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Reinforcement learning (RL)

In RL, an agent learns by interacting with an environment.

• unknown environments

• maximize total rewards

• trial-and-error

• sequential and online
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Recent successes in RL

RL holds great promise in the next era of artificial intelligence.
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Multi-agent reinforcement learning (MARL)

To collaborate or to compete, that is the question.
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Sample efficiency

Collecting data samples might be expensive or time-consuming

nuclear plant autonomous driving online ads

Calls for design of sample-efficient RL algorithms!
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Computational efficiency

Running RL algorithms might take a long time and space

many CPUs / GPUs / TPUs + computing hours

Calls for computationally efficient RL algorithms!
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From asymptotic to non-asymptotic analyses
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Non-asymptotic analyses are key to understand sample and
computational efficiency in modern RL.
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Recent advances in single-agent RL

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

1
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The playground: Markov decision processes
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Recent advances in single-agent RL: model-based

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle
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Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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e.g. policy iteration

Q-value iteration
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Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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All prior results require a sample size of at least tmix|S|2|A|2!
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Plug-in estimators are minimax-optimal

(Sidford et al., 2018; Agarwal et al., 2019; Wang 2019; Li et al., 2020)
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Recent advances in single-agent RL: value-based

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Takeaway message

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
�

t1+3�
cover
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� 1
� +

�
tcover
1≠“

� 1
1≠� poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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t
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(1≠“)5Á2 poly: 1

t� , � � ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Q-learning is not minimax-optimal

(Even-Dar and Mansour, 2013; Wainwright, 2019; Chen et al., 2020; Li et al., 2021)
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Recent advances in single-agent RL: policy-based

0 1000 2000 3000 4000 5000
#iterations

10−8

10−5

10−2

101

∥ ∥ l
og
π

(t
)
−

lo
g
π
? τ

∥ ∥ ∞

Log Policy Difference

Natural Policy Gradient
Policy Gradient

Global convergence of policy gradient methods

(Agarwal et al., 2019; Mei et al., 2020; Cen et al., 2020; Lan, 2021; Xiao, 2022)
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Challenges in MARL: nonstationarity

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

From a single-agent perspective:
the environment is time-varying and nonstationary!
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Challenges in MARL: curse of multiple agents

The explosion of choices:
The joint action space grows exponentially with the agents!
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This talk: two-player zero-sum Markov games
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for any (s, h)

for each (a, b)

empirical model bP
Başar

horizon #actions

H4 H6 A + B AB

V -learning model-based

for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1� ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1

Statistical perspective:
Minimax optimality

under the generative model

Optimization perspective:
Last-iterate convergence of

policy optimization
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Backgrounds: two-player zero-sum Markov games



Competitive games

Go

Black v.s. White

Adversarial Training

Noise v.s. Neural Net

Generative Adversarial Networks

Generator v.s. Discriminator
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Zero-sum two-player matrix game

0 -1 1

1 0 -1

-1 1 0

Zero-sum two-player matrix game

max
µ∈∆(A)

min
ν∈∆(B)

µ>Aν

• A, B: action space of the two players;

• µ ∈ ∆(A), ν ∈ ∆(B): policies of the two players;

• ∆(A), ∆(B): set of probability distribution over A, B;

• A ∈ R|A|×|B|: payoff matrix.
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Two-player zero-sum Markov games (finite-horizon)

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

1

max-player

min-player

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1
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Value function of policy pair

µ: policy of max-player; ν: policy of min-player

…
rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

sh+1
<latexit sha1_base64="ZfT6YP2aEEUpm0t5a5+PNask+AA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEErSCnosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6phBNr7yZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvXq1drDdaVRy+MowhmcwyV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/x+Y9C</latexit>

sh
<latexit sha1_base64="oVl32VAwC/umrIklSS9RQN/K1po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSbwb5eDao1ty6uwBZJ15BalCgNah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPbIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ20G3Xvqt54uK41G0UcZTiDc7gED26gCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz8Yvo7S</latexit>

sh+2
<latexit sha1_base64="rPK+ZOXiw9HTggeBKNiy5HHIlUA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmioMeCF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1Fiprfv56NKf9itVt+bOQVaJV5AqFGj0K1+9QcKyGKVhgmrd9dzUBDlVhjOB03Iv05hSNqZD7FoqaYw6yOfnTsm5VQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0W2Qc5lmBiVbLIoyQUxCZr+TAVfIjJhYQpni9lbCRlRRZmxCZRuCt/zyKmn5Ne+q5j9cV+t+EUcJTuEMLsCDG6jDPTSgCQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AHzfo9D</latexit>

sH
<latexit sha1_base64="P+GMOR+y3+TBuUlZeS9dFBktZyw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw0mMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5n/udJ1SaJ/LRTFMMYjqSPOKMGiv5epA3Z4NK1a25C5B14hWkCgVag8pXf5iwLEZpmKBa9zw3NUFOleFM4KzczzSmlE3oCHuWShqjDvLFsTNyaZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQX5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT9mG4K2+vE7a9Zp3Xas/3FQb9SKOEpzDBVyBB7fQgCa0wAcGHJ7hFd4c6bw4787HsnXDKWbO4A+czx/oD46y</latexit>

rh<latexit sha1_base64="4pl7QP4dm4375Se8qUF9gIeBWmU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3owHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBUNI3L</latexit>

rh+1
<latexit sha1_base64="+ygye+EPvnkLty8s++TAN+4picM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTXIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/yPY9H</latexit>

rh+2
<latexit sha1_base64="mx95/d+zx7Jxx+pPBIrECKJh6J0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6uhBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/zwo9I</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>ah<latexit sha1_base64="r0+UtYphj7TrxJD94raOKxsCU9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfy0UwT5kc4kjzkFI2VHnAwHpQrbtVdgKwTLycVyNEclL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny1OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easO5nXCapYZIuF4WpICYm87/JkCtGjZhaglRxeyuhY1RIjU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwA6To26</latexit>

ah+1
<latexit sha1_base64="tKrUsVefmbOCwxkYmz2vbbCciyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTrIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/YE482</latexit>

ah+2
<latexit sha1_base64="kvJPdSfLXNBNkZ4Jsr9RicgeEYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6tBBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/ZmI83</latexit>
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Value function of policy pair (µ, ν):

V µ,ν(s) := E

[
H∑

t=1

rt(st, at, bt)
∣∣∣ s1 = s

]

• {(at, bt, st+1)}: generated when max-player and min-player
execute policies µ and ν independently (i.e. no coordination)
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Value function of policy pair

µ: policy of max-player; ν: policy of min-player

…
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Value function of policy pair (µ, ν):
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• {(at, bt, st+1)}: generated when max-player and min-player
execute policies µ and ν independently (i.e. no coordination)
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b
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• Each agent seeks optimal policy maximizing her own interest

• But two agents have conflicting goals . . .

Zero-sum two-player Markov game

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν(s)
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Nash equilibrium (NE)

John von Neumann John Nash

An NE policy pair (µ?, ν?) obeys

max
µ

V µ,ν? = V µ?,ν? = min
ν
V µ?,ν

• no unilateral deviation is beneficial

• no coordination between two agents (they act independently)

Goal: efficiently learn the NE statistically and computationally
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Nash equilibrium (NE)

John von Neumann John Nash

An ε-NE policy pair (µ̂, ν̂) obeys

max
µ

V µ, ν̂ − ε ≤ V µ̂, ν̂ ≤ min
ν
V µ̂, ν + ε

• no unilateral deviation is beneficial

• no coordination between two agents (they act independently)

Goal: efficiently learn the NE statistically and computationally
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A statistical perspective:
Minimax-optimal sample complexity under the

generative model

Gen Li Yuxin Chen Yuting Wei

UPenn UPenn UPenn

“Minimax-optimal multi-agent RL in Markov games with a generative model,”

G. Li, Y. Chi, Y. Wei, Y. Chen, NeurIPS 2022



Model-based approach w/ non-adaptive sampling

(Zhang et al., 2020)

Call generative model
N times

Sampling mechanism: a generative model / simulator

— Kearns, Singh ’99

One can query the generative model with any state-action-step
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Breaking the curse of multi-agents?

(Song, Mei, Bai, 2021; Jin et al., 2021; Basar et al., 2021)
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• S = [S]: state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) œ [0, 1]

immediate reward:

min-player ≠r(s, a, b)
• µ : S ◊ [H] æ �(A): policy of max-player

‹ : S ◊ [H] æ �(B): policy of min-player
• Ph(· | s, a, b): unknown transition probabilities
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V-learning (online setting): MARL meets adversarial learning:
for the max-player, for h = 1, . . . ,H

1. adaptive sampling: sampling A based on µh(·|s)
2. estimate V-function only with Hoeffding bonus (of size S)

3. update policy via adversarial learning subroutine, e.g. FTRL

sample complexity: H6S(A+B)
ε2

24
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• S = [S]: state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player
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V-learning (online setting): MARL meets adversarial learning:
for the max-player, for h = 1, . . . ,H

1. adaptive sampling: sampling A based on µh(·|s)
2. estimate V-function only with Hoeffding bonus (of size S)

3. update policy via adversarial learning subroutine, e.g. FTRL

sample complexity: H6S(A+B)
ε2
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• S = [S]: state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) œ [0, 1]

immediate reward:

min-player ≠r(s, a, b)
• µ : S ◊ [H] æ �(A): policy of max-player

‹ : S ◊ [H] æ �(B): policy of min-player
• Ph(· | s, a, b): unknown transition probabilities
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Nash-Q-FTRL (ours): for the max-player, for h = H, . . . , 1

• collect k = 1, . . . ,K samples:

1. adaptive sampling: sample A based on µkh(·|s)
2. estimate single-agent Q-function Qh(s, ·) via Q-learning
3. update policy µk+1

h (·|s) via FTRL

• output a Markov policy µh and Vh with Bernstein bonuses
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• S = [S]: state space • A = [A]: action space of max-player
• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) œ [0, 1]

immediate reward:

min-player ≠r(s, a, b)
• µ : S ◊ [H] æ �(A): policy of max-player

‹ : S ◊ [H] æ �(B): policy of min-player
• Ph(· | s, a, b): unknown transition probabilities

7/ 22

Nash-Q-FTRL (ours): for the max-player, for h = H, . . . , 1

• collect k = 1, . . . ,K samples:

1. adaptive sampling: sample A based on µkh(·|s)
2. estimate single-agent Q-function Qh(s, ·) via Q-learning
3. update policy µk+1

h (·|s) via FTRL

• output a Markov policy µh and Vh with Bernstein bonuses
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Main result: two-player zero-sum Markov games

Theorem (Li, Chi, Wei, Chen ’22)

For any 0 < ε ≤ H, the policy pair (µ̂, ν̂) returned by the proposed
algorithm is ε-Nash, with sample complexity at most

Õ

(
H4S(A+B)

ε2

)
.

• minimax lower bound: Ω̃
(H4S(A+B)

ε2

)

• breaks curse of multi-agents & long-horizon barrier at once!

• full ε-range (no burn-in cost)

• other features: Markov policy, decentralized, . . .
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for any (s, h)

for each (a, b)

empirical model bP
Başar

horizon #actions

H4 H6 A + B AB

V -learning model-based

for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1� ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1

Our algorithm breaks curses of multi-agents and long-horizon
barrier simultaneously!



Extension: multi-player general-sum Markov games

Theorem (Li, Chi, Wei, Chen ’22)

For any 0 < ε ≤ H, the joint policy π̂ returned by the proposed
algorithm is ε-CCE, with sample complexity at most

Õ

(
H4S

∑
iAi

ε2

)

• minimax lower bound: Ω̃
(
H4Smaxi Ai

ε2

)

• near-optimal when the number of players m is fixed
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An optimization lens: last-iterate convergence of
policy optimization with entropy regularization

Shicong Cen Yuting Wei Lin Xiao Simon Du

CMU UPenn Meta AI UW

“Fast policy extragradient methods for competitive games with entropy

regularization,” S. Cen, Y. Wei, Y. Chi, NeurIPS 2021.

“Faster last-iterate convergence of policy optimization in zero-sum Markov games,”

S. Cen, Y. Chi, S. Du, L. Xiao, 2022.



Policy optimization: saddle-point optimization

Zero-sum two-player Markov game

Given an initial state distribution s ∼ ρ, find policy π such that

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν(ρ) := Es∼ρ[V µ,ν(s)]

Can we design a policy optimization method that guarantees
fast last-iterate convergence?

31



Entropy regularization in MARL

…
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⇠
⇠

Promote the stochasticity of the policy pair using the “soft” value
function (Williams and Peng, 1991; Cen et al., 2020):

V µ,ντ (s) := E

[
H∑

h=1

(
rt + τH(µt(·|st)− τH(νt(·|st)

) ∣∣∣ s0 = s

]
,

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
τ (ρ)
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Entropy regularization in MARL

…
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sh+2
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rh<latexit sha1_base64="4pl7QP4dm4375Se8qUF9gIeBWmU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3owHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBUNI3L</latexit>
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aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>ah<latexit sha1_base64="r0+UtYphj7TrxJD94raOKxsCU9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfy0UwT5kc4kjzkFI2VHnAwHpQrbtVdgKwTLycVyNEclL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny1OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easO5nXCapYZIuF4WpICYm87/JkCtGjZhaglRxeyuhY1RIjU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwA6To26</latexit>

ah+1
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⇠
⇠

Promote the stochasticity of the policy pair using the “soft” value
function (Williams and Peng, 1991; Cen et al., 2020):

V µ,ντ (s) := E

[
H∑

h=1

(
rt + τH(µt(·|st)− τH(νt(·|st)

) ∣∣∣ s0 = s

]
,

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
τ (ρ)

32



Quantal response equilibrium (QRE)

Quantal response equilibrium (McKelvey and
Palfrey, 1995)

The quantal response equilibrium (QRE) is the policy
pair (µ?τ , ν

?
τ ) that is the unique solution to

max
µ∈∆(A)|S|

min
ν∈∆(B)|S|

V µ,ν
τ (ρ).

• Unlike NE, QRE assumes bounded rationality: action
probability follows the logit function.

Translating to an ε-NE: setting τ � Õ (ε/H).
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Soft value iteration

Soft value iteration: for h = H, . . . , 1

Qh(s, a, b)←rh(s, a, b)+

· E
s′∼Ph(·|s,a,b)

[
max
µ

min
ν
µ(s′)>Qh+1(s′)ν(s′) + τH(µ(s′))− τH(ν(s′))

︸ ︷︷ ︸
Entropy-regularized matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B.

Entropy-regularized matrix game

max
µ∈∆(A)

min
ν∈∆(B)

µ>Aν + τH(µ)− τH(ν)
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A prelude: entropy-regularized matrix game

Optimistic multiplicative weights update (OMWU) method
(Related to OMD, Rakhlin and Sridharan, 2013): for t = 0, 1, · · · ,

predict :

{
µ̄(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t)]/τ

)ητ

ν̄(t+1) ∝ [ν(t)]1−ητ exp
(
−[A>µ̄(t)]/τ

)ητ

update :

{
µ(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t+1)]/τ

)ητ

ν(t+1) ∝ [ν(t)]1−ητ exp
(
−[A>µ̄(t+1)]/τ

)ητ

Theorem (Cen, Wei, Chi, 2021)

Suppose that η ≤ min
{

1
2τ+2‖A‖∞ ,

1
4‖A‖∞

}
, then for all t ≥ 0, the

last-iterate converges to ε-QRE within Õ
(

1
ητ log 1

ε

)
iterations.

Linear, last-iterate convergence to the QRE!
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Optimistic multiplicative weights update (OMWU) method
(Related to OMD, Rakhlin and Sridharan, 2013): for t = 0, 1, · · · ,

predict :

{
µ̄(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t)]/τ

)ητ

ν̄(t+1) ∝ [ν(t)]1−ητ exp
(
−[A>µ̄(t)]/τ

)ητ

update :

{
µ(t+1) ∝ [µ(t)]1−ητ exp

(
[Aν̄(t+1)]/τ

)ητ

ν(t+1) ∝ [ν(t)]1−ητ exp
(
−[A>µ̄(t+1)]/τ

)ητ

Theorem (Cen, Wei, Chi, 2021)

Suppose that η ≤ min
{

1
2τ+2‖A‖∞ ,

1
4‖A‖∞

}
, then for all t ≥ 0, the

last-iterate converges to ε-QRE within Õ
(

1
ητ log 1

ε

)
iterations.

Linear, last-iterate convergence to the QRE!
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Soft value iteration via nested-loop OMWU

Soft value iteration: for h = H, . . . , 1

Qh(s, a, b)←rh(s, a, b)+

· E
s′∼Ph(·|s,a,b)

[
max
µ

min
ν
µ(s′)>Qh+1(s′)ν(s′) + τH(µ(s′))− τH(ν(s′))

︸ ︷︷ ︸
Entropy-regularized matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B.

Nested-loop approach:

Periodic value update Policy update via 
OMWU

<latexit sha1_base64="qBTfu2CF2Dk10/j5qyqexTS9Ur4=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4MQEcJMEPUY9KK3BM0CSRh6OpWkSc9Cd40Yhhy9+CtePCji1U/w5t/YWQ4afVDweK+KqnpeJIVG2/6yUguLS8sr6dXM2vrG5lZ2e6emw1hxqPJQhqrhMQ1SBFBFgRIakQLmexLq3uBy7NfvQGkRBrc4jKDts14guoIzNJKb3a+4fdrqAWraQrhHxOSmdj3KV9ykf+yMjtxszi7YE9C/xJmRHJmh7GY/W52Qxz4EyCXTuunYEbYTplBwCaNMK9YQMT5gPWgaGjAfdDuZPDKih0bp0G6oTAVIJ+rPiYT5Wg99z3T6DPt63huL/3nNGLvn7UQEUYwQ8OmibiwphnScCu0IBRzl0BDGlTC3Ut5ninE02WVMCM78y39JrVhwTgvFykmudDGLI032yAHJE4eckRK5ImVSJZw8kCfyQl6tR+vZerPep60pazazS37B+vgGfMiY/w==</latexit>

Qh  SVI(Qh+1)

However, not easy to use in online settings...
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A two-timescale single-loop approach?

Soft value iteration: for h = H, . . . , 1

Qh(s, a, b)←rh(s, a, b)+

· E
s′∼Ph(·|s,a,b)

[
max
µ

min
ν
µ(s′)>Qh+1(s′)ν(s′) + τH(µ(s′))− τH(ν(s′))

︸ ︷︷ ︸
Entropy-regularized matrix game

]
,

where Qh(s) = [Qh(s, ·, ·)] ∈ RA×B.

Single-loop, two-timescale approach:

Smooth value update Policy update via 
OMWU
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Main result: episodic setting

Theorem (Cen, Chi, Du, Xiao, 2022)

The last-iterate of the two-timescale single-loop algorithm finds an
ε-QRE in

Õ

(
H2

τ
log

1

ε

)

iterations, corresponding to Õ
(
H3

ε

)
iterations for finding an ε-NE.

• First last-iterate convergence result for the episodic setting.

• Almost dimension-free: independent of the size of the
state-action space.
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Main result: discounted setting

Theorem (Cen, Chi, Du, Xiao, 2022)

For the infinite-horizon γ-discounted setting, the last-iterate of the
single-loop algorithm finds an ε-QRE in

Õ

(
S

(1− γ)4τ
log

1

ε

)

iterations, and in Õ
(

S
(1−γ)5ε

)
iterations for finding an ε-NE.

• This significantly improves upon the prior art Õ
(
S5(A+B)1/2

(1−γ)16c4ε2

)

of (Wei et al., 2021) and Õ
(

S2‖1/ρ‖5
(1−γ)14c4ε3

)
of (Zeng et al.,

2022) in all parameter dependencies.
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0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>
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V -learning model-based

for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1� ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1

Understanding MARL: confluence of optimization, learning,
statistics, control and game theory!

Future directions:

• function approximation

• constrained MARL

• offline RL

• many more...
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Thank you!

https://users.ece.cmu.edu/~yuejiec/
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