18-799 Algorithms and Computation in Signal Processing
Spring 2005
Assignment 3 - Solution

1. Determine the arithmetic cost of a radix-2 Cooley-Tukey FFT for a DFT of 2-power size n = 2¥. The
cost measure is (A(n), M(n)), where A(n) is the number of complex adds/subs, M (n) is the number
of mults by a complex constant not equal to 1 or —1. Is this a good cost measure when considering
implementation?

Solution:
DFTor = (DFT5 @ Ipe-1) T2 (Iy ® DF Tou—1 ) L2"

Cost of additions: Note that the permutation and the twiddle introduce no additions.

A(n) = T, = Cost(DFTqy)
= 2F"1 Cost(DFTy) 4 2 % Cost(DFTqi-1)
= 2""152 4 2% Cost(DFTyr-1)
= 2F 4 2% Cost(DFTou-1)

T, = 2842xT_1, To=0
k—1

T, = Z2i*2k_i
i=0

T, = kx2F

Cost of multiplications: Note that the permutation does not introduce any mults. The twiddle contains
a total of 2% entries, of which 2¥~! 4+ 1 entries are equal to 1. So there are 2*~1 — 1 entries not equal
to one, resulting in that many multiplications.

M(n) = M =2""1%Cost(DFTy) 4 (2871 — 1) 4+ 2 % Cost(DF Tok-1)
M, = 2871 14 2% Cost(DFTqr1)
M, = 21142+« My_1, My=0

k—1 ‘
= ZT « (2R )

1=0

k—1 k—1
_ Z ok—1 _ Z oi

i=0 =0
= 2Nk -2)41

Therefore, the cost (A(n), M(n)) is: (k* 2% 2871 (k —2) +1)

This cost measure counts complex operations. On current computers instruction sets and execution
units only cover real operations. For this reason, a cost measure counting real operations would be
more appropriate. Note that complex multiplications may translate into real operations differently.
For example, a generic multiplication by a complex constant involves 6 real operations (see Lecture 13),
but a multiplication by i = v/—1 no real operation at all.

2. Show that the arithmetic cost (as defined and measured as in exercise 4.) of the Cooley-Tukey FFT for
a DFT of 2-power size n = 2* is independent of the chosen recursion strategy. (Hint: use induction).
Solution:

Adds: n =2
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Ak) = kx2*
ME) = (k—2)x2F141
= (1/2)kx2F —2F 41

Proof by induction:

e k = 1: Clear, since there is only one decomposition.

e k—1to k: Assume the assumption holds for 1..(k — 1). Show that all k¥ — 1 splits for s* lead to
the same cost.

Arbitrary split: 28 =2! %21 1.k — 1.
DFTor = (DFTyi @ Iok—1) T7 (I ® DFTgk—l)Lgf

Adds:

A(k) = 2P0 % A(G) 4+ 28« A(k — i)
= 2P lix 2l 4 21k — )2kt
= ix2" 4 (k—1i)2*
= kx2k

as defined.
Mults:

n
m>

Note: w(k,i) = number of elements # 0 in T
ok _9f k=i 4,

which, as seen by inspecting the definition, is

M(k) = 2F7"% M(i) + 2"M(k — i) + w(k, i)
= 2P —2)27 F 1)+ 2((k—i—2)x 2P 1) 42k — 20 —2kTi
= PG —2) 2Pt ok~ —2) 420 2k 2t 9kl g
= 2k —4)+2" 41
= 2Lk —-2)+1
as defined.
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