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Reinforcement learning (RL)

In RL, an agent learns by interacting with an unknown environment
through trial-and-error to maximize long-term total reward.
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More successes of RL since AlphaGo

robotics

strategic games

chip designs

nuclear plant control

resource management

UAV and drones
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One more recent success: RLHF
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RL holds great promise in accelerating scientific,
engineering and societal discoveries.

How do we build the statistical and algorithmic foundations of
RL to help realizing its potential?
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Sample efficiency

Collecting data samples might be expensive or time-consuming due to
the enormous state and action space

clinical trials

LLM alignment

autonomous driving

Calls for design of sample-efficient RL algorithms!
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Computational efficiency

Training RL algorithms might take a long time

many CPUs /GPUs /TPUs + computing hours

Calls for runtime efficient RL algorithms!
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Statistical thinking in RL: non-asymptotic analysis
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Non-asymptotic analyses are key to understand and improve
statistical efficiency in modern RL.

7



Recent advances in statistical RL

agent environment st at st+1 rt
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agent environment st at st+1 rt
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The playground: Markov decision processes
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This talk: from single-agent to federated Q-learning

agent environment st at st+1 rt

1

agent environment st at st+1 rt
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Single-agent Q-learning

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Backgrounds:
Markov decision processes



Markov decision process (MDP)

● S: state space ● A: action space

● r(s, a) ∈ [0,1]: immediate reward

● π(⋅∣s): policy (or action selection rule)

● P (⋅∣s, a): transition probabilities
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Value function

Value function of policy π:

∀s ∈ S ∶ V π
(s) ∶= E [

∞
∑
t=0

γtrt ∣ s0 = s]

Q-function of policy π:

∀(s, a) ∈ S ×A ∶ Qπ
(s, a) ∶= E [

∞
∑
t=0

γtr(st, at) ∣ s0 = s, a0 = a]

● γ ∈ [0,1) is the discount factor; 1
1−γ is effective horizon

● Expectation is w.r.t. the sampled trajectory under π

12



Value function

Value function of policy π:

∀s ∈ S ∶ V π
(s) ∶= E [

∞
∑
t=0

γtrt ∣ s0 = s]

Q-function of policy π:

∀(s, a) ∈ S ×A ∶ Qπ
(s, a) ∶= E [

∞
∑
t=0

γtr(st, at) ∣ s0 = s, a0 = a]

● γ ∈ [0,1) is the discount factor; 1
1−γ is effective horizon

● Expectation is w.r.t. the sampled trajectory under π

12



Searching for the optimal policy

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

P, r

Goal: find the optimal policy π⋆ that maximize V π(s)

● optimal value /Q function: V ⋆ ∶= V π⋆ , Q⋆ ∶= Qπ⋆

● optimal policy π⋆(s) = argmaxa∈AQ⋆(s, a)

13



Bellman’s optimality principle

Bellman operator

T (Q)(s, a) ∶= r(s, a)
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¶

immediate reward

+ γ E
s′∼P (⋅∣s,a)

[max
a′∈A

Q(s′, a′)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
next state’s value

]

● one-step look-ahead

Bellman equation: Q⋆ is unique solution to

T (Q⋆) = Q⋆

γ-contraction of Bellman operator:

∥T (Q1) − T (Q2)∥∞ ≤ γ∥Q1 −Q2∥∞ Richard Bellman
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Is Q-learning minimax-optimal?

Gen Li Changxiao Cai Yuxin Chen Yuting Wei

CUHK UMich UPenn UPenn



Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Robbins & Monro, 1951

for solving the Bellman equation

Q⋆ = T (Q⋆)

where

T (Q)(s, a) ∶= r(s, a)
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¶

immediate reward

+ γ E
s′∼P (⋅∣s,a)

[max
a′∈A

Q(s′, a′)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
next state’s value

].
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Synchronous Q-learning

Stochastic approximation for solving Bellman equation Q⋆ = T (Q⋆)
using samples collected from the generative model:

Qt+1(s, a) = (1 − η)Qt(s, a) + ηTt(Qt)(s, a)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

draw the transition (s,a,s′) for all (s,a)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (⋅∣s,a)

[max
a′

Q(s′, a′)]

17
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Prior art: achievability

Question: How many samples are needed for ∥Q̂ −Q⋆∥∞ ≤ ε?

Minimax lower bound (Azar et al., 2013): Ω̃ ( ∣S∣∣A∣
(1−γ)3ε2 ) .

paper sample complexity

Even-Dar & Mansour ’03 2
1

1−γ ∣S∣∣A∣
(1−γ)4ε2

Beck & Srikant ’12
∣S∣2 ∣A∣2

(1−γ)5ε2

Wainwright ’19
∣S∣∣A∣

(1−γ)5ε2

Chen et al. ’20
∣S∣∣A∣

(1−γ)5ε2

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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All prior results require sample size of at least ∣S∣∣A∣
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
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Prior art: achievability

Question: How many samples are needed for ∥Q̂ −Q⋆∥∞ ≤ ε?
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• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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All prior results require sample size of at least ∣S∣∣A∣
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
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Prior art: achievability

Question: How many samples are needed for ∥Q̂ −Q⋆∥∞ ≤ ε?

Minimax lower bound (Azar et al., 2013): Ω̃ ( ∣S∣∣A∣
(1−γ)3ε2 ) .

paper sample complexity

Even-Dar & Mansour ’03 2
1

1−γ ∣S∣∣A∣
(1−γ)4ε2

Beck & Srikant ’12
∣S∣2 ∣A∣2

(1−γ)5ε2

Wainwright ’19
∣S∣∣A∣

(1−γ)5ε2

Chen et al. ’20
∣S∣∣A∣

(1−γ)5ε2

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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All prior results require sample size of at least ∣S∣∣A∣
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
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• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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|S||A|

(1�
�)

4 �2

<latexit sha1_base64="lPnFN4OWaCFB2yI6g650iGCas40="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit><latexit sha1_base64="jBV6ajkAXPR/l5Jk4a1Mg0t6rlk="></latexit>

|S|
|A|

(1
� �

)5
�
2

<latexit sha1_base64="P8K7+fhcLAEhKvYuSV27PEh0dew="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit><latexit sha1_base64="4OKtFpiNhixucIYUB4CQVcyaJOQ="></latexit>

|S||A|

(1 � �)3�
2

<latexit sha1_base64="+Yj8whj4tDrIRk5Ea0Xt/1rK+ig="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit><latexit sha1_base64="mTb2MStTG8JcVpxnofeLihZnD4g="></latexit>

(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)

10/ 11

All prior results require sample size of at least ∣S∣∣A∣
(1−γ)5ε2 !

Is Q-learning sub-optimal, or is it an analysis artifact?
18



A sharpened sample complexity of Q-learning

Theorem (Li, Cai, Chen, Wei, Chi, OR 2024)

For any 0 < ε ≤ 1, Q-learning yields ∥Q̂ −Q⋆∥∞ ≤ ε with sample
complexity at most

Õ (
∣S ∣∣A∣

(1 − γ)4ε2
) .

● Improves dependency on the effective horizon 1
1−γ .

● Allows both constant and rescaled linear learning rate:

1

1 + c1(1−γ)T
log2 T

≤ ηt ≤
1

1 + c2(1−γ)t
log2 T
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A curious numerical example

Numerical evidence: ∣S∣∣A∣
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p =
4γ − 1

3γ

r(0,1) = 0, r(1,1) = r(1,2) = 1

20



Q-learning is not minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi, OR 2024)

Assume 3/4 < γ ≤1. For any 0 < ε ≤ 1, there exists some MDP such that
to achieve ∥Q̂ −Q⋆∥∞ ≤ ε, Q-learning needs at least a sample complexity
of

Ω̃(
∣S ∣∣A∣

(1 − γ)4ε2
) .

● Tight algorithm-dependent lower bound

● Holds for both constant and rescaled linear learning rates

s = 0
<latexit sha1_base64="U6WXQblKGh85jddFNvqN2w7OFQo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklrj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8feHGNwg==</latexit>

s = 1
<latexit sha1_base64="M12rUwvsKTCSWc8Hzyng+LaS4Og=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCqYttKFstpt26WYTdidCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53CxubW9k5xt7S3f3B4VD4+aZkk04z7LJGJ7oTUcCkU91Gg5J1UcxqHkrfD8d3cbz9xbUSiHnGS8iCmQyUiwShayTfklnj9csWtuguQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRTTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtGpV76pae6hXGvU8jiKcwTlcggfX0IB7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuEPnM8fefWNww==</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>
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<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

a = 1 a = 2

1

a = 1 a = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

a = 1 a = 2 s = 2

1

1 � p
<latexit sha1_base64="RS5MywIJvJEFbWakj1H6ROqHL94=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Dbzu09UaSbFg5nF1I/wWLCQEWys1PHQFYpLw3LFrboLoHXi5aQCOVrD8tdgJEkSUWEIx1r3PTc2foqVYYTTeWmQaBpjMsVj2rdU4IhqP11cO0cXVhmhUCpbwqCF+nsixZHWsyiwnRE2E73qZeJ/Xj8x4Y2fMhEnhgqyXBQmHBmJstfRiClKDJ9Zgoli9lZEJlhhYmxAWQje6svrpFOrevVq7b5RaTbyOIpwBudwCR5cQxPuoAVtIPAIz/AKb450Xpx352PZWnDymVP4A+fzB5EjjcQ=</latexit>

p
<latexit sha1_base64="TQ6SpB9YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A1zGM6g==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

⌘
(T )
0  1

75
3

1
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Where we stand now

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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1 � �
<latexit sha1_base64="ruHvB5gQNVKHpwmJqWeG9qWN6Jk=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCF0sigh6LXjxWsB/QlLLZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH7mG1reNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZ35nUeqNIvlg5kmtC/wSLKIEWysNHCrQaQwyfw888+DERYC5wO35tW9OdAq8QtSgwLNgfsVDGOSCioN4Vjrnu8lpp9hZRjhNK8EqaYJJhM8oj1LJRZU97P57Tk6tcoQRbGyJQ2aq78nMiy0norQdgpsxnrZm4n/eb3URNf9jMkkNVSSxaIo5cjEaBYEGjJFieFTSzBRzN6KyBjbMIyNq2JD8JdfXiXti7rv1f37y1rjpoijDMdwAmfgwxU04A6a0AICT/AMr/Dm5M6L8+58LFpLTjFzBH/gfP4As0GUNQ==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit><latexit sha1_base64="Q3VqNnYydzM7FG6EJTAv+YLsM5s=">AAACIHicjVBNSwMxFMzWr1q/1nr0EiyCF8uuCHosevGoYFuhXcrbNNuGJtklyYpl2b/iwYt/xYuI3vTXmLZ70NaDA4FhZh4vb8KEM20879MpLS2vrK6V1ysbm1vbO+5utaXjVBHaJDGP1V0ImnImadMww+ldoiiIkNN2OLqc+O17qjSL5a0ZJzQQMJAsYgSMlXputRspIJmfZ/5xdwBCQN5za17dmwIvEr8gNVTgf/Ge+9HtxyQVVBrCQeuO7yUmyEAZRjjNK91U0wTICAa0Y6kEQXWQTQ/M8aFV+jiKlX3S4Kn6cyIDofVYhDYpwAz1vDcR//I6qYnOg4zJJDVUktmiKOXYxHjSFu4zRYnhY0uAKGb/iskQbGPGdlqxp/vzhy6S1knd9+r+zWmtcVF0Vkb76AAdIR+doQa6QteoiQh6QI/oGb06T86L8+a8z6Ilp5jZQ7/gfH0DDKKbrg==</latexit>
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(1≠“)3Á2 (Azar et al ’13)
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Q-learning requires a sample size of ∣S∣∣A∣
(1−γ)4ε2 .

Q-learning is not minimax optimal!
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Prior art for asynchronous Q-learning
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All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Q-learning requires a sample size of ∣S∣∣A∣
(1−γ)4ε2 .

Q-learning is not minimax optimal!
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Why is Q-learning sub-optimal?

Over-estimation of Q-functions (Thrun and Schwartz, 1993; Hasselt, 2010):

● maxa∈A EX(a) tends to be
over-estimated (high positive bias)
when EX(a) is replaced by its
empirical estimates using a small
sample size;

● often gets worse with a large
number of actions (Hasselt, Guez,

Silver, 2015).

● Motivated the design of double
Q-learning (Hasselt, 2010).

Our work provides theoretical footings regarding the over-estimation issue
of vanilla Q-learning.
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Asynchronous Q-learning
agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =

r(st, at) reward next state action
s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5
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only update (st,at)-th entry

, t ≥ 0

Tt(Q)(st, at) = r(st, at) + γmax
a′

Q(st+1, a′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (⋅∣s,a)

[max
a′

Q(s′, a′)]
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Sample complexity of asynchronous Q-learning
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Key quantities:
● minimum state-action occupancy probability

µmin ∶=min µπb
(s, a)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
stationary distribution

● mixing time: tmix

Theorem (Li, Cai, Chen, Wei, Chi, OR 2024)

For any 0 < ε < 1, sample complexity of async Q-learning to yield
∥Q̂ −Q⋆∥∞ ≤ ε with high prob is at most

(up to log factor)
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Sample complexity of asynchronous Q-learning
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stationary distribution

● mixing time: tmix

Theorem (Li, Cai, Chen, Wei, Chi, OR 2024)

For any 0 < ε < 1, sample complexity of async Q-learning to yield
∥Q̂ −Q⋆∥∞ ≤ ε with high prob is at most

(up to log factor)
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Can we harness the power of federated learning?

Federated supervised learning is deployed nowadays by companies in
many areas, e.g., on-device inference.
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RL meets federated learning

Central server

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘

Federated reinforcement learning: enables multiple agents to
collaboratively learn a global policy without sharing datasets.
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Federated asynchronous Q-learning with local updates

● Local Q-update: agent k performs τ
rounds of local Q-learning updates:

Qk
t+1(st, at)← (1−η)Q

k
t (st, at)+ηTt(Q

k
t )(st, at)

and sends it to the server.

● Periodic averaging: the server averages the
local updates and communicates it back to
agents:

Qt =
1

K

K

∑
k=1

Qk
t

Central server

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘
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Can we achieve faster convergence with heterogeneous local behavior
policies with low communication complexity?
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Federated asynchronous Q-learning with local updates
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Prior art

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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single-agent 
Q-learning

Key quantity: minimum state-action occupancy probability

µmin ∶=min
i,s,a

µπi
b
(s, a)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
stationary distribution

Linear speedup only when K ≫ S2

µ4
min
(1−γ)5

But more curiously...
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But more curiously...
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The benefit of collaboration?

Prior art requires full coverage of every agent over the entire
state-action space (i.e., µmin > 0)...

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘

However, the power of collaboration really shines if we only need...

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘

Can we enable collaborative coverage while improve the
dependency on salient parameters?
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Key metrics

Collaborative coverage: minimum entry of the average stationary
distribution

µavg =min
s,a

1

K

K

∑
k=1

µk
b(s, a) ≥ µmin.

Heterogeneity of local behavior policies: density ratio of individual /
average behavior policies

Chet =Kmax
k,s,a

µk
b(s, a)

∑
K
k=1 µk

b(s, a)
=max

k,s,a

µk
b(s, a)

µavg(s, a)
.

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘

… …
Agent 1 Agent 2 Agent 𝐾Agent 𝑘
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Chet = 1
<latexit sha1_base64="8bB4iPoXJSp67dC4fs8qZHAE6dg=">AAAB/XicbVDLSsNAFJ3UV62v+MCNm8EiuCqJi+pGKO1GcNOCfUAbwmQ6aYdOJmFmItQQ/BU3LhR16w/4Be7c+C1O0y609cDA4Zx7uWeOFzEqlWV9Gbml5ZXVtfx6YWNza3vH3N1ryTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsb1SZ++5YISUN+o8YRcQI04NSnGCktueZBzU16AVJD6SdDotIUXsJr1yxaJSsDXCT2jBQrh41v+lr9qLvmZ68f4jggXGGGpOzaVqScBAlFMSNpoRdLEiE8QgPS1ZSjgEgnydKn8EQrfeiHQj+uYKb+3khQIOU48PRkFnTem4j/ed1Y+RdOQnkUK8Lx9JAfM6hCOKkC9qkgWLGxJggLqrNCPEQCYaULK+gS7PkvL5LWWckul8oN3UYVTJEHR+AYnAIbnIMKuAJ10AQY3IEH8ASejXvj0Xgx3qajOWO2sw/+wHj/AepAmJU=</latexit>

Chet = K
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Our theorem

Theorem (Jiin, Joshi, Chi, 2023+)

For sufficiently small ε > 0, federated asynchronous Q-learning yields
∥Q̂ −Q⋆∥∞ ≤ ε with sample complexity at most

Õ (
Chet

Kµavg(1 − γ)5ε2
)

ignoring the burn-in cost that depends on the mixing times.

● The sync period obeys τ ≤ 1
4η

min{ 1−γ
4
, 1
K
}; communication

complexity is almost independent of ϵ.

● Near-optimal linear speedup when the local behavior policies are
similar, Chet ≈ 1.

● Key idea: leave-one-out type arguments to decouple complicated
statistical dependencies due to Markovian sampling and local
updates.
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Comparison with prior art

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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µmin
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single-agent 
Q-learning

Linear speedup with near-optimal parameter dependencies!
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Curse of heterogeneity?

Prior art for asynchronous Q-learning
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single-agent 
Q-learning

Still not good enough! Performance degenerates when local behavior
policies are heterogeneous (i.e. 1≪ Chet). /
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Importance averaging

Key observation: not all updates are of same quality due to limited
visits induced by the behavior policy.

… …+

Importance averaging: the server averages the local updates based on
importance via

Qt(s, a) =
1

K

K

∑
k=1

αk
t (s, a)Q

k
t (s, a),

where

αk
t =

(1 − η)−N
k
t−τ,t(s,a)

∑
K
k=1(1 − η)

−Nk
t−τ,t(s,a)

, Nk
t−τ,t(s, a) =

number of visits
in the sync period

.
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higher weights

Importance averaging: the server averages the local updates based on
importance via
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k
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t−τ,t(s, a) =

number of visits
in the sync period
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Our theorem

Theorem (Jiin, Joshi, Chi, 2023+)

For sufficiently small ε > 0, federated asynchronous Q-learning with
importance averaging yields ∥Q̂ −Q⋆∥∞ ≤ ε with sample complexity at
most
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1
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)

ignoring the burn-in cost that depends on the mixing times.
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Our theorem

Theorem (Jiin, Joshi, Chi, 2023+)

For sufficiently small ε > 0, federated asynchronous Q-learning with
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Summary

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Single-agent Q-learning Federated Q-learning

Vanilla Q-learning is 
not minimax-optimal!

Linear speedup even with 
heterogenous behavior policies!

Ongoing work:

● Federated offline RL: how should we inject pessimism?

● Multi-task RL: heterogeneous environments across agents.
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Bonus track:
robustness-statistical trade-offs in RL

Laixi Shi Gen Li Matthieu Geist Yuxin Chen Yuting Wei

CMU→Caltech CUHK Google UPenn UPenn



Safety and robustness in RL

Training environment ≠ Test environment

Can we learn optimal policies that are robust to model
perturbations and sim-to-real gaps?
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A curious question

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

original MDP empirical MDP perturbed empirical MDP
18/ 34

Learn the robust policy 
around the nominal MDP?

Learn the optimal policy of 
the nominal MDP?

Planning using standard MDPs

Planning using robust MDPs

Robustness-statistical trade-off? Is there a statistical premium that
one needs to pay in quest of additional robustness?

41



A curious question

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

original MDP empirical MDP perturbed empirical MDP
18/ 34

Learn the robust policy 
around the nominal MDP?

Learn the optimal policy of 
the nominal MDP?

Planning using standard MDPs

Planning using robust MDPs

Robustness-statistical trade-off? Is there a statistical premium that
one needs to pay in quest of additional robustness?

41



Surprising message

● Large gaps between existing upper and lower bounds

● Unclear benchmarking with standard MDP

Upper & minimax lower bound
(this work)

0
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<latexit sha1_base64="Cfmxvc91Cz2VgHX3RpVjogO67Hg=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbRREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FAqe5CYn59ybe+/xI0aVdpxvK7W0vLK6ll7PbGxube9kd/eqKowlJhUcslDWfVCEUUEqmmpG6pEkwH1Gan7/ZuzXBkQqGooHPYxIk0NX0IBi0EZqZ4+8QAJO7q9GSd499brAOZy0it4AJIkUZaFoFUftbM4pOBPYi8SdkRyaodzOfnmdEMecCI0ZKNVwnUg3E5CaYkZGGS9WJALchy5pGCqAE9VMJt+M7GOjdOwglKaEtifq74kEuFJD7ptODrqn5r2x+J/XiHVw2UyoiGJNBJ4uCmJm69AeR2N3qCRYs6EhgCU1t9q4ByYebQLMmBDc+ZcXSbVYcM8KxbvzXOl6FkcaHaBDlEcuukAldIvKqIIwekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5A8Rxm2A=</latexit>

SA(1 � �)

"2
<latexit sha1_base64="UGsWZXxryTW2MB/f2AKkIsGR5ho=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3WXBO/G7wDkcj1J/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCFqpq8</latexit>

Lower bound [Yang et al.]

SA

(1 � �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Upper bound [Clavier et al.]

SA(1 � �)

�4"2
<latexit sha1_base64="qdMcaYtxdW+rygPqQ5a2mnz0QsU=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAoYtiNgh6jXjxGNImQXUPvZDYOmZldZmaFsOQjvPgrXjwo4tWDN//GyePgq6ChqOqmuytKOdPG8z6dqemZ2bn5wkJxcWl5ZdVdW2/oJFOE1knCE3UdgaacSVo3zHB6nSoKIuK0GfXOhn7zjirNEnll+ikNBXQlixkBY6W2uxfECkh+ebLj7wddEAJ2B3mgWVfAzWFwB4qmmvFE3lTwoO2WvLI3Av5L/AkpoQlqbfcj6CQkE1QawkHrlu+lJsxBGUY4HRSDTNMUSA+6tGWpBEF1mI+eGuBtq3RwnChb0uCR+n0iB6F1X0S2U4C51b+9ofif18pMfBzmTKaZoZKMF8UZxybBw4RwhylKDO9bAkQxeysmt2BTMjbHog3B//3yX9KolP2DcuXisFQ9ncRRQJtoC+0gHx2hKjpHNVRHBN2jR/SMXpwH58l5dd7GrVPOZGYD/YDz/gUNv541</latexit>

SA

(1 � �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

O(1 � �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

Lower bound [Yang et al.]

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> �<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Sample complexity

SA

(1 � �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1 � �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Lower bound
(this work)

SA

(1 � �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

Upper bound
(this work)

SA

(1 � �)"2
<latexit sha1_base64="4ek4e8akM8lGKAuhDuJHgXpf554=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3eUoLXgnfhc4h2N/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCJPpq8</latexit>

O(1 � �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

O(1)
<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

O
�
1/(1 � �)

�
<latexit sha1_base64="FYzsFqRK5UYyKBkhvC7sH9X+oc0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0C6sSRV0WXTjzgr2AU0ok+kkHTozCTMToZRu/BU3LhRx62e482+ctFlo9cCFwzn3cu89QcKo0o7zZRWWlldW14rrpY3Nre0de3evreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zgORisbiXo8T4nMUCRpSjLSR+vbBrRfQqOKeVtwTL0Kco2omVPt22ak5M8C/xM1JGeRo9u1PbxDjlBOhMUNK9Vwn0f4ESU0xI9OSlyqSIDxCEekZKhAnyp/MHpjCY6MMYBhLU0LDmfpzYoK4UmMemE6O9FAtepn4n9dLdXjpT6hIUk0Eni8KUwZ1DLM04IBKgjUbG4KwpOZWiIdIIqxNZiUTgrv48l/Srtfcs1r97rzcuMrjKIJDcAQqwAUXoAFuQBO0AAZT8ARewKv1aD1bb9b7vLVg5TP74Besj28BNJS/</latexit>

Standard MDPs
upper & minimax lower bound

SA�

"2
<latexit sha1_base64="SrrFa9hdgImnyzzRbopUlIJIjIk=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLqxmVF+4Amlsl00g6dR5iZFErIzo2/4saFIm79BXf+jdM2C209cOFwzr3ce08YU6K0635bhaXlldW14nppY3Nre8fe3WsqkUiEG0hQIdshVJgSjhuaaIrbscSQhRS3wuH1xG+NsFRE8Hs9jnHAYJ+TiCCojdS1D/1IQpTeXfqK9BnMUn8EJY4VoYI/VLOuXXYr7hTOIvFyUgY56l37y+8JlDDMNaJQqY7nxjpIodQEUZyV/EThGKIh7OOOoRwyrIJ0+kfmHBul50RCmuLamaq/J1LIlBqz0HQyqAdq3puI/3mdREcXQUp4nGjM0WxRlFBHC2cSitMjEiNNx4ZAJIm51UEDaILRJrqSCcGbf3mRNKsV77RSvT0r167yOIrgAByBE+CBc1ADN6AOGgCBR/AMXsGb9WS9WO/Wx6y1YOUz++APrM8f4A6Z8w==</latexit>

SA�

(1 � �)4"2
<latexit sha1_base64="PnoXARxSyvSWgCjMjK+9f+tFBrc=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoMQBcNuDOgx6sVjRPOAbBJ6J7PJkJnZZWY2EJb8gxd/xYsHRbx68ebfOHkcNFrQUFR1093lR4wq7ThfVmppeWV1Lb2e2djc2t7J7u7VVBhLTKo4ZKFs+KAIo4JUNdWMNCJJgPuM1P3B9cSvD4lUNBT3ehSRFoeeoAHFoI3UyZ54gQSc3F16ivY4jJO8e+r1gHM4bpe8IUgSKcpC0S6OO9mcU3CmsP8Sd05yaI5KJ/vpdUMccyI0ZqBU03Ui3UpAaooZGWe8WJEI8AB6pGmoAE5UK5n+NLaPjNK1g1CaEtqeqj8nEuBKjbhvOjnovlr0JuJ/XjPWwUUroSKKNRF4tiiIma1DexKQ3aWSYM1GhgCW1Nxq4z6YkLSJMWNCcBdf/ktqxYJ7VijelnLlq3kcaXSADlEeuegcldENqqAqwugBPaEX9Go9Ws/Wm/U+a01Z85l99AvWxzexDJ4L</latexit>

SA�

(1 � �)4(1 + �)4
<latexit sha1_base64="kq2J+3rOs5DZjAiybXgtzT6aPsk=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIlWKZqQVdVt24rGgv0KnlTJppQ5OZIckIZehDuPFV3LhQxK0Ld76N6WWhrT8EPv5zDifn9yLOlLbtbyu1tLyyupZez2xsbm3vZHf36iqMJaE1EvJQNj1QlLOA1jTTnDYjSUF4nDa8wdW43nigUrEwuNPDiLYF9ALmMwLaWJ1swfUlkOT2AruK9QTgUZJ3TtweCAHH9+W8U5j6hkedbM4u2hPhRXBmkEMzVTvZL7cbkljQQBMOSrUcO9LtBKRmhNNRxo0VjYAMoEdbBgMQVLWTyVEjfGScLvZDaV6g8cT9PZGAUGooPNMpQPfVfG1s/ldrxdo/bycsiGJNAzJd5Mcc6xCPE8JdJinRfGgAiGTmr5j0waSkTY4ZE4Izf/Ii1EtF57RYuinnKpezONLoAB2iPHLQGaqga1RFNUTQI3pGr+jNerJerHfrY9qasmYz++iPrM8f5BGc0g==</latexit>

S2A

(1 � �)4"2
<latexit sha1_base64="svKhLBS26ZdXIQh8p2LEVl+GhSg=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoOoheEuClpGbSwjGhPIJWFus5cs7u4du3uBcOQn2PhXbCwUsbW089+4+Sg0+mDg8d4MM/OCmDNtXPfLyczNLywuZZdzK6tr6xv5za07HSWK0CqJeKTqAWjKmaRVwwyn9VhREAGnteD+cuTX+lRpFslbM4hpU0BXspARMFZq5/f9UAFJb1ql82F64B35XRACDlsn2O+DorFmPJKt0rCdL7hFdwz8l3hTUkBTVNr5T78TkURQaQgHrRueG5tmCsowwukw5yeaxkDuoUsblkoQVDfT8UNDvGeVDg4jZUsaPFZ/TqQgtB6IwHYKMD09643E/7xGYsKzZspknBgqyWRRmHBsIjxKB3eYosTwgSVAFLO3YtIDm5CxGeZsCN7sy3/JXanoHRdL1yeF8sU0jizaQbvoAHnoFJXRFaqgKiLoAT2hF/TqPDrPzpvzPmnNONOZbfQLzsc3Yn2cMA==</latexit>

Upper bound
[Panaganti and Kalathil]

S2A�

(1 � �)4"2
<latexit sha1_base64="aWrwfQqjZh86oyaOBs1lU9Li4ow=">AAACFnicbVA9SwNBEN3zM8avqKXNYhBiYbg7BS2jNpaKxgRylzC32YtLdveO3T0hHPkVNv4VGwtFbMXOf+MmplDjg4HHezPMzItSzrRx3U9nZnZufmGxsFRcXlldWy9tbN7oJFOE1knCE9WMQFPOJK0bZjhtpoqCiDhtRP2zkd+4o0qzRF6bQUpDAT3JYkbAWKlT2g9iBSS/avsngWY9AcO84u0HPRAC9tqHOLgDRVPNeCLb/rBTKrtVdww8TbwJKaMJLjqlj6CbkExQaQgHrVuem5owB2UY4XRYDDJNUyB96NGWpRIE1WE+fmuId63SxXGibEmDx+rPiRyE1gMR2U4B5lb/9Ubif14rM/FxmDOZZoZK8r0ozjg2CR5lhLtMUWL4wBIgitlbMbkFm5OxSRZtCN7fl6fJjV/1Dqr+5WG5djqJo4C20Q6qIA8doRo6Rxeojgi6R4/oGb04D86T8+q8fbfOOJOZLfQLzvsXUeWe2Q==</latexit>

RMDP is simpler RMDP can be much harder

under TV uncertainty under χ2 uncertainty

The statistical price of robustness depends on the choice of the
uncertainty set! (NeurIPS 2023)
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Thanks!

Statistical RL is a fruitful playground and still going strong!

● Is Q-Learning Minimax Optimal? A Tight Sample Complexity Analysis,
Operations Research, 2024.

● The Blessing of Heterogeneity in Federated Q-Learning: Linear Speedup
and Beyond, short version at ICML 2023.

● The Curious Price of Distributional Robustness in Reinforcement Learning
with a Generative Model, short version at NeurIPS 2023.
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Thanks!

The        Group

https://users.ece.cmu.edu/~yuejiec/
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