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Abstract

The classic multi-armed bandit (MAB) problem tackles the challenge of accruing
maximum reward while making decisions under uncertainty. However, in applica-
tions, often the goal is to minimize cost subject to a constraint on the minimum
permissible reward, an objective captured by multi-armed bandits with cost-subsidy
(MAB-CS). Of interest to this paper is the setting where the quality (reward) con-
straint is specified relative to the unknown best reward and the cost of each arm
is known. We characterize the expected sub-optimal samples required by any
policy by proving instance-dependent lower bounds that offer new insight into
the problem and are a strict generalization of prior bounds. Then, we propose an
algorithm called Cost-Ordered Feasibility (COF) that leverages our insight and
intelligently combine samples from all arms to gauge the feasibility of a cheap arm.
Thereafter, we analyze COF to establish instance-dependent upper bounds on its
expected cumulative cost and quality regret, i.e., relative to the cheapest feasible
arm. Finally, we empirically validate the merits of COF, comparing it to baselines
from the literature through extensive simulation experiments on the MovieLens
and Goodreads datasets as well as representative synthetic instances. Not only does
our paper develop qualitatively better theoretical regret upper bounds, but COF
also convincingly demonstrates improved empirical performance.

1 Introduction

Multi-armed bandits (MABs) [20] is a framework for online sequential decision making that models
decisions as arms that can be pulled. Pulling or sampling each arm leads to the observation of a scalar
reward, the generative process for which is apriori unknown. The stationary stochastic bandits [4]
framework in addition imposes the structure that the observed rewards be random variables that are
independent and identically distributed. Classically in MABs, the goal is to maximize the cumulative
reward across all the sampling decisions made over the problem horizon 7. However, in practice,
the costs associated with every sampling decision must be considered as part of the decision making.
In particular, the goal in cost sensitive applications, like machine learning inference, is to minimize
the cumulative cost subject to a constraint on the observed reward or quality level. For this reason,
model routers are needed to map queries to the most appropriate LLM from a large selection of open
source, proprietary, and task-specialized models [21]. The cost of these LLMs may vary over orders
of magnitude, therefore routing must balance between expected quality and cost [[16, 28} 131 [32].

Cost-subsidy framework: The quality-constrained cost-minimization setting is captured by the
recently introduced multi-armed bandits with cost-subsidy (MAB-CS) framework [24}17]. MAB-CS
captures the quality constraint through threshold pics. For a K-armed bandit instance with arms
A = {a1,az,...,ax}, the expected reward from sampling arm k is denoted pj. The constraint
on the expected reward gives rise to a set of feasible arms S = {ar € A| uxr > pics}- In our work
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Hcs is specified in relation to the unknown best reward as ucs = (1 — a)u*, where o € (0,1) is
the subsidy factor, and p* is the best reward defined as max,, ¢ 4 ft5. As is convention in bandits,
we use ¢* to denote the arm bearing p*. If the cost associated with sampling arm ay, is denoted
¢k, then in MAB-CS, the optimal arm a* is defined to be the cheapest arm from the set of feasible
arms. Mathematically a* = argmin,, ¢ s ¢; and reward borne by o™ is denoted p1,+. Application to
the problem of selecting communication modalities in advertising [[15] demonstrates the utility of
MAB-CS. Available modalities like text message, postal mail, and doorstep solicitation shall each
have an unknown expected quality (i.e., effectiveness or response rate) and a known deployment cost
[23]]. The business may want to program their response rate to be a fraction of the best unknown rate
across modalities. This relative rate then serves as the quality constraint subject to which cost must be
minimized. The MAB-CS framework is immensely useful for applications where no preset threshold
has to be satisfied but the run-time performance of the system cannot be permitted to fall too far
below the best available alternatives, no matter their cost. In the cost-subsidy framework decisions
are made to minimize the metrics of cumulative cost and quality regret which are formally defined
in Section[2] The former captures the excess cost paid over ¢,~ and the latter captures violations of
the quality constraint. The core challenge in jointly minimizing both regret metrics is exploring for
cheap feasible arms while simultaneously estimating the feasibility threshold (1 — a)u*.

Gaps and challenges in prior work: Prior work by Sinha et al. [24] identified worst-case lower
bounds on cost and quality regret for the MAB-CS problem. While these lower bounds formally
establish that cost and quality regret minimization in the framework is a strictly more challenging
problem than regret minimization in conventional MABs, they do not provide insight into the design
of practically useful algorithms. Other research has introduced lower bounds on cost and quality
regret that inform algorithm design by revealing the dependence between the problem instance and
the minimum samples required under expectation [17]. However, their singular treatment of the
best reward arm ¢* leaves open room for improved general analysis. Moreover, Juneja et al. [[17]]
introduced regret-minimization policies for settings in which pcs is either a known threshold, the
subsidized reward of a specified reference arm, or the subsidized best reward. While their algorithms
for the first two settings were order-wise optimal, their approach for the subsidized best reward setting
studied in our work was not. A primary obstacle in regret minimization for this setting is determining
if a candidate arm has reward that is feasible relative to (1 — a)*. Prior work [17] addressed this
challenge through a two stage approach where first ¢* is identified through a best arm identification
(BAI) scheme. Then, the feasibility of candidate arms is determined through pairwise comparisons.
In this paper to estimate the (1 — a))u* criterion we develop a method that progresses in a manner
inspired by BAI without converging onto a single arm, avoiding the accrual of unnecessary samples.

Our contributions and their organization is as follows. In Section[2] we formalize the MAB-CS
framework and provide instance-dependent lower bounds on the expected number of samples of all
sub-optimal arms. We include an entirely novel result that jointly lower bounds the expected samples
from a collection of arms. The joint bound is a structure that emerges naturally from the fact that an
arm can be certified as infeasible once its reward is worse than the subsidized reward of any arbitrary
arm, not just ¢*. In Section 3| we present the Cost-Ordered Feasibility (COF) algorithm, which
aggregates the signal from the comparisons between a candidate feasible arm and all other arms.
Section [3] also includes an upper bound on the expected cumulative cost and quality regrets from
COF. We validate the superiority of our approach on both regret metrics through extensive simulation
experiments on recommendation systems datasets as well as on hand designed problem instances
in Section E} In Section E} we contextualize MAB-CS, and our contributions in particular, into the
broader multi-objective MAB literature. Finally in Section [6] we summarize our contributions and
chart the course for future research.

2 Theoretical Framework and Lower Bounds

In this section we first formalize cost and quality regret and formulate them in terms of the expected
samples of sub-optimal arms. Then, we present theoretical lower bounds on the expected number of
sub-optimal arm samples incurred by any policy.

Cost and Quality Regret: Under the stationary stochastic bandit setting [4], at time ¢ we observe
scalar reward r; > 0 by sampling arm k;. Further E[r;] = py,, and r; is distributed per the stationary
distribution v, . In the MAB framework a policy m maps observation histories to a decision. For
a K -armed bandit instance with arms .4, the policy represents the mapping 7 : H; — A, where



Hi = {k1,71,...,ki—1,7—1} denotes the complete observation history. The goal in MAB-CS is to
design 7 that converges onto sampling a* in a manner that balances between the sampling of feasible
arms and accrual of least cost. These objectives are captured respectively by cost regret and quality
regret. They are defined in Equation [I]for a problem instance v.
T T
Cost_Reg(T,v,m) = > Er[(ck, — ca=) "], Quality Reg(T,v,7) =Y Eur[(stcs — ) *]. (1)
t=1 t=1
Here, 7 := max{x, 0} is the zero-clipping operator, k; is a random variable denoting the policy
decisions, and E; denotes expectation over bandit arm choices. The zero-clipping ensures that the
incremental regret from any policy decision is non-negative. Notably, only the sampling of the
optimal arm a* has both zero incremental cost and quality regret. In practice, the zero-clipping of
incremental quality regret (ucs — ik, ) penalizes only violations of the feasibility constraint while
ignoring reward above pcs. Since the goal is to converge onto sampling optimal arm a*, cost regret
with zero-clipping only penalizes samples of arms more expensive than a¢* while overlooking the cost
accrual from cheaper arms. We denote the incremental cost and quality gaps from sampling arm a; by
Ac,i = ¢; —cq- and Ag ; = pcs — p; respectively. Using a standard regret decomposition result,
in Equation 2] we rewrite regret in terms of the expected number of samples of sub-optimal arms.
K K
Cost_Reg(T,v,7) = > A} Eni(T)], Quality Reg(T,v,m) =Y AL Eni(T). (2)
i=1 i=1

The reformulation in Equation [2] permits the regret analysis of any policy = by simply bounding the
expected number of samples of sub-optimal arms. Moreover, lower bounds on expected samples
imply lower bounds on regret under the decomposition. For the remainder of the paper we assume
without loss of generality that bandit arms are indexed in non-decreasing order of cost. Further we
characterize the sub-optimal arms as cheap and expensive per Definition [2.1]

Definition 2.1 (Cheap and expensive arms). We define cheap arms A~ to be arms with cost
lower than c,«: A~ = {ar € A | k < a*}. And expensive arms to have cost higher than c¢,=:
AT ={ap € A| k> a*}.

Lower Bounds for MAB-CS: This section discusses problem instance-dependent lower bounds
on the expected number of samples of sub-optimal arms for the class of consistent policies. The
restriction imposed by consistency is available in Appendix [B]and amounts to a technical condition
to exclude policies that perform unevenly well on certain instances while incurring high regret on
others. In addition to informing us about the least samples accrued by a policy for an arm, these
lower bounds serve to elucidate the challenges that need to be overcome by any policy that works
to minimize regret. The complete proofs of our lower bounds are available in Appendix |C|and the
current section provides proof sketches.

Results from information theory relate the expected number of samples drawn by a policy for two
bandit instances with overlapping arms A, but different arm reward distributions [[13]]. The origin of
sample lower bounds then lies in the construction of such an instance pair that differ minimally in their
reward distributions but have distinct optimal arms. In the remainder of this section, we first discuss
lower bounds for cheap arms a;, € A~ and expensive arms ay, € .A+ Finally a joint lower bound
on the samples of arms whose expected rewards satisfy a certain constraint is presentecﬂ A proof
sketch for Theorem [2.3| builds intuition ahead of the more involved proof sketch for Theorem 2.3]

Theorem 2.2 (Lower Bound for Cheap Arms). Expected number of samples for cheap arm ay, satisfy,

lim inf B[ (T)] >

v -,
T—oo logT _A%JJ ar. € A

Theorem 2.3 (Lower Bound for Expensive Arms). Expected number of samples for expensive arm
ay, satisfy,

M) L 20-a)
hTHBoI}:f logT = (o — (1 — @) pge)

2,V ag € A",

I'The individual lower bounds for cheap arms, Theorem and expensive arms, Theorem have appeared in prior work
[17] and are re-stated for completeness of presentation.

2While the results of Sectionare for arm reward distributions that are Gaussian with unit variance, the generalization to
other distribution families such as Bernoulli is straightforward [20].
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Figure 1: (a) Arm a* must be deemed feasible by each expensive arm ap € A™ introducing
dependence on fiq+ /(1 — «) — . (b) Each arm in AT is diminished to make s+ feasible. ¢(i)
denotes the index of the i highest reward arm; ag(1) and ag(2) are in AT while ag(3) s not.

Proof sketch for Theorem [2.3; The proof for Theorem can be illustrated using Fig. [[(a).
We construct a perturbed bandit instance v’ such that the expected reward s, of the expensive
arm a, € AT under consideration is enhanced to be more than .+ /(1 — «), while all others are
held constant. The result is that a* is no longer optimal nor feasible in instance v’ giving rise to
Theorem [2.3] Next, an analogous sketch reveals a joint lower bound on the expected samples of
certain high reward arms that can eliminate infeasible arms through pairwise comparisons.

Definition 2.4 (Best reward cheap arm a+). p4 = max,, e 4- f4; is the highest reward among cheap
arms and is borne by arm ay.

Theorem 2.5 (Joint Lower Bound). Expected number of samples of arms in Al satisfy,

> A2 E[ni(T)]

lim inf 247
T—00 logT

>2(1 - )%

Where Ay + = (1 — a) i, — 14 represent the gap between the subsidized reward of an arbitrary arm
ay and pi. At = {a, € A| Ay s > 0} represents arms with reward sufficient to eliminate aj.

Proof sketch for Theorem Intuitively, 1+ represents the reward that shall be most challenging
to deem infeasible. The set A" represents arms that are capable of eliminating a; by virtue of their
rewards being higher than y; /(1 — ), i.e. the inflated 1+. More concretely, in Fig. , we construct
perturbed instance v’ by reducing the reward of all the arms lying to the right of inflated /1 to below
pi/(1 — ). Since arm a; € A~ is cheaper than a*, the role of optimal arm is usurped by a; in /.
Perturbing v in this manner originates Theorem [2.5| which is a strict generalization of a bound from
prior work for the case when AT only contains ¢* [17].

Takeaways from lower bounds: Collectively the lower bounds inform us of the differences in
expected rewards that must be resolved in MAB-CS and motivate the design of our algorithmic
approach. Theorem [2.2]informs us that any consistent policy must check the feasibility of each cheap
arm separately against pcs. Since the position of a* in the cost-ordered line-up is not known apriori,
this structure motivates an episodic and cost-ordered check on the feasibility of arms. Theorem 2.3
exposes that a minimal requirement on the samples of an expensive arm a; € A™ will come from a
comparison between (1 — ) u, and the expected reward of the optimal arm fi,+. Finally, Theorem
reveals that the disqualification of an arm is solved optimally by combining together the samples of
all arms that are capable of disqualifying it.

3 Cost-Ordered Feasibility

The pseudocode for our Cost Ordered Feasibility (COF) algorithm is presented in Algorithm|[I] Our
algorithm accepts as input a K-armed MAB instance with collection of arms .A. COF also requires
as input the problem horizon 7', and an error tolerance factor d. In practice, we tune d using horizon
T to secure the regret guarantee of Theorem[3.2] COF evaluates the feasibility of candidate arm a,
by pitting it against a set of gating arms G,. We introduce candidate arms to COF in the sequence in
which they are indexed, i.e. in increasing (non-decreasing) order of their costs. Starting from the
cheapest arm a1, COF is designed to deem each arm as either feasible or infeasible with sufficient
confidence. If determined feasible, we solely sample that arm thereafter. However, if infeasible we
move on to the next cheapest arm.



Algorithm 1 Cost Ordered Feasibility (COF)

Inputs: K armed bandit instance A = {a1, ..., ax } indexed in non-decreasing order of their

costs ¢; < - -+ < cg; Horizon T'; Subsidy factor «; Error tolerance 4.

Initialize: For each a) € A setny = 0, i = 0, UCB, = 0, LCB; = 0; Candidate arm ay = ay.
1: for ap, € A: Sample ay; update ny, fix, UCBg, LCBj

2: while ) “n, <7 do

ap€A
3: Ge « {a;€{aps1,...,ax} |1 —a)UCB; > LCB,}
4: if Gy = @ then
5: Deem a, as optimal; sample a, thereafter
6: else
7 for each a;, € A do
8: | €re < €(ng, fig, UCBy, @) > Computed as per Expression @
9: if H €x,¢ < 6 then > Combining (aggregating) samples

ar€A
10: Deem a, infeasible. Next evaluate a4
11: else
12: if n, < maxn; then
a; €Gyp
13: ‘ Sample ay; update ny, fig, UCBy, LCBy > Exclusive sampling
14: else
15: Sample ay; update ny, fig, UCBy, LCBy > BAI-filter
L and sample a; € G,|UCB; > meaé( LCBj; update ng, fi;, UCB;, LCB; V sampled a;
aj ¢

Confidence bound scheme: Whenever an arm is sampled by COF, its sample count is incremented,
and its empirical mean, UCB (Upper Confidence Bound), and LCB (Lower Confidence Bound) are
updated to reflect the observed reward. For any arm ay, fij is the running sample mean of observed
rewards, and the radius for the confidence bounds [3;(4) is determined by the error tolerance level
4 and is equal to 4/log(1/d)/2ny. UCB and LCBy, are then given by fix + B (9) and fix, — B (9).
Intuitively, (LCBg, UCBy) represents a high probability interval for the true expected mean py, of arm
ar. In COF we design tests that check both the feasibility and infeasibility of candidate arm a, relative
to the the quality constraint (1 — «)p*. The design of both COF’s feasibility and infeasibility criteria
use the insight that for two arbitrary arms if LCBy, > UCB,,, then p > u,, with high confidence.

Determining feasibility: a, is determined to be feasible only once we find that its expected reward
exceeds the (1 — «) subsidized reward of every arm more expensive than itself. This condition
is checked while resetting gating arms G, (Line 3). The set G, represents arms whose subsidized
rewards have not yet been shown to be worse than p, with sufficient confidence. We deem arm a, to
be feasible once we find G, to be empty (Line 4). Since cheaper candidates are evaluated prior to
more expensive ones, the first candidate deemed feasible is treated as optimal and is sampled for the
remaining time-slots (Line 5). Arms cheaper than a,, that have already been deemed infeasible in
prior episodes, are excluded from G, since their low reward makes them non-informative about p*.
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Figure 2: Left: The empirical mean of neither arm a,, nor arm ay, is sufficiently larger than UCB, /(1 —
) to eliminate ay. Since i —UCB,/(1—a) < B¢(9) for both a,, ax. However if €, ¢, €, ; aggregated
are less than ¢, then together they can eliminate a,. Right: ¢, ¢ is derived using a back calculation.

Determining infeasibility: Previous approaches have worked to first perform a best arm identification
(BAI) round to lock in on ¢*, and then proceed to make pairwise comparisons be introducing arms
in cost-order [17]]. We forgo a BAI round which makes determining the infeasibility criteria more
statistically challenging. Declaring infeasibility requires that candidate a, lose to the subsidized



reward of any single arm. Moreover, as we understand from the discussion in Section E], the
infeasibility comparison is best made not by comparing candidate a, to any single arm, but rather
by pooling together the confidence in the infeasibility of a, based on its comparisons with all arms.
Corresponding to the comparison between a, and the subsidized reward of arm a; we compute an
upper bound on the probability that 11, > (1 — o) uy, and denote it € ¢ (Line 8). Once the product
of € ¢ across all comparisons drops below tolerance 6, we deem a, to be infeasible (Lines 9-10).
We reference this as the combining samples feature of COF. To compute €}, ¢, we perform a back
calculation, Fig.[2] and obtain the formula stated in Expression 0] of Appendix [D.2]

By line 10 of COF (Algorithm[I)), if a, cannot be conclusively deemed feasible or infeasible we
continue to sample arm a, and all arms in Gy in lines 12-15. The sampling scheme of COF has a filter
on Gy (line 15) built in. The filter on sampling arms in G, pauses the sampling of arms that are with
sufficient confidence not the best reward arm. This is done since the point of uniformly sampling
all arms in Gy is to obtain an estimate of the feasibility threshold pcs = (1 — «)u*. However, if we
find that the UCB of a gating arm’s reward has fallen below the LCB of another gating arm, we can
say with confidence that the arm with low UCB is not the best reward arm. We call this feature the
BAlI-filter and it leads to bandit arms having unequal samples.

An arm whose sampling was paused by the BAI-filter may subsequently be evaluated for feasibility
as a candidate feasible arm. If COF finds that the samples of candidate a, are trailing those of the
most sampled arm in G,, COF will sample a, exclusively until a, catches up. We call this feature
exclusive sampling (Line 13) and its presence reduces the overall number of sub-optimal samples
required by COF. The principle of sample matching for faster resolution between rewards has roots in
probability theory and often appears in the MAB context when arms with wider confidence intervals
are preferentially sampled [[12]. The combining samples and exclusive sampling featured by COF are
deliberate design choices and their benefits on empirical performance are studied in Appendix [A]

Expected regret: Under normative progression, COF deems cheap arms ay, € A~ infeasible during
episodes leading up to episode a*. Then, it deems a* feasible and samples it for the remaining
time. Due to the formulation of cost and quality regret in terms of the expected number of samples
in Equation [Z] we can bound COF’s regret by upper bounding the expected number of suboptimal
samples i.e. expected samples of cheap and expensive arms. We find that for cheap arm a, the sample
upper bound can be traced to episode ¢ when its feasibility is evaluated, and for an expensive arm a,
the bound emanates from ay’s sampling during episodes 1 and a*.

Definition 3.1 (The quantities 7,: and vg*). For any expensive arm a;, € AT 'y,i, fy,‘j* are defined as,
+ | 3VA+1)%logT 16logT o 161log T
Y, = min y) 5 A , Vo= 5 - 3)
Zi:l Aqﬁ(i),'f k (ftar — (1 — @) k)
Where ¢(k) represents the index of the k™ highest reward arm, Ay + = (1 — @) (k) — f14 is the

gap between the subsidized reward of a ;) and the reward of a;, and A < ’AT| are the number of
top-reward arms from A" that participate in deeming a+ infeasible during episode 1.

fy]i represents the bounding requirement from samples of a; during episode 1 and 'y,‘j* represents the

corresponding quantity during episode a*, both under normative progression of COF. Inside the min
operation for 7); the first term is the number of times unfiltered arms in G are sampled before a4 is
deemed infeasible, and the second term is the number of samples beyond which sampling of ay, is
paused by the BAI-filter. The min reflects that the overall samples of arm a;, during episode T will
come from the earlier of these two terminations. ’yg* represents the bound on samples of aj from

episode a*. The BAI-filter does not play a role here since every arm in G, must be eliminated by a,

for a* to be deemed feasible. We use 'y,t, 'yg* to state the cost and quality regret bounds for COF.

Theorem 3.2. For a bandit instance v with arms A the expected cumulative cost and quality regret
over horizonT' for COF are upper bounded as,

E[Cost_Reg(T,v)] < Z max{’y;, o }Aak +K Z Aakv

ap€At ap€EAT

. 16logT o
E[Quality_Reg(T,v)] < Z A+g + Z max{*y,i, 07 }Aak + K Z Ag,k.
arEA— Q.k ap€EAT ap€A



Order wise perspective on regret: On studying Theorem [3.2] we find that while expensive arms
AT contribute to both cost and quality regret, cheap arms .A~ only contribute to quality regret since
AZC’ = 0 for them. The leading O(log T') term for cost regret stems from episodes t and a* and the
overall contribution from expensive arm is the larger of the two. Both cheap and expensive arms may
contribute to quality regret, accordingly two O(log T') terms appear in its upper bound. The trailing
O(1) terms in both cost and quality regret stem from the unlikely outcome that COF does not follow
its normative trajectory.

Comparison with lower bounds: On dividing the leading O(log T') term for the cheap arms by the
incremental quality regret A j, it is apparent that the dependence of the expected samples on the
reward gaps is 1/ AEL - This is precisely the dependence in the lower bound of Theorem making
COF order-optimal for cheap arms. The story on the optimality for expensive arms is more complex.
The sample bound for expensive arms varies loosely as the max among 1/ (pq+ — (1 — a)uy,)* and
1/ Zf‘:l Ai( it The former term has a tight match with the individual lower bound for expensive

arms stated in Theorem [2.3] however the story with the latter term is not as simple. The joint
lower bound of Theorem [2.5|by itself allows for ﬂex1b111ty over the distribution of samples among
arms in A", Imposing uniform sampling as a constraint in Theorem [2.5| we see the dependence

4
1/ ZlA | A + emerge. COF does not in general leverage all the arms in AT to eliminate a;.

Moreover, for expensive arms the reciprocal sum of gap squared dependence is contingent on the

arm being sampled to the end of episode a;. This need not happen as is revealed by the min in 'y,i

with the BAI-filter sample bound. Which is why for expensive arms there is a mismatch between
the lower bound and COF’s regret upper bound. This discrepancy arises in part from there being
room for improvement in the sample lower bounds, particularly from incorporating the reward gaps
Ay = p* — pg. We construct an example to demonstrate this in Appendix

Bounds compared to prior work: When it comes to regret upper bounds, COF offers an improve-
ment over the bounds proved for prior MAB-CS algorithms. ETC-CS is an algorithm proposed by
Sinha et al. [24] that operates with a fixed exploration budget. Although order-optimal on worst-case
regret, due to its exploration being non-adaptive, ETC-CS ends up with O(7"%/3) instance dependent
regret; order-wise worse than COF. PE-CS does have O(log T') regret, and like COF, the algorithm is
order-optimal for cheap arms [[17]]. Due to different constant factors, a precise ordering between the
COF and PE-CS bounds cannot be established. Therefore, we compare their bounds based on their
dependence on reward gaps from the bandit instance. For expensive arms, PE-CS always accrues
samples that vary as 1/AZ2. Moreover, for arm i* PE-CS has a regret upper-bound dependence on the
smallest gap: max,, c4 1/A?. We improve on PE-CS in cases when COF can deem a; infeasible

sooner than the BAI-filter gets to ax. When 'yg* dominates, we can see that the gap f1,+ /(1 — @) — g
is a strictly larger gap than Ay = pu* — ui making the instance-dependence of COF superior.

4 Experiments

To validate COF empirically, we conduct experiments on the Goodreads [29] and Movielens [[14]
datasets from the recommendation systems literature. Goodreads contains crowd-sourced book
ratings over 2.3 million unique books from 870,000 users. The books are organized into eight genres
and each genre has between 36,514 and 335,449 books annotated with it. The number of aggregated
reviews per genre are between 150,000 and 3.5 million. For MovieLens we use the 25M variant
which consists of 25 million movie ratings over 62,000 movies rated by 162,000 users. Each movie
is tagged with one or more genres with a total of 20 unique genres.

We simulate a scenario where a streaming service needs to make a decision over the genre of content
served to their customer while minimizing the costs incurred from serving feasible quality content, a
documented real-world objective [} 25} 36]. Each genre is modeled as a bandit arm with a Bernoulli
reward distribution and known cost. The reward represents the users quality of experience and the
cost represents royalties paid out by the platform. The expected reward of an arm is computed as the
average of ratings given to content annotated with a certain genre. The costs for our experiments are
not native to the original datasets and are sampled uniformly at random between 0 and 1. Following
this method we obtain Goodreads and MovieLens bandit instances detailed in Appendix [A] We
simulate COF and four algorithms from the literature on these instances. These are PE-CS [17]], UCB-
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Figure 3: Panels (a) and (c) show the evolution of summed cost and quality regret over a horizon of 5
million samples for COF and other algorithms. Data is averaged over 50 runs and error bars represent
the 20-80 percentile band. Left panels are for subsidy factor o = 0.3. Panels (b), (d) contain more
comprehensive results for « varying between 0.01 and 0.60. Each « column has 50 markers per
algorithm corresponding to 50 independent runs Top: Goodreads and Bottom: MovieLens.

CS, TS-CS, and ETC-CS [24]. The results from the simulations on the Goodreads and MovieLens
bandit instances are available in Fig. 3]

Among the algorithms competing with COF, only ETC-CS and PE-CS have theoretical regret
guarantees. Sinha et al. [24] do not offer precise criteria for selecting the exploration budget for
ETC-CS so we pick it to be 20% of the available horizon. Overall, from Fig. 3] we see that COF is
better than both ETC-CS and PE-CS, consistent with our expectations from Section[3} ETC-CS does
not adapt to a problem instance and needs a conservatively chosen exploration budget. This leads to
consistently high regret on both Goodreads and MovieLens. PE-CS explores in a an instance-adaptive
manner, however it runs a best arm identification (BAI) routine to get the feasibility threshold pics.
Even as the feasibility criteria becomes looser with increasing subsidy factor «, the terminal regret
of PE-CS remains trapped on a high plateau. COF on the other hand does not suffer from such
plateauing. For the smallest values of o we find that PE-CS outperforms COF by a small margin.
Small alpha values in effect make accruing a large number of samples of the best reward arm ¢*
necessary, so when it comes to this small-alpha regime PE-CS has a slight advantage over COF by
virtue of tighter confidence intervals [3].

UCB-CS and TS-CS work by constructing a set of empirically feasible arms and then choosing to
sample the cheapest arm from this set. These approaches lack guarantees on the correctness of the
empirically feasible set and can in general include cheap arms in the set. While for some « values
UCB-CS and TS-CS are successful at outperforming COF, their lack of reliability is evident in their
outright failure on other scenarios. UCB-CS exhibits linear regret for several cases in both the
Goodreads and MovieLens simulations. TS-CS fares better overall, however it too lacks reliability
and has several outliers that drive a linear regret trend. For larger «, 0.40 and beyond, UCB-CS and
TS-CS fair well despite their unprincipled nature due to all arms being feasible. This means that their
empirically feasible sets cannot accidentally include a cheap arm.



The regret vs. time trends of Fig. [3(a) and (c) reveal how regret accrues over time. Optimal arm a* is
the only arm that incurs zero incremental cost and quality regret. Regardless of the experiment or
the specific independent run, a principled algorithm should start with an exploration phase where
it accrues regret. Then, once the arm a* has been identified with sufficient confidence, the regret
should flatten out. We see this for COF, PE-CS, and ETC-CS. However for TS-CS and UCB-CS
we either find there to be a linear trend driven by all independent runs, UCB-CS on Goodreads (for
0.15 < a < 0.35), or by a subset of runs driving a less steep but still linear regret trend, TS-CS
on Goodreads (o = 0.3, 0.35) and MovieLens (o = 0.25). On display is the fragility of UCB-CS.
Once a cheap arm incorrectly makes into the empirically feasible set of UCB-CS, the algorithm will
commence sampling it exclusively and not be able to recover from its mistake; Fig. [3[c) starting about
t = 2 million. Additional experiments demonstrating the impact of ablating the exclusive-sampling
and combining samples features of COF are documented in Section [A]

5 Related Work

Multi-armed bandits have a rich literature. In the following we first discuss cost-sensitive and multi-
objective bandit frameworks. Then we highlight other problems where, similar to MAB-CS, the
criteria for exploration are defined relative to unknown expected rewards in the bandit instance.
Cost sensitive MABs: Broadly, costs manifest as costs from sampling an arm [3, 27]] or as costs
caused by observing reward [11]. The MAB-CS framework only incurs sampling costs that are
deterministic and arm dependent. Most prior work from the sampling costs category [5} [7, (8} 26|
277, 134, 135]] deals with a fixed budget. However, budget constrained MABs are inappropriate for
real-world decision-making settings where accrued cost simply has to be minimized while honoring a
constraint on reward.

Multi-objective problems: Prior work by Kanarios et al. [19] minimizes accumulated cost regardless
of budget, and works with the objective of identifying the best reward arm using the least cost.
However, Kanarios et al. [19] have no consideration for feasible reward or regret. Drugan and Nowe
[9]] introduced the multi-objective framework of MO-MAB that can incorporate the dual objectives
of cost and quality regret. However, their framework works to exploit any pareto-optimal bandit arm
and does not provision a feasibility criteria like MAB-CS.

Broader exploration objectives: Examples of MAB frameworks where the usual goal of exploring
to identify high reward arms is fused with another constraint include not dropping below baseline
rewards [10,133]], identifying all e-optimal arms [2}22], and identifying top m reward arms [6} 12, 18]].
The statistical principles leveraged by these methods overlap with our work, especially probability
aggregation [18]. However these methods are fundamentally different to MAB-CS since they lack
the notion of cost. In our work we want to explore just enough to determine the cheapest feasible arm
while being agnostic to the complete set of feasible arms. Our method prioritizes cheaper arms and
only evaluates an arm’s feasibility if cheaper arms have been deemed infeasible with high confidence.

6 Conclusions and Future Work

In this paper we worked on multi-armed bandits with cost subsidy (MAB-CS) with the minimum
tolerated quality set to be a fraction of the unknown best reward. First, we developed lower bounds
on the expected number of samples needed from sub-optimal arms. Then, we developed the COF
algorithm to solve MAB-CS, analyzed its expected cost and quality regret, and validated COF through
experiments. We found a discrepancy between the instance dependence of our joint sample lower
bound, and COF’s corresponding upper bound, which we shall address in future research.

COF leverages a set of gating arms to determine reward feasibility and is constrained to uniformly
sample the gating arms retained by the BAI-filter. Depending on the application it may be unwise
to fixate on minimizing the number of sub-optimal samples and instead cost-biased sampling may
be more suitable. Our joint lower bound result reveals flexibility on gating sample origins. If the
highest reward arms are too expensive, COF should lean on more samples from less expensive arms
of sufficient quality. A query contextual variant of COF with cost-biased sampling would be the
appropriate scheme for LLM routers due to models having an uneven cost distribution with a large
spread. We motivate the need for developing a cost-biased variants of COF using a synthetic example
in Appendix|Aland leave formal analysis and its contextual generalization to future work.
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A Additional Experiments and Details

In this section we include all the empirical results and documentation supporting the experiments for reproducibility. All
. . 2 . . .
variants of COF were run by setting error tolerance parameter § = % where K is the number of bandit arms. Although this

setting of § differs from the § = % the theoretical bounds for our choice of § are identical to those for § = % and only differ
on constant factors.

A.1 Details on Main Paper Experiments
Statement on the use of datasets in this paper

We use the Goodreads Book Graph dataset released by Wan and McAuley and the MovieLens 25M dataset released by
GroupLens. We cite the requested dataset publications for Goodreads [29} 30] and MovieLens [14]. Both datasets are used only
for non-commercial academic research. We do not redistribute the raw datasets, and we comply with the stated usage terms: the
Goodreads dataset is made available for academic use only and may not be redistributed or used commercially; the MovieLens
25M dataset may be used for research purposes with acknowledgment, without redistribution, without implying endorsement
by the University of Minnesota or GroupLens, and without commercial or revenue-bearing use unless permission is obtained.

Instructions to recreate experiments

We have shared a folder of supplemental materials with the structure:

data
scripts
source

* data contains bandit instance data in plain text format
* scripts contain bash files needed to generate all the log files and the plots

* source contains the python source code implementing the algorithm and plotting logic.

Scripts contains the following bach scripts.

compress_comb_samp.sh
compress_exclusive_samp.sh
plot_comb_samp_bespoke.sh
plot_comb_samp.sh
plot_exclusive_samp_bespoke.sh
plot_exclusive_samp.sh
plot_only.sh
plot_regret_vs_time.sh
readme.md

run_comb_samp.sh
run_exclusive_samp.sh
run_good_reads_ablation.sh
run_good_reads.sh
run_movie_lens_ablation.sh
run_movie_lens.sh

* To generate Fig.[3(a) perform the following sequence of steps:
1. Run ./scripts/run_good_reads.sh from the project parent directory. All resource path based commands
from here on out will be relative to the parent directory. This will save the log file into results/run_logs
2. Run ./scripts/plot_regret_vs_time.sh after making sure the correct destination of log files is hard coded
into the bash file
* To generate Fig. [3(b) perform the following sequence of steps:
1. Run ./scripts/run_good_reads.sh from the project parent directory. All resource path based commands
from here on out will be relative to the parent directory. This will save the log file into results/run_logs

2. Run ./scripts/plot_only.sh after making sure the correct destination of log files is hard coded into the bash
file
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* To generate Fig. [3|c) perform the following sequence of steps:

1. Run ./scripts/run_movie_lens.sh from the project parent directory. All resource path based commands
from here on out will be relative to the parent directory. This will save the log file into results/run_logs

2. Run ./scripts/plot_regret_vs_time.sh after making sure the correct destination of log files is hard coded
into the bash file

* To generate Fig.[3(d) perform the following sequence of steps:

1. Run ./scripts/run_movie_lens.sh from the project parent directory. All resource path based commands
from here on out will be relative to the parent directory. This will save the log file into results/run_logs

2. Run ./scripts/plot_only. sh after making sure the correct destination of log files is hard coded into the bash
file

The other bash scripts in . /scripts are used to generate the plots available here in this supplemental experiments section.

Computational resources and wall-clock execution time

To run our bandit experiments we used a machine with the below configuration: Using this configuration, 50 independent runs

OS Access Methods GPU Cores Memory (GB) Scratch Storage (GB)
RHELS  ssh NVidia TeslaT4 16 256 512

of the tested MAB-CS algorithms for s single value of « takes between 5-10 minutes of wall clock time to run depending on the
choice of algorithm.

Goodreads Experiment
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Figure 4: Good reads bandit instance

A.2 Ablation Experiments

Ablation instance /|

vy with arm reward array g = [0.15,0.24,0.96,0.95,0.99,0.98,0.97] and costs 1,2,...,7. We use @ = 0.8 making
tes = 0.198 and a* = 2.
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MovieLens 25M Experiment
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Figure 5: MovieLens bandit instance

Ablation instance v

ve with g = [0.44,0.46,0.48,0.7,0.71,0.704,0.714,0.702,0.716,0.708, 0.712, 0.706] and costs 1,2, ...,12. We use a =
0.3 making pcs = 0.501 and a* = 4

Next we highlight the role of the exclusive sampling and combining samples features of COF by ablating them from COF
and comparing the performance of the COF to its ablated variants on cost and quality regret. Towards this end we define
two variants of COF. First COF (no exclusive) always samples both the arm a, currently under evaluation for feasibility and
arms in Gy (those not excluded by the BAI-filter as discussed in Section [3). Second COF (no combine) does not aggregate the
error probabilities (Line 9 of Algorithm|[I) and instead checks if any gating arm individually is capable of eliminating a,. To
highlight the role of exclusive sampling we design bandit instance where the second cheapest arm is optimal however is low
reward leading to its sampling being paused early when it was a gating arm by the BAI-filter during the first episode that deems
the cheapest arm infeasible. However a lot more of the samples of this second cheapest arm are needed to evaluate its own
feasibility. We create 7-armed bandit instance ;. Unablated COF has much better regret and the comparison of regret between
COF and COF (no exclusive) is available in Fig. [6|panels (a) and (b) which represent two zoomed in time windows.

To illustrate the efficiency coming from combining samples (error probability aggregation) we choose a 12 armed bandit
instance vo. As seen from the results in Fig. [§]panels (c)-(e) unablated COF is able to deem arms a1, as, ag with fewer samples
and achieve substantially lower regret than its ablated variant that does not combine samples of expensive arms. We highlight
here that while combining samples will always lower both the cost and quality regret of COF, this is not true for exclusive
sampling. One example of problem where fewer exclusive sampling leads to worse regret is when fewer total samples from a
pair of arms, with one of the arms being the optimal a* comes at the cost of more samples from the arm that is sub-optimal
among the two. However, we shall continue to have fewer total sub-optimal samples even in this example since without the
catch-up caused by exclusive sampling, more samples of the sub-optimal arm will be needed to deem it infeasible.

A.3 Non-uniform sampling with COF

Experiment on cost-biased sampling. Bandit instance used was:

p = [0.38,0.18,0.50,0.23,0.44, 0.33,0.28, 0.74, 0.80, 0.90, 0.96, 0.95, 0.48]
¢ =[1.0,1.5,2.0,3.0,4.0,5.0,6.0,8.0, 10.0, 40.0, 80.0, 800.0, 850.0]
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Exclusive Sampling Ablation, Instance v; (¢ =0.8)
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Figure 6: Top: Panels (a) and (b) depict windows from ablation on exclusive sampling experiment with instance v;. Subsidy
factor a = 0.8, horizon T' = 200, 000 samples. The event rectangles in panels (a) and (b) represent the observed times at which
a1 was eliminated and a5 was deemed optimal respectively. Bottom: Panels (c), (d), and (e) depict windows from ablation on
combining samples experiment with instance 5. Subsidy factor a = 0.3, horizon T' = 1,000, 000. The event rectangles in
panels (a), (b), and (c) represent the observed times at which arms a1, as, and a3 respectively were deemed infeasible. Data
in figure is based on 1000 independent runs. All event rectangles capture one standard deviation of times at which the event
occurred.
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Figure 7: Variants of COF with uniform and non-uniform sampling
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B Mathematical Preliminaries

We present here some mathematical preliminaries that appear repeatedly in the proofs of Theorem’s stated in the main paper.
These results act as building blocks for the regret lower and upper bound analyses. Instead of proving results that are standard
in the MAB literature, we provide a reference to a source that prove them. First, in Section [B.I] we state the tools leveraged
in proving the lower bounds in Section[C| Then, in Section [B.2] we provide the results utilized in Section [D]to analyze the
upper bounds on the expected number of sub-optimal arms by COF (Algorithm|T)) and consequently the cost and quality regret
incurred by COF. Throughout this Section, and for the analysis generally, we use the same notation as the main paper and
introduce and reference new notation whenever necessary.

B.1 Preliminaries for Lower Bound Analysis

In this section we consider an MAB-CS instance with arms represented A, and known costs of sampling each arm a; € A. Just
like in the main paper, arms are indexed in the non-decreasing order of their costs, and number of arms |A| = K. An instance
v is completely specified as a collection of reward distributions {; },,c 4, and each reward distribution v; is assumed to be
drawn from some common distribution family M, and E[v;] is denoted p;. The feasible arms S C A are those whose expected
reward p; > pcs. Since pes = (1 — a)u™, o € [0,1), means S = {a; € A | p; > (1 — «)p*}. The optimal arm indexed a*
is then the least cost feasible arm a,~ = arg ming,,cs ¢;. The MAB-CS instance dependent lower bound on expected samples
of sub-optimal arms is for the class of consistent policies.

Definition B.1 (Consistent Policy 7). A policy 7 is consistent if for all bandit instances v and for all arms ¢ # a*, E[n;(T)] =
o(T7) forall 0 < v < 1.

Next we state the fundamental inequality based on an information theory result used frequently in the MAB literature for
characterizing problem instance dependent lower bounds on the expected number of samples of sub-optimal arms.

Lemma B.2 (Fundamental inequality adapted from [13]]). Consider two MAB-CS instances v and v' over the same set of
bandit arms A. The reward distribution associated with sampling arm a; € A is v; in case of the first instance and v, in case
of the second. The expected number of samples E, [n;(T)] of an arm a; under any policy interacting with instance v over T
sampling rounds must satisfy,

> By [ni(T)KL(v;, ) > KI(E, [Z], B,/ [Z]). 4)
a;EA
Where k1 denotes the Kullback—Leibler (KL) divergence between two Bernoulli distributions, i.e.,
p 1—p
Vp,q 0,1, K(p,q) =plog§ +(1—p)log 7

and where Z is any random variable with support lying in [0, 1]. Z must be measurable with respect to the probability space
that all random variables are defined on.

Lemma B.3 (Lower bound on kl(p, ¢) from [13]]). The KL divergence between two Bernoulli distributions with parameters
p, q € [0,1]? is lower bounded as,

< (1—-p)log —log 2. o)

p P 1
kl(p,q) = plog= + (1 — p) log <
(o) = plogZ + (1= p)og T~ —

Next we define some key quantities needed for the lower bound analysis,

Definition B.4 (Key quantities D¢, D;y, ¢ from [17]). Let KL denote the Kullback-Leibler divergence between two probability
distributions. Given a distribution v; € M and real number =, we define

Dine(vi, ) = inf{KL(v;, V) | v € M, and E[V] > z}, (6)
[)inf(u,;,:zz) = inf{KL(v;,v}) | v. € M, and E[v]] < z}. @)

Where E[v}] denotes the mean of distribution v/. In the lower bound proofs of Section Diyg, Dinf serve the role of quantifying
the least perturbation to distributions {Z/i}ai .4 heeded to induce a change in optimal arm a*. We use Din¢(v;, ) when p; < ,
and Dinf(Vi, x) when p; > x.

Lemma B.5 (Explicit formulas for Dj,f, Di,s from [20]). Whe~n the family of reward distributions M is all Gaussian
distributions with a common variance 2, the key terms Dins and D¢ take the form,

2
~ i— T
Dinf(l/iv-r) = Dinf(l/ivx) = %

18



B.2 Preliminaries for Upper Bound Analysis

Definition B.6 (Subgaussian random variable). We say that X is o-subgaussian if for any € > 0,

2

307
Lemma B.7 (Bounded random variables are Subgaussian, example 5.6(c) in [20]). If Random Variable X € [a,b] almost
surely, then X is b*?a subgaussian.

Lemma B.8 (Hoeffding Bound, Section 5.4 in [20]]). Let X, X, ..., X, be n independent random variables, each bounded
within the interval [a,b] : a < X; < b. The empirical mean of these variables is given by,

in.
=1

P(X —E[X] > ) < exp

X:

S|

Then Hoeffding’s inequality states,

_ 2nt?
P(X -E[X]>t) < eXP(*m)v
P (X — E[X] < 1) < exp(—(b27_17ta)2).

Corollary B.9 (Hoeffding Bound for Bernoulli random variables). In the Hoeffding bound of Lemma @l when {X;}_, are
independent and identically distributed Bernoulli random variables with E[X;] = p, then,
P (i — p > t) < exp(—2nt?),
P (i —p < —t) < exp(—2nt?).

Where i = % S X, denotes the sample mean over n samples.
Lemma B.10 (Probability of inaccurate UCB or LCB for Bernoulli rewards). For a bandit arm a; with reward distributed
Bern(u;), when the upper and lower confidence bound of the arm are defined with confidence radius (3;(0) = W as
UCB; = fi; + Bi(9), and LCB; = [i; — B;(0), then we have,
P(UeB; < i) <6,
P(LCB; > p;) < 4.

Proof. Rearranging terms we can write,
P (UCB; < ;) =P (f1s + B:(6) < pi)
=P (1 — pi < —Bi(6))
< exp(~2n82(8)) = 6.

Where we have used the probability bound from Corollary [B.9] The second part of the Lemma statement can be proved
analogously. 0

Lemma B.11 (Iterated expectation lemma). Let X be any integrable random variable over probability space (2, F,P), and
let {E;}}_, be a collection of mutually exclusive and exhaustive measurable events. That is | J;_, E; = Qand E; N E; =

@, Vi,j € [nl],i # j. Then the following identity holds,

E[X]=) E[X |E]P(E:).

i=1
As a special case if the events are just some I and its complement E°, then,

E[X] = E[X | E]P(E) + E[X | E<P (E°).
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Proof. Define a sub o-algebra of 7, G = {¢, E1, Es, ..., E,,Q}. Then,

E[X] =E[E [X | G]] (Because G C F) ®)
Z [X | Ei]P(E;) . 9)
B 0

Lemma B.12 (Expectation is at most equal to larger of the conditioned expectations). Let X be any integrable random variable
over probability space (Q, F,P), and let { E;}"_; be a collection of mutually exclusive and exhaustive measurable events. That
is Ui, E; =Qand E;NE; = ¢,Vi,j € [n],i # j. Then,

E[X] < max{E[X | E;]}. (10)

i€[n]

Proof. Lemma|B.12]can be considered a Corollary to Lemma|[B.TT]as is illustrated by the following proof,

= E[X | E;|P(F;) (From the proof of Lemma|B.11). (1)

> EX | EJP(E) BT)
g(iﬁ%&ﬂ~@gﬁmxumﬂ (1)
= grelz[zx{]E[X | E;]}. (13)
O

In the analysis of the sample complexity of a sub-optimal arm a; € A, i # a* incurred by COF (AlgorithmI) we upper bound
its expected samples E[n;(T')] over horizon T using Lemma and conditioning on an event that ensures the normative
progression of the algorithm. We formalize this templated approach through Lemma [B.13]

Lemma B.13 (Bounding expected samples through conditional expectation). For any event G that is measurable with respect
to the probability space that all reward random variables are defined on,

Eln: ()] < Efn,(T) | G] + TP (G°)..

Proof. The proof follows trivially from the iterated expectation Lemma|B.T1] and the fact that the total number of samples of
any arm can be at most 7.

E[n:(T)] = E[ni(T) | GIP(G) + E[n:(T) | G|P(G®)  (Lemma[B.11)
<E[ni(T) | G+ TP(G°)  (P(G) < 1and ny(T) < T).
O

Lemma B.14. For any collection of N non-negative numbers {xi}i]\il, x; > 0, their root mean square is larger than their
arithmetic mean,

Z 1 77 Z 1 T
= = 14
N N (14)
Proof. The proof follows from applying the Cauchy—Schwarz inequality to the N length vectors x = [z1, 23, ...,2 ] and
1=[1,1,...,1]
N N N 2
(Z xf) . (Z 12> > <Z T; - 1) (Cauchy-Schwarz inequality) (15)
i=1 i=1 i=1
N N 2
= NY a7 > <Zaz> (16)
i=1 i=1
SV 22 1 ([ ’
= —T > e ;xz . (17)
Since each z; > 0, taking principal square roots on both sides establishes the stated result. O
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Lemma B.15 (Max-min Lemma). For any function f : R? = R,

max min f(z,y) < minmax f(z,y).
T Yy ) €z
Provided the maximum and minimum are achievable.

Proof. For all z,y € R by the definition of min, max,
min f(z,u) < f(z,y) < max f(t.)
= rrgn flz,u) < msin max f(t,s)
= mf)xxmgn flo,u) < msin max f(t, ).
Where u, v, s,t € R are arbitrary variables. 0

Lemma B.16 (Regret Decomposition Lemma, Lemma 4.5 in [20]). For any policy m and stochastic bandit environment v with
K arms, for horizon T, the Expected Cumulative Regret Reg (T, v) of policy T in v satisfies,

E[Reg,. (T,v) Z AE[n, (T
i€[K]

This result may be trivially generalized to other notions of regret where the gap determining the incremental regret due to arm 1
is some arbitrary Ax ;. In this case, the regret decomposition shall be,

E[Reg Z Ax ;E[n;(T))].
i1€[K]

In particular in our problem we have Cost and Quality regret which are,

E[Cost_Reg(T, v)] Z AL Eni(T
1€[K]

E[Quality_Reg(T,v)] Z A T)].

i€[K]
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C Lower Bound Proofs

This section proves the MAB-CS lower bounds stated in Section 2] for a consistent policy (Definition [B.T) on an MAB-CS
instance with arms a; € A and reward distributions v = {v/},,c4. For each proof we introduce a perturbed instance
V= {Vi}aea

The optimal arm is defined as usual a,~ = arg ming,cs ¢; where S = {a; € A | pu; > (1 — a)p*} is the set of feasible arms.
Instance v/ shall be constructed in a manner that its optimal arm differs from the optimal arm of instance v. In particular, in
each proof we will use the fundamental inequality stated in Lemma with Z = w
a certain arm ay, € A that is sub-optimal for v but optimal for /.

representing the sample fraction of

Figure 8: Cheap arms a;, € A~ are infeasible as indicated by the gap Ag .

We outline the proof of Theorem using the reward line illustration of Fig. 8| From the original bandit instance v with
optimal arm a* that contains a;, € A~, we construct a perturbed bandit instance »’ in which the expected reward 1) of ay, is
enhanced to be more than the feasibility threshold pcs, and all other expected rewards are held constant. Since ay, is cheaper
than a*, the optimal arm in instance 2’ shall be aj,. The lower bound of Theorem [2.2]stems from a policy solving both instances
v and /. No amount of reward enhancement can make an expensive arm optimal so their sample lower bound does not follow
Theorem

Theorem C.1 (Lower bound for samples of cheap arms). For a bandit instance v, over horizon T for all consistent policies the
expected number of samples of a cheap arm are lower bounded as,

lim inf E, [n:(T)] > 1
T—oo  logT Dint(vi, (1 — a)p*)

Va; € .A_, (18)
where D;ys is from Definition and A~ are the set of cheap arms with cost-ordered index less than a*.

Proof. Given bandit instance v, and cheap arm a; € A~ we construct instance v’ such that v}, = v, Vai € A, ai # a;, and
v, € Missuchthat E[v)] = p; > (1 — a)p*. If a* denotes the index of the optimal arm for v, ¢; < ¢g+, and arm a; is optimal
for v/ since expected reward of a; is feasible and it is cheaper than a*.

(T
Theoremcan be shown by applying Lemmato the instance pair v, v’ with [0, 1] bounded random variable Z = [m; )
denoting the sample fraction of arm a; under any consistent policy.
Eu i T Eu’ i T
S E, s (D)KL (v, ) > ki i@ Evlni(T)
T T
ar€A
= E,[n;(D)KL(v;,v}) > (1 - X221 ——— | —log?2. 19
(Tt > (1= B Yoy (L T ) g (19)

Where Equation [19|follows from instance v and v’ being identical outside of arm a;, and from the lower bound on the KL
divergence between Bernoulli random variables (Lemma [B.3).

For a consistent policy E, [n;(T)] = o(T7), and E,/[n;(T)] = T — o(T"), since total samples are T" and a; is optimal for v’

So,
. 1 Ey[ﬂl(T)] T
lim inf 1 log( ——— ) >1-~,Vye(01].

e logT( T o\ 7R, ) 2L Vel
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Integrating bound in Equation [I9] with the limiting bound on its right hand side,

4 .
lim inf E[nl(T)]KL<VZ7 Vl) Z 1
T—o0 log T

— liminf By [ni(T)] > 1
T—oo logT = KL(v, V)

%

Vv, € M suchthat E[v)] = p; > (1 — a)pu*.

Therefore the tightest limiting lower bound is the one stated in Theorem C.1] O

Proof of Theorem[2.2] The proof of Theorem [2.2]follows in a straight forward manner from imposing the restriction that the
distribution family M is all Gaussian distributions with unit variance on Theorem [C.1} Under the stated restriction on M,

Dint (v, (1 — a)p*) = W = AZN/Q Va; € A~. Where the explicit formula for Dy, is from Lemma O

Theorem C.2 (Lower bound for samples of expensive arms). For a bandit instance v, over horizon T for all consistent policies
the expected number of samples of an expensive arm are lower bounded as,

lim inf By [ni(T)] > 1
T logT = p (W ua*)

Va; € AT, (20

11—

where Dyt is from Definition and AY are expensive arms with cost-ordered index more than a*.

Proof. Along the lines of the proof of Theorem [C.1] to prove a lower bound on the expected samples accrued of expensive arm
a; € AT we construct v’ such that v, = v, Vay € A, ay # a;, and v] € M is such that E[v}] = p; > o= > p*. Since arm
a; is more expensive than arm a,«, the only mechanism by which a perturbation to v; can upend the optimality of a,~ is by
raising the feasibility threshold pics so that a, is infeasible in instance v/'.

Let arm ay, denote the arm that is sub-optimal for v but optimal for v/ and random variable Z = %7 Z €0, 1] be the
sample fraction of a; by any policy. Using the fundamental inequality of Lemma|B.2}

E,[ng(T)] Ey [ng(T)] )
T ’ T '

En;(T)|KL(v;,v}) > kl(

Similar to the proof of Theorem [C.T] due to the consistency requirement, and the same policy operating on v where a, is
sub-optimal, and on ¢’ where ay, is optimal, the following holds,

kl(JE,,[njli(T)} Ew[f;f(T)]>
lim inf

T—o00 logT

3

>1—v Vye(0,1].

Since the KL divergence KL(v;,v}) does not depend on T, the initial lower bound can be combined with the bound on
kI(E,[Z],E,/[Z]) as,

By [nl (T)] / ’ / Ha>
1 f > : h that E|v)] = u; 21
it = T Z R,y v € Msveh that Blui] = gy > 772, @h
Theorem [C.2]is then just the tightest lower bound on the left hand side quantity. O

Proof of Theorem[2.3] Along the lines of the proof of Theorem [2.2] the proof of Theorem [2.3] follows from imposing the
distribution family M being Gaussian with unit variance onto Theorem Under this restriction, Din¢(v;, {‘_“a) =

(o — (L =) .
20 —a)? Va; € AT. O

Proof of Theorem[2.3] The joint lower bound is based on the insight that the optimality of a,- may be upended by a cheap arm
ay € A~ not only by enhancing the reward of said cheap arm to (1—a)u*, but also by diminishing the reward of any arm a; € A
whose reward is more than #-. Let AF = {a; € A| (1 — a)p; > .} denote the set of all arms standing in the way of cheap

arm ay, being optimal. We construct v such that v} = v; Va; ¢ A¥, and v/ € M is such that E[}] = p} < -V a; € AF.

l—a

We start by applying the fundamental inequality of Lemma to the instance pair v, v’ with random variable Z = w
At the outset, we note that arm ay, is sub-optimal for instance v, but optimal for v/ allowing us to leverage the consistency of
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the policy in a manner identical to the proofs of Theorems [C.1] and[C.2}
(IE, [nk(T)] B[ (T)] )
T

> Elnk(T)KL(v;, 1) > Kl

’ T
a;€AF
> El(T)KL(vi, v)
— liminf 24 > 1V, € Msuchthat E[v)] = pf < H , foreach a; € A*
T—o00 logT l1-«a
= k
> Eln(T)]Dins (Vzw 1” >
a; €Ak - -
— liminf %< > 1 (using Definition for Di,s to get the tightest 1b).
T—o00 log T’

Once the restriction that the reward distribution family M is all Gaussian distributions with unit variance is imposed, we can

~ 1— o) — )’ .
leverage Lemmato replace D¢ (VZ', l‘i’“a) with ( 5 (c;),u )2/%) to write,
-«
2
Z (1 = a)pi — pue) " E[ng (T)]
.. pa;€EAF
lim inf %€ >2(1 - a).
i log T =)
The result above represents a collection of |[A~| = a* — 1 joint lower bounds, one for each cheap arm a; € A~. In

Sectionwe defined a4 = argmax,, c 4~ i; as the best reward cheap arm. This means that AT C A*Va;, € A~. Moreover,

(1 —a)p; — uT)Q <((1—a)u; — ,uk)2 Vayj € A~. These two facts put together imply that the joint lower bound stated in
Theoremis simply the tightest among these |.A~| overlapping lower bounds. O

Remark C.3 (Joint lower bound is a generalization of [[17]). As stated in Section [Z] while we come to the same conclusion
about the lower bound for cheap arms and the individual lower bound for expensive arms as [[17], we highlight here how
our Theorem is a strict generalization of the lower bound on E[n;«(T")] shown in [17]. In [[I7] the lower bound based on
reduction of reward for E[n;- (T)] is,

o Elne (T)] a)” .

lim inf g T > max TAZ, if py > (1 — a)pa), (22)
where pi(2) = max;z;« y; is the second largest reward. The bound in EquationP;ZI is a special case of Theorem[2.5] When
pt > (1 — )2y, only the best reward arm a;- stands in the way of cheap arm a; being optimal and Theorem 2.5|reduces to,

(1= )p* — ) *Elni(T))]

. > N2
hTHi>lo%f oe T >2(1—a)
E[n (T 2(1—a)?
= liminf [(T)] > ( 5 @)
T—o0 logT AQ»T
. 2(1 — )
- i<a}*( AQ ’

since p = maXq, e A- fi-

Example to demonstrate room for improvement in lower bound

The following example illustrated how there is room for improvement in the lower bound on the expected number of samples
of an expensive arm beyond the results proved in this paper. Using notation from the paper consider a four armed MAB-CS
instance with arms A = {a+, a*, ay, 7"}, and only best reward arm ¢* being capable of deeming a; infeasible. The lower bound
on the expected samples required from arbitrary ay can be tightened. Currently there is no dependence on the lower bound of
E[ng(T)] on the gap A, = p* — pg even though in practice resolving Ay, is necessary for directing sampling from ay, towards
7* to deem a4 infeasible.
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D Analysis for COF

COF is carefully designed such that deviations from its intended execution have low probability. COF evaluates an arm ay
as either feasible or infeasible by comparing it against all the arms more expensive than itself. First the feasibility criteria is
checked while constructing the set of gating arms G, (Line 3, Algorithm|I), then the infeasibility criteria is checked (Lines 7-10,
Algorithm E]) If ay is found to be feasible then we sample it until the 7" slots run out. In contrast, once ay is deemed infeasible,
we move on to evaluating the next cheapest a4 1. If a decision about a, cannot yet be made with sufficient confidence, we
further sample a, and arms in G, (Lines 12-15, Algorithm E])

Sampling of a, and arms a; € Gy is uniform barring two considerations. First, if the samples of a, lag behind those of arms in
Gy then we exclusively sample a, until the disparity is amended. Second, if the UCB of an arm in G, falls below the largest LCB
among arms in G, then its sampling is foregone in favor of arms that are better poised to gauge the feasibility of a,. We refer to
the former feature as exclusive sampling and the latter as the BAI-filter on sampling. In this section we build up to the bounds
on cost and quality regret for COF (Algorithm I)) that were stated in Theorem [3.2] by separately bounding the expected samples
of cheap arms A~ and expensive arms A™.

COF operates in an episodic fashion where the /! episode is responsible for evaluating arm a,. The premise for analysis is that
any arm a; can only be sampled in episodes 1,2, ..., In episodes 1,2,...,7 — 1 arm a; may be sampled as part of G, and in
episode 7 as the candidate feasible arm. Analyzing E[n;(T)] for a sub-optimal arm ¢ # a* involves conditioning its number of
samples on a carefully constructed event that secures normative sampling progression for the arm across episodes.

Definition D.1 (The event E; o). E; ; denotes the event that the terminal sample for arm ¢ was sampled during episode . To
bound the samples of any sub-optimal arm a; € A we leverage the fact the collection of events { E; ,} are mutually exclusive
and exhaustive.

D.1 Bound Samples of Cheap Arms

Lemma D.2 (Bound on number of samples of a cheap arm under COF). When the error tolerance is § = T2, the expected
number of samples of arm a; € A~ by COF over horizon T is upper bounded as,

Efn:(T)] < 16logT

+ 2.
= 2
AQ»Z’

Proof. We start by defining event G; conditioning on which shall ensure our intended normative sampling for arm a;.
Gi = {lfi = pal < Bi(t,0) Vit € [T} N {|fui- — p*| < Bi= (¢,6) VT € [T]}.

Or equivalently, in purely set-theoretic notation,

T T
(%Z{ﬂﬂrﬁw<@@®}m{ﬂmﬁ—w<U%@®}- (23)

t=1 t=1
Using Lemma B.13| with G; we get,
E[ni(T)] < E[ni(T) | Gi] + TP (G7) - 24)

Henceforth we use notation Eg[n;(T")] := E[n;(T") | G;] for the conditional expectation. From Definition D.1| we know that
the collection of events {F; s },_, is mutually exclusive and exhaustive. Hence, we can apply Lemma|B.12{to the conditional

expectation Eg[n;(T)] with the events {EM}Z;:l to obtain,

Eglni(T)] < max Eg[ni(T) | Ei) 25)

)

When G; holds, due to its first clause related to the normativity of empirical mean p; we can upper bound UCB; per,
UCB; = fi; + 61‘(15, (5) < p; + 2Bi(t, 5) Vit € [T] (26)

Similarly, due to the second clause related to the normativity of the empirical mean of the best reward arm fi;+ we can lower
bound LCB;- per,

LCB;» = fi« — Bi=(£,0) < p* — 2B;+(t,6) Vt € [T]. 27

Now we separately consider the consequences of Equations [26] 27] during an arbitrary episode ¢ < ¢ and during episode 7 in
bounding E¢[n;(T) | E; ] and Eg[n;(T) | E; ;] respectively.
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During Episode ¢ < i
To begin with both a;, a;« € Gy, and due to GG; the bounds on UCB; and LCB;« stated in Equations [26|and respectively hold.

If the upper bound on UCB; falls below the lower bound on LCB;« there will be no further samples of a; due to the BAI-filter.
This condition can be captured in terms of reward gap A; = p* — p; based on the following simplification,

pi + 2Bi(t,6) < p* — 2B+ (8, 0)

= Bi(t,0) + Bi=(t,0) < A (definition of gap A;)

— 1 lo <
2 (1) (t g
1 1 A . e
(t) <7 (since n;(t) = n;=(t) = n(t) are matched until elimination).

Let 7; ¢ represent both n;, n;+ beyond which there is a separation between the upper bound on UCB; and the lower bound on

LCB;+. Then,
. | 1 1 1 < A;
Ti¢ = minqg n o og 5 1

(definition of confidence radius 5(t,0))

| B w\
k

8log(1/d
= % (rearranging terms and leveraging monotonicity in n)
16logT
= Aozg (since 6 = T2 in Lemma|D.2).
16logT
We conclude that Eq[n;(T) | E; ) < 70 = %.

During Episode ¢

During episode ¢, arm a; is the candidate arm and a;~ is in G,. Unlike in episodes ¢ < ¢, sampling of a; is not subject to
the BAI-filter. To bound Eg[n;(T) | E; ;] we again leverage the bounds on UCB; and LCB;- stated in Equations 26| and [27]
respectively. However, instead of a lower bound LCB;~ we use a lower bound on (1 — a))LCB;~.

(1= @)LCBy- = (1 — a)(jisr — Bir (£,9)) = (1 — @) (4" — 2B:-(£,9)) Vi € [T,
The key insight is that arm a; € A~ shall necessarily be deemed infeasible by COF by when ¢;- ; < J, making the overall
product, Hak_e 4 €k, < 0 necessarily. Analogous to 7; ¢, we find the smallest 7; for which €;- ; < § holds under G;.

First we demonstrate through a rearrangement of definitions that UCB; < (1 — @)LCBj» == €+ ; < J.

UCB; < (1 — a)LCB;» = (1 — a)(fi — Bi= (¢, 0))

UCB;
= B (t,0) < L [l
Bi=(t,0) Ao "
But we know that €;- ; is such that,

UCB; R
3 * t7 i*q) = — q* . 28
Bi= (L, €iv i) i—a) " (28)
= Bi-(t, € 4) > Bix(t,0). (29)
= € < 0. (30)

Since ¢;,; < 1Vay € A, Hake A Ekyi < 0. Therefore, arm a; is deemed infeasible by the time we accrue samples equal to
those which can guarantee a separation between UCB; and (1 — o)LCB;+. From bounds in 26]and 28] this condition is,

pi +2B:(t,0) < (1 — a)(u* — 2B+ (t,9))
== 2+ 2(1 — a)ﬁi(t,é) < AQJ‘.
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The coalescing of the 5 terms follows from n;(t) < n(t) = Bi(¢t,9) > Bi= (¢, ) during episode a;. Therefore, the desired
bound 7; on Eg[n;(T) | E; ;] is,

Ti = mln{nz(t) | 2+ 2(1 — O[)ﬂi(t, 5) < AQ,’L}

< min{ni(t) | Bi(t,9) < Afl} (since o € [0, 1))

_ min{ni(t) | 1(010g((15> - AQ,%’} (definition of B;(t, 6))

_ 8log(1/6)
- A2
AG
16log T
= GA;;? (since § = T2 in Lemma[D.2).

For any cheap arm a; € A~, since y; < (1 — a)u*, the quality gap A2 i+ = (1 —a)p* is necessarily smaller than the reward
gap A; = p* — p;. Therefore the bound in[23]can be resolved as,

16logT

E[n:(T) | G] <max{r; ¢, 7} = ﬁ

To complete the proof of Lemma we must also bound the probability of G; not holding P (G¢). Using De-morgan’s law
and the definition of G; in Equation 23]

P(G)) =P ({Uuz — pil = 31‘(@5)} U {Ulﬂz —u Bi*(t75)}>

t=1

T
< P(fu — il > Bi(t,6)) + > P (| — p*| > B+ (t,6))  (union bound)

t=1 t=1

< 2T§ (using Lemma [B.10).

Plugging the bound on P (G¢) in Equationand substituting in § = 7'~2 we get the bound on E[n;(7T)] stated in Lemma
0
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D.2 Bound Samples of Expensive Arms

The samples of an arbitrary expensive arm a; € A" may only be accrued during episodes £ € {1,2,...,a*,...,i}. Under
its normative progression, COF deems arm a* feasible. Therefore the contribution to n;(T') from any episode beyond a* is
statistically insignificant. We establish this formally through Lemma[D.3]

Lemma D.3 (Normative progression of COF ends in episode a*). Let E; ¢ be the event that the terminal sample of arm a; is
drawn during episode {. Then the expected number of samples for an expensive arm a; € AT under COF over horizon T can
be upper bounded as,

E[n;(T)] < maX{ﬂ%}f{E[ni(T) | Eiel}, Eng(T) | Eigr,Gox] + 2T25},

where G o+ is the event,

Gaor = {|fia~ — pta| < Ba-(t,8) Yt € [T]} N { IT era®)>8vte [T}}. 31)

ar€A

Proof. Let random variable Z denote the terminal episode in which arm a; was sampled. Then Z can take values in
{1,2,...,a%,...,i} and the events {Z < a*},{Z > a*} are mutually exclusive and exhaustive. Applying Lemma [B.12]to the
expected samples E[n;(T")] we have,

E[ni(T)] < max{E[n;(T) [ {Z < a”}],E[ni(T) | {Z = a"}]}.

Just like in the proof of Lemma let F; , denote the event that the terminal sample of arm a; was drawn during episode
¢ < a*. Then again using Lemma|[B.12]

Bni(T) | {Z < a*}) < max{Elm(T) | Bif]}

For the Z > a* case we introduce conditioning on the event G~ (Equation that ensures the normative progression of COF
during episode a*.

ar = ﬂ{lua* -

where the latter clause is based on the infeasibility condition of COF. Now we can bound E[n;(T) | {Z > a*}] using Lem-
mas and the event G« as,

Eni(T) [{Z =2 a™}] < [ (T)

té}mﬂ{Heka }

t=1 \arcA

> a'},Go- |+ TP (GG [ {Z 2 a™})
Z>a"'},Ger] + (G° ) (Gg~ is not specified by episode). (32)

| |
5

The bound on P (G¢..) follows as,

T
U |Ma* — Ma*

T
( > Bar(t,6)} U U{ H €har(t) <O }) (De-morgan’s rule on definition)
1 \areA
T

<

t=
T
P (|fta )+ ZH" < H €rar(t) < ) (union bound)

t=1 t=1 ar€A
< 2T (Lemma [B.10]and by construction for e, 4+).

Plugging the bound on P (G¢) into[32}
E[n,(T) | {Z > a*}] <E[ni(T) | {Z > a*},Go-] + 2725
=Eni(T) | E; o, Gar] + 2T%. (33)

Where the final equivalence follows from the insight that the joint event {Z > a*}, G4~ is equivalent to E; ,-, G4~ since G+
precludes progression to any episode Z > a*. Plugging in the bound[33]into[32]and combining the result with the simplification
for episodes ¢ < a* we get the bound stated in Lemma[D.3] O
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In addition to Lemma|[D.3] we need some additional insights and definitions to analyze samples n; during episodes ¢ < a*. The
BAlI-filter of COF (Algorithm 1} Line 15) ensures that any arm a; € Gy is not further sampled once we determine that the arm
is not the highest reward arm ¢* with sufficient confidence. As discussed in Section [3] the BAI-filter helps reduce regret because
in the absence of the knowledge of cost gaps (costs are known but cost gaps Ac; are unknown), the most regret efficient way
of determining the infeasibility or feasibility of an arm are samples of arm ¢*. Therefore once an arm is known to not be i*, our
limited sample budget is better off being allocated to other arms in Gy.

In any particular episode ¢ < a* the normative outcome is for a, to be deemed infeasible. Some arms a;, ¢ > ¢ will have their
sampling curtailed by the BAI-filter, and others will continue to be sampled till a; is deemed infeasible. Prior to bounding the
samples of an expensive arm during episode ¢, we introduce some definitions (A, ¢, A?) and an intermediate result (Lemmaﬁ]}
to distinguish between the two possible fates of an expensive arms samples.

Definition D.4 (The gap A; , for MAB-CS). For an MAB-CS instance v with bandit arms a; € A and subsidy factor . If
E[v;] = w;, then we define A; o := (1 — ) p; — ¢ Intuitively the A; , captures the ease with which the feasibility of arm a,
relative to arm a; may be resolved.

Definition D.5 (The set .A%). The set A’ is the collection of all arms that have sufficient reward for deeming cheap arm
ay € A~ infeasible. Mathematically,

Al ={a; € A| Ay >0}, A'i=|AY.
Where A; ¢ is from Definition[D.4}

Remark D.6 (AT C A* Y/ < a*). Let a; := arg max;jq,c 4~} p4 denote the highest reward cheap arm. All arms in A" will
also have sufficient reward to deem a, with 11, < 4 infeasible and therefore will also be in ALY ¢ < .

Next we develop an intermediate result relating the sum of squared gaps to the number of sampling rounds. We shall later
leverage Lemma to bound the sampling rounds needed to deem a cheap arm a, € A~ infeasible.

Lemma D.7 (Intermediate result relating samples and sum-squared gaps). Let & be the error tolerance, and let § =

- YA -
% log(%), n € N, § € RT denote the confidence radius. Then for any A-sized collection {Ak}k v Ap € RT,

2
- {n | kZ: (80— 39" > ﬂz} ) (3&; 1) log§2/5).

~ - A - -
Where A is the root of sum of squares of{Ak} A= \/Zﬁzl A2,

)
k=1

Proof. We shall prove the result by upper bounding the minimum number of samples under the constraint specified in
Lemma[D.7|by the minimum number of samples that satisfy a strictly stronger constraint.

A A A
min{n ‘ Z(Ak — 3[3)2 > /32} = min{n ZA% + 9432 —652Ak > 52}
k=1 k=1

k=1

< min{n A% 49452 — 6\/256 > 62} (A definition, and Lemma|B.14)

= min{n (9A —1)8% — 6VAAB + A? > 0}.

Consider the quadratic expression g(8) = (94 — 1)3% — 6\/ZAB + A2, For some c1,c2 € Rt we create another related
quadratic h(3) as the factorization,

h(B) = ((9A—1)B—A> - (6—2) —oa-ye-A(Y -t L)y 2

¢ co ¢ ciey

If we can find ¢, ¢ such that h(B8) < g(8) V3, then h(8) > 0 will imply g(3) > 0 and min{n | g(3) >0} <

min{n | h(B) > 0}. The solution region on § for the constraint A(8) > 0is § < ﬁ or > %. The latter solu-

tion here provides a lower limit on 5 and for this reason is not meaningful for sample bounds in a bandit algorithm.
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For h(8) < ¢(8) to hold we need to pick ¢, co > 0 such that,
1 1
S
(9A— 1)y ~ e

A—1 1
) +6—26\/Z, AeN
1

C2
1
C1C2

<1

We can achieve this by plugging in the constraints on ¢y, c2 into a symbolic solver to achieve a valid factorization that satisfies
all the constraints needed for () < g(/3). Using a symbolic solver, one such factorization is,

3VA+1

AT T9A—1

94— 1
Co = ——.
T 3VA+1

Continuing to upper bound min{n | g(5) > 0} by plugging in the expression for ¢y,

A 2 X
min{n | ;(Ak — 3ﬁ) > 62} < min{n | 8= 2lnlog(cls> < ?)\/ZA—H}
(3\/Z+ 1)2 log(1/9)

= 5 Xz (after rearranging constraint to be in n).

We now have the requisite tools needed to bound the samples of an expensive arm that end in an episode ¢ < a*.

Lemma D.8 (Bound on number of samples of an expensive arm in episode ¢ < a*). The expected number of samples of
expensive arm a; € AY, conditioned on its final sample being drawn in episode ¥, over horizon T is upper bounded as,

8log(1/0)
A2

Inside of the min, the first operand represents the case of the sampling of a; being curtailed by the BAI-filter and the second

(3vA+1)" 10g1/9

Eln;(T) | Ei ] < min{ ,Tg(5)} + KT?.

case represents arm a; being sampled to the end of episode L. T¢(8) = 5 A g Where @ (i) denotes the
Dizt A¢(i)7€
index of the i" highest reward arm in AY, and A represents the number of highest-reward arms {a¢(1), Ap(2)s -+ a¢(A)} c A

that collectively deem ay infeasible.

Proof. We define an event G; ; conditioning on which secures normative progression for sampling of arm a; in episode £.

T

T T
Gio = (s — il < Bit, )} 0 (Ve — pel < Be(t, )30 ()4 () {liw — al < Bi(t,6)}

t=1 t=1 t=1 | apecAt

Clause A Clause B Clause C

G ¢ consists of three clauses. Clause A secures the normative progression of the sampling of arm ¢ with respect to the BAI-filter.
Clauses B and C in conjunction ensure the normative outcome of arm a, being deemed infeasible. To be precise, Clause A
implies,

UCB; = fi; + Bi(t,0) < p; +26;(t,6) Vit € [T]. 34)
Clause B implies,
UCBy = fig + Bo(t, 8) < pe + 2B4(t,8) V't € [T). (35
And clause C implies,
LCBy, = fir — Br(t,0) > pp — 2Bx(t,0) Ya € AL, Vit € [T). (36)
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Since i* € A’V ¢ < a*, clause C includes,

LCB;* = ﬂz* — ﬂz* (t, 5) > /L* — 251* (t, 5) Vit e [T} (37)

Define the shorthand E;[n;(T)] := E[n;(T) | E; ¢]. Then we show that conditioned on G; ¢, the sampling of arm a; during
episode ¢ will be curtailed either by the BAI-filter or by the arm a, being deemed infeasible. An overall upper bound on
E¢[ni(T) | Gi,] thus will be from the earlier of the two possible fates. Applying Lemma [B.13|to E¢[n;(T)] with G; ¢,

Eo[ni(T)] < Ee[ni(T) | Gie) + TP (G5, | Eie)
=E¢[ni(T) | Gie) + TP (G5,)  (since Gy is defined V¢ € [T'] agnostic to episode). (38)

Conditioned on G 4, first we determine a limit 722! on the samples of arm a; due to the BAI-filter. Once UCB; < LCB;«, arm i
will accrue no further samples during episode ¢. Therefore,

BAI
Ti

= min{n; | UCB; < LCB;- }
< min{n; | u; +26;(¢,0) < p* —28;-(t,9)}
< min{n; | 468;(¢,0) < p* — p;}  (since n;(t) < n=(t) = Bi(t, ) > Bix(t,9))

[1 A, . .
= min{ni | o log(1/9) < 4} (using definition of j3;(t, 9))

8log(1/0)
N

(rearranging the constraint to be in n;). 39)

Next we determine a limit on the number of samples of a; due to episode ¢ terminating. From Algorithm[T} arm a, is deemed
infeasible once Hake 4 €k,e(t) < 0 (infeasibility criteria). We bound the number of samples needed for the infeasibility criteria
to hold by upper bounding the product Hak e €k,¢, and determining the sample count that is sufficient for the upper bound to
be less than §.

The formula for €, ¢ (t)E| is given by,

2
R UCBy N UCB
-2 -— f L
€hp = exP( " <"’“ (1- a)> ) HHk = (1) (40)

1

otherwise.

)

Let Akl = (1 — a)fix, — UCBy, and A;K = max{0, Ak’g}. Then,

H €k 0 exp<(1_2a) Z nk(A;€)2>

ap€A ap€A

R 2
<exp| -2 Z nk<A;€)

CLkE.Az

Where we drop (1 — «), and take sum over A’ instead since ere < 1. Arms in A* C A (Definition [D.5)) have the feature of
having (1 — a)pg > pe. Nexﬂ to upper bound [ ] ¢ ,, we lower bound each A;Z by leveraging clauses B and C of G, 4.

(1= o) > (1 — ) — ) Y € AL,
UCBy < pg + 25
— Age=(1—a)fu, — UCBy
> (1 —a)u — (1 —a)Br — pe — 28,
> Ago— Br — 20 (using Definition [D.5]for Ay )

= (Ak,£)+ > max{Ay¢ — B — 260,0} = (Age — Br — 2680) 7.

3Going forward we drop explicit time parameterization (¢) for e, j1, UCB, and LCB unless necessary

4We start denoting Sy, (t, §) = i log(%) by just B}, for any arbitrary arm af, € A unless the parameters are needed
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Therefore, we can continue to bound [] € ¢ as,

H e <exp| —2 Z nk((Ak,Z = Br— 25£)+)2

ar€A ap €Al
For any arm a;, € A’, conditioned on the event G; ¢, we have,

UCBg = fi, + B < pp + 285 YVt € [T). 41)

810g(1/6)

Combining 37 andwe can see that due to the BAI-filter, a; can have at most samples (analogous to the derivation

of TBAI) Let n represent the running count of the sampling rounds completed durlng episode £. In each sampling round
the unfiltered arms of G, are sampled. Then for a, we will have ny > n. Similar to ay, for each a; € At that was not

filtered nj, > n. Further, let 3 = ,/5-log(}) be the confidence radius corresponding to n and error tolerance 6. Then
B > max{fy, By}, and,

(Are — Br —2B0)" = max(Ayp — Br. — 26,,0) > max(Ay, — 35,0) = (Age — 38)"

We can use this fact to further upper bound [] e ¢.

[T e <exp| 20 3 1fn < BB (00— 39)°)°

ar€A ag c At

To get our desired bound we wish to find the smallest integer 7, such that (conditioned on G ¢), a, is deemed infeasible
Y n> 1.

7¢(6) = min{ n

exp| —2n Z H{n < Sloi(il/é)}((AM 73ﬂ)+)2 <4

ap €At

2
= min n‘ Z { < 810g(1/6)} ((Ak,f — 35)+) > 32 (using definition of 3 and rearranging).  (42)
ap€A*

We define A (p) as the collection of the top p reward arms in .A*. Reintroducing the reward ordered indexing scheme ¢(4) first
introduced in the statement of Lemma[D.§]

Al(p) = {ag(1), ap(2)s - - o) }-

Where as in the statement of Lemma. ag(;) is the i highest reward arm in A°. To solve the optimization problem of
we define a candidate solution 7, for 7 as,

T¢,p ‘= min nl Z (Age— 35)2 > 32

areAl(p)
We say that candidate solution 7y, is feasible when,
8log(1/0 2
> (B30 0) = X 1y < SR (A 3800000 ")
ap€AL(p) ap €A’ k

We can get the desired 7, as the minimum over the feasible solutions,
7(8) = min{ 7, (0) [p=1,...,| A",
Using Lemma we can then say that each candidate 7 j, is given by,

(3yp+ 1)2 1og<1/6>

2
2 —1 8500

Tep(0) =
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In general the best feasible 7, will depend on the bandit instance. If we define A such that 7, 4 is the smallest feasible solution,
then,

2
(3A+1)  10g(1/0
T .
2 >zt A?&(i),é
Conditioned on G; ¢, overall the expected number of samples are bound as,

E¢[ni(T) | Gie] < min{TiBAI,Tg}

7(0) =

2
slog(1/) (3VA+1) 10g(1/5)
ATz v A,

< min

To complete the bound on E4[n;(T)] from Equation 38| we must also bound PP (Gf, [). We start by combining the definition of
G ¢ with De-morgan’s rule.

P(G5p) =P | ([ J I — mil = Bi(t,6)} U U Llae — el = Be(t. )y U S () (1w — il = Bi(t,0)}
t=1 t=1

t=1 |\ arcA*
T T
<Y P (| — il > Bilt, ) Z (e = pel = Be(t,8)) + > > Pl — el > Bi(t,6))
=1 =1 t=1 ape A
< KTé.

Plugging back in this bound on IP (Gf e) and the earlier bound on Ey[n;(T") | G; ¢] into Equation 38| we get the bound stated in
Lemma O
Remark D.9 (Role of gating filter). Line 3 of Algorithm I]resets the gating arms at the start of every iteration of COF and

in effect acts like a gating filter. This remark addresses why the gating filter does not play a role in the upper bound on the
expected number of samples of an expensive arm during episodes ¢ < a*.

For episodes ¢ < a*, pp < (1 — a)p*. If for some arm a;, (1 — a)p; > pp then it is a legitimate member of the gating set Gy
and not at risk from being removed from sampling by the gating filter. In the other case s > (1 — «)p; and we can study the
gap p¢ — (1 — a)p; to understand the filtering impact.

pe — (1= )y < (1 —a)pu™ — p
<pt =i = Ay

Therefore from the perspective of sample complexity analysis of an arbitrary expensive arm a;, BAl-filter will always kick in
before gating set filter.

However in the case of expected samples of a; during episode a* gating filter does play a role as shown in Lemma[D.10}

Lemma D.10 (Bound on number of samples of an expensive arm in episode a*). Under COF the expected number of samples
of expensive arm a; € AY, conditioned on its final sample being drawn in episode a*, and on the event Gy~ (defined in
Equation[31)), over horizon T is upper bounded as,

8log(1/0)

EnzT Eia*7Ga* S
) B G < )

5 + T7%6.

Proof. Corresponding to episode a* for the samples n;(T") we wish to bound, E[n;(T") | E; o+, G4+]. In addition to the
normativity secured by conditioning on GG,~, we must also condition on an additional event to secure the normativity around
arm ¢’s elimination by arm a*. Hence we define G; .- as,

Giar = {lfi — | < Bi(t,6) Vit € [T1}

= ({li: — pal < Bi(t,0)}.
t=1
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We bound E[n;(T") | E; 4+, Gq+] by further conditioning on G; -+ using Lemma
Eq«[ni(T) | Gor] < Eq=[ni(T) | Gar, Giax] + T - P (G5 4v | Eiq+, Gar)
=Eu+[ni(T) | Ga»,Giax] + T - P (G5 ,.)  (arms are independent, G; - is agnostic of episode)
< Eo[ni(T) | Gav, Gy.ax] +T?6  (using union bound and Lemma[B.T0). (43)

Where we have introduced the E,«[-] .= E[- | E; ~] operator for brevity. Next we show that conditioned on G 4+, G4+, the
number of samples of a; during episode a* can be at most a certain bandit instance dependent quantity 7; o .

When G, 4+ and G- hold, we can write,
LCBg+ = ﬂa* — Ba (t, 5) 2 Har — 284 (t, 5) (44)
UCB; = f1; + Bi(t,0) < pi + 204(t,6). 45)

Since the lower bound on LCB,- defined in Equation 44] and the upper bound on UCB; defined in equation [45] are strictly
increasing and strictly decreasing functions of time ¢ (or equivalently number of samples n,-(t) and n;(t) respectively), once a
strict separation is achieved between the lower bound from Equation[44]and the upper bound from Equation arm a; will be
eliminated from the set of gating arms for episode a* and will not be sampled again during that episode.

Hence conditioned on G+, G o~ We can find the maximum possible samples by plugging in the filtering condition on G-
implemented by COF (Line 3, Algorithm T).

(1—a)ucB; < (1 —a)(u; +28:(t,0)) < par — 2Bax(t,6) < LCBg».
Rearranging terms we have,
2(1 = a)Bi(t,0) + 2Ba-(1,6) < pa- — (1 — @) ps.
Since during episode a*, nq= (t) > n;(t), Bi(t,d) > Bqx (L, ), the inequality will be satisfied when,
2(2 = a)Bi(t,0) < par — (1 — a) ;.
Hence the required value of j3;(t, ) is governed by,

par — (1 — a)pi
Bi(t,d) < T 22—a)

Hence, the maximum number of samples of n; is governed by,

1 1 far — (1 — a)p
log( <) < Mo~ = WM
on; °g<5> Ty

We can choose the least value that will satisfy the above condition by setting equality,
2(2 — «)?log(1/9)
(Har — (1 — @)ps)*
8log(1/0)
" (par — (1= a))”
Hence we can further bound the RHS of Equation 3] as,

Ti,a* =

8log(1/6)
(Har — (1 — a)ps)

Eo+ [ni(T) | Go-] < 5 +T7%. (46)

O

We are now close to ready to bound the overall number of samples of an expensive arm. Before we can, we need a final
intermediate result to obtain an ordering between the number of sampling rounds required to disqualify the best reward cheap
arm a+ and some other arbitrary cheap arm ay, ¢ # j.

Lemma D.11 (Disqualifying a; requires the most samples). Let a; denote the highest reward cheap arm. In the notation of
Lemmalet 7¢(0) denote the least number of samples from each participating arm (sampling rounds) needed to deem ay
infeasible with an error tolerance 6. Then,

7+(0) = max 7(9).
£<a*
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Proof. By definition 7y satisfies Equation A2}

(@) = mind n] 3 { W}((Ak,j—3ﬁ>*)2>ﬂ2

akG.AJr

To prove Lemma|[D.TT] we rely on two observations,

1. As remarked in AT C A’. That is, any arm included in A is also a part of other A for any cheap ay.

2. Since (Ak,g — 3ﬁ)+ = maX{Ak,g — 3ﬁ,0}, and Ak,g = (1 — ) — e, We have A’%T < Ak,g VI<a*.

Starting with the general feasibility condition for 7, and applying our two observations,

8log(1/9) 2 810g(1/5) 2
Z H{” STTAT ((Ak,é - 3ﬁ)+) > Z Iin < Az ((Am - 35)+> :
ar€AL ap €At

Which in turn means that 7¢(6) as defined in Equation[42]is not more than 7+ (). O

Lemma D.12 (Bound on number of samples of an expensive arm). When the error tolerance § = T2, the expected number of
samples of expensive arm a; € AT under COF over horizon T is upper bounded as,

16log T 16logT
E[n;(T)] Smax{min{T’r(T_Q)’ AOQg }7 (Har — (10% a)M‘)Q} o

Where a; = arg max,, ¢ 4- [tk is the best reward cheap arm, and T; is as defined in Lemma@

Proof. Plugging in the bounds from Lemmas [D.8](for episodes ¢ < a*) and[D.10](for episode a*) into the max over episodes
bound from Lemma [D.3| we get,

el )

8 log(1/5) 7 76(5)} }, (e 8_10(g1<1_/i>)ui)

< max max mln

A2 3 } + KT?§ (pulling out larger error term)
{<a*

{<a*

810g(1/6)} 8log(1/4)
C(w

{mm max{7(d)}, A2 0 o) } + KT?5 (using Lemmal[BT5).
; ar — (1= a)p

= max

min ,

810g(1/5)} 8log(1/0)
AT (par = (1= a)us)

Plugging in the error tolerance § = 72, we obtain the expression stated in Lemma O

5 } + KT?5 (using Lemma[D.TT).

D.3 Bound Cost and Quality Regret

We put together the bound on the samples of cheap and expensive arms together to prove the upper bound on cost and quality
regret stated in Theorem [3.2]

Proof of Theorem[3.2] Using the regret decomposition (Lemma [B.16) we can express and bound the expected cumulative cost
regret, and the expected cumulative quality regret as,

E[Cost_Reg(T,v)] = Z AglE[nl(T)}, (Aai = 0 for cheap arms)

a; AT
E[Quality_Reg(T,v)] = Y  Ab Eni(T)]+ Y ASEn(T)],
a; EA- a; €At
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respectively. To bound E[n;(T")] for cheap arms (a; € A~) we invoke Lemma[D.2] and for expensive arms (a; € A*) we use

Lemma ID)
16log T 16log T
E[Cost_Reg(T,v)] < > Af (max{min{q—T(Tﬂ)’ og } 0g . } +K>

Aj (Har = (1 = a)ps)

a; €At

16logT 16logT

5 g oo {rrn, ST 0T 5
7 A (o — (1 = a)ﬂz a;c A+

a; €At

Similarly, for quality regret,

16logT
E[Quality_Reg (T, )] Z AY l( 6 og 2)

a; €A
16logT 16logT
+ Z A+’i (max{min{TT(TQ), GAo;g }, 6log 5 } + K>
a; €At 7 (,LLa* - (1 — a)ul)
16logT 16logT 16logT
= Z 0 ig + Z A+7i <max{min{TT(T_2), 6 O2g }, 6log > })
a;€A- AQJ a;€AT A (fax — (1 = a)pi)

+2 ) AL+ K Y AL,

a;EA- a; EAT
16logT 16log T 16logT
< 3 L 5 g (i, ST, 0T
a; €A~ Qi a; €At i (pax — (1 — ) pi)

+K DY AL

a;€A

3VA+1)21logT
To obtain the bound stated in Theorem 3.2/ we substitute 74 (7'~ 2) = ( \/>A+ )"log .
i1 B
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