen, Chi ’22)

For ε ∈ (0, 1− γ], LCB-Q-Advantage achieves V ?(ρ)− V π̂(ρ) ≤ ε
with optimal sample complexity Õ

(
SC?

(1−γ)3ε2
)
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Q-learning with LCB and variance reduction
— Shi et al. ’22, Yan et al. ’22
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…
epochm = 1

<latexit sha1_base64="gzegWs7o8dVUcQpBLVvXw3hlo7c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CwIvHiOYByRJmJ7PJkHksM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8tJOEhgIPJYsZwdZJD+Im6JcrftWfA62SICcVyNHol796A0VSQaUlHBvTDfzEhhnWlhFOp6VeamiCyRgPaddRiQU1YTY/dYrOnDJAsdKupEVz9fdEhoUxExG5ToHtyCx7M/E/r5va+DrMmExSSyVZLIpTjqxCs7/RgGlKLJ84golm7lZERlhjYl06JRdCsPzyKmnVqsFFtXZ/Wan7eRxFOIFTOIcArqAOd9CAJhAYwjO8wpvHvRfv3ftYtBa8fOYY/sD7/AHDGY1l</latexit>
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<latexit sha1_base64="YoeOMrpYxx2Z/kBSljaTANxNOKI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQS9CwYvHivYD2qVk02wbmmSXJCuUpT/BiwdFvPqLvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHu0kYYEkQ8UjTol10oO8qfXLFa/qzYFXiZ+TCuRo9MtfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2P3WKz5wywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdF1kHGVpJYpulgUpQLbGM/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6F9Xa/WWl7uVxFOEETuEcfLiCOtxBA5pAYQjP8ApvSKAX9I4+Fq0FlM8cwx+gzx/EnY1m</latexit>
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<latexit sha1_base64="xNgkITrJrfBuEr1mT6WLYQ77k80=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqey2gl6EghePFW0ttEvJptk2NMkuSVYoS3+CFw+KePUXefPfmLZ70NYHA4/3ZpiZFyaCG+t536iwtr6xuVXcLu3s7u0flA+P2iZONWUtGotYd0JimOCKtSy3gnUSzYgMBXsMxzcz//GJacNj9WAnCQskGSoecUqsk+7ldb1frnhVbw68SvycVCBHs1/+6g1imkqmLBXEmK7vJTbIiLacCjYt9VLDEkLHZMi6jioimQmy+alTfOaUAY5i7UpZPFd/T2REGjORoeuUxI7MsjcT//O6qY2ugoyrJLVM0cWiKBXYxnj2Nx5wzagVE0cI1dzdiumIaEKtS6fkQvCXX14l7VrVr1drdxeVhpfHUYQTOIVz8OESGnALTWgBhSE8wyu8IYFe0Dv6WLQWUD5zDH+APn8AxiGNZw==</latexit>

…

Theorem 5 (Yan, Li, Chen, Fan ’22, Shi, Li, Wei, Chen, Chi ’22)

For ε ∈ (0, 1− γ], LCB-Q-Advantage achieves V ?(ρ)− V π̂(ρ) ≤ ε
with optimal sample complexity Õ

(
SC?

(1−γ)3ε2
)
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Q-learning with LCB and variance reduction
— Shi et al. ’22, Yan et al. ’22
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Xie et al. Shi et al.

Rashidinejad et al. Yan et al.
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Prior art for asynchronous Q-learning
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First model-free analysis

Model-free RL matches the minimax-optimal sample complexity for
model-based ones!

— in a much larger range of the accuracy level

“Pessimistic Q-learning for o�ine reinforcement learning: Towards optimal sample
complexity,” Shi, L., Li, G., Wei, Y., Chen, Y., Chi, Y, arXiv:2202.13890, 2022.
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Lagrangian: L : Rn ◊ Rm ◊ Rp � R, with dom(L) = D ◊ Rm ◊ Rp,

L(x,�, �) = f0(x) +
mÿ

i=1
�ifi(x) +

pÿ

i=1
�ihi(x)

Duality 6-2

First model-free analysis

Model-free RL matches the minimax-optimal sample complexity for
model-based ones!

— in a much larger range of the accuracy level

“Pessimistic Q-learning for o�ine reinforcement learning: Towards optimal sample
complexity,” Shi, L., Li, G., Wei, Y., Chen, Y., Chi, Y, arXiv:2202.13890, 2022.

Model-free offline RL attains sample optimality too!
— with some burn-in cost though . . .



Model-free RL

1. Basics of Q-learning

2. Synchronous Q-learning and variance reduction (simulator)

3. Asynchronous Q-learning (Markovian data)

4. Q-learning with lower confidence bounds (offline RL)

5. Q-learning with upper confidence bounds (online RL)



Finite-horizon MDPs

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

rh = r(sh, ah)
<latexit sha1_base64="mRzbHoSk2dhZ8Ym1/rPM3v8WsYc=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQS9CwYvHCvYD2hA2202zdLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpByprTjfFtr6xubW9ulnfLu3v7BoX103FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOMLqf+Z0xlYol4klPUurFeChYyAjWRvJtW/oRukOyqvzoEvvRhW9XnJozB1olbkEqUKDp21/9QUKymApNOFaq5zqp9nIsNSOcTsv9TNEUkxEe0p6hAsdUefn88ik6N8oAhYk0JTSaq78nchwrNYkD0xljHallbyb+5/UyHd56ORNppqkgi0VhxpFO0CwGNGCSEs0nhmAimbkVkQhLTLQJq2xCcJdfXiXtes29qtUfryuNRhFHCU7hDKrgwg004AGa0AICY3iGV3izcuvFerc+Fq1rVjFzAn9gff4AmGqSVA==</latexit>

h = 1, 2 · · · , H
<latexit sha1_base64="uqAQBtZI5LZxwFXYodacCZ6zM4k=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KGW3CnpQKHjpsYL9gHYt2TTbhmaTJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99tZWV1b39jMbeW3d3b39gsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ79VuPVGkmxb0Zx9SP8ECwkBFsrPQwvPFKlS7pS6NLqNYrFN2yOwNaJl5GipCh3it8dfuSJBEVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSwWOqPbT2dUTdGqVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMm4sRQQeaLwoQjI9E0AtRnihLDx5Zgopi9FZEhVpgYG1TehuAtvrxMmpWyd16u3F0Uq9dZHDk4hhM4Aw8uoQo1qEMDCCh4hld4c56cF+fd+Zi3rjjZzBH8gfP5A553kUU=</latexit>

agent environment st at st+1 rt+1 reward state action

1

ah ⇠ ⇡h(·|sh)
<latexit sha1_base64="DdFTt2dtcVz0F7sjq43OG1U0e1A=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkVdBlwY3LCvYBTQiTybQZOpMJMxOhxLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JU0aVdpxvq7Syura+Ud6sbG3v7O7Z+wcdJTKJSRsLJmQvRIowmpC2ppqRXioJ4iEj3XB0PfW790QqKpI7PU6Jz9EwoQOKkTZSYB+hIPYU5dBLaRDXPBwJ/aCC+Cywq07dmQEuE7cgVVCgFdhfXiRwxkmiMUNK9V0n1X6OpKaYkUnFyxRJER6hIekbmiBOlJ/PPpjAU6NEcCCkqUTDmfp7IkdcqTEPTSdHOlaL3lT8z+tnenDl5zRJM00SPF80yBjUAk7jgBGVBGs2NgRhSc2tEMdIIqxNaBUTgrv48jLpNOrueb1xe1FtNos4yuAYnIAacMElaIIb0AJtgMEjeAav4M16sl6sd+tj3lqyiplD8AfW5w/5mZaT</latexit>

sh+1 ⇠ Ph(·|sh, ah)
<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h

value function: V πh (s) := E

[
H∑

t=h
rh(sh, ah)

∣∣ sh = s

]

Q-function: Qπh(s, a) := E

[
H∑

t=h
rh(sh, ah)

∣∣ sh = s, ah = a

]
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<latexit sha1_base64="z+jTMXf6j6iJlmyt4EolZLxRK9s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoKCWpgi5cFNy4rGAf0IQwmUyawZkkzEyEErt246+4caGIW7/AnX/jtM1CWw9cOJxzL/fe46eMSmVZ30ZpYXFpeaW8Wllb39jcMrd3OjLJBCZtnLBE9HwkCaMxaSuqGOmlgiDuM9L1767GfveeCEmT+FYNU+JyNIhpSDFSWvLMfenl0bE9go6kHLa8qObgIFEPUHrRCURedOSZVatuTQDniV2QKijQ8swvJ0hwxkmsMENS9m0rVW6OhKKYkVHFySRJEb5DA9LXNEacSDefvDKCh1oJYJgIXbGCE/X3RI64lEPu606OVCRnvbH4n9fPVHjh5jROM0ViPF0UZgyqBI5zgQEVBCs21ARhQfWtEEdIIKx0ehUdgj378jzpNOr2ab1xc1ZtXhZxlMEeOAA1YINz0ATXoAXaAINH8AxewZvxZLwY78bHtLVkFDO74A+Mzx/wGJke</latexit>

• H: horizon length
• S: state space with size S • A: action space with size A
• rh(sh, ah) ∈ [0, 1]: immediate reward in step h
• π = {πh}Hh=1: policy (or action selection rule)
• Ph(· | s, a): transition probabilities in step h

value function: V πh (s) := E

[
H∑

t=h
rh(sh, ah)

∣∣ sh = s

]

Q-function: Qπh(s, a) := E

[
H∑

t=h
rh(sh, ah)

∣∣ sh = s, ah = a

]
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>
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1

exploration (exploring unknowns) vs. exploitation (exploiting learned info)
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

— sample size: T = KH

⌧1 = {s1
h, a1

h, r1
h}H

h=1
<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>
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exploration (exploring unknowns) vs. exploitation (exploiting learned info)
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps

— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>

⌧K = {sK
h , aK

h , rK
h }H

h=1
<latexit sha1_base64="hELCjZODuUFghtqVvcZyHIAqPcM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm4K3VSwD2jSMJlOmqGTBzMToYT8gRt/xY0LRdy6deffOG2z0NYDczmccy937nFjRoU0jG+tsLa+sblV3C7t7O7tH+iHR10RJRyTDo5YxPsuEoTRkHQklYz0Y05Q4DLScye3M7/3QLigUXgvpzGxAzQOqUcxkkpy9HNLosRpwTq0UuH4w9Ylmlc+q1bmpH7dzIZNRy8bFWMOuErMnJRBjrajf1mjCCcBCSVmSIiBacTSThGXFDOSlaxEkBjhCRqTgaIhCoiw0/k9GTxTygh6EVcvlHCu/p5IUSDENHBVZ4CkL5a9mfifN0ikV7NTGsaJJCFeLPISBmUEZ+HAEeUESzZVBGFO1V8h9hFHWKoISyoEc/nkVdKtVsyrSvXuutyo5XEUwQk4BRfABDegAZqgDToAg0fwDF7Bm/akvWjv2seitaDlM8fgD7TPHwmkm18=</latexit>
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exploration (exploring unknowns) vs. exploitation (exploiting learned info)
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Online RL: interacting with real environments

Sequentially execute MDP for K episodes, each consisting of H steps
— sample size: T = KH

... ... ...
⌧1 = {s1

h, a1
h, r1

h}H
h=1

<latexit sha1_base64="fZnK+apgLdnxAhuWh/AAlJL8XlU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxISWpgt0UCm66rGAf0KRhMp20QycPZiZCCfkDN/6KGxeKuHXrzr9xkmahrQfmcjjnXu7c40aMCmkY31ppbX1jc6u8XdnZ3ds/0A+PeiKMOSZdHLKQD1wkCKMB6UoqGRlEnCDfZaTvzm4zv/9AuKBhcC/nEbF9NAmoRzGSSnL0c0ui2DFhE1qJcKYj8xLllWfVSp1k2jTTUdvRq0bNyAFXiVmQKijQcfQvaxzi2CeBxAwJMTSNSNoJ4pJiRtKKFQsSITxDEzJUNEA+EXaS35PCM6WMoRdy9QIJc/X3RIJ8Iea+qzp9JKdi2cvE/7xhLL2GndAgiiUJ8GKRFzMoQ5iFA8eUEyzZXBGEOVV/hXiKOMJSRVhRIZjLJ6+SXr1mXtXqd9fVVqOIowxOwCm4ACa4AS3QBh3QBRg8gmfwCt60J+1Fe9c+Fq0lrZg5Bn+gff4AY9Wa9w==</latexit>

⌧2 = {s2
h, a2

h, r2
h}H

h=1
<latexit sha1_base64="TObFViamZJ4aGf6EicSPLPgg4OA=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxISWJgt0UCm66rGAf0KRhMp00QyeTMDMRSugfuPFX3LhQxK1bd/6N0zYLbT0wl8M593LnHj9hVCrT/DYKa+sbm1vF7dLO7t7+QfnwqCPjVGDSxjGLRc9HkjDKSVtRxUgvEQRFPiNdf3w787sPREga83s1SYgboRGnAcVIackrnzsKpZ4N69DJpBcO7Es0r2JWnamXhXVrOmh65YpZNeeAq8TKSQXkaHnlL2cY4zQiXGGGpOxbZqLcDAlFMSPTkpNKkiA8RiPS15SjiEg3m98zhWdaGcIgFvpxBefq74kMRVJOIl93RkiFctmbif95/VQFNTejPEkV4XixKEgZVDGchQOHVBCs2EQThAXVf4U4RAJhpSMs6RCs5ZNXSceuWldV++660qjlcRTBCTgFF8ACN6ABmqAF2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8fajWa+w==</latexit>
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Regret: gap between learned policy & optimal policy
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, define

Regret(T ) :=
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(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Regret: gap between learned policy & optimal policy

...

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : sk
1 algorithm chooses ⇡k to execute

initial state : sK
1 algorithm chooses ⇡K to execute

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

1

\

KX

k=1

HX

h=1

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+

HX

h=1

X

k2IK
h

HP
n
�h(sk

h, ak
h) > 0 | ⇡k, sk

1

o


HX

h=1

X

k/2IK
h

E
h
�h(sk

h, ak
h) | ⇡k, sk

1

i
+ HKP

n
�h(sk

h, ak
h) > 0 for some h 2 [H], k 2 IK

h

o

 H2(K � N) + HK� 
4c2

�d2H7 log2 TH
�

�2
gap

+ HK�.

min

a00
2 s003 a00

3 s004 a00
4 s00H #

episode 1 episode 2 episode K

execute ⇡1 execute ⇡2 execute ⇡K

initial state : s1
1 algorithm chooses ⇡1 to execute

initial state : s1
1 execute policy ⇡1

initial state : sK
1 execute policy ⇡K

| {z }
adversary learner

1

Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret(T ) :=
K∑

k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Regret: gap between learned policy & optimal policy
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Performance metric: given initial states {sk1}Kk=1︸ ︷︷ ︸
chosen by nature/adversary

, define

Regret(T ) :=
K∑

k=1

(
V ?

1 (sk1)− V πk

1 (sk1)
)
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Lower bound
(Domingues et al. ’21)

Regret(T ) &
√
H2SAT

Existing algorithms
• UCB-VI: Azar et al. ’17
• UBEV: Dann et al. ’17
• UCB-Q-Hoeffding: Jin et al. ’18
• UCB-Q-Bernstein: Jin et al. ’18
• UCB2-Q-Bernstein: Bai et al. ’19
• EULER: Zanette et al. ’19
• UCB-Q-Advantage: Zhang et al. ’20
• UCB-M-Q: Menard et al. ’21
• Q-EarlySettled-Advantage: Li et

al. ’21
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Which model-free algorithms are sample-efficient for online RL?
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Q-learning with UCB exploration (Jin et al., 2018)

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηkTk (Qh+1) (sh, ah)︸ ︷︷ ︸
classical Q-learning

+ ηk bh(sh, ah)︸ ︷︷ ︸
exploration bonus

• bh(s, a): upper confidence bound; encourage exploration
— optimism in the face of uncertainty

• inspired by UCB bandit algorithm (Lai, Robbins ’85)

Regret(T ) .
√
H3SAT =⇒ sub-optimal by a factor of

√
H

Issue: large variability in stochastic update rules
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• inspired by UCB bandit algorithm (Lai, Robbins ’85)

Regret(T ) .
√
H3SAT =⇒ sub-optimal by a factor of

√
H

Issue: large variability in stochastic update rules
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Q-learning with UCB and variance reduction

— Zhang et al. ’20

Incorporates variance reduction into UCB-Q:

Qh(sh, ah)← (1− ηk)Qh(sh, ah) + ηk bh(sh, ah)︸ ︷︷ ︸
UCB bonus

+ ηk

(
Tk(Qh+1)− Tk(Qh+1)︸ ︷︷ ︸

advantage

+ T̂ (Qh+1)︸ ︷︷ ︸
reference

)
(sh, ah)

UCB-Q-Advantage is asymptotically regret-optimal

Issue: high burn-in cost O(S6A4H28)
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UCB-Q with variance reduction and early settlement
One additional key idea: early settlement of the reference as soon as
it reaches a reasonable quality

Theorem 6 (Li, Shi, Chen, Gu, Chi ’21)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) ≤ Õ(
√
H2SAT +H6SA

)

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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Theorem 6 (Li, Shi, Chen, Gu, Chi ’21)
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• memory-efficient O(SAH)
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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UCB-Q with variance reduction and early settlement
One additional key idea: early settlement of the reference as soon as
it reaches a reasonable quality

Theorem 6 (Li, Shi, Chen, Gu, Chi ’21)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) ≤ Õ(
√
H2SAT +H6SA

)

• regret-optimal w/ near-minimal
burn-in cost in S and A

• memory-efficient O(SAH)

• computationally efficient:
runtime O(T )
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )
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Summary of this part
agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =

r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples (experience) model optimal value function policy (i.e. P 2 R|S||A|⇥|S|)
S A bQ(s, a)

Chris Watkins Peter Dayan
(s0, a0) (s1, a1) (s2, a2) (s3, a3) update planning (policy iteration, Q-value iteration, · · · |S||A|

| {z }

1

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art: async Q-learning

Li et al. ’20 ’21

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper
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UCB-Q with variance reduction and early settlement

One more key idea: early settlement of the reference as soon as
it reaches a reasonable quality (e.g., V h Æ V ı

h + 1)

Theorem 5 (Li, Shi, Chen, Gu, Chi, 2021)
With high prob., Q-EarlySettled-Advantage achieves

Regret(T ) Æ ÂO
!Ô
H2SAT +H6SA

"

with a memory complexity of O(SAH)

• regret-optimal with near-minimal burn-in cost O(SApoly(H))
• memory-e�cient O(SAH)
• computationally e�cient: runtime O(T )

46/ 52

Model-free RL can achieve memory efficiency,
computational efficiency, and sample efficiency at once!

— with some burn-in cost though
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A triad of RL approaches

— Figure credit: D. Silver
1



Policy optimization in practice

maximizeθ value(policy(θ))

• directly optimize the policy, which is the quantity of interest;

• allow flexible differentiable parameterizations of the policy;

• work with both continuous and discrete problems.
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Theoretical challenges: non-concavity

Little understanding on the global convergence of policy gradient
methods until very recently, e.g. (Fazel et al., 2018; Bhandari and Russo,

2019; Agarwal et al., 2019; Mei et al. 2020), and many more.

Our goal:

• understand finite-time convergence rates of popular heuristics;

• design fast-convergent algorithms that scale for finding
policies with desirable properties.

3



Outline

• Backgrounds and basics
• policy gradient method
• policy gradient theorem

• Convergence guarantees of policy optimization
• (natural) policy gradient methods
• finite-time rate of global convergence
• entropy regularization and beyond

• Concluding remarks and further pointers

4



Backgrounds: policy optimization in tabular
Markov decision processes



Searching for the optimal policy

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

P, r

Goal: find the optimal policy π? that maximize V π(s)

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

6



Policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

Parameterization:

π := πθ

maximizeθ V πθ(ρ) := Es∼ρ [V πθ(s)]

Policy gradient method (Sutton et al., 2000)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η∇θV π

(t)
θ (ρ)

where η is the learning rate.
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The policy gradient theorem

Theorem (Policy gradient theorem, Sutton et al., 2000)

The policy gradient can be evaluated via

∇θV πθ(ρ) =
1

1− γEs∼d
πθ
ρ ,a∼πθ(·|s)

[
Qπθ(s, a)∇ log πθ(a|s)

]

=
1

1− γEs∼d
πθ
ρ ,a∼πθ(·|s)

[
Aπθ(s, a)∇ log πθ(a|s)

]
,

where

• dπθρ is the discounted state visitation distribution,

• ψθ(s, a) := ∇ log πθ(a|s) is the score function, and

• Aπ(s, a) = Qπ(s, a)− V π(s) is the advantage function.

Provides a general scheme for policy gradient evaluation
(e.g., REINFORCE).

8



Examples of policy parameterization

Discrete action space: softmax parameterization with function
approximation

πθ(a|s) ∝ exp(φ(s, a)>θ)

• φ(s, a) is the feature vector of each state-action pair;

• the score function ∇ log πθ(a|s) = φ(s, a)− Ea∼πθ(·|s)[φ(s, ·)].

Continuous action space: Gaussian policy

a ∼ N (µ(s), σ2), µ(s) = φ(s)>θ

• φ(s) is the feature of each state;

• σ2 is the variance (kept constant for simplicity);

• the score function ∇ log πθ(a|s) = (a−µ(s))φ(s)
σ2 .

9
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Softmax policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

softmax parameterization:

πθ(a|s) ∝ exp(θ(s, a))

maximizeθ V πθ(ρ) := Es∼ρ [V πθ(s)]

Policy gradient method (Sutton et al., 2000)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η∇θV π

(t)
θ (ρ)

where η is the learning rate.
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Finite-time global convergence guarantees



Global convergence of the PG method?

• (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.

• (Mei et al., 2020) Softmax PG converges to global opt in

c
(
|S|, |A|, 1

1−γ , · · ·
)

O
(

1
ε

)
iterations

Is the rate of PG good, bad or ugly?
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A negative message

Theorem (Li, Wei, Chi, Gu, Chen, 2021)

There exists an MDP s.t. it takes softmax PG at least

1

η
|S|2

Θ( 1
1−γ )

iterations

to achieve ‖V (t) − V ?‖∞ ≤ 0.15.

• Softmax PG can take (super)-exponential time to converge
(in problems w/ large state space & long effective horizon)!

• Also hold for average sub-opt gap 1
|S|
∑

s∈S
[
V (t)(s)− V ?(s)

]
.
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Booster #1: natural policy gradient

=)Natural Gradient

Natural policy gradient (NPG) method (Kakade, 2002)

For t = 0, 1, · · ·

θ(t+1) = θ(t) + η(Fθρ )†∇θV π
(t)
θ (ρ)

where η is the learning rate and Fθρ is the Fisher information matrix:

Fθρ := E
[(
∇θ log πθ(a|s)

)(
∇θ log πθ(a|s)

)>]
.
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Connection with TRPO/PPO

TRPO/PPO (Schulman et al., 2015; 2017) are popular heuristics in
training RL algorithms, with KL regularization

KL(π
(t)
θ ‖πθ) ≈

1

2
(θ − θ(t))>Fθρ (θ − θ(t))

via constrained or proximal terms:

θ(t+1) = argmax
θ

V π
(t)
θ (ρ) + (θ − θ(t))>∇θV π

(t)
θ (ρ)− ηKL(π

(t)
θ ‖πθ)

≈ θ(t) + η(Fθρ )†∇θV π
(t)
θ (ρ),

leading to exactly NPG!

NPG ≈ TRPO/PPO!
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NPG in the tabular setting

Natural policy gradient (NPG) method (Tabular setting)

For t = 0, 1, · · · , NPG updates the policy via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

exp

(
ηQ(t)(s, ·)

1− γ

)

︸ ︷︷ ︸
soft greedy

where Q(t) := Qπ
(t)

is the Q-function of π(t), and η > 0.

• invariant with the choice of ρ

• Reduces to policy iteration (PI) when η =∞.

17



Global convergence of NPG

Theorem (Agarwal et al., 2019)

Set π(0) as a uniform policy. For all t ≥ 0, we have

V (t)(ρ) ≥ V ?(ρ)−
(

log |A|
η

+
1

(1− γ)2

)
1

t
.

Implication: set η ≥ (1− γ)2 log |A|, we find an ε-optimal policy
within at most

2

(1− γ)2ε
iterations.

Global convergence at a sublinear rate independent of |S|, |A|!
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Booster #2: entropy regularization

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt = r(st, at) reward next state action

1

agent environment st at st+1 ⇠ P (·|st, at) rt = r(st, at) reward
next state action

1

agent environment st at st+1 rt+1 reward state action

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

⇠ ⇠ ⇠ ⇠ ⇠

⇡(·|s0) ⇡(·|s1) ⇡(·|s2) ⇡(·|s3) ⇡(·|s4)

To encourage exploration, promote the stochasticity of the policy
using the “soft” value function (Williams and Peng, 1991):

∀s ∈ S : V π
τ (s) := E

[ ∞∑

t=0

γt
(
rt + τH(π(·|st)

) ∣∣ s0 = s

]

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

maximizeθ V πθ
τ (ρ) := Es∼ρ [V πθ

τ (s)]
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Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.
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Can we justify the efficacy of entropy-regularized NPG?
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Entropy-regularized NPG in the tabular setting

Entropy-regularized NPG (Tabular setting)

For t = 0, 1, · · · , the policy is updated via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

1− ητ
1−γ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ητ
1−γ

where Q
(t)
τ := Qπ

(t)

τ is the soft Q-function of π(t), and 0 < η ≤ 1−γ
τ .

• invariant with the choice of ρ

• Reduces to soft policy iteration (SPI) when η = 1−γ
τ .
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Linear convergence with exact gradient

Exact oracle: perfect evaluation of Qπ
(t)

τ given π(t);
— Read our paper for the inexact case!

Theorem (Cen, Cheng, Chen, Wei, Chi, 2020)

For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized
NPG updates satisfy

• Linear convergence of soft Q-functions:

‖Q?τ −Q(t+1)
τ ‖∞ ≤ C1γ (1− ητ)t

for all t ≥ 0, where Q?τ is the optimal soft Q-function, and

C1 = ‖Q?τ −Q(0)
τ ‖∞ + 2τ

(
1− ητ

1− γ

)
‖ log π?τ − log π(0)‖∞.
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Implications

To reach ‖Q?τ −Q(t+1)
τ ‖∞ ≤ ε, the iteration complexity is at most

• General learning rates (0 < η < 1−γ
τ ):

1

ητ
log

(
C1γ

ε

)

• Soft policy iteration (η = 1−γ
τ ):

1

1− γ log

(
‖Q?τ −Q(0)

τ ‖∞γ
ε

)

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A|!

23



Implications

To reach ‖Q?τ −Q(t+1)
τ ‖∞ ≤ ε, the iteration complexity is at most

• General learning rates (0 < η < 1−γ
τ ):

1

ητ
log

(
C1γ

ε

)

• Soft policy iteration (η = 1−γ
τ ):

1

1− γ log

(
‖Q?τ −Q(0)

τ ‖∞γ
ε

)

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A|!

23



Comparisons with entropy-regularized PG
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(Mei et al., 2020) showed entropy-regularized PG achieves

V ?τ (ρ)− V (t)
τ (ρ) ≤

(
V ?τ (ρ)− V (0)

τ (ρ)
)

· exp

−
(1− γ)4t

(8/τ + 4 + 8 log |A|)|S|

∥∥∥∥∥d
π?τ
ρ

ρ

∥∥∥∥∥
−1

∞

min
s
ρ(s)

(
inf

0≤k≤t−1
min
s,a

π(k)(a|s)
)2

︸ ︷︷ ︸
can be exponential in |S| and 1

1−γ



Much faster convergence of entropy-regularized NPG
at a dimension-free rate!
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Comparison with unregularized NPG
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Entropy regularization enables fast convergence!
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A key operator: soft Bellman operator

Soft Bellman operator

Tτ (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
π(·|s′)

E
a′∼π(·|s′)

[
Q(s′, a′)︸ ︷︷ ︸

next state’s value

− τ log π(a′|s′)︸ ︷︷ ︸
entropy

]]
,

Soft Bellman equation: Q?τ is unique solution to

Tτ (Q?τ ) = Q?τ

γ-contraction of soft Bellman operator:

‖Tτ (Q1)− Tτ (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard

Bellman
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γ-contraction of soft Bellman operator:

‖Tτ (Q1)− Tτ (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard

Bellman
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Analysis of soft policy iteration (η = 1−γ
τ )
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Beyond entropy regularization

Leverage regularization to promote structural properties of the
learned policy.
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Regularized RL in general form
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The regularized value function is defined as

∀s ∈ S : V π
τ (s) := E

[ ∞∑

t=0

γt
(
rt − τhst(π(·|st))

) ∣∣ s0 = s

]
,

where hs is convex (and possibly nonsmooth) w.r.t. π(·|s).

maximizeπ V π
τ (ρ) := Es∼ρ [V π

τ (s)]
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Detour: a mirror descent view of entropy-regularized NPG

π

Entropy-regularized NPG = mirror descent with KL
divergence (Lan, 2021; Shani et al., 2020):

π(t+1)(·|s) = argmin
p∈∆(A)

〈
−Q(t)

τ (s, ·), p
〉
− τH(p) +

1

η
KL
(
p||π(t)(·|s)

)

∝ π(t)(·|s)︸ ︷︷ ︸
current policy

1
1+ητ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ητ
1+ητ

for all s ∈ S.
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Generalized policy mirror descent (GPMD)

Definition (Generalized Bregman divergence, Kiwiel 1997)

The generalized Bregman divergence w.r.t. to a convex
h : ∆(A) 7→ R is defined as:

Dh(p, q; g) = h(p)− h(q)− 〈g, p− q〉
= h(p)− h(q)− 〈g − c · 1, p− q〉,

for p, q ∈ ∆(A), where g ∈ ∂h(q) and c ∈ R.

A natural idea

For t = 0, 1, · · · ,

π(t+1)(·|s) = argmin
p∈∆(A)

〈−Qτ (s, ·), p〉+ τhs(p)

+
1

η
Dhs(p, π

(t)(·|s); ∂hs(π(t)(·|s)))
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PMD with Generalized Bregman Divergence (GPMD)

Plugging in a recursive surrogate {ξ(t)} of ∂hs(π
(t)(·|s)), we

obtain the formal algorithm.

Generalized policy mirror descent (GPMD) method

For t = 0, 1, · · · , update

π(t+1)(·|s) = argmin
p∈∆(A)

〈−Qτ (s, ·), p〉+ τhs(p)

+
1

η
Dhs(p, π

(t)(·|s); ξ(t)(s, ·)),

and

ξ(t+1)(s, ·) =
1

1 + ητ
ξ(t)(s, ·) +

η

1 + ητ
Q(t)
τ (s, ·).

The subproblem does not admit closed-form solution in general.
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Linear convergence with exact gradient

Exact oracle: perfect evaluation of Qπ
(t)

τ given π(t); exact solution
to subproblems.

— Read our paper for the inexact case!

Theorem (Zhan*, Cen*, Huang, Chen, Lee, Chi ’21)

For any learning rate η > 0, the GPMD updates satisfy

• Linear convergence of soft Q-functions:

‖Q?τ −Q(t+1)
τ ‖∞ ≤ C1γ

(
1− ητ(1− γ)

1 + ητ

)t

where C1 = ‖Q?τ −Q(0)
τ ‖∞ + 2

1+ητ ‖Q?τ − τξ(0)‖∞.
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Implications

To reach ‖Q?τ −Q(t+1)
τ ‖∞ ≤ ε, the iteration complexity is at most

• General learning rates (η > 0):

1 + ητ

ητ(1− γ)
log

(
C1γ

ε

)

• Regularized policy iteration (η =∞):

1

1− γ log

(
‖Q?τ −Q(0)

τ ‖∞γ
ε

)

Global linear convergence of GPMD at a dimension-free rate!
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Comparison with PMD (Lan, 2021)

Policy mirror descent (PMD) method (Lan, 2021)

For t = 0, 1, · · · ,

π(t+1)(·|s) = argmin
p∈∆(A)

〈−Qτ (s, ·), p〉+ τhs(p) +
1

η
KL(p||π(t)(·|s))

hs = Tsallis Entropy hs = Log Barrier
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GPMD achieves faster convergence than PMD!
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Concluding remarks
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1

Understanding non-asymptotic performances of RL algorithms
is a fruitful playground!

Future directions:

• function approximation

• multi-agent RL

• offline RL

• many more...
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Beyond the tabular setting

Figure credit: (Silver et al., 2016)

• function approximation for dimensionality reduction

• Provably efficient RL algorithms under minimal assumptions

(Osband and Van Roy, 2014; Dai et al., 2018; Du et al., 2019; Jin et al., 2020)
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Multi-agent RL

• Competitive setting: finding Nash equilibria for Markov
games

• Collaborative setting: multiple agents jointly optimize the
policy to maximize the total reward

(Zhang, Yang, and Basar, 2021; Cen, Wei, and Chi, 2021)
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Offline RL

Can we design RL algorithms based on history data?
(Rashidinejad et al., 2021; Xie et al., 2021; Li et al., 2022)
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