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Empirical Risk Minimization (ERM)

Given a set of data M,

minimizex f(x) =
1

N

∑

z∈M
`(x; z)

Here, N = number of total samples.

• convex: least squares, logistic regression

• non-convex: PCA, training neural networks (focus of this talk)
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Distributed ERM

Distributed/Federated learning: due to privacy and scalability, data
are distributed at multiple locations / workers / agents.

Let M = ∪iMi be a data partition with equal splitting:

f(x) :=
1

n

n∑
i=1

fi(x), where fi(x) :=
1

(N/n)

∑
z∈Mi

`(x;z).

f1(x)

f2(x)

f3(x)

f4(x)

f5(x)
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n = number of agents

N/n︸︷︷︸
m

= number of local samples



Challenges in federated/decentralized learning

• Communication efficiency: limited bandwidth, stragglers, ...

• Heterogeneity: non-iid data across the agents

• Privacy: does not come for free without sharing data
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Communication efficiency

Communication cost = Communication rounds × Cost per round

• Local method: perform more local computation to reduce
communication rounds, e.g. FedAvg (McMahan et al., 2016).

• Communication compression: compress the message into fewer
bits, e.g. sparsification or quantization (Alistarh et al., 2017).

We will focus on communication compression methods.
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Two distributed schemes
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A prelude: what should we compress?

f1(x)

f2(x)

f3(x)

f4(x)

f5(x)

rf1(x
t)

rf2(x
t)

rf3(x
t)

rf4(x
t)

rf5(x
t)

What about

xt+1 = xt − η 1
n

n∑

i=1

C(∇fi(xt))?

Somewhat surprisingly, direct compression doesn’t work!
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A counter-example

Consider n = 3 and let fi(x) = (a>i x)
2 + 1

2‖x‖2, where
a1 = (−4, 3, 3)>, a2 = (3,−4, 3)> and a3 = (3, 3,−4)>.

Zhize Li

• Let x0 = (b, b, b), and the compressor be top1,

∇f1(x0) = b(−15, 13, 13)> −→ C(∇f1(x0)) = b(−15, 0, 0)>

∇f2(x0) = b(13,−15, 13)> −→ C(∇f2(x0)) = b(0,−15, 0)>

∇f3(x0) = b(13, 13,−15)> −→ C(∇f3(x0)) = b(0, 0,−15)>

• The next iteration

x1 = x0 − η 1
3

3∑

i=1

C(∇fi(x0)) = (1 + 5η)x0,

and then xt = (1 + 5η)tx0 diverges exponentially.
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A better scheme: shift compression

(Stich et al., 2018; Richtárik et al., 2021)

• Model update:

xt+1 = xt − η

n

n∑

i=1

gti

— gti is the compressed surrogate of ∇fi(xt)

• Update gti with a shift compression:

gt+1
i = gti + C(∇fi(xt+1)− gti)︸ ︷︷ ︸

difference compression

— gti is constructed accumulatively over time

We’ll consider algorithms using shift compression!
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BEER: Fast Decentralized Nonconvex Optimization
with Communication Compression

Haoyu Zhao Boyue Li Zhize Li Peter Richtarik
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Prior art
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CHOCO-SGD (Koloskova et al., 2019) / DeepSqueeze (Tang et al., 2019):

• slow convergence rates (need more communication rounds) and

• Incompatible with heterogeneity: bounded gradient or dissimilarity
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Decentralized gradient descent: a naive extension

Centralized Gradient Descent (GD):

xt = xt−1 − η∇f(xt−1)

Constant step size, linear convergence for strongly convex problems.

Decentralized Gradient Descent (DGD):

xti =
∑

j
wijx

t−1
j

︸ ︷︷ ︸
mixing

−η∇fi(xt−1i )
︸ ︷︷ ︸
local gradient

Constant step size, does not converge!

At optimal point x? : ∇f(x?) = 0, but ∇fi(x?) 6= 0

How do we fix this?
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DGD with gradient tracking

Use dynamic average consensus (Zhu and Martinez, 2010) to track the global
gradient sti:

xti =
∑

j
wijx

t−1
j

︸ ︷︷ ︸
mixing

−ηsti

sti =
∑

j
wijs

t−1
i

︸ ︷︷ ︸
mixing

+∇fi(xti)−∇fi(xt−1i )
︸ ︷︷ ︸

gradient tracking

This trick, and other alternatives, have been used extensively to fix the
non-convergence issue in decentralized optimization.

• EXTRA (Shi, Ling, Wu and Yin, 2015); NEXT (Di Lorenzo and Scutari, 2016);
NIDS (Li, Shi, Yan, 2017); ADD-OPT (Xi, Xin, and Khan, 2017); DIGING
(Nedic, Olshevsky, and Shi, 2017); DGD (Qu and Li, 2018);

• many, many more...
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BEER: gradient tracking + shift compression

X = [x1,x2, · · · ,xn]: local models.
∇F (X) = [∇f1(x1),∇f2(x2), · · · ,∇fn(xn)]: local gradients.

• model update:

Xt+1 = Xt + γHt(W − I)︸ ︷︷ ︸
mixing

−η V t
︸︷︷︸

gradient

where Ht is the accumulated compressed surrogate of Xt, and V t

is the global gradient estimates across the agents.

• gradient tracking:

V t+1 = V t + γGt(W − I)︸ ︷︷ ︸
mixing

+∇F (Xt+1)−∇F (Xt)︸ ︷︷ ︸
gradient tracking

,

where Gt is the accumulated compressed surrogate of V t.

• Both Ht and Gt are updated using shift compression.
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Theoretical convergence of BEER

Theorem (Zhao et al., 2022)

To achieve E‖∇f(xoutput)‖2 ≤ ε, BEER requires at most

O

(
1

ρ3αε

)

communication rounds, without the bounded gradient assumption. Here,
α is the compression ratio, β is the spectral gap of the network.
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BEER converges at the rate O
(
1
ε

)
under arbitrary heterogeneity!
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O

✓
1

"

◆
x

BEER converges at the rate O
(
1
ε

)
under arbitrary heterogeneity!
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BEER vs CHOCO-SGD
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Figure: Training gradient norm and testing accuracy against communication
rounds for classification on the unshuffled MNIST dataset using a simple neural
network. Both BEER and CHOCO-SGD employ the biased gsgdb compression
with b = 20.
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SoteriaFL: A Unified Framework for Private FL with
Communication Compression

Zhize Li Haoyu Zhao Boyue Li

CMU Princeton CMU



Motivation: a unified framework?

• Privacy: need to preserve the
privacy of local data

• Communication: shift
compression with many options,
e.g. sparsification or quantization

• Computation: stochastic local
gradient estimators with many
options, e.g. SGD, SVRG or SAGA

f1(x)

f2(x)

f3(x)

f4(x)

f5(x)

Can we develop a unified framework for private FL with compression,
with a characterization of the privacy-utility-communication trade-off?

18



Motivation: a unified framework?

• Privacy: need to preserve the
privacy of local data

• Communication: shift
compression with many options,
e.g. sparsification or quantization

• Computation: stochastic local
gradient estimators with many
options, e.g. SGD, SVRG or SAGA

f1(x)

f2(x)

f3(x)

f4(x)

f5(x)

Can we develop a unified framework for private FL with compression,
with a characterization of the privacy-utility-communication trade-off?

18



SoteriaFL: a unified framework for compressed private FL

Highlights of SoteriaFL:

• Flexible local gradient estimators

• Protect local data privacy

• State-of-the-art shift compression scheme

• Privacy-utility-communication trade-offs

At each client:

Local gradient 
estimator

Gaussian 
mechanism Shift compression Shift update

At the server:

Aggregation Model update Global shift update
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Privacy-utility-communication trade-off

<latexit sha1_base64="+R13ut+83vSzdYOk2qqgr1KvkL0=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVUmFgLGChbFI9CE1UeW4TmvVeWDfIKooMwu/wsIAQqx8ARt/g9NmgJYjWTo651xd3+PFgiuwrG+jtLS8srpWXq9sbG5t75i7e20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPFV7nfumVQ8Cm9hEjM3IMOQ+5wS0FLfPHTUnYTUAfYAyk9pFOhxlcexzCNZ1jerVs2aAi8SuyBVVKDZN7+cQUSTgIVABVGqZ1sxuCmRwKlgWcVJFIsJHZMh62kakoApN52ekuFjrQywH0n9QsBT9fdESgKlJoGnkwGBkZr3cvE/r5eAf+GmPIwTYCGdLfITgSHCeS94wCWjICaaECq5/iumIyIJBd1eRZdgz5+8SNr1mn1Wq9+cVhuXRR1ldICO0Amy0TlqoGvURC1E0SN6Rq/ozXgyXox342MWLRnFzD76A+PzB2lYm/0=</latexit>p
compression ratio

<latexit sha1_base64="b3q5h9qxnj14Hbmi0N6cH0rcJVw=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9FLx4r2A9oQplst+3SzSbuToQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MBFco+t+Wyura+sbm4Wt4vbO7l7J3j9o6jhVlDVoLGLVDkEzwSVrIEfB2oliEIWCtcLRzdRvPTKleSzvcZywIIKB5H1OAY3UtUsVXz8ozHwQyRAmp1277FbdGZxl4uWkTHLUu/aX34tpGjGJVIDWHc9NMMhAIaeCTYp+qlkCdAQD1jFUQsR0kM0OnzgnRuk5/ViZkujM1N8TGURaj6PQdEaAQ73oTcX/vE6K/asg4zJJkUk6X9RPhYOxM03B6XHFKIqxIUAVN7c6dAgKKJqsiiYEb/HlZdI8q3oXVffuvFy7zuMokCNyTCrEI5ekRm5JnTQIJSl5Jq/kzXqyXqx362PeumLlM4fkD6zPH6jjkxc=</latexit>

(
p
↵)

<latexit sha1_base64="gEBWVHmc9w5g897ZjyPLNBgP2YY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbbbt0s0l3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGW+wWMa6FVLDpVC8gQIlbyWa0yiU/Ckc3s38pzHXRsTqEScJDyLaV6InGEUrBb4Zacx8KpMBnXbKFbfqzkFWiZeTCuSod8pffjdmacQVMkmNaXtugkFGNQom+bTkp4YnlA1pn7ctVTTiJsjmR0/JmVW6pBdrWwrJXP09kdHImEkU2s6I4sAsezPxP6+dYu8myIRKUuSKLRb1UkkwJrMESFdozlBOLKFMC3srYQOqKUObU8mG4C2/vEqaF1Xvquo+XFZqt3kcRTiBUzgHD66hBvdQhwYwGMEzvMKbM3ZenHfnY9FacPKZY/gD5/MHZLGSgQ==</latexit>p
↵

<latexit sha1_base64="UwoJQcg/ZvZrwEBRcgg+brU7YpY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyVRUZdFNy4r2Ac0sUymk3boZBJnboQSght/xY0LRdz6Fe78G6ePhbYeuHA4517uvSdIBNfgON9WYWFxaXmluFpaW9/Y3LK3dxo6ThVldRqLWLUCopngktWBg2CtRDESBYI1g8HVyG8+MKV5LG9hmDA/Ij3JQ04JGKlj73mhIjRz88zT9woyj4ikT+5O8rxjl52KMwaeJ+6UlNEUtY795XVjmkZMAhVE67brJOBnRAGnguUlL9UsIXRAeqxtqCQR0342fiHHh0bp4jBWpiTgsfp7IiOR1sMoMJ0Rgb6e9Ubif147hfDCz7hMUmCSThaFqcAQ41EeuMsVoyCGhhCquLkV0z4xmYBJrWRCcGdfnieN44p7VnFuTsvVy2kcRbSPDtARctE5qqJrVEN1RNEjekav6M16sl6sd+tj0lqwpjO76A+szx8FC5fU</latexit>

1p
↵3

Under (ε, δ) local differential privacy:

• Utility/accuracy:

√
α log(1/δ)

ε
• Communication: ε√

α3 log(1/δ)
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Summary

<latexit sha1_base64="90xR828AMjB3PUnBuZkQ8bQysSI=">AAAB9XicbVDLSgNBEJz1GeMr6tHLkCAIQtz1oB6DXjxGMA/IrmF20psMmZ1ZZmYjS8hfePDiQRGv/ou3/I2Tx0ETCxqKqm66u8KEM21cd+ysrK6tb2zmtvLbO7t7+4WDw7qWqaJQo5JL1QyJBs4E1AwzHJqJAhKHHBph/3biNwagNJPiwWQJBDHpChYxSoyVHj187g+IgkQzLkW7UHLL7hR4mXhzUqoU/bPncSWrtgvffkfSNAZhKCdatzw3McGQKMMoh1HeTzUkhPZJF1qWChKDDobTq0f4xCodHEllSxg8VX9PDEmsdRaHtjMmpqcXvYn4n9dKTXQdDJlIUgOCzhZFKcdG4kkEuMMUUMMzSwhVzN6KaY8oQo0NKm9D8BZfXib1i7J3WXbvbRo3aIYcOkZFdIo8dIUq6A5VUQ1RpNALekPvzpPz6nw4n7PWFWc+c4T+wPn6AQ0slTU=</latexit>

1/"

<latexit sha1_base64="ROOpLZpelk0GVQP+G2k5gIbkNxk="></latexit>

O

✓
G

"3/2

◆

<latexit sha1_base64="h1kM/Ir4bCqI1c65ECgJBtmgfbA=">AAACEnicbVC7SgNBFJ31bXxFLW0GgxCbsGuhlj4aOxXMA7IhzE7uJoOzs8vMXSEs+w02/onYWChia2Vn4b84eRSaeODC4Zx7ufeeIJHCoOt+OTOzc/MLi0vLhZXVtfWN4uZWzcSp5lDlsYx1I2AGpFBQRYESGokGFgUS6sHt+cCv34E2IlY32E+gFbGuEqHgDK3ULu5nl9SXEGKZ+qFmPPPyzL9jGhIjZKxy6mvR7eE+zdvFkltxh6DTxBuT0smp+/i9+aKu2sVPvxPzNAKFXDJjmp6bYCtjGgWXkBf81EDC+C3rQtNSxSIwrWz4Uk73rNKhYaxtKaRD9fdExiJj+lFgOyOGPTPpDcT/vGaK4XErEypJERQfLQpTSTGmg3xoR2jgKPuWMK6FvZXyHrPJoE2xYEPwJl+eJrWDindYca9tGmdkhCWyQ3ZJmXjkiJyQC3JFqoSTe/JEXsir8+A8O2/O+6h1xhnPbJM/cD5+AI4ZoRU=</latexit>

O

✓
1

"

◆
x

<latexit sha1_base64="+R13ut+83vSzdYOk2qqgr1KvkL0=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVUmFgLGChbFI9CE1UeW4TmvVeWDfIKooMwu/wsIAQqx8ARt/g9NmgJYjWTo651xd3+PFgiuwrG+jtLS8srpWXq9sbG5t75i7e20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPFV7nfumVQ8Cm9hEjM3IMOQ+5wS0FLfPHTUnYTUAfYAyk9pFOhxlcexzCNZ1jerVs2aAi8SuyBVVKDZN7+cQUSTgIVABVGqZ1sxuCmRwKlgWcVJFIsJHZMh62kakoApN52ekuFjrQywH0n9QsBT9fdESgKlJoGnkwGBkZr3cvE/r5eAf+GmPIwTYCGdLfITgSHCeS94wCWjICaaECq5/iumIyIJBd1eRZdgz5+8SNr1mn1Wq9+cVhuXRR1ldICO0Amy0TlqoGvURC1E0SN6Rq/ozXgyXox342MWLRnFzD76A+PzB2lYm/0=</latexit>p
compression ratio

<latexit sha1_base64="b3q5h9qxnj14Hbmi0N6cH0rcJVw=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURUY9FLx4r2A9oQplst+3SzSbuToQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MBFco+t+Wyura+sbm4Wt4vbO7l7J3j9o6jhVlDVoLGLVDkEzwSVrIEfB2oliEIWCtcLRzdRvPTKleSzvcZywIIKB5H1OAY3UtUsVXz8ozHwQyRAmp1277FbdGZxl4uWkTHLUu/aX34tpGjGJVIDWHc9NMMhAIaeCTYp+qlkCdAQD1jFUQsR0kM0OnzgnRuk5/ViZkujM1N8TGURaj6PQdEaAQ73oTcX/vE6K/asg4zJJkUk6X9RPhYOxM03B6XHFKIqxIUAVN7c6dAgKKJqsiiYEb/HlZdI8q3oXVffuvFy7zuMokCNyTCrEI5ekRm5JnTQIJSl5Jq/kzXqyXqx362PeumLlM4fkD6zPH6jjkxc=</latexit>

(
p
↵)

<latexit sha1_base64="gEBWVHmc9w5g897ZjyPLNBgP2YY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKthaaUDbbbbt0s0l3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGW+wWMa6FVLDpVC8gQIlbyWa0yiU/Ckc3s38pzHXRsTqEScJDyLaV6InGEUrBb4Zacx8KpMBnXbKFbfqzkFWiZeTCuSod8pffjdmacQVMkmNaXtugkFGNQom+bTkp4YnlA1pn7ctVTTiJsjmR0/JmVW6pBdrWwrJXP09kdHImEkU2s6I4sAsezPxP6+dYu8myIRKUuSKLRb1UkkwJrMESFdozlBOLKFMC3srYQOqKUObU8mG4C2/vEqaF1Xvquo+XFZqt3kcRTiBUzgHD66hBvdQhwYwGMEzvMKbM3ZenHfnY9FacPKZY/gD5/MHZLGSgQ==</latexit>p
↵

<latexit sha1_base64="UwoJQcg/ZvZrwEBRcgg+brU7YpY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyVRUZdFNy4r2Ac0sUymk3boZBJnboQSght/xY0LRdz6Fe78G6ePhbYeuHA4517uvSdIBNfgON9WYWFxaXmluFpaW9/Y3LK3dxo6ThVldRqLWLUCopngktWBg2CtRDESBYI1g8HVyG8+MKV5LG9hmDA/Ij3JQ04JGKlj73mhIjRz88zT9woyj4ikT+5O8rxjl52KMwaeJ+6UlNEUtY795XVjmkZMAhVE67brJOBnRAGnguUlL9UsIXRAeqxtqCQR0342fiHHh0bp4jBWpiTgsfp7IiOR1sMoMJ0Rgb6e9Ubif147hfDCz7hMUmCSThaFqcAQ41EeuMsVoyCGhhCquLkV0z4xmYBJrWRCcGdfnieN44p7VnFuTsvVy2kcRbSPDtARctE5qqJrVEN1RNEjekav6M16sl6sd+tj0lqwpjO76A+szx8FC5fU</latexit>

1p
↵3

Provably efficient communication-compressed FL algorithms for
heterogeneous and private data!

Future work:

• privacy-preserving decentralized algorithms under data heterogeneity.
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Thank you!
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