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Sensing, computing, and imaging advances

New imaging/sensing modalities allow us to probe the nature in
unprecedented manners.

Radio&astronomy

healthcare

hyperspectral

Internet&traffic

seismic&imaging

microscopy

The large amount of data brings exciting opportunities that call for
new tools that are scalable in computation and memory.
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Low-rank matrices in data science
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radar imaging recommendation systems

localization community detection bioinformatics

hyperspectral imaging 

Low-rank representations encode latent structures
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A canonical problem: low-rank matrix sensing
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rank(M) = r linear map

y = A(M) + noise

Recover M in the sample-starved regime:

(n1 + n2)r︸ ︷︷ ︸
degree of freedom

≲ m︸︷︷︸
sensing budget

≪ n1n2︸︷︷︸
ambient dimension
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Convex relaxation via nuclear norm minimization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

cvx surrogate

min
Z∈Rn1×n2

∥Z∥∗
s.t. y ≈ A(Z)

where ∥ · ∥∗ is the nuclear norm.

Significant developments in the last decade:

Fazel ’02, Recht, Parrilo, Fazel ’10, Candès, Recht ’09, Candès, Tao ’10, Cai et al. ’10, Gross ’10,

Negahban, Wainwright ’11, Sanghavi et al. ’13, Chen, Chi ’14, ...

Poor scalability: operate in the ambient matrix space
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Low-rank matrix factorization

min
Z∈Rn1×n2

rank(Z) s.t. y ≈ A(Z)

min
rank(Z)=r

1

2
∥y −A(Z)∥22

more scalable,
but nonconvex!

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·
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Nonconvex problems are hard (in theory)!
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Statistics meets optimization

Statistical model

worst case average case

Simple algorithms can be efficient for nonconvex problems!

Vanilla gradient descent (GD):

xt+1 = xt − η∇f(xt)

for t = 0, 1, . . .
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Low-rank matrix sensing: GD with balancing regularization

min
X,Y

f

freg

(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥2
2
=

1

2

∥∥∥A(M −XY ⊤)
∥∥∥2
2

+
1

8

∥∥∥X⊤X − Y ⊤Y
∥∥∥2
F

“Basin of attraction”

• Spectral initialization: find an initial
point in the “basin of attraction”.

(X0,Y0)← SVDr(A∗(y))

• Gradient iterations:

Xt+1 = Xt − η∇Xfreg(Xt,Yt)

Yt+1 = Yt − η∇Y freg(Xt,Yt)

for t = 0, 1, . . .
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Prior art: GD for asymmetric low-rank matrix sensing

Theorem (Tu et al., ICML 2016)

Suppose M = X⋆Y
⊤
⋆ is rank-r and has a condition number

κ = σmax(M)/σmin(M). For low-rank matrix sensing with
i.i.d. Gaussian design, vanilla GD (with spectral initialization)
achieves

∥XtY
⊤
t −M∥F ≤ ε · σmin(M)

• Computational: within O
(
κ log 1

ε

)
iterations;

• Statistical: as long as the sample complexity satisfies

m ≳ (n1 + n2)r
2κ2.

Similar results hold for many low-rank problems: matrix
completion, robust PCA, etc...

(Netrapalli et al. ’13, Candès, Li, Soltanolkotabi ’14, Sun and Luo ’15, Chen and

Wainwright ’15, Zheng and Lafferty ’15, Ma et al. ’17, ....)
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Convergence slows down for ill-conditioned matrices

min
X,Y

f(X,Y ) =
1

2

∥∥∥PΩ(XY ⊤ −M)
∥∥∥2
F
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Vanilla GD converges in O
(
κ log 1

ε

)
iterations.
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Condition number can be large

chlorine concentration levels
120 junctions, 180 time slots
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Must mind the condition number!

Data source: www.epa.gov/water-research/epanet
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Getting rid of the condition number?
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Can we accelerate the convergence rate of GD to O(log 1
ε )?
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This talk: the power of preconditioning

Acceleration for ill-conditioned matrix estimation:

Can we design provably fast gradient algorithms that are insensitive

to the condition number of low-rank matrices?

Robustness to adversarial outliers:

Can we design provably robust variants that are simultaneously

oblivious to the presence of outliers?

Generalization to tensors:

Can we generalize to higher-dimensional objects?

Going beyond spectral initialization and exact parameterization:

Can we still succeed with a misspecified rank?
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Accelerating gradient descent for ill-conditioned
low-rank matrix estimation

Tian Tong Cong Ma

CMU→Amazon UChicago



Our recipe: scaled gradient descent (ScaledGD)

f(X,Y ) =
1

2

∥∥∥y −A(XY ⊤)
∥∥∥2
2

• Spectral initialization: find an initial
point in the “basin of attraction”.

• Scaled gradient iterations:

Xt+1 = Xt − η∇Xf(Xt,Yt) (Y ⊤
t Yt)

−1︸ ︷︷ ︸
preconditioner

Yt+1 = Yt − η∇Y f(Xt,Yt) (X
⊤
t Xt)

−1︸ ︷︷ ︸
preconditioner

for t = 0, 1, . . .

ScaledGD is a preconditioned gradient method
without balancing regularization!
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ScaledGD for low-rank matrix completion
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Huge computational saving: ScaledGD converges in an
κ-independent manner with a minimal overhead!
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A closer look at ScaledGD

Invariance to invertible transforms: (Tanner and Wei, ’16; Mishra ’16)

(Xt, Y t)

(Xt+1, Y t+1)
(Xt+1Q, Y t+1Q

�>)

(XtQ, Y tQ
�>)

M t = XtY
>
t

M t+1 = Xt+1Y
>
t+1

New distance metric as Lyapunov function:

dist2
([

X
Y

]
,

[
X⋆

Y⋆

])
= inf

Q∈GL(r)

∥∥∥(XQ−X⋆)Σ
1/2
⋆

∥∥∥2

F

+
∥∥∥(Y Q−⊤ − Y⋆)Σ

1/2
⋆

∥∥∥2

F

+ a careful trajectory-based analysis
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Theoretical guarantees of ScaledGD

Theorem (Tong, Ma and Chi, JMLR 2021)

For low-rank matrix sensing with i.i.d. Gaussian design, ScaledGD
with spectral initialization achieves

∥XtY
⊤
t −M∥F ≲ ε · σmin(M)

• Computational: within O
(
log 1

ε

)
iterations;

• Statistical: the sample complexity satisfies

m ≳ (n1 + n2)r
2κ2.

Strict improvement over Tu et al.: ScaledGD provably
accelerates vanilla GD at the same sample complexity!
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ScaledGD works more broadly 

✓ ? ? ? ✓
? ? ✓ ✓ ?
✓ ? ? ✓ ?
? ? ✓ ? ?
✓ ? ? ? ?
? ✓ ? ? ✓


Robust PCA Matrix completion

Algorithms
corruption iteration sample iteration
fraction complexity complexity complexity

GD 1
µr3/2κ3/2∨µrκ2 κ log 1

ε (µ ∨ log n)µnr2κ2 κ log 1
ε

ScaledGD 1
µr3/2κ log 1

ε (µκ2 ∨ log n)µnr2κ2 log 1
ε

Huge computation savings at comparable sample complexities!

19



Robustness to outliers and corruptions?

Tian Tong Cong Ma

CMU→Amazon UChicago



Outlier-corrupted low-rank matrix sensing

A(·)

0
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M 2 Rn1⇥n2

rank(M) = r linear map

Sensor failures
Malicious attacks

y 2 Rm

y = A(M) + s︸︷︷︸
outliers

, A(M) = {⟨Ai,M⟩}mi=1

Arbitrary but sparse outliers: ∥s∥0 ≤ α ·m, where 0 ≤ α < 1 is
fraction of outliers.
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Dealing with outliers: subgradient methods

Least absolute deviation (LAD):

min
X,Y

f(X,Y ) =
∥∥∥y −A(XY ⊤)

∥∥∥
1

• Median-truncated spectral
initialization: (Li et.al.’19).

• Subgradient iterations: (Charisopoulos

et.al.’19; Li et al’18)

Xt+1 = Xt − ηt ∂Xf(Xt,Yt)

Yt+1 = Yt − ηt ∂Y f(Xt,Yt)

Suffer from similar slow down due to ill-conditioning.

22



Dealing with outliers: subgradient methods

Least absolute deviation (LAD):

min
X,Y

f(X,Y ) =
∥∥∥y −A(XY ⊤)

∥∥∥
1

• Median-truncated spectral
initialization: (Li et.al.’19).

• Subgradient iterations: (Charisopoulos

et.al.’19; Li et al’18)

Xt+1 = Xt − ηt ∂Xf(Xt,Yt)

Yt+1 = Yt − ηt ∂Y f(Xt,Yt)

Suffer from similar slow down due to ill-conditioning.

22



Dealing with outliers: scaled subgradient methods

Least absolute deviation (LAD):

min
X,Y

f(X,Y ) =
∥∥∥y −A(XY ⊤)
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1

• Median-truncated spectral
initialization: (Li et.al.’19).

• Scaled subgradient iterations:

Xt+1 = Xt − ηt ∂Xf(Xt,Yt) (Y ⊤
t Yt)

−1︸ ︷︷ ︸
preconditioner

Yt+1 = Yt − ηt ∂Y f(Xt,Yt) (X
⊤
t Xt)

−1︸ ︷︷ ︸
preconditioner

where ηt is set as Polyak’s or geometric

decaying stepsize.
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Performance guarantees

matrix sensing quadratic sensing

Subgradient Method κ
(1−2α)2 log

1
ϵ

rκ
(1−2α)2 log

1
ϵ(Charisopoulos et al, ’19)

ScaledSM 1
(1−2α)2 log

1
ϵ

r
(1−2α)2 log

1
ϵ(Tong, Ma, Chi, TSP ’21)
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Robustness to both ill-conditioning and adversarial corruptions!
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Generalization to tensors

Tian Tong Harry Dong Cong Ma

CMU→Amazon CMU UChicago



Capturing multi-way interactions by tensors

neural recordings

? ? ? ?

?

?

??

??

???

?

?

co
nte
xt

neuroimaging recommendation system

video surveillance

items

us
er
s

High-order tensors capture multi-way interactions across modalities.
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Low-rank tensor under Tucker decomposition

Low-rank Tucker decomposition of a tensor:

T (i1, i2, i3) =
∑

j1,j2,j3

S(j1, j2, j3)U(i1, j1)V (i2, j2)W (i3, j3)

=
S

V

U

W

T

T = (U , V , W ) · S,
where U ∈ Rn1×r1 , V ∈ Rn2×r2 , W ∈ Rn3×r3 and S ∈ Rr1×r2×r3 .
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Evidence that tensor problems are more challenging

Low-rank tensor recovery

Recover low-rank T from y = A(T ).

• Computation hardness: the nuclear norm of a tensor is
NP-hard to compute (Hillar and Lim, ’13);

• Computational barrier: polynomial-time algorithm exists
when the sample size is above Ω(n3/2) (Barak and Moitra, ’16);

• Little existing results for the Tucker case: no provably
efficient first-order algorithm for low-rank tensor completion
(Han, Zhang, Willett, ’20).
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How to construct scaled gradients for tensors?

min
F=(U ,V ,W ,S)

f(F ) =
1

2
∥A((U ,V ,W ) · S)− y∥22

Step 1: unfolding the tensor along mode-1:

<latexit sha1_base64="Um/4PRXJwW1A5nIYX5GMem54bb8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5IUUZdFN26ECn1BE8JkMmmHTmbCzEQooSs3/oobF4q49Rvc+TdO2iy09cIwh3Pu5Z57goQSqWz72yitrK6tb5Q3K1vbO7t75v5BV/JUINxBnHLRD6DElDDcUURR3E8EhnFAcS8Y3+R67wELSThrq0mCvRgOGYkIgkpTvnnsxlCNEKTZ3dR3am7AaSgnsf6y9vTMN6t23Z6VtQycAlRBUS3f/HJDjtIYM4UolHLg2InyMigUQRRPK24qcQLRGA7xQEMGYyy9bHbG1DrVTGhFXOjHlDVjf09kMJa5N92Zm5aLWk7+pw1SFV15GWFJqjBD80VRSi3FrTwTKyQCI0UnGkAkiPZqoREUECmdXEWH4CyevAy6jbpzUW/cn1eb10UcZXAETkANOOASNMEtaIEOQOARPINX8GY8GS/Gu/Exby0Zxcwh+FPG5w9cWZkP</latexit>M1(T ) = U

<latexit sha1_base64="t8XnGJJf1KZVUCtsEpHMTKF+sYU="></latexit>

M1(S)(V ⌦W )>

<latexit sha1_base64="JB8NBjktj4ApOb3tZRGIpqunRiw=">AAACCHicbVA9T8MwEHXKVylfBUYGIiokpiqpEDBWsDAWibSVmlA57rW16tiR7VSqoows/BUWBhBi5Sew8W9w2g7Q8iTLT+/d6e5eGDOqtON8W4WV1bX1jeJmaWt7Z3evvH/QVCKRBDwimJDtECtglIOnqWbQjiXgKGTQCkc3ud8ag1RU8Hs9iSGI8IDTPiVYG6lbPvZDCWNI/VCwnppE5ku9LEuzh9TXIs665YpTdaawl4k7JxU0R6Nb/vJ7giQRcE0YVqrjOrEOUiw1JQyykp8oiDEZ4QF0DOU4AhWk00My+9QoPbsvpHlc21P1d0eKI5UvaSojrIdq0cvF/7xOovtXQUp5nGjgZDaonzBbCztPxe5RCUSziSGYSGp2tckQS0y0ya5kQnAXT14mzVrVvajW7s4r9et5HEV0hE7QGXLRJaqjW9RAHiLoET2jV/RmPVkv1rv1MSstWPOeQ/QH1ucP41+bLQ==</latexit>

Ŭ>

Step 2: Treat this as a matrix problem for updating factor U :

Ut+1 = Ut − η∇Uf(Ft)
(
Ŭ⊤

t Ŭt

)−1

Step 3: update the core tensor S:

St+1 = St − η
(
(U⊤

t Ut)
−1, (V ⊤

t Vt)
−1, (W⊤

t Wt)
−1

)
· ∇Sf(Ft)
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ScaledGD for ill-conditioned low-rank tensor estimation

min
F=(U ,V ,W ,S)

f(F ) =
1

2
∥A((U ,V ,W ) · S)− y∥22

Scaled gradient iterations:

Ut+1 = Ut − η∇Uf(Ft)
(
Ŭ⊤

t Ŭt

)−1
,

Vt+1 = Vt − η∇V f(Ft)
(
V̆ ⊤
t V̆t

)−1
,

Wt+1 = Wt − η∇W f(Ft)
(
W̆⊤

t W̆t

)−1
,

St+1 = St − η
(
(U⊤

t Ut)
−1, (V ⊤

t Vt)
−1, (W⊤

t Wt)
−1

)
· ∇Sf(Ft),

where Ŭt := (Vt ⊗Wt)M1(St)
⊤, V̆t := (Ut ⊗Wt)M2(St)

⊤, and
W̆t := (Ut ⊗ Vt)M3(St)

⊤. Here,Mk(S) is the matricization of S

along the k-th mode.

Key property: invariance to parameterization.
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ScaledGD for low-rank tensor completion

Theorem (Tong et. al., JMLR 2022)

For low-rank tensor completion under Bernoulli sampling, assume
n = n1 = n2 = n3, ScaledGD with spectral initialization and
projection achieves

∥(Ut, Vt, Wt) · St − T ∥F ≲ ε · σmin(T )

• Computational: within O
(
log 1

ε

)
iterations;

• Statistical: as long as the sample complexity satisfies

n3p ≳ µ3/2r5/2n3/2κ3 log n.

First provable linear convergence at a near-optimal sample
complexity for low-Tucker-rank tensor completion!
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Numerical evidence

min
F=(U ,V ,W ,S)

f(F ) =
1

2

∥∥∥PΩ((U ,V ,W ) · S)− T )
∥∥∥2
F
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The benefit of ScaledGD is even more evident for tensors!
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Tensor robust principal component analysis

Data = Sparse + Low-rank

Theorem (Dong, Tong, Ma, Chi, 2022)

For a low-rank plus sparse tensor, ScaledGD with spectral
initialization and iteration-varying thresholding converges at a
constant rate, as long as the corruption level per fiber satisfies

α ≲
1

µ2r3κ
.

Can use selective mode updates to accelerate computation!
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Hyperparameter tuning via self-supervised learning

unfolding + self-supervised learning

some materials data

low-rank + sparse decomposition

“Deep Unfolded Tensor Robust PCA with Self-supervised Learning”, Dong, Shah, Donegan, and Chi, ICASSP 2023.
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Hyperparameter tuning via self-supervised learning

unfolding + self-supervised learning

some materials data

low-rank + sparse decomposition

“Deep Unfolded Tensor Robust PCA with Self-supervised Learning”, Dong, Shah, Donegan, and Chi, ICASSP 2023.
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Overparameterizing (Misspecified) ScaledGD?

Xingyu Xu Yandi Shen Cong Ma

CMU UChicago UChicago



What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do
not know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD

(λ):

Xt+1 = Xt − η∇Xf(Xt)
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not know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD:

(λ):

Xt+1 = Xt − η∇Xf(Xt) (X⊤
t Xt)

−1︸ ︷︷ ︸
preconditioner

+ λI

analysis break down and might be unstable...
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What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do
not know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r′ , r′ > r

ScaledGD(λ):

Xt+1 = Xt − η∇Xf(Xt) (X
⊤
t Xt + λI)−1︸ ︷︷ ︸

preconditioner

add regularization to stablize the preconditioner
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Does preconditioning hurt generalization?

• Infinitely many global minima, not all generalize

• Can we still guarantee generalization?

optimization generalization

37



Theoretical guarantees

Theorem (Xu, Shen, Ma, Chi, ICML 2023)

For low-rank matrix sensing with i.i.d. Gaussian design,
overparameterized ScaledGD(λ) with λ ≍ σmin(M), η ≍ 1, and
X0 ∼ αN (0, 1/n) with sufficiently small α achieves

∥XtY
⊤
t −M∥F ≲ ε · σmin(M)

• Computational: within O
(
log κ log(κn) + log 1

ε

)
iterations;

• Statistical: the sample complexity satisfies

m ≳ nr2poly(κ).

• Our analysis also enables exact convergence under random
initialization with correct rank specification.
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Comparison with overparameterized GD

<latexit sha1_base64="wTZOmFIgvvQ7+T4yDAqHb55zpPs=">AAAB+XicbVDJSgNBEO1xjXEb9eilMQiewoy4HYNePEYwCyRD6OnUJE16FrprgmHIn3jxoIhX/8Sbf2NnMgdNfFDweK+Kqnp+IoVGx/m2VlbX1jc2S1vl7Z3dvX374LCp41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/uhu5rfGoLSIo0ecJOCFbBCJQHCGRurZdhfhCTOBoHJl2rMrTtXJQZeJW5AKKVDv2V/dfszTECLkkmndcZ0EvYwpFFzCtNxNNSSMj9gAOoZGLATtZfnlU3pqlD4NYmUqQpqrvycyFmo9CX3TGTIc6kVvJv7ndVIMbrxMREmKEPH5oiCVFGM6i4H2hQKOcmII40qYWykfMsW4CUKXTQju4svLpHleda+qlw8XldptEUeJHJMTckZcck1q5J7USYNwMibP5JW8WZn1Yr1bH/PWFauYOSJ/YH3+AIFBlD0=</latexit>

iteration

<latexit sha1_base64="LyIfeQK7GWZx8zX9NjcZlkOwm9M=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3jCDLSO9aRbrrhVdwa6TLycVEiOerf85fdinkagkEtmTMdzEwwyplFwCZOSnxpIGB+xAXQsVSwCE2Szmyf0xCo92o+1LYV0pv6eyFhkzDgKbWfEcGgWvan4n9dJsX8dZEIlKYLi80X9VFKM6TQA2hMaOMqxJYxrYW+lfMg042hjKtkQvMWXl0nzrOpdVi/uzyu1mzyOIjkix+SUeOSK1MgdqZMG4SQhz+SVvDmp8+K8Ox/z1oKTzxySP3A+fwDgJJI/</latexit> er
ro

r

<latexit sha1_base64="pFPiaS7V6/ug77G3LDr3a/x2atY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eBoPgKcyI2zGooMeIZoFkCD09NUmTnoXuGjWM+RQvHhTx6pd482/sLAdNfFDweK+KqnpeIrhC2/42cguLS8sr+dXC2vrG5pZZ3K6rOJUMaiwWsWx6VIHgEdSQo4BmIoGGnoCG178Y+Y17kIrH0R0OEnBD2o14wBlFLXXMYhvhEVWQ3TIqwL+6HHbMkl22x7DmiTMlJTJFtWN+tf2YpSFEyARVquXYCboZlciZgGGhnSpIKOvTLrQ0jWgIys3Gpw+tfa34VhBLXRFaY/X3REZDpQahpztDij01643E/7xWisGZm/EoSREiNlkUpMLC2BrlYPlcAkMx0IQyyfWtFutRSRnqtAo6BGf25XlSPyw7J+Xjm6NS5XwaR57skj1yQBxySirkmlRJjTDyQJ7JK3kznowX4934mLTmjOnMDvkD4/MHfD6UKA==</latexit>

ScaledGD

<latexit sha1_base64="UjRe2/Rr0r3F59fpUCo1F93qLyU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQQY8RzAM2S5idzCZDZmeWmV4xLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4Wl5ZXVteJ6aWNza3unvLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh9cRvPTJtuJIPMEpYEJO+5BGnBKzkd4A9gYmy25txt1xxq+4UeJF4OamgHPVu+avTUzSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZpYcjpW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XoMsi4TFJgks4WRanAoPDkf9zjmlEQI0sI1dzeiumAaELBplSyIXjzLy+S5knVO6+e3Z9Wald5HEV0gA7RMfLQBaqhO1RHDUSRQs/oFb054Lw4787HrLXg5DP76A+czx+JtZFv</latexit>

GD

ScaledGD picks up the signal component much faster than GD
even from small random initialization!
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Comparison with overparameterized GD

<latexit sha1_base64="wTZOmFIgvvQ7+T4yDAqHb55zpPs=">AAAB+XicbVDJSgNBEO1xjXEb9eilMQiewoy4HYNePEYwCyRD6OnUJE16FrprgmHIn3jxoIhX/8Sbf2NnMgdNfFDweK+Kqnp+IoVGx/m2VlbX1jc2S1vl7Z3dvX374LCp41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/uhu5rfGoLSIo0ecJOCFbBCJQHCGRurZdhfhCTOBoHJl2rMrTtXJQZeJW5AKKVDv2V/dfszTECLkkmndcZ0EvYwpFFzCtNxNNSSMj9gAOoZGLATtZfnlU3pqlD4NYmUqQpqrvycyFmo9CX3TGTIc6kVvJv7ndVIMbrxMREmKEPH5oiCVFGM6i4H2hQKOcmII40qYWykfMsW4CUKXTQju4svLpHleda+qlw8XldptEUeJHJMTckZcck1q5J7USYNwMibP5JW8WZn1Yr1bH/PWFauYOSJ/YH3+AIFBlD0=</latexit>

iteration

<latexit sha1_base64="LyIfeQK7GWZx8zX9NjcZlkOwm9M=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3jCDLSO9aRbrrhVdwa6TLycVEiOerf85fdinkagkEtmTMdzEwwyplFwCZOSnxpIGB+xAXQsVSwCE2Szmyf0xCo92o+1LYV0pv6eyFhkzDgKbWfEcGgWvan4n9dJsX8dZEIlKYLi80X9VFKM6TQA2hMaOMqxJYxrYW+lfMg042hjKtkQvMWXl0nzrOpdVi/uzyu1mzyOIjkix+SUeOSK1MgdqZMG4SQhz+SVvDmp8+K8Ox/z1oKTzxySP3A+fwDgJJI/</latexit> er
ro

r <latexit sha1_base64="0IT66RnOhhEdeUaOSQF6feg+Pzk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4xkUcCK+kdBpgwuzvOzJqQDT/hxYPGePV3vPk3DrAHBSvppFLVne6uQAqujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGiKKvTWMSqFaBmgkesbrgRrCUVwzAQrBmMbqZ+84kpzePo3owl80McRLzPKRortTojlBIfKt1iyS27M5Bl4mWkBBlq3eJXpxfTJGSRoQK1bnuuNH6KynAq2KTQSTSTSEc4YG1LIwyZ9tPZvRNyYpUe6cfKVmTITP09kWKo9TgMbGeIZqgXvan4n9dOTL/ipzySiWERnS/qJ4KYmEyfJz2uGDVibAlSxe2thA5RITU2ooINwVt8eZk0zsreZfni7rxUvc7iyMMRHMMpeHAFVbiFGtSBgoBneIU359F5cd6dj3lrzslmDuEPnM8fy+GP0w==</latexit>

8

<latexit sha1_base64="FrwMww3cLkAtpBDX+Z6FzZdWcpE="></latexit>

(Stöger and Soltanolkotabi, ’21)

<latexit sha1_base64="glFP44a74XM4h4wUr9WyLp4AU54=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbwTjZZBG0sFo0LuDHObTbJkb3fZ3QuEkMbGv2JjoYit/8HOf+MmXqHGBwOP92aYmZcozowNgk9vanpmdm6+sFBcXFpeWfXX1q+NzDShNSK51LcJGMqZoDXLLKe3SlNIE05vku7ZyL/pUW2YFFe2r2icQluwFiNgndTwt6IuKAV3FRxx2d4N96MeaKoM41LsNfxSUA7GwJMkzEkJ5bho+B9RU5IspcISDsbUw0DZeADaMsLpsBhlhiogXWjTuqMCUmriwfiLId5xShO3pHYlLB6rPycGkBrTTxPXmYLtmL/eSPzPq2e2dRIPmFCZpYJ8L2plHFuJR5HgJtOUWN53BIhm7lZMOqCBWBdc0YUQ/n15klwflMNK+ejysFQ9zeMooE20jXZRiI5RFZ2jC1RDBN2jR/SMXrwH78l79d6+W6e8fGYD/YL3/gVTn5fY</latexit>

6 log(1/")

<latexit sha1_base64="pFPiaS7V6/ug77G3LDr3a/x2atY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eBoPgKcyI2zGooMeIZoFkCD09NUmTnoXuGjWM+RQvHhTx6pd482/sLAdNfFDweK+KqnpeIrhC2/42cguLS8sr+dXC2vrG5pZZ3K6rOJUMaiwWsWx6VIHgEdSQo4BmIoGGnoCG178Y+Y17kIrH0R0OEnBD2o14wBlFLXXMYhvhEVWQ3TIqwL+6HHbMkl22x7DmiTMlJTJFtWN+tf2YpSFEyARVquXYCboZlciZgGGhnSpIKOvTLrQ0jWgIys3Gpw+tfa34VhBLXRFaY/X3REZDpQahpztDij01643E/7xWisGZm/EoSREiNlkUpMLC2BrlYPlcAkMx0IQyyfWtFutRSRnqtAo6BGf25XlSPyw7J+Xjm6NS5XwaR57skj1yQBxySirkmlRJjTDyQJ7JK3kznowX4934mLTmjOnMDvkD4/MHfD6UKA==</latexit>

ScaledGD

<latexit sha1_base64="UjRe2/Rr0r3F59fpUCo1F93qLyU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQQY8RzAM2S5idzCZDZmeWmV4xLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4Wl5ZXVteJ6aWNza3unvLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh9cRvPTJtuJIPMEpYEJO+5BGnBKzkd4A9gYmy25txt1xxq+4UeJF4OamgHPVu+avTUzSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZpYcjpW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XoMsi4TFJgks4WRanAoPDkf9zjmlEQI0sI1dzeiumAaELBplSyIXjzLy+S5knVO6+e3Z9Wald5HEV0gA7RMfLQBaqhO1RHDUSRQs/oFb054Lw4787HrLXg5DP76A+czx+JtZFv</latexit>

GD

ScaledGD picks up the signal component much faster than GD
even from small random initialization!
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Comparison with overparameterized GD

<latexit sha1_base64="wTZOmFIgvvQ7+T4yDAqHb55zpPs=">AAAB+XicbVDJSgNBEO1xjXEb9eilMQiewoy4HYNePEYwCyRD6OnUJE16FrprgmHIn3jxoIhX/8Sbf2NnMgdNfFDweK+Kqnp+IoVGx/m2VlbX1jc2S1vl7Z3dvX374LCp41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/uhu5rfGoLSIo0ecJOCFbBCJQHCGRurZdhfhCTOBoHJl2rMrTtXJQZeJW5AKKVDv2V/dfszTECLkkmndcZ0EvYwpFFzCtNxNNSSMj9gAOoZGLATtZfnlU3pqlD4NYmUqQpqrvycyFmo9CX3TGTIc6kVvJv7ndVIMbrxMREmKEPH5oiCVFGM6i4H2hQKOcmII40qYWykfMsW4CUKXTQju4svLpHleda+qlw8XldptEUeJHJMTckZcck1q5J7USYNwMibP5JW8WZn1Yr1bH/PWFauYOSJ/YH3+AIFBlD0=</latexit>

iteration

<latexit sha1_base64="LyIfeQK7GWZx8zX9NjcZlkOwm9M=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3jCDLSO9aRbrrhVdwa6TLycVEiOerf85fdinkagkEtmTMdzEwwyplFwCZOSnxpIGB+xAXQsVSwCE2Szmyf0xCo92o+1LYV0pv6eyFhkzDgKbWfEcGgWvan4n9dJsX8dZEIlKYLi80X9VFKM6TQA2hMaOMqxJYxrYW+lfMg042hjKtkQvMWXl0nzrOpdVi/uzyu1mzyOIjkix+SUeOSK1MgdqZMG4SQhz+SVvDmp8+K8Ox/z1oKTzxySP3A+fwDgJJI/</latexit> er
ro

r <latexit sha1_base64="0IT66RnOhhEdeUaOSQF6feg+Pzk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHaND45ELx4xkUcCK+kdBpgwuzvOzJqQDT/hxYPGePV3vPk3DrAHBSvppFLVne6uQAqujet+O7mV1bX1jfxmYWt7Z3evuH/Q0HGiKKvTWMSqFaBmgkesbrgRrCUVwzAQrBmMbqZ+84kpzePo3owl80McRLzPKRortTojlBIfKt1iyS27M5Bl4mWkBBlq3eJXpxfTJGSRoQK1bnuuNH6KynAq2KTQSTSTSEc4YG1LIwyZ9tPZvRNyYpUe6cfKVmTITP09kWKo9TgMbGeIZqgXvan4n9dOTL/ipzySiWERnS/qJ4KYmEyfJz2uGDVibAlSxe2thA5RITU2ooINwVt8eZk0zsreZfni7rxUvc7iyMMRHMMpeHAFVbiFGtSBgoBneIU359F5cd6dj3lrzslmDuEPnM8fy+GP0w==</latexit>

8

<latexit sha1_base64="FrwMww3cLkAtpBDX+Z6FzZdWcpE="></latexit>

(Stöger and Soltanolkotabi, ’21)

<latexit sha1_base64="aNJ2s3OQ/qlqYH2EnvED+NZ78yM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUB2DbOT2WTI7Ow4MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprsrlJxp47rfzsrq2vrGZmGruL2zu7dfOjhs6iRVhDZIwhPVDrGmnAnaMMxw2paK4jjktBUOb6d+a0SVZol4MGNJgxj3BYsYwcZKgc+T/mMV+UMsJe6Wym7FnQEtEy8nZchR75a+/F5C0pgKQzjWuuO50gQZVoYRTidFP9VUYjLEfdqxVOCY6iCbHT1Bp1bpoShRtoRBM/X3RIZjrcdxaDtjbAZ60ZuK/3md1ETXQcaETA0VZL4oSjkyCZomgHpMUWL42BJMFLO3IjLAChNjcyraELzFl5dJs1rxLisX9+fl2k0eRwGO4QTOwIMrqMEd1KEBBJ7gGV7hzRk5L8678zFvXXHymSP4A+fzBzCSkb0=</latexit>

log2 
<latexit sha1_base64="/OYZZEXuPUatOldoH9eUnpgOCWk=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpibia1l047KCfUATymQ6aYdOZsLMpBBC/RU3LhRx64e482+cPhbaeuDC4Zx7ufeeMGFUadf9tlZW19Y3Ngtbxe2d3b19++CwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUO7yZ+a0SkooI/6iwhQYz6nEYUI22krl3ymehXvDN/hCRJFGWCn3btslt1p3CWiTcnZZij3rW//J7AaUy4xgwp1fHcRAc5kppiRsZFP1UkQXiI+qRjKEcxUUE+PX7snBil50RCmuLamaq/J3IUK5XFoemMkR6oRW8i/ud1Uh3dBDnlSaoJx7NFUcocLZxJEk6PSoI1ywxBWFJzq4MHSCKsTV5FE4K3+PIyaZ5Xvavq5cNFuXY7j6MAR3AMFfDgGmpwD3VoAIYMnuEV3qwn68V6tz5mrSvWfKYEf2B9/gADa5Rh</latexit>

log(1/")

<latexit sha1_base64="glFP44a74XM4h4wUr9WyLp4AU54=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgTbwTjZZBG0sFo0LuDHObTbJkb3fZ3QuEkMbGv2JjoYit/8HOf+MmXqHGBwOP92aYmZcozowNgk9vanpmdm6+sFBcXFpeWfXX1q+NzDShNSK51LcJGMqZoDXLLKe3SlNIE05vku7ZyL/pUW2YFFe2r2icQluwFiNgndTwt6IuKAV3FRxx2d4N96MeaKoM41LsNfxSUA7GwJMkzEkJ5bho+B9RU5IspcISDsbUw0DZeADaMsLpsBhlhiogXWjTuqMCUmriwfiLId5xShO3pHYlLB6rPycGkBrTTxPXmYLtmL/eSPzPq2e2dRIPmFCZpYJ8L2plHFuJR5HgJtOUWN53BIhm7lZMOqCBWBdc0YUQ/n15klwflMNK+ejysFQ9zeMooE20jXZRiI5RFZ2jC1RDBN2jR/SMXrwH78l79d6+W6e8fGYD/YL3/gVTn5fY</latexit>

6 log(1/")

<latexit sha1_base64="pFPiaS7V6/ug77G3LDr3a/x2atY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eBoPgKcyI2zGooMeIZoFkCD09NUmTnoXuGjWM+RQvHhTx6pd482/sLAdNfFDweK+KqnpeIrhC2/42cguLS8sr+dXC2vrG5pZZ3K6rOJUMaiwWsWx6VIHgEdSQo4BmIoGGnoCG178Y+Y17kIrH0R0OEnBD2o14wBlFLXXMYhvhEVWQ3TIqwL+6HHbMkl22x7DmiTMlJTJFtWN+tf2YpSFEyARVquXYCboZlciZgGGhnSpIKOvTLrQ0jWgIys3Gpw+tfa34VhBLXRFaY/X3REZDpQahpztDij01643E/7xWisGZm/EoSREiNlkUpMLC2BrlYPlcAkMx0IQyyfWtFutRSRnqtAo6BGf25XlSPyw7J+Xjm6NS5XwaR57skj1yQBxySirkmlRJjTDyQJ7JK3kznowX4934mLTmjOnMDvkD4/MHfD6UKA==</latexit>

ScaledGD

<latexit sha1_base64="UjRe2/Rr0r3F59fpUCo1F93qLyU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQQY8RzAM2S5idzCZDZmeWmV4xLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4Wl5ZXVteJ6aWNza3unvLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh9cRvPTJtuJIPMEpYEJO+5BGnBKzkd4A9gYmy25txt1xxq+4UeJF4OamgHPVu+avTUzSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZpYcjpW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XoMsi4TFJgks4WRanAoPDkf9zjmlEQI0sI1dzeiumAaELBplSyIXjzLy+S5knVO6+e3Z9Wald5HEV0gA7RMfLQBaqhO1RHDUSRQs/oFb054Lw4787HrLXg5DP76A+czx+JtZFv</latexit>

GD

ScaledGD picks up the signal component much faster than GD
even from small random initialization!
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Concluding remarks



Bridging the theory-practice gap

Nonconvex low-rank matrix and tensor estimation:
• identification and exploitation of benign geometric properties;

• analyzing iterate trajectories beyond black-box optimization;

• simple variants of GD lead to robust and accelerated convergence.
41

Computational:
near dimension-free
iteration complexity

Statistical:
near-optimal

sample complexity

Robustness:
adversarial outliers
ill-conditioning



Preconditioning helps!

=)Preconditioning

Preconditioning dramatically increases the efficiency of vanilla
gradient methods even for challenging nonconvex problems!

Ongoing directions:

• asymmetric ScaledGD with overparameterization.

• Generalizing the idea of ScaledGD to other learning and
estimation problems.
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Thanks!

https://users.ece.cmu.edu/~yuejiec/
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