18-799F Algebraic Signal Processing Theory
Spring 2007
Solutions: Assignment 4
1. (40 pts)
(a) ¢ is a linear mapping on Clz]/p(x) because:
(i) Clz]/p(x) is a C-vector space ;
(ii) ¢ is well-defined:

v() € [g()] = p)l(e(z) —v(z) < pa)lz((¢(z) —v(z)))
= p)l(zq(z) —2v(r)) = [ro(r)] = [zq(2)];
(iii) For any ¢(z),v(x) € Clz]/p(x) and «, 3 € C:
¢aq(z) + Pu(x)) = x(agq(x) + fo(x)) = axq(z) + frv(z) = ad(q(x)) + Bo(v(z)).
(b) Since p(z) = Y"1, Bz’ = 0, then ¢ maps the basis of C[z]/p(x) as follows:

1 — =z

x — 7E
Hence, the matrix By is
00 0 -5
1 0 -4
By=|0 0 -£
00 ... 1 =

(¢) When p(z) = 2™ — 1, then fp = —1,08, =1, =0for i =1,...,n — 1. In this case B, becomes a
circular shift matrix:

0 0 . 01
1 0 .00
0 1 .0 0
0 0 1 0
2. (30 pts)
(a) ¢ maps each 2,1 =0,...,n—1to (af,...,a’_;). Thus, matrix By is
1 «a ad oL oz6171
1 o a2 oot
1 s ad L. ag_l
1 an-1 ahy an1

(b) If p(x) =2" —1=[[,_yn — L(z — w}), where w, = e®¥= is the n-th root of unity, then matrix
By becomes a DFT,, matrix:

1 1 1 1
1 w, w? wn !
1 w2 wh fl(ﬂfl)
L w1 2D WD)
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3. (50 pts)

(a) Applying the solution from problem 2(b), we immediately get

1 1 1 1
1 ¢+ -1 —
Bo=11 1 1 -1
1 - =1 1
(b)
¢: Cla]/(a —(1; - C[I]/(fcg—l)ﬂgc[x /(a® +1)
q(x) —

]
(g(z) mod (z2 —1),q(x) mod (2% + 1))
]

is mapped as follows:

1 —  ((1,0),(1,0)
z —  ((0,1),(0,1))
22— ((1,0),(~1,0))
mS = ((071)7(07_1))
The matrix of this mapping is
1 0 1 0
01 0 1 1 1 1 0
Be=11 0 -1 o0 (1 —1>®<0 1>DFT2‘®I2
01 0 -1

4. (30 pts)
(a) Applying the Chinese Remainder Theorem. we get mapping

p: Clal/(@* -1 @Clal/(x—1) — Cla]/(z+1)®Cla]/(2* + 1) D Clal/(x — i) & Cla]/(x + i)
(q(z),r(x)) — (q(1),q(=1),r(i),r(=0))

The basis of C[z]/(2? — 1) ® Clx]/(z — 1) is {(1,0), (z,0), (0,1),(0,2)}. u maps it as follows:

(1,0) — (1,1,0,0)
(z,0) — (1,-1,0,0)
0,1) ~— (0,0,1,1)
(0,2) — (0,0,i,—i)
Hence, the matrix of the mapping is
11 0 0 1000
|t =10 o froy_ /1t 1\[o 10 o ’
Bi=lo0 0 1 (o 1>®<1 —1> 001 o ODPIRL
0 0 1 —i 00 0 i

(b) We can decompose mapping ¢ into a composition of mappings ¢» and p. The only problem is the
order of the roots of x* — 1: in case of ¢ it is 1,4, —1, —i, while for ¢ and p it is 1, —1,4, —i. We
need one more step in the decomposition, namely the permutation that swaps the second and third
summands C[z]/(x —i) and C[z]/(x+1). The corresponding matrix is called a permutation matriz

L3 =

o O O
o= O O
o o = O
— o o o
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Combining L3, By and B,,, we decompose By as

By = LiB,By = L3i(Is® DFT3)T4(DFTy ® I5)
1 1 1 1 1 0 00 1 0 00
1 i -1 —i - 0 010 10 11 01 00 1 1 10
1 -1 1 -1 = fo 100 ((o 1)®(1 i>) 0010 (<1 —1>®<0 1
1 —i -1 0 0 01 0 0 0 ¢
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