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Abstract

Reverse Kullback-Leibler (KL) divergence-based
regularization with respect to a fixed reference
policy is widely used in modern reinforcement
learning to preserve the desired traits of the ref-
erence policy and sometimes to promote explo-
ration (using uniform reference policy, known
as entropy regularization). Beyond serving as
a mere anchor, the reference policy can also be
interpreted as encoding prior knowledge about
good actions in the environment. In the context
of alignment, recent game-theoretic approaches
have leveraged KL regularization with pretrained
language models as reference policies, achieving
notable empirical success in self-play methods.
Despite these advances, the theoretical benefits of
KL regularization in game-theoretic settings re-
main poorly understood. In this work, we develop
and analyze algorithms that provably achieve im-
proved sample efficiency under KL regulariza-
tion. We study both two-player zero-sum Ma-
trix games and Markov games: for Matrix games,
we propose OMG, an algorithm based on best
response sampling with optimistic bonuses, and
extend this idea to Markov games through the al-
gorithm SOMG, which also uses best response
sampling and a novel concept of superoptimistic
bonuses. Both algorithms achieve a logarithmic
regret in " that scales inversely with the KL regu-
larization strength /3 in addition to the traditional
O(V/T) regret without the 5~ dependence.

1. Introduction

Multi-agent reinforcement learning (MARL) has emerged as
a key framework for modeling strategic interactions among
multiple decision makers, providing a powerful tool for
analyzing both cooperative and competitive dynamics in
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domains such as robotics, game playing, and intelligent
systems (Busoniu et al., 2008). A fundamental and well-
studied case of competitive interactions is the finite-horizon
two-player zero-sum Markov game (Shapley, 1953), where
agents share a common state, the transition dynamics de-
pend on both agents’ actions, and the stagewise rewards
sum to zero. The matrix game is a further special case cor-
responding to the one-step setting (horizon H = 1) with no
state transitions. Considerable progress has been made in de-
signing sample-efficient online learning algorithms for both
zero-sum matrix games (O’Donoghue et al., 2021; Yang
et al., 2025a) and Markov games (Bai et al., 2020; Bai & Jin,
2020; Jin et al., 2022; Liu et al., 2021; Xie et al., 2023; Chen
et al., 2022; Huang et al., 2022; Cai et al., 2023), leading to
nearly optimal rates and a deeper understanding of the com-
putational and statistical challenges inherent in multi-agent
systems. Most existing works assume agents learn from
scratch, starting with random policies and no knowledge
of the environment. This neglects practical settings where
prior demonstrations, expert policies, or structural knowl-
edge could accelerate learning and improve performance.

Modern deep reinforcement learning algorithms often use
some form of KL or entropy regularization to encourage
exploration or to incorporate prior knowledge from a refer-
ence policy (Schulman et al., 2015; Haarnoja et al., 2018;
Mnih et al., 2016), often initialized via imitation learning
from expert demonstrations. These techniques have recently
gained substantial attention due to their success in post-
training large language models (LLMs) with RL, using ei-
ther preference feedback (Ouyang et al., 2022) or a learned
verifier/reward model (Guo et al., 2025). In this setting,
the pretrained LLM serves as the reference policy. Game-
theoretic alignment methods and self-play relying on KL
regularization (Calandriello et al., 2024; Ye et al., 2024;
Munos et al., 2024; Tiapkin et al., 2025; Zhang et al., 2025c;
Chen et al., 2024; Wang et al., 2025; Shani et al., 2024,
Yang et al., 2025b; Park et al., 2025a) have demonstrated su-
perior empirical performance in reducing over-optimization
and improving sample efficiency (Zhang et al., 2025b; Son
et al., 2024). Within this paradigm, self-play optimization
is framed as a two-player game, where models iteratively
improve using their own responses by solving for the Nash
Equilibrium (NE) (Nash Jr, 1950) of the regularized game,
also known as the Quantal Response Equilibrium (QRE)
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(McKelvey & Palfrey, 1995). Under the full information
setting, the computational benefits of KL regularization are
well understood in terms of fas ter convergence to the NE
of the regularized game (Cen et al., 2023; 2024; Zeng et al.,
2022).

However, their sample efficiency gains over unregularized
methods remains poorly understood since these analyses that
demonstrate superior performance under KL regularization
assume access to the ground-truth payoff function/oracle.
None address the practical setting where the reward func-
tion/transition model is unknown and must be learned online
simultaneously via exploration using adaptive queries in a
sample-efficient manner (known as online learning under
bandit feedback). Recent work has established logarithmic
regret for single-agent settings under KL regularization in
the bandit feedback regime (Tiapkin et al., 2024; Zhao et al.,
2025b; Foster et al., 2025). In contrast, no such results exist
for game-theoretic settings, where current analyses under
KL regularization (Ye et al., 2024; Yang et al., 2025a) still
maintain O(v/T) regret, matching the unregularized case.
In this paper, we develop algorithms to close this gap and
answer the following question:

Can we design learning algorithms that, when equipped
with KL regularization, achieve provably superior sample
efficiency in game-theoretic settings?

Our Contributions: In this work, we develop provably
efficient algorithms for competitive games that achieve log-
arithmic regret in the number of episodes 7" under KL-
regularized settings, in contrast to the standard O(v/T) re-
gret typically obtained in unregularized settings. Under KL
regularization, the best response of a player to a fixed oppo-
nent strategy admits a Gibbs distribution with closed-form
expression that depends on the environment parameters to be
estimated and the opponent’s fixed strategy, both in matrix
and Markov games. Our algorithms systematically leverage
this property by collecting best-response pairs and exploit-
ing the resulting structure. For matrix games, we design
algorithms based on optimistic bonuses, while for Markov
games, we introduce an algorithm based on a novel super-
optimistic bonus to achieve logarithmic regret dependent on
the regularization strength (5 > 0). Given ¢ € (0, 1),

* For two-player zero-sum matrix games, in Section 2, we
propose OMG (Algorithm 1) based on optimistic bonuses
and best response sampling, which achieves with proba-
bility at least 1 — §, a regularization-dependent regret of
O(B~'d?1og?(T/5)) and a regularization-independent re-
gret of O(dv/T log(T/5)), where d is the feature dimension
and T is the number of iterations.

* For two-player zero-sum Markov games, in Section 3,
we propose SOMG (Algorithm 2), which learns the NE
via solving stage-wise zero-sum matrix games using best-

response sampling and a novel concept of super-optimistic
bonuses. These bonuses are chosen such that the superopti-
mistic Q-function exceeds its standard optimistic estimate.
With probability at least 1 — §, SOMG achieves a linear in
B~ logarithmic regret of O(5~*d®H™ log?(dT'/5)) along-
side a standard O(d*/2H3\/T), where d is the feature di-
mension, H is the horizon length, and 7" is the number of
episodes.

To the best of our knowledge, this is the first work to estab-
lish logarithmic regret guarantees and sample complexities
for learning an e-NE that only scale linearly in 1/¢ in any
KL regularized game-theoretic setting.! Table 1 summarizes
our results against prior work. Discussion of related works
and full proofs are deferred to the appendix.

Notation: For n € N, we use [n] to denote the index
set {1,--- ,n}. We use A" to denote the n-dimensional
simplex, i.e., A" == {z € R" : @ > 0, > z; =
1}. The Kullback-Leibler (KL) divergence between two
distributions P and @ is denoted by KL(P| Q) :=
>, P(z)log gg;; . For a matrix M € R™*", we denote by
M (4, :) its i-th row and by M (:, j) its j-th column. We use
O(-) to denote the standard order-wise notation and O(-) is
used to denote order-wise notation which suppresses any
logarithmic dependencies.

2. Two-Player Zero-Sum Matrix Games
2.1. Problem Setup

We first consider two-player zero-sum matrix games as
the foundation of our algorithmic framework. The KL-
regularized payoff function is given as

Y (A) = NTAV — BRL(p| prret) + BKL(V [|trer), (1)

where . € A™ (resp. v € A™) denotes the policy of the max
(resp. min) player. The reference policy pier € A™ (resp.
Vet € A™) encodes prior strategies for the max (resp. min)
player and is used to incorporate prior knowledge about the
game (e.g., pretrained policies). Here, A € R™*" is the true
(unknown) payoff matrix and 5 > 0 is the regularization
parameter. The Nash Equilibrium (NE) (u*, v*) is defined
as the solution of the following saddle-point problem.

* = in fAv(A 2
o= are A v UC) (22)

* = i mY(A 2b
v = arg min Mlggagf (4) (2b)

For the NE policies (u*,v*) and all p € A™, v € A™ we
have

PRV (A) S fPV(A) < O (A), ©)

'The sample complexities follow using standard regret-to-batch
conversion for the time-averaged policy.
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Problem Algorithm Setting Regret Sample Comp.
Matrix-UCB(O’Donoghue et al., 2021) | Unreg. O(dV'T) O(d?/£?)
Unreg. O(dV'T) O(d?/=?)
g/latrix VMG (Yang et al., 2025a) Reg. (VT R
ames 2
OMG (Algorithm 1) Unreg. O(dV'T) O(d?/?)
R mln{@( VT), mln{@(dQ/az),
eg. ~
O(5~1d log*(T)) } O(B~1d/e)}
VMG (Yang et al., 2025a) Reg. O(dH?/?>\/T) O(2H?/<?)
Markov A 3/2H3\/T) {6 (d*H )
min<{ O (d , min ),
Games SOMG (Algorithm 2) Reg. ~{ < , ) B ’
OB 'd*H 108 (1))} | OB 'a*H"/2)}

Table 1. Summary of results: For uniformity, we report all sample complexities (number of samples needed to learn e-NE) in terms of
the number of episodes 7', results from (O’Donoghue et al., 2021) are translated from tabular to linear function approximation. "Reg.”
refers to the case with the regularization parameter 3 and bounds for learning the regularized NE, while “Unreg.” denotes the standard
unregularized setting with 8 = 0. O(-) hides the logarithmic terms. We only report the dominant (’)(\/T) terms for prior works; the
omitted lower-order terms typically exhibit worse dependence on H and d.

Noisy Bandit Feedback: The matrix A is unknown and can

be accessed through noisy oracle bandit queries. For any

i € [m] and j € [n], we can query the oracle and receive

feedback A(i, j) where
A(i,j) = A(,J) + €

Here, £ is i.i.d zero mean subgaussian random variable with

parameter o > 0. We are interested in learning the NE of

the matrix game (1) in a sample-efficient manner using as
few queries as possible.

Goal: Regret minimization. We define the dual-gap corre-
sponding to the policy pair (u, V) as
DualGap(yi, ) i= f**(A) — f*(A)
= [V A) = Y (A) + o (A) — 1 (A),

min player exploitability(~) ~ max player exploitability (x)

where

fT(A) == max f7(A),

HEA™

f7(4) = min f7(A).
4

The dual gap can be viewed as the total exploitability (Davis
et al., 2014) of the policy pair (u, v) by the respective op-
ponent. The dual gap of the NE policy pair (u*, v*) is zero
(see (3)). In order to capture the cumulative regret of both
the players over T rounds, for a sequence of policy pairs
{(pa, Vt)}thl, the cumulative regret over 7" rounds is given

by the sum of dual gaps Zthl DualGap(pt,vt) =

M'ﬂ

Regret(T' (fo7(A) — fror(A)).

t=1

2.2. Algorithm Development

We propose a model-based algorithm (Algorithm 1) called
Optimistic Matrix Game (OMG) based on UCB-style
bonuses (Auer et al., 2002). To enable function approx-
imation, we parameterize the payoff matrix by A, with
w € R? as the parameter vector. At each step t € [T,
OMG estimates the payoff matrix based on collected sam-
ples and collects bandit feedback using the optimistic best
response policy pairs. To elaborate further,

* Payoff matrix update: Given the set D,_1, the matrix
Ay is computed as the model that minimizes the regular-
ized least-squares loss between the model and the collected
feedback (6). The policy pair (¢, v¢) is computed as the
KL-regularized NE policies under the payoff matrix A,.

* Data collection using optimistic best response pairs:
The optimistic model A:“ (resp. A, ) for the max (resp.
min) players is computed by adding (resp. subtracting)
the bonus matrix b, to the MSE matrix A, (7). Each
player’s best response under its respective optimistic model
is obtained by fixing the other’s strategy (8), yielding pol-
icy pairs (ji¢,v;) and (g, 7). We sample (i), j;7) ~
(fit,ve), (4 v45 ) ~ (g, ) and collect noisy feedback
A(if,j}) and A(i7, j;). Update D, = Dy U D; where
Df =D, U{(i .5t AGS50)} and Dy = Dy U
{6737 Al 50) )

2.3. Theoretical Guarantees

Assumption 2.1 (Linear function approximation (Yang
et al., 2025a)). The true payoff matrix belongs to the func-
tion class

A3, ) =

(w,9(i,)), Vielml],jeln,
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where w € R? is the parameter vector, and ¢(i,j) € R?
is the feature vector associated with the (7, 7)™ entry. The
feature vectors are known and fixed, satisfying ||¢(4, 7)||2 <
1Vie[m],j€[n]

Assumption 2.2 (Realizability). There exists w* € R? such
that A = A~ and ||Jw*||2 < Vd.

Bonus Function: Under Assumption 2.1, given § € (0, 1),
the bonus matrix b; at time ¢ is defined as

bi(i.9) = ]| 8. ) 5+ s)

wherein ¥, = AT+ 3, jycp, | o(i,5)p(i, j) T and nr =
0\/d log (2L 4 Vd.

Regret Guarantees. We now present the main results for
the OMG algorithm. Full proofs are deferred to Appendix
E.

Theorem 2.3. Under Assumptions 2.1 and 2.2, for any
fixed 6 € (0, 1) and reference policies (firef, Vre), choosing
A = 1 and b:(i, j) per eq. (5) in Algorithm 1, we have the
following guarantees hold simultaneously w.p. 1 — §

* Regularization-dependent guarantee: For any 8 > 0, we
haveV T € Nt

Regret(T) < O <B1d2 max{1, 0%} log? (?)) .

* Regularization-independent guarantee: For any 5 > 0,
we have VT € NT

Regret(T) < O <(1 + 0)dVTlog (f)) .

Under bounded noise o, OMG achieves a regret bound of
min{O(dv/'T), O(B~1d?log*(T/§))}, which grows only
logarithmically with T'. This significantly improves upon
the prior rate O(dv/T) in Yang et al. (2025a) under
KL-regularization. For smaller values of 7' or the reg-
ularization parameter S (even 8 = 0), OMG recov-
ers the (’)(d\ﬁ ) regret guarantee of the standard algo-
rithms designed for the unregularized setting through the
regularization-independent bound. Consequently, OMG
can learn an e-NE using min{O(d2/e2), O(8~1d?/e)}
samples.

3. Two-Player Zero-Sum Markov Games
3.1. Problem Setup

We consider a two-player zero-sum KL-regularized Markov
game with a finite horizon represented as M :=
{S,U,V, P,r, H} where § is a possibly infinite state space,
U,V are the finite action spaces of the max and min players
respectively. H € Nt is the horizon and P = {P,}/_,

where P : SxU xV — A(S) is the set of inhomo-
geneous transition kernels and r = {r,}/__ | with r), :
S xU xV — [0, 1] the reward function. Here, we will fo-
cus on the class of Markovian policies p := {5 }L | (resp.
v := {v, }_)) for the max (resp. min) player, where the ac-
tion of each player at any step h only depends on the current
state (up, : SX[H] — A(U) and vy, : SX[H] = A(V))
with no dependence on the history. For reference poli-
cies fier @ SX[H| — AU), ver : SX[H] — A(V)
V(s,i,7) € S xU x V,h € [H| the KL-regularized value
and Q-function under this setup is given as (Cen et al., 2024)

H

v .. JCIGED).
VY (s) :=E ri (85, 1,7) — Blog ——~——"_
h ( ) I;l k?( k j) gluref,k(dSk)
vk (Jlsk) _
+ flog ——=|sp, = s|, (9)
Vref,k(]|sk)
QY (s i,4) =ru(s,i,j)+ E Vi (sh] .
s ~Pp(:|snyi,9)
(10)

The value function can be expressed in terms of the Q-
function as follows

v 4 - LS
Vhyl} (8) = Eiwph,(~|s) QZ (87 7’7 ]) /3 10 ((| ))
jNVh('IS) ,uref h
+ Blog AU (a1
Vret,n (7]5)

= Einpun(19)1@1" (5,4, 5)] = BKL (pn(:[)l| s, (- |5))

g~vn(:ls)
+ BKL (v (-[8) 1#rer,n(-]5)) -

For fixed policy v of the min player, the best response value
function of the max player is defined as

VseS,he[H]: VY(s)=maxV/""(s). (12)
I

The associated best response policy, denoted (1), follows
from solving (12), admits a closed-form expression given
byVielU,s€ S, he[H]

intis)en (B [Q16.1.5)/8])

J~va(ls)

(il s) ==

9

> uref’h(k|s)exp< E

keu J~vn(cls

Q1 k,j>/m)
(13)

where QT = Q*'. Similarly we define vt(y), the best
response of the min player to a fixed strategy p of the max
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Algorithm 1 Optimistic Matrix Game (OMG)

1: Input: Reg. parameter (3, regularization, no. iterations 7', ref. policies (firer, Vrer)-
2: Initialization: Dataset Dy := (), A > 0, initial parameter wq

3: fort=1,---,T do -
4: Compute the LMSE matrix A; := Ag, where

omargmin 3 (Auiod) = A) Al ©)
(4,4,A(1,§))€Dr—1
5: Compute optimistic matrix games for both players using b; in (5):
Af = Ay +b;, Ay = Ay — by @)
6: Compute the NE (14, v¢) of the matrix game Ay, and the best response pairs under optimism
iy = arg max fHY(AF), 7 = arg min fFY(A]). 8)

HEA™

VEAT

7. Sample (i), 5;7) ~ (fie, ve), (iy , ;) ~ (e, 7¢), collect feedback, and update D;.

8: end for

playerVj € V,s € S,h € [H]

wnties (= B Q1(s,0.0)/8])

vile) = e
S v (K]s) exp (—} E [Qf(s,i,k)/ﬂ}>
key invpn (-]s)
(14)

where QF = Q»v'. A policy pair (u*,v*) is called the
Nash equilibrium of the Markov game if both the policies
w* and v* are best responses to each other. The dual gap
associated with a policy pair (u, v) is given by

DualGap(u, v) :== V™" (p) — VI**(p).

Here V*"(p) = Es,~p[V{""(s1)] where p is the initial
state distribution. The cumulative regret associated with
sequence of policies {(s,v;)},_, is given by the sum of
dual gaps ZtT:l DualGap(p, v¢)

T
Regret(T) = Y V" (p) = V{**(p).
t=1

3.2. Algorithm Development

We propose a model-free algorithm (Algorithm 2) called
SOMG which uses bonuses based on superoptimistic con-
fidence intervals, larger than the ones used in standard
UCB style analysis (Auer et al., 2002) to ensure efficient
exploration-exploitation tradeoff and achieve logarithmic re-
gret. To enable function approximation, we use the function
class ff : S x U x V — R parameterized by 6 € © for the

)

regression step (15). The @ functions are obtained subse-
quently using a projection operation (16). The algorithm, on
a high level maintains three ) and V' functions, estimates
superoptimistic best response for each player by solving
stagewise matrix games and performs data collection using
the best response policy pairs. Here we further elaborate the
algorithm:

* Q function updates: SOMG maintains three value (V,,
V.t and V,) and Q functions (Q,,, Q; and Q;)). The Q
functions are updated in two steps. 1) Solving the regu-
larized least mean squared error with respective bellman
targets (ry, + Vi4+1) using data collected until ¢ — 1 (D;_1).
(15) followed by a 2) projection step (16) wherein the )
functions are projected onto respective feasible regions. The
projection operator is defined as follows

T, (z) = max{0, min{z, H — h + 1}} (20a)
IT} (z) = max {O, min{z,3(H —h + 1)2}} (20b)
I, (z) = min{ —3(H —h+1)3,

max{z, H — h + 1}} (20¢)

The projection operator is designed to enable superoptimism
by choosing a ceiling higher than the maximum attainable
value. Standard optimistic algorithms use the same projec-
tion operator for the optimistic estimates of both the players
P (z) = max{0, min{x, (H — h + 1)}}.

* Superoptimism:* To calculate the superoptimistic ) func-
tion for the max (resp. min) player we add (resp. subtract)

2A similar concept called over-optimism where extra padding
is added to the bonus was used in single-agent RL (Agarwal et al.,
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Algorithm 2 Super-Optimistic Markov Game (SOMG)

1: Input: Reg. parameter /3 no. iteration T, ref. policies (fref, Vref)-

2: Initialization: Dataset Dy := ), A\ > 0, initial parameters {0}, o, 9;;0, Gg’o}hH:l.
3: fort=1,---,T do

4: forh=H, H—1---,1do

5: Regress onto MSE Bellman target, optimistic Bellman targets for each player
B [De—1| o )
On,t + argmin > (Fl b ingsdnn) = Thk — Vigre(snprr))” + 03, (15a)
k=1
|De—1| 9
O < arg min Z (fg(sh,kvih,th,k) —Thk — Vhtlvt(Sthl,k)) + A0]]3, (15b)
k=1
[De—1| 9
— . 0 . . —
04 < arg min ; (fh(sh,kﬂh,k,]h,k) = Thk — Vh+17t(8h+1,k)) + A[|6]|3. (15¢)
6: Compute MSE, superoptimistic Q functions for both players
) N Oh,t s
Qualsing) =T { [ (51,9 } (162
. OF v, .. sup/. i -
Qflovied) =T {1 (50.0) + 570000 | (16b)
— s — Ot .. su .
Qualovied) =5 {1 (s0.0) = B0, 0) | (160
7: Compute Nash equilibrium w.r.t. LMSE game, and the
(1.t (+]5), vht(:|s)) < Nash Zero-sumg((Q), ,)(s, -, ))- (17)
8: Compute Optimistic Best Responses for both players
fin,i(-|s) < Best Responses (Q;r (s, -, -), v, (:]s)), (18a)
Unt(+|s) <= Best Responseg(Qy, 4(s, -, 7), fin e (+]5))- (18b)
9: Compute the value functions
Vii(s) < Eiop,(1s) [Qnat(5,%,5)] — BKL(pn, el ptret,n) (5) + BKL(Vn, ¢ | Vrer,n ) (5) (19a)
J~vn,e(cls)
Vit (8) & Baii o) (@151 9)] = BRLGEnal o) (5) + BKL 1l v ) (5) (19b)
J~vne(cls)
Vh:t(s)  Eincpnels) {Q};t(s,i,j)} — BKL(ptn ¢ || pret,n ) (8) + BKL(p ¢ || vrer,n ) (5) (19¢)

3~vn.e(:|s)

10: end for
11: Receive s1 ¢ ~ p, sample 7, ~ (fi, ;) and 7, ~ (pu, ), and update D;.
12: end for

the super optimistic bonus (b,sllftp ). Standard optimism only adds an optimistic bonus by, ; (21) which is a high probabil-

- ity upper bound on the Bellman error of the superoptimistic
2023) for a different purpose of maintaining monotonicity of vari- o+
ance estimates. Q function | f,""(s,4,7) — rn(s,4,7) + PVht_l(s, L, 7)<



Achieving Logarithmic Regret in KL-Regularized Zero-Sum Markov Games

br.+(s,1,7) (called optimistic ) function under vanilla opti-
mism) and computes the Q function as:

)
QL@%Q=H<ﬁ“@mﬁ+hm@Lﬁ> e

However SOMG uses a superoptimistic bonus defined as:
bz‘ftp(sv’h]) = bh,t(sai’j) +2 E,Ste(saiaj)v (22)

where the additional bonus 357 (s, i, j) is a high probability
upper bound on the Bellman error in the MSE () function.
‘@h(sv l,j) - ’I"h(S, 27.7) + PVthl(Sa l,])’
< by (s,4,9),
which results in the super optimistic () function being
strictly greater than the high confidence upper bound (21)
one obtains from optimism.

* Best response computation: The stagewise Nash Equilib-
rium policy pair (pp, . (+]s), vn,(:]s)) is computed by solv-
ing the KL regularized zero-sum matrix (2) game with the
payoff matrix being A = @, ,(s,-,-) and reference poli-
cies puret,p(¢|s) and vrer i (+|s) (17). The policies fip, . (+|s)
and 7y, .(+|s) are computed as the best responses to poli-
cies vp, . (+|s) and py, ¢(-|s) under matrix games with payoff
matrices Q;‘;t(s, i,7) and Q;t(s, i, 7) respectively.

* Value function update and Data collection: The value
functions V7, .(s), V,1,(s) and V, ,(s) are updated via
the Bellman equation (11) using policy pairs (Bh,ts Vit)s
(fin,tsVn,t), and (i, Un,t), respectively (19). We use
KL(alb)(s) as shorthand for KL(a(+]s)|b(+|s)). Two new
trajectories

H
+ _ +
Ty {(Sht’lht’]ht’rht7sh+lt } )

mTT

Ty {(Sht’lht’]ht?rht7sh+1t }

are collected by following policies (ut,ut) =

{(finesvne)}i, and (ue, 1) = {(thal/h f)}i e-
spectively. Update the dataset D = D} , U {T } and
Dy =D, ,U{r },D;=Df UD;.

Computational benefit of Regularization: The Nash equi-
librium computation steps in line 6 of Algorithm 1, as well
as equations (17) of Algorithm 2, require solving for the NE
of a KL-regularized zero-sum matrix game. This can be ac-
complished using policy extragradient/Mirror descent based
methods (Cen et al., 2023; 2024; Sokota et al., 2023), which
guarantee last-iterate linear convergence. In contrast, solv-
ing the corresponding problem in the unregularized setting
only yields an O(1/T') convergence rate.

3.3. Theoretical Guarantees

Assumption 3.1 (Linear MDP (Jin et al., 2020; Xie et al.,
2023)). The MDP M := {S,U,V,r, P,H} is a linear

MDP with features ¢ : S x U x V — R< and for every h €
[H] there exists an unknown signed measure 1, (-) € R?
over S and an unknown fixed vector wy, € R¢ such that

<d)(8, i, .7)) ¢h()>a
<¢(57 ia .])a wh>'
Without loss of generality, we assume ||¢(s, 4, 5)|| < 1 for

all (s,i,7) € S x U x V, and max{||vp(S)|, |wrl|l} <
Vd forall h € [H].

Py(- | s,4,5) =
T'h(S,i,j) =

We use linear function approximation with f?(s,4,7) =
(0, ¢(s,i,7)) and © = R

Proposition 3.2. Under Assumption 3.1, for the Nash equi-
librium policy (u*,v*) = (u}, vi)F_| there exist weights
(6" " YH_ | such that (s, i,j) € S xU x V,h € [H],
we have

1 (s0,9) = (9s i) 0.
@ (s, )| € 0. H 1]

Note that D,_; contains 2(¢t — 1) trajectories; for conve-
nience we index them by 7, with each trajectory of the form

H
T 2T T T T .
{(sh2 7,975 77 s Sh41) } oy We define 3y, ; as follows:

Shei= A+ Y O(sh,in, d7)d(sh, i7,37) T
TED 1

The expressions for 8, ;, H}tt and 0, , are given by

Opt = E}:}g Z Ghr [Thir + Vie1,e(she1)]

TEDt—1
+ _y-1 + T
Hh,t = Eh,t E bn,r {Th,f + Vh+1,t(5h+1)} )
T7E€ED—1
— _ 71 . T
eh,t = Eh,t E , Pn,r {Th,f + Vh+1,t(sh+1):| .
TED:_1

where ¢y, - is the feature map corresponding to the state s7.

Bonus function: Under Assumption 3.1, the superopti-
mistic bonus function bzuf is defined as in eq. (22) with

i) = mlo i lsy @)
bh,t(svlvj) = 772||¢(3J7j)||zglty (23b)
where 13 = cl\/gH\/log (%) and 1 =
codH?, [log (%) for some determinable uni-

versal constants ¢y, cy > 0.

Regret Guarantees: We now present the main results for
the SOMG algorithm. The complete results, presented as
two separate theorems, are deferred to Appendix F.
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Theorem 3.3. Under Assumption 3.1, for any reference poli-
) _ H H

cies (firefs Vre) = ({ttrefin (1)} my s {¥rern (1) }o2y) amy

fixed ¢ € [0, 1], choosing A = 1 and b;"F (s, 1, j) as per eq.
(23) in algorithm 2, we have the following guarantees hold
simultaneously w.p. (1 — §)

s Linear in 3~ logarithmic guarantee: For any 3 > 0,
VT € NT, we have

dT'H
Regret(T) < O (ﬁld?)H? log” <(5m1n{1,ﬁ}>> ‘

* Traditional /T guarantee: Forany 3 > 0,Y T € NT we
have

o1 77))

As demonstrated in Theorem 3.3, SOMG, achieves a regret
bound of min{O(d*2H3/T), O(8~*d3H log*(T/6))},
3 which grows only logarithmically with T'. Consequently,
SOMG needs only min{O(d*H®/e?), O(B~1d*H" J¢)}
samples to learn an e-NE.

Regret(T) < O <d3/2H3\/f10g <

Reduction to the single agent case: Both OMG and
SOMG naturally reduce to multi-armed Bandit and single-
agent RL respectively when the min-player’s action space
is a singleton. As elaborated in Appendix, for sin-
gle agent setting SOMG can additionally obtain im-
proved regret guarantees of O (37 1d®H°log? (%)) and

o (d3/2H2 VT log ( dTT ) ) respectively.
Technical Challenges.

Absence of closed form expressions for NE policies: In
single-agent settings (bandits and RL), analyses of algo-
rithms achieving logarithmic regret rely on the fact that the
optimal policy for a given transition—reward model pair di-
rectly admits a Gibbs-style closed-form solution (Zhao et al.,
2025b;a; Tiapkin et al., 2024). In contrast, in game-theoretic
settings, no such direct closed-form expression exists for
Nash equilibrium policies. The same absence of closed form
expressions also arises in Coarse Correlated Equilibrium
(CCE)-based approaches, which are commonly employed
to achieve O(+/T)) regret when learning Nash equilibrium
for zero-sum games (Xie et al., 2023; Jin et al., 2022; Chen
et al., 2022; Liu et al., 2021). We address this challenge
by leveraging best response sampling, where the best re-
sponse to a fixed opponent policy does admit a closed-form
expression.

Unbounded Value functions: Moreover in the single-agent
RL setting with KL regularization, the value function does

’By employing Bernstein-based (Xie et al., 2021) bonuses
in SOMG, one could potentially shave off an additional H di/?

factor in the /T bound and an H?d factor in the logarithmic regret
bound.

not include any positive KL regularization terms. Thus, both
the value and @Q-functions are upper bounded by H. As a
consequence, the optimistic (Q-function is bounded within
[0, H]. This boundedness enables the direct construction of
confidence intervals for the optimistic Q-function using stan-
dard concentration results, which in turn allows algorithms
from the unregularized setting to be carried over to the regu-
larized setting with minimal modifications. However, in the
KL-regularized game (9)(10), the value functions contain
positive KL terms, which can cause them to take arbitrarily
large values exceeding H. This makes it challenging to
construct confidence intervals for the optimistic (superop-
timistic in our case) -functions directly. We solve this
problem using best response sampling and superoptimism.
(More details in appendix section B.2)

Covering number bounds: Lastly bounding the covering
number of the induced superoptimistic value function class
is non-trivial due to its complicated structure involving the
best response to the NE policy of a different game. We
exploit the properties of smoothness in variation of the NE
policies in KL regularized setting to bound the covering
number which results in the log(1/ min{1, 8}) term in our
regret bounds which might be of independent interest. With-
out KL regularization, one will have to resort to discretizing
the () function class (Xie et al., 2023) to control the differ-
ence between KL terms.

4. Conclusion

In this work, we develop algorithms that achieve prov-
ably superior sample efficiency in competitive games un-
der KL regularization. For matrix games, we introduced
OMG, based on optimistic best-response sampling, and
for Markov games, we developed SOMG, which relies on
super-optimistic best-response sampling. Both methods at-
tain regret that scales only logarithmically with the number
of episodes T'. Our analysis leverages the fact that in two-
player zero-sum games, best responses to fixed opponent
strategies admit closed-form solutions. To our knowledge,
this is the first work to characterize the statistical efficiency
gains under KL regularization in game-theoretic settings.

Several avenues for future work remain open, including de-
riving instance/gap-dependent regret guarantees under KL
regularization that also capture the dependence on reference
policies and developing offline counterparts of optimistic
best-response sampling that achieve superior sample effi-
ciency with KL regularization under reasonable coverage
assumptions. Extending our methods to general multi-agent
settings, where the objective is to compute CCE and best
responses or optimal policies do not admit a closed-form
expression is another promising direction.
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Impact Statement

This paper presents algorithms and theoretical guarantees
aimed at improving the understanding of KL regularized
competitive games. Given the theoretical nature of the work
the potential societal and ethical consequences of our work
are minimal, none which we feel must be specifically high-
lighted here.
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A. Related works

In this section we will discuss theoretical works that are related to ours

Two Player Matrix Games: Two-player zero-sum matrix games have been studied extensively, from the foundational
work of (Shapley, 1953) to more recent analyses of convergence in the unregularized setting (Mertikopoulos et al., 2018;
Daskalakis & Panageas, 2018; Wei et al., 2021). In settings with KL regularization, faster last-iterate linear convergence
guarantees have also been established (Cen et al., 2023; 2024). However, these works focus on the tabular full-information
setting. Closer to our setting are (O’Donoghue et al., 2021; Yang et al., 2025a), where the payoff matrix is unknown and
must be estimated through noisy oracle queries. (O’Donoghue et al., 2021) introduced UCB/optimism (Lai, 1987) and
K-Learning (similar to Thompson sampling (Russo et al., 2018)) based approaches in the tabular unregularized setting, while
(Yang et al., 2025a) proposed a value-incentivization based approach (Liu et al., 2023) and established regret guarantees in
the regularized setting with function approximation. Learning from preference feedback has also been studied in (Ye et al.,
2024). However, none of these approaches exploit the structure of the KL-regularized problem to achieve logarithmic regret;
instead, they maintain O(v/T') regret.

Two Player Markov Games: Two-player zero-sum Markov games (Littman, 1994) generalize single-agent MDPs to
competitive two-player settings. The problem has widely studied in the finite horizon tabular setting (Bai & Jin, 2020; Bai
et al., 2020; Liu et al., 2021), under linear function approximation (Xie et al., 2023; Chen et al., 2022), in the context of
general function approximation (Jin et al., 2022; Huang et al., 2022) and under the infinite horizon setting (Sidford et al.,
2020; Sayin et al., 2021). Many of these algorithms use optimism-based methods, using upper and lower bounds on the
value functions to define a general-sum game. They sidestep the need to solve for a Nash equilibrium in general-sum games
by employing CCE-based sampling, exploiting the fact that in two-player settings the dual gap of a joint policy over the
joint action space matches that of the corresponding marginal independent policies. In addition there have also been works
solving the problem under full information setting with exact/first order oracle access (Zeng et al., 2022; Cen et al., 2023;
2024; Yang & Ma, 2023) and offline setting (Cui & Du, 2022; Zhong et al., 2022; Yan et al., 2024). All prior works consider

13



Achieving Logarithmic Regret in KL-Regularized Zero-Sum Markov Games

the unregularized setting, except (Zeng et al., 2022; Cen et al., 2024), which achieves linear convergence under entropy
regularization, compared to the O(T~1) rate in the unregularized case.

Entropy/KL Regularization in Decision Making: Entropy regularization methods are widely used as a mechanism for
encouraging exploration (Neu et al., 2017; Geist et al., 2019). These methods have been studied from a policy optimization
perspective with some form of gradient oracle/first-order oracle access in single agent RL (Cen et al., 2022b; Lan, 2023),
zero-sum matrix and markov games (Cen et al., 2023; 2024), zero-sum polymatrix games (Leonardos et al., 2021) and
potential games (Cen et al., 2022a). Under bandit/preference feedback, value-biased bandit-based methods have been
proposed that, like DPO (Rafailov et al., 2023), exploit the closed-form optimal policy to bypass the two-step RLHF
procedure, for both offline (Cen et al., 2025) and online settings (Cen et al., 2025; Xie et al., 2025; Zhang et al., 2025a).
These results were further extended to game-theoretic settings (Wang et al., 2023; Ye et al., 2024). (Yang et al., 2025a)
develop value-biased algorithms for learning Nash Equilibrium in zero-sum matrix games and Coarse Correlated Equilibrium
(CCE) in general-sum Markov games. However, none of these approaches leverage the structure of KL regularization and
maintain a O(v/T) regret. More recently (Zhao et al., 2025a) achieved O(1/¢) sample complexity in the KL-regularized
contextual bandits setting with a strong coverage assumption on the reference policy. Subsequently, (Zhao et al., 2025b;
Tiapkin et al., 2024) proposed optimistic bonus—based algorithms for KL-regularized bandits and RL that achieve logarithmic
regret (O(5~d?log?(T')) in bandits and O(8~' H"d®log?(T))) in RL)* without coverage assumptions, leveraging the
closed-form optimal policy in their analysis. However, their results are limited to the single-player setting, where the optimal
policy admits a closed-form expression in terms of the reward model. Similar faster convergence guarantees were also
achieved for the RL setting by (Foster et al., 2025) and for offline contextual bandits with f-divergences (Zhao et al., 2025¢).

Game Theoretic Methods in LLM Alignment: Fine-tuning large language models with reinforcement learning is a
core part of modern post-training pipelines, enhancing reasoning and problem-solving (Guo et al., 2025). Game-theoretic
and self-play methods extend reinforcement learning to multi-agent settings, with applications in alignment (Calandriello
et al., 2024; Rosset et al., 2024; Munos et al., 2024; Zhang et al., 2025¢) and reasoning (Cheng et al., 2024; Liu et al.,
2025). Within this paradigm, self-play optimization is framed as an online two player matrix/markov game, where models
iteratively improve using their own responses by solving for the Nash Equilibrium (Wu et al., 2025a; Chen et al., 2024;
Swamy et al., 2024; Tang et al., 2025; Wang et al., 2025). More broadly, game theory has been applied to modeling
non-transitive preferences (Swamy et al., 2024; Ye et al., 2024; Tiapkin et al., 2025), enabling collaborative post-training
and decision-making (Park et al., 2025a;b), accelerating Best-of-N distillation (Yang et al., 2025b), and for multi-turn
alignment/RLHF (Wu et al., 2025b; Shani et al., 2024) among other LLM applications.

B. Proof Overview and Mechanisms
B.1. Matrix Games

The cumulative regret can be decomposed as the cumulative sum of exploitability of the min and the max player

T

Regret(T) = Z (f77(A) — frer(A))

t=1

T T
=D (A = e (A) + ) (T (A) — frer(A)). (24)
t=1 t=1
Exploitability of the max player Exploitability of the min player

We bound the first term (exploitability of the max player) and the bounding of the second term follows analogous arguments.
Now we have the following concentration inequality for Matrix games The first term in eq. (24) can be further decomposed
as

T T T
Z fErE(A) — freve(A Z v fm,ut _,_Z f/"ftﬂ/t — frove(A))
t=1

t=1 t=1

Exploitability of the max player T T>

*For uniformity, we report the sample complexities under linear function approximation/linear MDP and per-step rewards 7, € [0,1]
and trajectory reward Y"1, 4, € [0, H].
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We will now analyze these terms individually.

Bandits view for bounding 7’ : By construction of the algorithm, the strategies p, fi;, and fi; are best responses to the
common fixed strategy v; of the min-player under the payoff matrices A;, A;", and A respectively. This property not only
provides closed-form representations but also facilitates cancellation of the KL terms corresponding to v, in 7 and 75. As a
result of fixed v, one can view the min-player strategy v; as part of the environment and bound 77 the same way as done in
bandits with the max player as the decision making entity.

REGULARIZATION-DEPENDENT BOUND

Traditional regret analysis in matrix games ignores the regularization terms and bounds the regret using the sum of bonuses
c ZZ;I E[be (i, §)] which is further bounded as v/T log(T") using Jensen’s inequality and the elliptical potential lemma/eluder
dimension (Lemma D.6). However in the presence of regularization the originally payoff landscape, linear in p and v (1)
becomes [ strongly convex in the policy v and 3 strongly concave in . Under the full information setting it is well known
that this facilitates design of algorithms that achieve faster convergence to the equilibrium (Cen et al., 2023; 2024). This
intuitively suggests one can also design algorithms which achieve sharper regret guarantees in the regularized setting under
bandit feedback. Specifically we show that we can bound the regret by the sum of squared bonuses ¢3! Zle E[by (i, §)?]
which enables using to circumvent the need for Jensen’s inequality which contributes the v/7" term and directly bound the
terms using the elliptical potential lemma (Lemma D.6) to obtain a O(3~} log2 (1)) regret. We detail the analysis as follows

Leveraging the bandits view, one can bound the term 7 adapting the arguments from (Zhao et al., 2025b) (Theorem 4.1)
as detailed in section E.1 to obtain Ty < 87  Eivp, |(Ejmw, [(be(i, ] ))])2} . In order to bound the term 75, we use a mean
value theorem based argument (detailed in section E.1 Step 2) and the property

2(|AF (i) = A, ) |we) > (|AF (4,2) — A6, 2)|we), (25)

to show that T < /B~ Eiuj, {(ijt [(be (4, j))])ﬂ .The property in eq. (25) is a direct consequence of optimistic bonus

function used in algorithm 1, however, we will need a superoptimistic bonus to obtain a similar property in Markov Games.
Thus we have

T 2 T
N+ <d87' ) E [(E [(bm',j))]) ] <8N E |0i9)7].
=1 "R [ NI =15

The final bound is obtained by substituting the expression for the bonus terms and using Lemmas D.2 and D.6 and using
analogous arguments to bound the second term in eq. (24) resulting in

Regret(T) < O (5-%12 (1 + o2 log (?)) log (5)) )

REGULARIZATION-INDEPENDENT BOUND
Using the bandits view, the term 77 can be bounded by O ((1 + 0)dV/T log (%)) using the similar arguments to ones used
+

in standard UCB bounds as done in section E.2 step 1. We bound 75 by O ((1 a)d\/T log (%)) as detailed in section
E.2 step 2. Similarly bounding the second term in eq. (24) we have

Regret(T) < O ((1 + 0)dVT log (?)) .

B.2. Markov Games

In this section we extend the arguments from the matrix games section to design and analyse the SOMG Algorithm 2 for
achieving logarithmic regret in Markov games. We begin by elaborating some algorithmic choices before proceeding with
the proof outline. The value function in eq. (9) which can be rewritten as

Vit (s) =
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H

[E#e-ve Z T (Sky 1, 7) — BKL (ke (+[sk) | ttrer i (-|5%)) + BKL (v (¢ s5) [ ret i ([ 5x:))
k=h

ShZS].

This can be unbounded from both above and below depending on y; and v; due to the unbounded nature of the KL
regularization terms. For instance, if 1, deviates substantially from the reference policy v in certain states, the max-player
can exploit this by selecting policies that steer the MDP toward those states, thereby attaining a higher overall return in
regions where the KL divergence between v; and v is large. This unbounded nature of the value function is problematic
when designing confidence intervals for bellman errors. We address this problem by choosing the policy pair (p5, ¢, V) to
the Nash equilibrium policies under the matrix game @h,t in eq. (17). As a consequence of this choice we have for any
B > 0 (full details in Lemma F.10)

BKL (Mh,t(~|5h)||//fref,h(-|Sh)) € [07 H—h+ 1]7 (26)
ﬁKL (l/h,t(.‘sh)||I/ref7h(.|sh)) c [0, H—h+ ].] 27

From eq. 27 one can show for the policies (u, ;) Algorithm 2 chooses, we have V/**""* (s) € [—c1(H — h+ 1)%, c2(H —
h + 1)?]. (Lemma F.11) and one can proceed to bound Bellman errors for the resulting policies. This is also the reason our
projection operator (20) has the ceiling of the order (H — h + 1)? as opposed to standard (H — h + 1) as done in most
unregularized works (Xie et al., 2023). The constant 3 comes from superoptimism (lemma F.8).

We also use properties of optimism and superoptimistic gap in our proofs. For notational simplicity, while stating the these
properties we will omit the superscript v and also the dependence on ¢. The properties hold for all ¢ € [T]. Consequently,
the symbol p here should be interpreted as the time-indexed policy 4, rather than an arbitrary policy.

Optimism: For the setting in algorithm 2 and any policy p’, we have

QF (shyin, jn) = Qn(shyin, jn) and  Qf (Sh,in,dn) = Qh (Sh.in, jn). (28)
Superoptimistic gap: For the setting in algorithm 2, we have
2(Qf (shyiny jn) — Qn(Snyin, jn))| = |Qf (s insdn) — Qh (s ins )| - (29)

Standard analysis that achieves O(v/T) regret uses just optimism meaning they just need Qi (shyin, jn) > QZ(sh, ihyJn)
and thus they only add the bonus term by, (sp,, ip, jr) to account for the bellman error incurred while regression used to
compute Qt(sh, ih,jn) (since the bellman error of the term Q;fl(sh, in, jr) is 0). However for our proof technique we
additionally require the property in eq. (29) to hold. Under optimism property in eq. (28) the eq. (29) is equivalent to

(QZ(shaihajh) _Qh(shnihajh)) Z @h(shaihujh) - Ql}t(sh;ihmjh)' (30)

This property follows as a consequence of the design of the superoptimistic bonus (23) and projection operator (20). As
detailed in Lemma F.8, we enable this by the addition of the bonus b, (s, in, jn) = bn(Sh,in, jn) + 267°°(Sh, ih, jn)
where b, (s, ip, jn) adjusts for the Bellman error in the term QZ(sh, in, jn) while 2b7°% (s, 95, jn) adjusts for the
bellman errors in the the two Q},(sp, %5, jn) terms while the Bellman error of the term QY. (s, 5, j5) is 0 in (30). The
property holds with just plain optimism when H = 1 for matrix games.

Lastly note that the bonus is superoptimistic in the sense that we add the term b;"" (s, 5, jn) While constructing
QZ(S}L, in,jn) in eq. (16b) although we have with high probability the highest value (optimistic value) of QZ(S}L, ih, Jn)
can be upperbounded just by adding by, (sp,in,jn) - the standard optimistic bonus yet we add b;™ (sp,ip, jn) =
br(8hytn, jn) + 205°° (s, in, jn) Where b3°°(sh, ip, jr) is the bonus used in addition to optimism.

Design of the Superoptimistic projection operator: Recall that the projection operator in eq. (20b) is given by
I} (z) = max {0, min{z, 3(H — h + 1)*}} .
We can show (Lemma F.11) that the maximum value that can be attained by any policy’s (1) value function
Z,’Ut(&iaj) S (H - h + 1)2

However, during the projection operation we set the projection ceiling to 3(H — h + 1)2. This is again done to facilitate the
superoptimistic gap in eq. (29) when the Q;{(s, i, 7) attains its ceiling value.
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The dual gap at time ¢ can be decomposed as follows

DualGap (i, ) = Vi7" (s1) — V""" (s1) = V" (s1) = V" (s1) + V""" (s1) — Vi7" (s1) . (1)

Exploitability of the max player Explotaibility of the min player

We elaborate the bounding of the first term (exploitability of the max player) and the bounding of the second term follows
analogous arguments. One can further decompose the first term in eq. (31) as

V1*?V(51) - V1#7V(81) = V1*’V(81) - Vf“j(sl) + V1ﬂ’y(51) - Vlmy(sl) : (32)

Ts Ts

RL view for bounding 75: As a result of fixed v, one can view the min-player strategy v, as part of the environment and
bound 75 the same way as done in RL with the max player as the decision making entity. Here uil and [, are stagewise best

. . f .
responses to the fixed strategy v under matrix games with parameters @, " and QZ respectively

Regret Guarantees: Leveraging the RL view one can bound the term 75 adapting the arguments from (Zhao et al., 2025b)
(Theorem 5.1) and accounting for changing 1, as detailed in section F.2 step 1 for the logarithmic regret bound and standard
single agent RL analysis as detailed in F.3.1 step 1 for the traditional /7" bound. This does not require anything beyond the
standard optimism property (28). The bounding of 7§ is elaborated in section F.2 step 2 for the logarithmic regret bound and
section F.3.1 step 2 for the v/T and requires both optimism (28) and superoptimistic gap (29) properties.

Bounding the Covering Number of the Superoptimistic Value Function Class: The superoptimistic value function class
is induced by the @ functions in Algorithm 2 equation (19). The covering number of MSE value functions V is easier to
bound (lemma F.14) and relies on the smoothness of the value of the game under payoff matrix perturbations arguments.
Meanwhile, the superoptimistic value functions V* (V= can be bounded using symmetric arguments) is harder to bound
(lemma F.15) as it is the value function corresponding to the best response under Q% to the min player Nash equilibrium
policy under Q. We exploit the smoothness property of the KL regularized setting to obtain this covering number and
subsequently use an appropriate cover on the Q* and @ function classes to get the covering number of the superoptimistic
value function class (lemma F.15). Moreover, since the () functions use different projection operators for different h € [H |
we have to split the § budget across h € [H]. A similar argument can be extended to the unregularized setting also getting
rid of the log(1/ min{1, 5}) term in the bounds using discretization of the @ function class (Xie et al., 2023).

C. Numerical Experiments

To evaluate whether SOMG (Algorithm 2) stabilizes learning, we conduct experiments on randomly generated linear MDPs,
as shown in Figure 1. We randomly generate two MDP environments with the parameter settings indicated in the figure and
track the dual gap (log scale) as a function of the number of collected trajectories. Note that in each iteration of Step 11 in
SOMG, two trajectories are sampled. The reference policies for both the players (ficef, Vrer) for all states is set to uniform of
actions (Entropy regularization).

For each MDP we compute the stagewise Nash equilibrium which essentially involves solving a zero sum KL regularized
matrix game (SOMG step 7 equation (17)) with the estimated MSE () function @h,t (s,-,-) as the payoff matrix for step h at
time ¢. The estimated game is then solved using policy extragradient methods. More specifically we use the Predictive Update
(PU) method from Algorithm 1 in (Cen et al., 2024) which given a payoff matrix can find the ecomp-NE in log(1/ecomp) steps.
The plots for both the settings are shown for 5 different values of the regularization strength 5 = [0.01, 0.05,0.1,0.2,0.5]
with higher 5 demonstrating faster convergence validating our theoretical results from section 3.

D. Useful lemmas

Lemma D.1 (Covering number of the ¢, ball, Lemma D.5 in (Jin et al., 2020)). For any € > 0 and d € N7, the e-covering
number of the U ball of radius R in R? is at most (1 + %R)d.

Lemma D.2 (Martingale Concentration, Lemma B.2 in (Foster et al., 2021)). Let (X;):<T be a sequence of real-valued
random variables adapted to a filtration Fy and B[] := E[-|F;] denote the conditional expectation. Suppose that | X;| < R
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Figure 1. Dual gap (log scale) vs trajectories collected for KL regularized Markov Games, H denotes the horizon length, |S| denotes the
number of states, A; denotes the number of actions of player ¢ and d denotes the feature dimension. The spread shows standard deviation
averaged over 3 runs

almost surely for all t. Then, with probability at least 1 — 0, the following inequalities hold:

T T T T
3
§ Xi<3 ?:1 E; 1[X:] +4Rlog(26~ "), and § E; 1[X¢] <2 § X; 4+ 8Rlog(2671).

t=1 t=1 t=1

Lemma D.3 (Confidence Ellipsoid: Theorem 2 (Abbasi-Yadkori et al., 2011)). Let & be a conditionally R sub-gaussian
random variable adapted to the filtration F; and iXt}fil, X¢|| < L be a F;_1 measurable stochastic process in R%.
Define Yy, = (Xy,0.) + & where ||0, ||, < V/'S. Let 6, be the solution to the regularized least squares problem given by

t—1

o= amgin D (X, 0) = Y0+ AIOIE,
1=
then for any § € [0, 1], for all t > 0, with probability atleast 1 — § we have

2
H?t 79*”% < R\/dlog <1HL/)\> +VAS.

4]

Lemma D.4 (Lemma 11 in (Abbasi-Yadkori et al., 2011)). Let {¢s}sc[r) be a sequence of vectors with ¢, € R? and
l¢s]] < L. Suppose Mg is a positive definite matrix and define Ay = Ag + 22:1 G50 . Then if Apin(Ag) > max{1, L2},

the following inequality holds:
T
. det(AT)
2
me{lv ||¢55HA;11} < 2log <det(A0) :
s=1

Lemma D.5 (Lemma F.3 in (Du et al., 2021)). Let X C R? and suppose sup,c v ||z|2 < Bx. Then for any n € N, we
have

L1,y T € .
T i=1

1 & T nBE(
: - i L < — .
YA >0 max Xlogdet (Id + X E Tik; ) < dlog (1 + T\

As a direct consequence of lemmas D.4 and D.5 we have

Lemma D.6 (Elliptical Potential Lemma). Let x1,...,x7r € R satisfy ||x;||2 < 1 forallt € [T]. Fix A > 0, and let
Vi =M+ Zf;i x;x; . Then

T
Zmin {1, th||%/,1} < 2dlog (1+A"'T/d).
t=1
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Specifically for A = 1 we have

T T
> min {1, Ixel = Ixil2-1 < 2dlog (1+T/d).
t=1 t=1

Lemma D.7 (Lemma D.1 in (Jin et al., 2020)). Consider the matrix ¥y = XL+ Y.'_1 ¢;¢] , where ¢; € R* and X > 0.
Then the following inequality holds ¥V t:

t—1
Dol e <d
=1

Lemma D.8 (Lemma D.4 in (Jin et al., 2020)). Consider a stochastic process {s; 2, on a state space S with associated

filtration {F,}2,, and an R-valued process {¢,}>°  such that ¢, € F,_1 and ||¢,|| < 1. Define Ay, = A +

Zle ¢, . Let V be a function class such that sup,, |V (x)| < By for some constant By > 0, and let N, be its e-covering

number under the distance dist(V1, Vo) = sup, |Vi(s) — Va(s)|. Then, for any § € (0,1), with probability at least 1 — ¢,
2

forallk > 0and any V €V, we have:
<4pB? d lo kra +lo Ne + bl
it Pl l U &\5 P

Ay

Z(’ZST{V 57‘ 57‘)|f7' 1]}

E. Matrix Game Proofs

Proposition E.1 (Optimism/Concentration). Let &1 be the event ||, — w*||s, < nr, then we have P(&1) > (1 — §/3),
under the event £1 we have

[(Ae(iy5) — A(d, )| < be(dy§) V(i 5), (33a)
Al (i, j) — A(i,§) < 2b4(i,§) and A*( J) > ( J) V(i ), (33b)

where by(i, j) = nrl|¢(i, j)|| -1 and np = a\/dlog (3(1+2T/>‘)> +Vd.
Proof. Recall that w; is computed in algorithm 1 as

~ 2

_ Aid) ~ AG.0)) + Al

mo=agmin > (Au(ig) —AG9)) + Ml
(4,5,A(4,5)) €Dt -1

Now using Lemma D.3 with S = d, L = 1 (assumption 2.1) and accounting for the 2(¢ — 1) points collected until ¢, we
have Vit >0

[@y — w*]lz, < U\/dlog (W) +VAd wp.1-6/3. (34)

Since ny = 0\/dlog (W) + v Ad we have P(£;) = 1 — §/3. Using eq. (34) we have

|(Ae(i, 5) = A, 5)| = (@ — w*, 60, 5)] < [l = w2, 166 )l

< (a\/dlog (W) VA ) 1666, 7) g1

= 77T||¢(i7j)||z;1 = by(i, ) (35)

Here eq. (35) follows from the result in eq. (34) under the event & . Lastly A} (i,j) = A;(i,;) + b:(i,j) implies
0 < Af(i,7) — A(4,§) < 2b.(i, §). Similar arguments can be used to prove eq. (33c). O
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Now Theorem 2.3 holds as long as for any fixed 6 € [0, 1], for some events Ec‘f;;m", Ei‘r‘:jm" and Ematrix . — 5&2;““ N 5{;‘5““"
with P(Ematix) > 1 — § the following theorems can be established.

Theorem E.2 (Regularization-dependent guarantee). Under assumptions 2.1 and 2.2, for any B > 0, reference policies
(refs Vref), choosing X = 1 and by(i, j) as per eq. (5) in Algorithm I, under the event 8;’2‘;,’”" we have

VT eNt: Regret(T) < O <ﬁ‘1d2 (1 +o%log (?)) log (Z;)) ,

Theorem E.3 (Regularization-independent guarantee). Under assumptions 2.1 and 2.2, 3 > 0, reference policies (firef; Vyef),
choosing X\ = 1 and b.(i, j) as per eq. (5) in Algorithm 1, under the event EM4"™ we have

VT eNt: Regret(T) < O ((1 + 0)dVTlog (?)) .

E.1. Proof of Theorem E.2: Regularization-Dependent Bound

The regret can be upper bounded as follows

[M]=

Regret(T) = (fo7e(A) — fror(A))
t;l ~ . ~
=Y (fA) = R (A) + Y (fR(A) — freov(A))
t=1 t=1
T T>
T } T ;
+ D (frer(A) = R (A)) + Y (T (A) = frer(A)). (36)
t=1 t=1
T3 Ty

Here we will bound the terms 7 and 75, the terms T3 and 7Ty can be bounded similarly. We use p(A4’,v) =
arg max,, f#v" (A") to denote the max player’s best response strategy to »/ under the payoff matrix A’. Similarly one can
define v(A’, 1i’). One can derive the closed form expressions for the best response to v; under models A, A;" and A; to be
NI» i1 and p; respectively by solving eq. (4) to be

A(i, )y,
= n(A ) = arg max S (A) = fhref,i €XP ( (6) t) /Z(A,ut), (37a)
- Af (i,
Ut = M(Ajy V)i = arg m/is\X frove (Aj) = Mref,i €XP (t(ﬁ)t> /Z(AZ', Vt), (37b)
— — A(i, )y —
i = p(Ag, v4); = arg mfx FrY (Ay) = fhrer,i €Xp <*(5)1‘> /Z(An V), (37c)

where ) )
A'(i, v
Z(A/a V/) = ;Nref,i €xXp (([3)> .

Step 1: Bounding 77 From definition of the objective function (1) we have

frr(A) = frov(A) = E [AG, 5)]) — BKL(u | per) - E [AG )] = AL lprer) (38)
1 [y Lp
Jjrve I~V

= Blog(Z(A,m)) — Blog(Z(AF 1)) + i (Af — A (39)

= A(Aj7 l/t) — A(A, Vt)7 (40)
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where we define A(A’, V') = —Blog(Z(A', V")) +u(A’,v") T (A'— A)v/'. Eq. (39) follows from the closed form expressions
for the best responses (37). Using the mean value theorem for some T' € [0, 1] with Apr = T'A + (1 — T') A we have

f*7Vt (A) _ fﬁmW( )
= A(Af, v) — A(A, 1)

8A A]j,l/t . .
_ Z (A A;r(z, ) — A%, )

)(At*(zy ) — A, ))v 1)

i ~p(Ap,ve)

=78t <i~u(]E [((Aj(z‘,:) fA(z',;))yt)Q} _ < E  [(4G,:) — A(,:)) z/t})Q)

Ar,vt) irvp(Ar,vt)

<p' E [((A:“(z, ) — A4, 1))%)2} ) (42)

iNN(AF ’Vt)

Here eq. (41) follows from Lemma E.4. Let d; (i) = Ej~., [(A{ (i,5) — A(i, §))] . now consider the term

. . 2

Gil) = & [((Am )= Al )m)|
ZNN(AF’Vt)

2
—Z( ,J) = A(i,j))]) (Ar, 1) Zdt (A, vp);. (43)
Jjrve
Under the event &; (Proposition E.1), we have
G (T')
ar

_ Z dy(i 2 Ou(Ar, v¢);

or

‘Z(dt@)f{ e Tty )

D i bt €xp (BT (A(Y, )ve) + Tde (i)
_ Mref,i €XP (B_l (A(Z7 :)Vt + th( ) ) Zz’ 5 1dt Nrefz exXp (ﬁ 1 Vt + th( ))) }

(5 petir exp (B (A(#', )y + ey (i >>>>2
—o(_E Y- E @B )
invp(Ar,ve) i~ p(Ar,vy) irvp(Ar,ve)
= B Cov(ds(i),ds(i)?) > 0. (44)
Here eq. (44) follows since under the event £; we have d;(:) > 0 Vi and for any positive random variable X

Cov(X, X?) = E[X?] - E[X2E[X] = E [(X2)3/2} ~ E[X2E[X]

> (B [x?])"* - E[X?E[X] = E[X?] (VE[X?] - E[X]) > 0. (45)
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Thus we have G1(I") < G (1) and using eq. (42)

Fr(A) = fR(4) < BTNG(T)
<plam =8 B [((AFG) - AG)w)] (46)

inp(Af )

(erE/t [bt(i»j)]fl ; (47)

where the last inequality follows from Proposition E.1 under the event &;.

<4p7' K
i"’.“f(Aj—vl’t)

Step 2: Bounding 75
From the definition of the objective function (1) we have

fﬁtﬂ’t (A) — fHeve (A)

= ZEEM [A(4,5)] — BKL(fie || pret) — (2}5 [A(i,5)] — 5KL(Mt|Mref)) (48)
iy i~y

= (Blog(Z(Af, ) — i) (Af — A)wy) — (Blog(Z(As, 1)) — u (Ar — A)iy) (49)

= A(Ay,v) = A(Af ). (50)

Eq. (49) follows from the closed form expressions for the best responses (37). Using the mean value theorem for some
I €[0,1] with Ap = T'4; + (1 — T')A; we have

freve(A) — fror(A)
= A(Zt, Vt) — A(Aj, l/t)

= Z oA AF”’* Zt(i, D) — Af (i)

(Ar(i,:) — A(i, )y

= Z <B_1N(AF7Vt)i

- B [(Ar(@,0) — A, )] >(At(i71)z4§r(ivi))'/t
i ~p(Ap,vg)

=B~ HE[XY] - E[X]E[Y]), b

where the penultimate equality follows from Lemma E.4, and in the last line we define X = (Ar(i,:) — A(i,:))v,
Y = (Au(i,:) — A (4,:))w, and the expectation is taken w.r.t. i ~ u(Ar, ;). Note that

X =T (A(i,2) = A, ))ve +(1 = T) (A (i,2) =A@, ))ve =T(p — ) + 4,

and

Thus

E[XY] - E[X]E[Y] =E[l'(p - q)*+ q(p — 9)] — T(E[p — q])* — E[¢JE[(p — q)]
= T'var(p — q) + Cov(q,p — q)
<E[(p - ¢)*) + max{E[¢°], E[(p — ¢)*]}- (52)

By equations (51) and (52) we know that, under the event &,
fﬁtﬂ/t (A) _ fﬂt,th (A)
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<A E [((AG,0) = AT (3,0)m) )+

i~vp(Ar,ve)
6‘1max{, E - [((Ai) = AL G)wm)’, B [((At*(i,ﬁ—A(i,:))w)?}}
irop(Ar,ve) irop(Ar,ve)
2
<567 E [(E [m(uﬂ])]:w‘l_ E (A7 G = Ali, ) (53)
i~vp(Ar,ve) | NI~ i~vp(Ar,ve)

where the last inequality follows from the fact that (| A/ (i,:) — A¢(i,:)|14) = Bjm, [be (i, j)] and (JA(3,:) — Af (4, 1)) <
2Ejr, [04 (3, 5)] = 2(JAF (i, 1) — A4 (i, :)|v¢) given by Proposition E.1. One can also bound the same thing slightly tighter
as follows

E[XY] - E[X]E[Y]

=E[p(p—q) — (1 =T)(q¢ —p)’] — E[p — ¢JE[(1 = T')(q — p)] — E[p — ¢]E[p]
= Cov(p,p—q) — (1 —T)Var(p — q) < max {E[p*],E[(p — q)*]} . (54)

under the event & (c.f. Proposition E.1), using eqs. (51) and (54) we have
FrOve(A) = frove(A)
< B~ max { E  [((A(G:) = AFG@)w)®, B [((A(iy:) — AG, r))Vt)Q]}

i~ p(Ar,ve) i~ p(Ar,ve)

2
(,E [bm,m) ] _5 E
J~vt i~ (Ar,ve)

where the last inequality follows from Proposition E.1. Now let d; (i) := Ej~y, [A; (i,5) — Ay(i,j)] and consider the term

<B' E
i~ (Ar,ve)

Jve

( E [Af(.7) —At(i,j)])j , (55)

G2 (F) .

E
i~ p(Ar,ve)

_ <]-LEW [Af (i, ) At(i,j)])2

=" (@)’ p(Ar, ). (56)

g

LetI’ = 1 — T, then we have

G, — 2 Ou(Ar, 1),

g

_ Tl 2 Mrefzexp( Zt(Z7 Vt+th )
_zi:(dt< ) { S et exp (B (AL(, VtJrrdt(Z/)))

(4
" Lhret,i €XP (ﬂf (At(i, D+ th(z))) S B L, (i) piret. i €XP (B 1 ( Vv + Ty (i ))) }
(Zi/ Href,i’ €XP (ﬁ 1 ( ( I/t + th Z/))))

B _671 (iNN(]Eth) [(E(Z))S} a iNM(IEF,Vt) {(E(Z))Q} i~/A(IE‘r,Vt) {dt(l)}>
= —B7'Cov(dy(i)*, d(i)) <0, (57)

B (i)

last line follows since under the event & we have d;(i) > 0 Vi and for any positive random variable X using eq. (45) we
have Cov(X, X2) > 0 Thus the term G(I") < G2(0). Hence from eq. (55) we have

Ty = [P (A4) = i (4)
<pt B (@) =87G)

i~vp(Ar,v)

) - . {(@(Z))Q} _ 5t IE+ . l(j@ut[bt(i,j)])j ) (58)

inp(Af ) (A,
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Step 3: Finishing up

From equations (47) and (58) w.p. 1 — /3 (Under event £;) we have
Ty +T, < 587" Z E
=1 i~n(Af )

(jgl;:yt[bt(i,j)]ﬂ
T

<5670 B [0’
=1 o,

Similarly w.p. 1 — §/3 (Under event £;) using the same arguments as above for the min player we have

Ty + Ty <58 12 [CCEDEE

=
Define
SE=M+ > ¢(6,4)600,5)" and Sp =X+ > (6,5)6(i, ) (59)
(i,5)€D}, (i,j)€D,_,

~ t—1
By defining the filtration 7;_; = o ({(zl Gt AGT 50, Gy a7 A(if,jf))}l ), we observe that random variables
=1

o (i, 4 )|| (5)" and ||¢ (i , j; )|| 1 are F;-measurable, while the policies fi, fi;, 7 and v, are F;_; measurable.

Define the events

T
12
& = Z E l¢(i,j ||22+) L < 22”(;5 i, 5 H(Z+) , + 8log (5> ,
=10
- 12
B= 1 B Ioti )l o <23 loti gl + o (2)
t=1" t=1
JNVt
Choosing A = 1 and using Lemma D.2 with R = 1 (since ||¢(i, ])||2 L <1V (4,5) € [m] x [n] from assumption 2.1),

we have P(€3) > 1 —§/6 and P(E3) > 1 — §/6. Thus from (36), under the event 5“;;“1" := & N & N E3 we have the dual
gap bounded as

T

Regret(T) = Y _ (f*"*(A) — f***(A))
t=1
T T
=557 B [u )] 45671 B (i)
t=1 ;z’,ﬁz t=1 32’52
T
=567 E 66 )5+ E 166 5)I5
=1 \ A P /
J~Vt vt
T
<5870 ; E 106 )y + B 166D
- Jrve Jve

T
<1087 'n7 (Z (||¢ Mgy + ||¢(i;,j;)|\?zt_),1) + 810g(1251)>

1+ 04/log (?) + o2 log (?)) d*log (5)) : (60)
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where the third line follows from the fact Ezr < 3¥;and ¥; =< 3, the penultimate line comes from event &5 N £5. Where
A = 1 and we use the elliptical potential lemma (Lemma D.6) to obtain the last line.
E.2. Proof of Theorem E.3: Regularization-Independent Bound

Using eq. (36) we have Regret(T) = Ty + T» + T3 + T4 and T3 + T4 can be bound similar to T + T5. Let ,ui be the best
response to v, under A (c.f. (37)). We bound 77 using UCB style analysis, under the event £, as follows:

T T
:Z f““yt fﬂtv’/t Z fﬂt,w A+ fllth(A)) (61)
=1 t=1
T ~ T
<D (R (AS) = freve(A E [A7(,5) = AG, j)] ©
t=1 t=1 ;:l;:
T T da
<230 B i) =23 B 196G 9)lsc) <23 mr B 166, ©2
=130 =1 e =

Eq. (61) and the first inequality in (63) follow from the Proposition E.1. Here (62) follows since ji; = arg max vt (A]).
I

The second inequality in eq. (63) comes from the fact Ezr =< ;. Similarly, under the event £;, we can bound 75 as follows

H
M”

(fFrere(A) = fror(A))

t=1
T : T
<D (FIA) = A £ D (F () = e (A) (64
t=1 t=1
T T
<> E beli )+ E (b0 5)] (65)
=10 =150
T T
QZ E [b:(¢, ) *2277T E [ll¢(, ])Hz 1] (66)
=1 ZNHt =1 ZN,Lt
Jove Jrvt
T
<2y E 66, gy (67)
t= 1]"*”1,

where (64) follows from the fact that y; = argmax f*"t(A;), (65) follows from Proposition E.1, (66) follows since
w
f/‘t’Vt( ) > fl‘«t WVt (At) and

Fro () +i£ [b:(i, §)] = frove (AF) < flov(Af) = fleve(4, )+ZE [b:(2,7)],
Jjve v

and (67) follows from the fact Ej = 2. Define the filtration

~ —~ t—1
Fio1=o0 ({(Z?_ajrvA(Z?_aj;_))’(Zl_a]l_’A(Zl_’]l_))} )

=1

We have random variable ||¢ (i}, j;") || (5) is F;-measurable, while the policies fi, /s, 7% and v, are F,_; measurable.
t
Define the events

T

T
. 4 12
E={> E [II¢(Z,J)II(E;)71] <23 oG5 mpy1 + 8log <5) ,

zwut —
t=1; 0, t=1
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Z E (1069l _1}<2Z||¢ i +s1os ()

JNVf

Choosing A = 1 we have P(€4) > 1 —6/6 and P(E5) > 1 — /6 using Lemma D.2 with R = 1 (since ||¢(i7j)||(2:)_1 <1
Y (i,7) € [m] x [n] from assumption 2.1). Under the event £; N &4, using equations (63) and (67) we have

T1+T2<4nTZ E {166l )]

t= 1jNVt
12
< 8nr (Zuqs CRED] e 1+4log(5)> (68)
t=1
d 2 12 T
<Snr [T H¢(z‘j,jj)||(zt+>fl + 4log (5) =0 ((1 + 0)dVT log (5>> : (69)
t=1

The equations (68) and (69) follow from event £, and Lemma D.6 (elliptical potential lemma) respectively. Similarly one
can bound T3 + T} under the event £ N 5 by O (Ud\/T log (%)) Thus under the event EM™ = £ A &5 N &5, we have

Regret(T) < O ((1 +0)dVT log (?)) . (70)

Finally under the event £™* — Eé‘ég“i" N Si‘fl‘é‘m" =& NENENELNEs (w.p. atleast 1 — §) equations egs. (60) and (70)
hold simultaneously which completes the proof of Theorem 2.3.

E.3. Auxiliary Lemmas

Lemma E.4. The partial derivative f(#//) is given by

A (i)v!
OA(A', V)
OA (i, )V
= B (A V) (A (4, :) — A, ) — B (A ZM "i'):) =A@, )
=B (A V) |(A'(6,:) — A, ) — i'~u%[?4’ V/)[(A’(i’, ) — A 2))1//]:| . (71)

Proof. The symbol W denotes differentiation with respect to the scalar quantity A’(4, :)v’. Throughout this differen-
tiation we regard the vector v/ as constant, and keep every row of A’ except the i row fixed. Because the other rows are
held fixed, the cross-derivatives vanish: % = 0, Vi’ # i, so each row contributes an independent gradient term.

DA, V) _ [=Blog(Z(A",v/)) + u(A',v')(A' — A
OA (i, : )V OA (i, :)v!

T zZ(4 ﬁ/ ,) gi((A; )+ ')+ W(A’(L ) = A, )

+Z aA' o LA ) — A ). (72)
/#1

We have

0Z (A" V) A\ 1 Z(A V) ,
. N — HMrefi : - = % A ) iy
8(A’(i, :)l//) Href, eXp( B ) 3 [N( v )]
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0 ([,U(A/» V/)]i) B 0 (/Jref,i €xXp (A/(iv :)V//ﬁ) /Z(A/7 V,))

OA (i, )V OA! (i, )/
B (s exp (A'(i,)0'/B) Z(A'v/) = (s exp (40,0 /8)°)
- Z(A, V)2
= B ([u(A, V)i — V1)
O ([u(A",V)]ir) O (perir exp (A’(’ ) ’/ﬁ) /Z(A', V)
OA (i, : )V OA' (i, :)v!
_ _ﬂ (Mrefz exp (A ( ) /ﬁ) Href,ir €XP (Al( /! )Vl/ﬁ))
Z(A V)3
= =B A V)AL V)]
Substituting back in eq. (72) we get the desired result. O
F. Markov Game Proofs

Notation and Convention. For any function f : S — R we define Py, f(s,4,7) := Eywp, (.|s,i.5)[f(5")]. We also use the
notation

E (f(sn11)) = By i oo Clsnain,gm) Lf (Sn41)] = Prf (Shyin, jn)-

Sh41l8h,in,dn

Forall K > H and (s,i,j) € S x U x V, we set Qx (s,4,7) = 0, Vi (s) = 0, KL(fig+1(-|s) || ptres.ic (-|5)) = 0, and
KL (UK (+]5)|| Vet x (|s)) = 0. These conventions apply to every value function V', every Q-function () (both estimates and
true values), and all feasible policies ji and V.

Proposition F.1. The closed-form expressions of the best response to min-player strategy v' under for a Q function
Q. (s,1,7)Y(s,i,7) € S xU x V, h € [H| denoted by u(Q’, V") where Q' := {Q;l}le is given by

preg (1) exp (B (1@ (5,1,9)/5))
S icud e (715) ex0 (Bjay (191Q (5. 7,)/8])

[, (Q', )] (i]5) =

_ B T
and we have 11, = (Qysvi), fir = p(QF ) and i} = (@, 1)

Proof. The result is an immediate consequence of the definitions and routine calculations. O

Now in order to prove our main result we note that Theorem 3.3 holds as long as for any § € [0, 1], Theorems F.2 and F.3
can be established.
Theorem F.2 (Regularization-dependent guarantee). Under Assumption 3.1, for any fixed § € [0,1] and any 8 > 0,

reference policies (Lyep, Vrer) = ({u,ef;h(~|~)}hH=1 , {l/,-ef7h('|->}f=1), choosing A = 1 and by, (s, i, j) as per eq. (23) in
Algorithm 2, we have

dT dT'H
VT eNt: Regret(T) < O ( 71d*H"1 — 1 - p-1-=46/2.
€ egret(T) < (ﬁ R e W.p /
Theorem F.3 (Regularization-independent guarantee). Under Assumption 3.1, for any fixed § € [0,1] and any 8 > 0,

reference policies (Lyep, Vrer) = ({u,eﬁh(~|~)}hH=1 , {l/mfyh(~|~)}hH=1) choosing A\ = 1 and bsuP( ,i,7) as per eq. (23) in
Algorithm 2, we have

dT dTH
+. < 8/2 113, /T . _
VT eNT: Regret(T) < O <d H°VT,[log ( 5 ) log (5 in{l,ﬂ}) ) w.p. 1 —46/2.
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F.1. Supporting Lemmas

We begin by introducing some lemmas that will be used in proving the main result. The proofs of these lemmas are deferred
to Section F.4.

In Lemmas F.4, E.5 and Corollary F.6 we introduce high probability concentration events and Bellman error bounds used in
proving our main results.

Lemma F.4 (Concentration of MSE Bellman errors). Define the Bellman error of the MSE @) function as
Eh,t(sa i, ]) = @h,t(sa i, ]) - ’I“h(S, i, j) - thh-‘rl (Sa i .7) (73)

Then under the setting in Algorithm 2, choosing A = 1, ¥(s,4,j) € S xU x V,h € [H], V t € [T] the event
Eo = {En (51, 9)| < mllo(s, 0. 1)l = Vi (s,7.) | (74)

occurs with probability at least 1 — §/16. Here 11 := ¢1 VdH \/log (%), where c¢; > 0 is a universal constant.

Lemma FE.5 (Concentration of Superoptimistic Bellman errors). Under the setting in Algorithm 2, choosing A = 1,
V(s,i,5) € S XU XV, h € [H],Vt e [T] the event

67 = {‘<H}tta¢(sazv‘7)> - Th(S,i,j) - Ph‘/};:_l(svuj)‘ S 7)2||¢(Saiaj)”2;71t = bh,t(s,iaj)}

occurs with probability 1 — §/16. Here 1y = cadH? |log (%) and co > 0 is a universal constant.

Corollary F.6 (Bounds on Superoptimistic Bellman error w.r.t. the Q" function). Let
B}T,t(37 i? .]) = Q}—r’t(‘s? i? .]) - Th(Sa ia ]) - Pth-:»] (Sa ia .])a

then under the event E;, for b;ftp(s, i,7) = bni(s,4,J) + 20555 (s, 4, j), we have

‘6;,5(8,2',']')‘ < 2bh7t(57iv.j) + le}rzl,ste(&i?j) = bztlf(svuj) + b}ht(sviv.j)'

For notational simplicity, while stating the next two lemmas we will omit the superscript v; and also the dependence on
t. Both lemmas are valid for all ¢ € [T]. Consequently, the symbols x and fi in Lemma F.7 and Lemma F.8 should be
interpreted as the time-indexed policies p; and fi;, rather than an arbitrary policies.

Lemma F.7 formalizes the notion of optimism for Algorithm 2.

Lemma F.7 (Optimism). For the setting in Algorithm 2, under the event Eg N E7, ¥(Sp,ip,jn) € S XU x V,h € [H + 1]
and any policy i’ of the max player, we have the following equations hold:

QF (shyins jn) = Qu(Shyins jn), (752)

Qrf (Shyin, jn) > QY (Shyin, jn). (75b)
The next lemma introduces the concept of the superoptimistic gap, arising from the construction of the superoptimistic
bonus term and the projection operators.

Lemma F.8 (Super-optimistic gap). For the setting in Algorithm 2, under the event E¢ N E7, (S, in, jn) €S XU X V, h €
[H + 1], we have

2[(Qf (shyin, jn) — Qr(Snyin, )| = |QF (s ins n) — Q4 (s ins )| - (76)

Note that this is the exact condition used in the matrix games section that we use to bound the term 75 using an expectation
of some function over actions sampled using the best-response policy f using the first bounding method (52).
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F.2. Proof of Theorem F.2: Logarithmic Regret Bound

For simplicity we fix the initial state to s;, extending the arguments to a fixed initial distribution s; ~ p is trivial. One step
regret is given by
DualGap(ut, Vt) = Vl*’ut (81> — V1Mt7*(81)
= Vi7" (s1) = VI (s1) + VI (1) = VI (1)
Tét) Téf)

VP (s1) = VT (1) + VO (1) = VY (s). (77)

(t) (t)
7 Ty

Below we bound T5(t) and Tﬁ(t), and the remaining two terms can be bounded similarly.

Step 1: Bounding Tét). For notational simplicity we will omit the superscript v; here as we try to bound both 75 and
Ts. Given a fixed strategy of the minimizing player one can treat the best response computation objective as a RL policy
optimization. Let HI denote the best response to ; at t. We will use the following leafing here inspired from (Zhao et al.,
2025b). Let p") := fiy., @ MIL 1. denote the concatenated policy that plays /i for the first h steps and then executes ut for
the remaining steps. Again we drop the subscript ¢ here for notational simplicity. Consider the term

T -
Ts = Vi (s1) = VI'(s1)

(h+1)

H—-1 )
=YV (s1) -V ().
h=0

Ip41

For any policy pair (u',v'), h € [H], let d‘}f/’”/ denote the state distribution induced at step A when following the policy
(', v"). Under the event & N &7, we can bound each I, as follows

) (h+1)
It = E {thﬂ (sn+1) = Vit (5h+1)}
e

Sh41~ap 4 g

T . .
= E E [QZ+1(5}1+1; Uht1, Jhtl) — 6KL(N}:+1("3h+1)Iluref,h+1('|5h+1)):|
sh+1~(i’h‘fl:1 ih+1~l$;+1("5h+l)
Jht1~Vhpr (c|shyt)

T . . -
- E = E {QZ+1(3h+172h+17]h+1) - BKL(Mthl('|3h+1)||,uref,h+1(“Sthl))} (78)
shp1~vd))) inp1~fing(c[shi1)
Jn+1~vht1(-[Sht1)

2
i
-1 + ; ; 1% ; :
<p E E ( E Qh+1(5h+1a2h+1:]h+1) - Qh+1(8h+17lh+1,.7h+1)])
sh+1~d‘;1f:1 ihg1~Ent1(c|Sht1) Jht1~Vh1(|Sht1
(79)
1 + . . ut . . 2
<p E E (Qh,+1(8h+1,lh+17jh+1) - Qh+1(5h+1,lh+17]h+1)> .
shp1~dinly iht1~fn+1(-|Sh+1)

Jhr1~Vhga(lsht1)

Note that here (78) follows from the fact Qgﬂ(s,i,j) = Qﬁi:;l)(s,z’,j) = rp1(s,4,5) + PhHV,fJ:z(s,i,j) =

Q‘}zll(s,i,j) V(s,i,5) € SxUxV,h € [H]. Eq. (79 comes from (for Q:+1(Sh+1,ih+1,jh+1) >
Qzll(8h+17ih+1,jh+1)) Lemma FE.7 and the same analysis used for bounding the term 7; (see eqs. (38)-(46)).

Here QZ:_l(shH, -,+) will be mapped to A(-,-) and Q;{H(shﬂ, -,+) to AT(-,-) from the matrix games section. Let
ant+1 = (Sh+1,Jh+1), now using Lemma F.7 we have

. . t . .
0< QLl(ShH, Zh+17]h+1) - Ql;f+1(8h+17lh+1’]h+1)
T . .
= E (Vh++2<‘9h+2) - Vh“+2(5h+2)> + €Z+1(Sh+17 iht1s Jnt1)
Sht2|Sht1,an41
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= E E (Qif o (shr2,int2, jns2) — BRL(finy2(-[shy2) | et nia(-[sni2))
Sht2|Sh41,an+41 th2~fint2(c|Sht2)
Jhy2~Vhi2(-|shi2)

+ BKL(Vhya(-[8ht2) Vet ha(-[sn12)))

t S
- E E (Q4 4o (She2sinva, dnr2) — BRL(th 4o (-|snt2) et ne2 (- sn42)

Sh+2|Sh+1,an41 ih,+2~u;+2('|sh+2)
Jht+2~Vht2 (- Sht2)

+ BKL(Wpt2(-[8ht2) |Vret,nr2 (-15h42))) + €51 (Shats ihats Jht1)

t
< E ~E {Qh+2(5h+2a iht2, Jhv2) = Qh o (She2,intas fnr2) | + ey (Sna1y i1, Jnt)
Sh42|Sh+1,an+1 thp2~int2(-|sSht2)
Jht2~Vhi2(-|Sht2)
(830)
<.
H
fi,v + . .
< E»‘Sh,+17ah,+1 Z €k (Sk’ Zk,]k) ’
k=h+1
Here EV” denotes expectation with respect to the law of s ~ fi, v|Spt1, an+1, that is, the distribution of s; induced

Jsht1,an41
by policy (i, ¥) when starting from state sj,1, taking action apq at step b + 1, ix ~ fig(-|sk) and ji ~ vg(-|sg) for

k > h+ 1. Here e,‘f (Sh,in,Jn) is the Bellman error of the optimistic Q function and the Bellman error of Q“T (Shyin,Jn) =

Th(Sh, thy Jn) + Pth”i1 (Shyin, jn) is zero. Eq. (80) follows by lower bounding the second term by swapping ML+2('|Sh+2)
to the policy fin42(-|sp42) since

f . .
10} 4o (-|shi2) = arg  max E (QZ+2(5h+2, iht2, Jhi2) — BKL(/LZ+2('|Sh+2)Huref,h+2)) :
Hhpo(|5ht2) T2~y o (-|Sht2)
Jht2~vnt2(c|sht2)

Thus we have

2
H
i<t B E (Ef‘;’;ﬁhw > e:<sk,z’k,jk)>

shy1~di) ihg1~finta(-[shtr) k—ht1
Jht1~Vht1 (-|8hy1)

H

2
< BTIERY ( > e;(sk,ikvjk)>

k=h+1
Here EA* is used to denote sj, ~ di"”, ik ~ fx(-|sk) and ji ~ vg(-|sk). Thus we have
H

H-1 H-1 2
Ts=Y I <pty EM ( > e;(sk,ik,jk)) : (81)
h=0 h=0

k=h+1

Step 2: Bounding Tét). Similar to bounding 75 we leaf the policy in the following. Let ;") = ji1., ® puj, 411, we have

To = V{'(s1) — V{'(s1)

(H—h—1)

=S ) = v (s, (82)

JH—h-1

We can write J, (h =0,--- , H — 1) as follows
p(h+D) (h)

Jv= E [Vh-i-l (sh+1) = Viyy (8h+1)}

f,v
Sh1~vdy’
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= E = E (@ vy (Sht1s i1, ng1) — BKL(fng1 (8ng) [ prer,pop 1 ([ 5n41))]
shyr~vdipl) Ghpr~ing1(lsn1)
Jht1~Vht1(-|Sht1)
- E E Q1 (shr1yingns Jnr1) — BKL(tn1 (lsna) et nr (1sng))] - (83)

snyrrvdi’y tha1 i1 (l8h)
Jht1~Vnt1([Shy1)

Note that here eq. (83) follows from the fact Qﬁﬁi(s, i,7)
Qhi1(5,1,§) ¥(s,1,7) € S xU x V, h € [H]. Now under the event & N E7, I T

(h+1)

[0, 1] such that, for

= QZ+1 (5725.7) = Th+1($,i7j) + Ph+1th+2<57iaj) =

_ .
g1(sn+1) == B71 ( E [QZH(S}LH, iht1s Jht1) — Qa1 (Sha1, ih+17jh+1)]>
ingpr~pig g Clsngn) | \dnri~vnpr (lsntr) |
and
_ .
g2(sh41) == B ( E Q1 (Sha1sihg1s Jng1) — Qg (Shats ih+17jh+1)]>
ihgpr~pig g Clsngn) | \dnti~vnpr (lsntr) |
we have
Jn, < E  [91(sny1) +max{gi(sn+1), 92(sns1)}] - 84
Shr+1~d‘rt’4:1

Here eq.. (84) is obtained using the same arguments as the matrix games section, specifically the first way of bounding
T5 (see eqs.(48)-(52)). Here we can map eq. (83) tgthe eq. (48) specifically QZ+1(S}L+1, -,-) can be mapped to A(-,-),
Q1 (Shy1,+ ) 10 AT(-,-) and Q) 41 (Sh+1, -, ) to A(+, ) from the matrix games section. The policy ], ; (|sa+1) is the
optimal best response to 1,41 (+|sp11) under the reward model Q}, , (|sn41) (1), = u(Q",v), see Proposition F.1)
where

Qh1(Sha 1,041, ne1) = TQp 1 (Sne1yins1s jnr1) + (1= D)Q) 1 (Sht1s ina, Jngr)

= Qpi1(sht1ying1 dnr1) + (1 =) (Qif 11 (shr1s i1y dna1) — Qpt (Sht1s ing1s jng))

Now using Lemma F.8 we have

g2(sn41) <4871 E

2
4 ; [Q2r+1(8h+1,ih+17jh+1) — Qpi1(Sht1, ih+1ajh+1)]) .
inp1~pg, g (lsnt1)

( E
Jn+1~Vht1(-[Sht1)

and thus

—1
Jn <50 E E
shy1~vdply ih+1NH1;:+1('|Sh+1)

2
(, E Q71 (sh1ying1s Jnr1) — Quaa (Sh1, ih+17jh+1)]>
]Iz+1’\‘l’h,+1("5h,+1

<537' E E

Sha1~vdil ) dnpr~ig o Clsnyn)
Jh+1~Vht1(¢[Sh1)

. . ey . . 2
[(Q;+1(3h+1,lh+17]h+1) - Qh+1(5h+177/h+1a.7h+1)) } .

Note that this is the exact form we obtain while bounding the term 75 and using the same arguments (56)-(58) one can show
that the term is maximized at I' = 0 and we have p}) ,, = fin41, specifically Q' (sn41,,-) will be mapped to A(, -),

QZJ’_l(ShJ,_l, ) o AT( ), Q£+1(5h+17 -, +) will be mapped to Ar(-,-) and @hH(ShH, L) to A ).

-1 . . — . . 2
Jn <58 E {(QZ+1(5h+1aZh+1aJh+1) — Qp1(Sht1,Tn11, Jnt1)) } : (85)
spy1~dy)) th1~fint1(c|Sh1)
Jnt1~vnt1(clsn41)
Let ap+1 = (¢n+1,Jn+1), using Lemma F.7 we have
0 < Qi1 (Sha1yint1, dnt1) — Qg (Sht1s ing1s Jat1) (86)
+
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= E (Vh-:_g(Sh—',—Q) — Vigal(snta)) + €Z+1(Sh+1, iha1s Jht1) — €ht1(She1sihg1, Jns1)
Sh+2‘sh+lyah+l

= E ‘ E (Q:+2(5h+2aih+2ajh+2) — BKL(fin+2(-|5h+2) || thret,h-2(-[Sht2))
Sh+2‘sh+lyah+l Zh+2~uh+2('|sh+2)
Jht2~Vhi2(-|shi2)

+ ﬂKL(umushm|\uref,h+2<~\sh+2)))

- E A E (Qnia(Shr2sinr2, jntz) — BKL(pn2(-[shr2) et hr2(-[Sh42))
Sh+2|Sh+1,0h+1 th2~pnt2 (- Shy2)
Jht2~Vht2(c|sht2)

+ BRL(vh 42 (- shy) Vet hr2(lshi2))) + ef iy (Shatsingt, Jnr1) — Ens1(Shityinr1, nst)

IN

+ . . - . .
E E [Qiryo(sht2:int2, Jhv2) — Qpio(Shta,s int2, nt2)]
Sht2|Sh41,an41 thpo~int2(|Sht2)
Jht2~Vht2(:|Shy2)

+ €1 (Sha 154 1s he1) = Ch1 (Shg1s iha1s Jht1) (87)

IN

H
<EY e [ > e (skoins dn) —6k(5k,ik,jk)1

k=h+1
~ H H
< (E" [ o el (swina )| | +ELY L l > |ek(sk,z'k,jk>|D- (88)
k=h+1

k=h+1

Here eq. (87) follows from lower bounding the second term by swapping the policy w by /i since p is the maximizer under
Q([sn+2)

ftht2(-[snie) = arg  max E (Qni2(shtasint2, jnta) — BRL(po (-|snr2) | et nt2 (-|sn12)))
“h+2(45h+2)ih+2ﬁvu%+2(¢sh+2)
Jnt2~vhi2(-|shi2)

Thus combining equations (85) and (88) we have

H H 2
hsoi B ~ ([z e (5w g0 + 3 lem"k’“)'D

sna~vdiyy b ~iinga (Csni) k=h+1 k=h-+1
]h+1NVh,+1('|5h,+1)

2
H
< 587'EM” <Z lef (s ik ji)| + [Ex (3k>ik7jk)|> : (89)

k=h
Here EF" is used to denote sj, ~ d}"", ij, ~ fur(+|s) and ji ~ vi(-|sk).
Step 3: Finishing up. Define

Sho= AL+ > (st ih gn)e(shin gh) T and Sy, =M+ > (s],ih, dn)e(sh ik 7)) -

TeD} TED;

H
By defining the filtration F;_; = o ({r;", 77 }/]), where 7,7 = {(szt,izt,j;t,r,ﬂ,szﬂt)} and 7, =
£t Jhes Th, ),

H
{(s,;t, i};t, Tt Thots s,:_s_l’t) }h_l as defined in Algorithm 2, we observe that the random variable

2
Zthl Hd) (sf{,t, i;t, j;t) H (=t )71 is F; measurable while the policies ji; and 14 are F;_1 measurable. Now let £ denote
h,t

the event

T H 9 16
S ool | <233 o i) oo () .
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Then choosing A = 1, P(£g) > 1 — ¢/8 using Lemma D.2 with R = H since Zle Hqﬁ(sh,ih,jh)H?E+ ) < H by
h,t

assumption 3.1. Now under the event & N E; N Es (w.p. at least 1 — §/4), combining equations (81), (82),(89) and bringing
back the ¢ in the superscript we have

T
(T + 1)
T
<p Yy

t=1 k=h k=h

IN
Q
Mﬂ
1 M= IMs

~ H 27 B H 2
(5@%,” (Z e (skins )] + [ (sk,ik,ml) R (Z et (Sk»imk)D
27 H 2
(5]Eut’yt <Z 2bk: t Sk; Zk?]k) + 3 mse (Sk7 Zkajk)> + ]Eﬁ“l/t (Z bk’t (8k7 ik7jk)> (90)
k=h

t=1 L k=h i L
H
2 fit,vt P mse ; ; 2 ot vt i 2
<B Z 5E [ 2bpt (Shyin, jn) + 35 (Shyin, jn)) } +E [(bh,t (ShyinsJn)) D
h=1
T H
16dTH .
< e dPH log | v Efet o )5, 1
<™ o () 35S [l oni o1
H
16dTH
< —1 327176 [t Ve .
< 3B 'd*HC log (mmg,g}) ;;E [|¢ (smois )l } 92)
16dT H (& 2 16
< 2e3871d?HO1 4H log | —
> 636 d og <5m1n{17ﬁ} (tz: <h_1 H¢ Sh t’Zh t’jh t) ’(Zhvt)1> + og ( 5 )) (93)
16dTH T+1
< B PHT L 1 . 4
safd i e mm gy ) e T o

Here we use Corollary F.6 and Lemma F.4 to obtain eq. (90). Eq. (91) can be derived for some universal constant c3 by
substituting the expressions for b‘,‘;fte(sh, in,jn) and by ¢(Sh,in, jn). Eq. (92) relies on the identity ¥, ; = E;t + X

-1
which implies that E_l = (E,J{ t) . Eq. (93) from event &. Eq. (94) follows from the elliptical potential lemma (Lemma
D.6). One can similarly bound the term Zt 1 ( T + T(t)) (w.p. 1 — §/4) to obtain

T
dT dTH
Regret(T) = Y Dual < 1#BH log | — | log | ————— p. (1=46/2).
cara(T) = 3 DualGap(u. ) o (s o8 (5 108 (5ot sy)) o (1=6/2
F.3. Proof of Theorem F.3: Traditional /7 Bound

F.3.1. 8 > 0: REGULARIZED SETTING

For simplicity we again fix the initial state to s1, extending the arguments to a fixed initial distribution s; ~ p is trivial.
Recall the dual gap can be decomposed as DualGap(u:, v:) = T5(t) + Tﬁ(t) + T7(t) + Ts(t) as per equation (77). We will
bound the terms Tét) and Tét) and the remaining terms can be bounded similarly.

Step 1: Bounding 7 ét). Let uI denote the best response to v, at time ¢. We shall omit v in the superscript of @) for
notational simplicity. Then under the event & N &7 we have

T3 = Vi (s1) = VI (s1)
= E (@4 (51 1,30)] = BRLGL o Cllsn) e Cllsn)
11~V 1 0]S1

Jirovae(ls1)
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-1 E {Q{” (Slvil’jl)} — BKL(f11,¢(-|Is1) | ptret,1 (-] 51))
'L'l"’ﬂl,t(("lsl))
Ji~vie(]S1

< E [QF (51,71, 51)] — BRL(u] 4 (-[ls1) | teet,1 (-] 51))
ivvpd ,(ls1)
Jirova e (¢]s1)

| B @] = ARGl s Clsn)) 95)
1}Nﬂl,t((“|51))
Ji~vi,e(]S1

< B [QfGuinil - E [ i) 96)
irrvfin,e(¢ls1) drrvfin,e(s1)

Jirovee(s1) Jirovee(s1)

- E [PVGui] - B [AViGuina)|+ B [ef ()]
iy~fin e (¢]s1) i1~y e (-]s1) i1~vfin e (-]s1)

Ji~v,e(+]s1) Ji~ovae(clst) Jirovae(ls1)

= B (Vi (s2) — Wi )] + B [ef (o1, 0)]

H
= Efr [Z e o(sn, z'h,jm] : 97)

h=1

Here eq. (95) follows from optimism (Lemma F.7) and eq. (96) follows since fi1.(+|s1) is the optimal policy under

QT(Sla Bl )
Step 2: Bounding Tﬁ(t). We have

T = VI (s1) = VI (51)
= V"M (s1) = Via(s1) + Vig(s1) = VI (s1) .

(t) (t)
TGa TGb

Here we again omit v, in the superscript for notational simplicity. Under the event & N &7, the term TG(Z) can be bounded as
follows

Ty = VI (1) = Vaa(s)
= B @0 (s1i1,30)] = BRLGLCllsy)l e (1))

ii~vfine(+ls1)
Jir~vee (1)

—| E  [Qulsryin,d1)] — BRL(pe(lls)l et (]l51))
1_1~M1,t((-||81))
Ji~vie(-]S1

Al )[th(slaihﬁ)] — BKL(fi1,¢ (- |s1) | prer, 1 (-] 1)) —
t1~p1,e(f]S1
Jirvie(els1)

IN

B [@ialsrin )] = BRLGC sl aet(s1) ©8)
11~ (f[S1
Jirovie(¢]s1)

[Qi":t(shihjl) _Ql,t(slailyjl)] . (99)

ir~fin,e(¢]s1)
Jirvie(+ls1)
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Here eq. (98) follows by upper bounding Q‘f ‘ by Qit using optimism (Lemma F.7) in the first (positive) term and lower
bounding the second (negative) term by switching the max players policy to fi1 .(+|s1) since

pae(|s1) = arg max E [él,t(slailvjl)] — BRL(py (+[[s1) [ e, 1 (-]l 51))
HiClse) \inmpy (1)
Jirove e (¢]s1)

is the optimal policy under Ql,t' Under the event & N £7, we bound Téz) as follows

T3 = Via(sy) — VI (s1)
= E [Q1¢(s1,41,51) — QY (51,41, 51)]

ir~vp,e(tls1)
Ji~vvr ¢ (+]s1)

< E [QF,(s1.i1.41) — Qy(s1,i1,41)] (100)
i1~ (]s1)
Ji~vie(tls1)

_ (QF 1 (51,1,1)] — BKL(pa1,¢ (-II51) [ tres,1 (-] 1))
'Lvl""ﬂl,tg"lsli
Ji~vie(]S1

-1 E(I ) @1,t(81,i17j1)] — BRL (1,0 (-[|51)| | et 1 (-] 51))
[SEad S WAGIEST
Jivvne(clst)

E [@i(s1vin,51)] — BRL((-[ls1) |l prer (-]]51))
Z_1~H1,tg"|81§
Ji~vie(S1

IN

-1 ~E(| )@l,t(817i17j1)] — BRL(fun,¢(+|51) | prer,1 (]| 51)) (101)
v~ pr (S
Ji~ve(]st)

B [@QF(s1ii1,1) — Q1 y(s1,i1,41)] - (102)
iy~ (st ’
Ji~vie(tls1)

Here eq. (100) follows from Lemma F.8 and Lemma E.7. Eq. (101) follows by upper bounding the first term and lower
bounding the second term by swapping policy 1 (-||s1) by f¢(+||s1) since fi1 +(+||s1) is the optimal policy under Qit(sl, )
and 4u;(+||s1) is the optimal policy under @Q; ,(s1, -, ). From equations (99) and (102) under the event £ N &7, we have

Tﬁ(t) <2 E QT (s1,11,51) — Q1 4(s1,71,51)]
iyevfin e (+]s1)
Ji~vie(tls1)

<9 (Eﬂt,ut

Here eq. (103) can be obtained using the same steps used in obtaining equations (86)-(88).

H

>

k=1

eht Shazhmyh)‘

H
+ B [Z @t (sns z'h,jh)|D . (103)

h=1

Step 3: Finishing up. By defining the filtration 7;_; = o ({r;",7; }/_]), we observe that the random variable
H 4
Zh:l H¢ (s:,t’zz,t’-jltt) ‘(E:t)fl

denote the event

T
59 — {Z Eﬂmw

t=1

is F; measurable while the policies ji; and v; are F;_; measurable. Now let &

T H 6
Z||¢ Shyiny Jn) | (=t,) 11 SQZZH¢( htﬂht,jht) ‘( = +8H log <5>}
t=1 h=1 hf

h=1
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Then choosing A = 1, P(§) > 1 — §/8 by Lemma D.2 with R = H since Zle ||¢>(sh,ih,jh)||(2+ ) < H by
h,t
assumption 3.1. Now using equations (97) and (103) under the event & N E7 N Ey (w.p. 1 — 6/4) we have

H H
Z ’eit(sh; ih»jh)‘ + 2EFe lz [en,t(sh, ihajh)] )
h=1

T
— h=1

T
S(V 1) <Y <3Eﬂt%

t=1 t=1

T H H
<3 <3Eﬁ"”* (2bn,t (Shins 3n) + 2055 (s in, gn)) | + 2EF7 1Y 0hss (Shvih’jh)D
t=1 h=1 h=1
(104)
16dTH | <= &
< HQ 1 ]El‘f sVt 1
= \/Og (5m1n{1 5}) ;; {H¢ (s s )5 } (105)
16dTH \ <= &
< cydH? [1 Efeve - !
< eqd \/Og <§mm{1 5}) ;h:l {¢ Sh,lh,Jh)H(y ) 1] (106)

H

< 2c4dH2\/1og <(“11(351Z{T1{{B}> (Z > |le (st it i) H(z; o+ AH g (?)) (107)

t 1
16
Ett),l + 4H log (5)

16dTH ul T
<264dH2\/10g <(5m1n{1,,8}> Z$ z::“¢(shfazht7]hf>
< cgdHS\/log <W) (\/dTlog(TJr 1) +4log (166>) : (108)

—
>

‘ 2

(

h=1
dmin{1, 5}

Here we use Corollary F.6 and Lemma F.4 to obtain eq. (104). Eq. (105) can be derived for some universal constant cy
by substituting the expressions for bmse(sh, in,jn) and by, ¢ (S, in, jn). Eq. (106) uses the fact 3, ; = Etr The bound in
(107) follows from event &. Eq. (108) follows from the elliptical potential lemma (Lemma D.6). One can similarly bound

the term 3, (T7(t) + Tg(t)> (w.p. 1 — 6/4) to obtain

I dT dTH
Regret(T') = >  Dual <O |(&PH*VT|log [ — Jlog [ ——— ) - p. (1=6/2).
egret(7) tZ=:1 ualGap (e, 1) < O < VT, [log 5 )8 5 min{1, 5} w.p. ( /2)
F.4. Proofs of Supporting Lemmas

F.4.1. PROOF OF LEMMA F.4

Using Lemma D.8, with the covering number bound in Lemma F.14, B; = H (from Lemma F.10), L = 2H+/2dt/\ (from
Lemma F.13), B3 = 0, we have with probability at least 1 — 6/16H V ¢ € [T,

2

Z (bh,t Wh-‘rl,t (32+1) - P}LV}L+17t(827i;’j;)]

TED:_1 E}—l

d 2t + A SH+/2dt 16H 32t2¢2
<4H?|=1 dlog [ 14+ ——=— ] +1 )
S [20g< \ )+ og<+ s\f)\ >+0g<6>1+ h

Choosing A = 1 and ¢ = V/dH/t, we have V h € [H] and V t € [T
= o 16HT
Z Ght [Viere (Shi1) — PaVigre(sh, i, 37)] < C1VdH  [log (6)’ (109)
TED—1 X:’711
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for some universal constant C; > 0. Note that we have to divide the §/16 budget across the horizon since at every h € [H|
the function class used while applying lemma D.8 is different as a result of the projection operation varying with /. Since
Th(8,4,J) + PnViny1(s,i,7) € [0, H — h + 1] from Lemma F.10, and @}, ,(s,4,5) = 11, ((0n,¢, ¢(s,7, j))), we have

|Qn.i(5,5,5) = (5,4, 5) — PuVhga (s, 0, 5)| < |(Ones &(s,4,5)) — ru(s,4,5) — PaVasa(s,i,4)] - (110)

Now let 7* = (u*, v*) be the nash equilibrium policy of the true MDP, and 92* be its corresponding parameter, whose
existence is guaranteed by Lemma F.12, we have

0 =St | Do tnedh, FAL 0T =St | D dnr(rns + PaVilia,) + A07 | (111)
TED: 1 7€D;_1

Also recall

O, = E;; Z Onr [Thor + Vig1,(sher)] -
T€Dt—1

Using the above two equations we have

Ora =07 =ik D0 Onr [Virnalsin) = PVilia (s i) = M7
T7€Ds 1

= A 08 500 D bnr [Varne(shan) = PuVase(shs i7.57)]
—_——

TED 1
p1

D2

30 Y Onr | Po (Vasralshoifdf) = Vit (s7.i7.57) ) |- (112)
T7€D: 1

p3

Assuming eq. (109) holds (w.p. 1 — §/16), one can bound the terms as follows:

[(6(s. i )sp0)| = (05,0, A0 )| < A0 [, 106l r < 2BVAN 0050, 7)lgr . (1130)
. 16HT .
|<¢(S,Z,j),p2>| S Cl\/gH IOg (5) ||¢(5317])||2;’1t . (113b)

Here eq. (113a) follows from Lemma F.12. We use the result from eq. (109) to obtain upper bound in eq. (113b). Lastly we
have

<¢(5>i7j)»]93> = <¢(87i7j)72hé Z ¢h,'r [Ph <Vh+1,t(5;—mi}rmj}:) - Vhﬂ;1(827223]2)>:|>

TE€EDt—1

=<¢<s7i,j>,2hé > bnr(on)" [ [ (Vi) = viias) dw<s’)]>

TED:—1
— (0500 [ (Vrals) = VL) av(s))
2 {805,000 [ (Vs = VL) avls))
= P (Viens = Vi) (s,05) = A <¢><s, 0.3): S / (Vhsrals) = Vs () dw<s’)> :
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Thus

(9(5.8.0)) = P (Veens = Vi) 569 = |3 (006030, 228 [ (aaasls)) = V() avts)
< 2HVAN [[¢(s,7, )| (113c)
Here eq. (113c) follows from Lemma F.10 and Lemma F.9. Now
On,d(s,4,5)) — ru(s,4,§) — PaViga(s,i,5)
= (B 0(5.1,9)) = QF (5:1:3) = Po (Varre = Vil ) (s,7.)
= (8(5,5,7). 000 — 05 ) = P (Vira = Vil ) (s1.)
L (B(5.1,3), p1) + (6(5. ), o) + (9(5.1:5),p) = P (Vierre = Vil ) (s:7.)- (114)

Using the equations (113a),(113b), (113c), (114) we have

5 . . = . / 16HT .
|<9h’t7¢(8,2,])> - Th(‘S?Z?j) - PthJrl(saZvJ)’ < cl\/gH log (5) H(b(salaj)HZ;t

for some universal constant ¢; > 0. Using eq. (110) completes the proof
’ah,t(sa 7’7]) - T‘h(S, Za]) - thh+1(87 7’7])‘ S ‘<§h,t7 ¢(87 Z7j)> - ’f’h(87 Za]) - thh+1(s7 7’7])‘

16HT .
< eV, fog (S5 ) fols.i. il

F.4.2. PROOF OF LEMMA E.5

Using Lemma D.8 with with the covering number bound in Lemma F.15, B; = 4H 2 (from Lemma F.11), L = 2H/2dt /A
(from Lemma F.13), Lt = 4H?/2dt /) (from Lemma F.13), By + By — by < 4H? (from equation (20)) and By = 72 +2m;
we have with probability at least 1 — 6/16H V ¢ € [T

2

+ + o
> One [Vilir (5hr) = PVl (57 i)
TED 1 -1
h,t

d 2t + A 48 H?\/2dt 72V/d(ng 4 2m1)?
< 64H*| -1 dlog [ 1+ —~=— | +d%log | 1
< l20g< h\ >+ og(—i— I )-i— 0g<+ 2

5 2.2
48 H~/2dt +dlog [ 1+ 4608 H°+/2dt +log (16H> n 32t°¢e 7
eV 28V A 6 A

+ dlog <1+

Setting A = 1 and n; = cl\/gH\ /log (16§H) ,E= de/T and 72 = codH?, [log (%), we have

T o T 16((02 —+ 201) + ].)dTH
Z Pt [Vhtﬂ,t (sh41) — th}:—l,t(shvlhvjh)} < CdeQ\/IOg < Smin{L, B} ;o (115)

TEDt_1 a1
ot

for some universal constant C> > 0. Using the same steps as used in the proof of Lemma F.4 we have V h € [H] and t € [T

Oy —OF = XS0 +500 Y b (Vi (ki) — PaVilia (7,777
——

T€Dy -1
pa
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30t S0 one [P (Vilia (i in i) — Vi (si i) ) | -
T€D: 1

Pe

Assuming eq. (115) holds (w.p. 1 — §/16), one can bound the terms as follows

|<¢(S7i7j)7p4>| = ‘(ZS(&Z?]),/\Z;;HZ* < )“ 92* 51 ||¢(37z7j)||2;1t < 2HVdA H(b(s,l,])Hzglt ’ (1163)
h,t ? ’
. 16((co + 2¢1) + 1)dTH .
5 < 2 —1.
(8(s.7.9).15)| < CadH \/10g( P 1905y (116b)

Here eq. (116a) follows from Lemma F.12. We use the result from eq. (115) to obtain upper bound in eq. (116b) Lastly
using similar arguments as Lemma (F.4) we have

<¢)(Sai7j)7p6> = <¢) 53%] Z (rbh‘f' |:Ph ( h+1, t(shazhajh) Vhﬂil(SZaZ£7]}:))i|>

TEDt 1
= (Vi = Vi) i) = A (605000030 [ (W) = ViEa()) ).
Thus
(otovisddopa) = P (Vi = Vi) (v = |2 (000,000 [ (Vi o) = Vs o) )|
< 6H?VdA||6(s,i,5) |52 (116c)

Here eq. (1160) follows from Lemma (F.11) and Lemma (F.9). Using the equations (116a),(116b), (116c), and the fact
<¢<s, 0 )08 ) = QF (s11.5) = (0(s,1,), 0, = 07 ) = (8(5,1,3),pa) + (6(5,,9), p5) + (05,7, 1), pe) for A = 1,

using 31m11ar arguments to Lemma F.4, we have

16dTH
o min{1, 8}

for some universal constant ¢ which is independent of ¢, co. Since dT'/§ > 1 and ¢; is a fixed universal constant from
Lemma F.4, choosing a large enough co > ¢’ we have

’(9,;, d(8,4,7)) —ru(s,4,5) — PthJ;l(s,i,j)‘ < C’dHQ\/log < ) +log (1 + c2 + 2¢1) ||¢(s,i7j)||2;1t

16dTH

<0h’t7 ¢(Sa Za.])) 7"}1(3,1,]) Pth+1(3a7’7.7)‘ — CQdH \/log <5m1n{1,ﬂ}

) 19658l

This completes the proof of Lemma F.5.

F.4.3. PROOF OF COROLLARY F.6

From the definition of Q;t(s, i,j) =1} ((9%7 o(s,1,5)) + bt (s, z}j)), under event &, we have

Qi (s,1:5) = ra(s. i) = PaVili (s.1,9)| = [0 (07 0(5.1,9)) + 07F (5.1,9) ) = (s, ) = PaVi (s:1.)|

< (0 1 05, 1,9)) + B (5,1,9) = (s, ) — PVt (s0.9)] - (117)

< byt (850, 7) 4 bne(s,4,5) = 2bn,e(s,4, 5) + 2635 (8,4, ) (118)

Here eq. (117) follows since 71 (s, , ) + PuVyt 1 (s,4,5) € [0,3(H — h+ 1)?] (Lemma F.11) and the projection operator

IT;" whose output IT;" () € [0, 3(H — h + 1)?] is a non-expansive map. Eq. (118) follows from Lemma F.5. This concludes
the proof.
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F.4.4. PROOF OF LEMMA F.7

Firstly we note that whenever Q} (sp, in, jn) = 3(H — h + 1)? attains the maximum possible clipped value, the lemma
holds trivially since Q% (sp,in, jn) < (H — h+ 1)? (from Lemma F.11) and Q) (sp, in, jn) < H — h+ 1 (from the design
of the projection operator (20a)). By convention, we know eq. (75a) holds trivially when i = H + 1 Assume the statement
is true for A + 1, then under £ N &7,

Qif (s in, jn) — @u(shyin, jin)
@ (OF, d(shsinsgn)) = Th(Shyin, jn) — PaVitoi (Shoins dn) + ba(Shyin, jn) + 265°° (S, in, jn)
+ Po (V5 (Shoinsgn) — Vg1 (Shyin, n)) — €n(Shyin, jn)
> 03 (shyins gn) + Po (Vg (shyins n) — Vg (Sho ins i) (119)

= b3 (Shyin, Jn)+

E E [Q7 1 (Sha1sint1, Jnt1)] — BRL(fgr (1shg1) | ptret, et (- h41))
Sha1lsnyin,Jn \ th1~fnt1(-lsnt1)
Jht1~Vht1(-|Sht1)

- E E (Qpi1(Snt1sings Jnr1)] — BKL g (Isni) et nra (-snta)) | (120)
Sh41lShsthsdh \ the1~pht1(-|Sht1)
Jht1~Vh41(:|Shy1)

nse .. + . . ay . .

> by (S, in, jn) + E | E Q1 1 (Sna1sing1, Jng1) = Qpyt (Sna1singr, Jnrn)] | >0,
Sh+1l8hyin,Jn \ thr1~pn+1([Sht1)
Jht1~Vht1(c[Sht1)

(121)

where €, is defined in (73), eq. (119) follows from Lemma F.4 and Lemma F.5, we omit the KL terms corresponding to
the min player policy (vp,+1(+|sp+1)) since it is the same for both V}j-_i-l and V7,1 in eq. (120), and we swap jiz1(|Shi1)
by pht1(:|sp+1) in the first term of eq. (121) and the inequality follows from the optimality of the superoptimistic best
response policy fip11(-|Sp41) under Q; +1(8h41,+,+) and v, 11, and the induction hypothesis gives the last inequality. Using
similar arguments, we have

Q:(shvihajh) - Qﬁ (Shvihujh)
= (05, (shyin, jn)) — Th(Shsinsdgn) — PuVi' 1 (Shying gn) + On(Shyins gn) + 265°° (shy in, jn)
+
+ Py (Vhtl(shvihvjh) - V;f+1(8h7ih7jh))

> 203,°°(Sh,ih, Jn)

+ E | E (@1 (sht1yingts Jnr1) ] — BKL(fng1 (-18ha1) | trer, gt (+18h41))
Sht1lsnsin,Jn | tht1~ins1(-[Shy1)
Jht1~Vht1(c[Sht1)

’
— E E [Qﬁ+1(sh+1aih+17jh+1)}_ﬁKL(M;LJrl('|Sh+1)||/14ref,h+1('|3h+1)) (122)
snt1lsnyin,dn \ inpr~ps g (lshi1)
Jht1~Vhp1(c|shyt)

. . + . . 4 . .
> 205°¢ (sp,in, Jn) + E E [Qh+1(3h+17lh+la]h+1) — Q1 (Shy1, @h+17]h+1)} > 0.
snt1lsnsin,dn \ inri~pg, g (lsh1)
Jhr1~Vht1 (l$ht1)

(123)

Here eq. (122) follows from Lemma F.5, Eq. (123) follows from the optimality of the superoptimistic best response policy
fth+1(-|Sh41) under Q;{ 41 (Sh+1, -, ) and 11 and the induction hypothesis implies the penultimate expression is positive.
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F.4.5. PROOF OF LEMMA F.8

From Lemma F.7 we have Qﬁ(sh, in,gn) > Qn(sn,in,jn) and Q;{(sh, in,Jjn) = Q4 (sn,in, jn). Note that whenever
we have an underestimate of Q*, i.e, Q. (Sh, in, jn) > Q,(Shyin,7n) we have eq. (76) hold automatically even without
the 2x multiplier hence we will only concern ourselves with the case where we overestimate Q*, i.e., Q' (sh, in, jn) <
Qp,(Shyin, jn). We also note that when Q;f (sp,in, jn) = 3(H — h + 1)? attains the maximum possible clipped value the
statement holds trivially again since Q},(Sh, in, jn) < (H — h + 1) (from the design of the projection operator (20a)) and
Q4 (snyinsjn) > —(H — h+1)2 Y (sp, ip, jn) (from Lemma F.11). Since (by Lemma F.5)

(07, 0(Shyin, jn)) + b5 (Shyins gn) = ra(Shyin, gn) + PaVit i (Snyin, ) + 265° (s, ins jn) > 0,
we only need to prove the equation in the overestimation case where
0 < Qf (snyinyjn) = (03 4, 0(s,4,4)) + b7 (5,4, §) < 3(H — h+1)?,
where eq. (76) (by Lemma F.7) is equivalent to
QF (shns Jn) = Qu(Snsins Jn) = Qp(snyin, jn) — Qh (Shyins jn),

which we do via an induction argument. We know that eq. (76) holds trivially for h = H + 1. Assume it holds for h + 1.
We will show that it also holds for A.

Qi (shyins n) — Qp(shyins jn)
= (0 @(snsin, n)) = rn(Snyins jn) = PaViloy (nsins n) + bn(ns ins gn) + 265° (snin, Gin)
+ Py (V" (shoins i) — Vi1 (Shyin, jn)) — €n(Shyin, jn)
> 03> (shyiny gn) + Po (Vi (shoins i) — Vier (ko ins gn)) (124)

= b03,°%(8h, ths Jn)

+ E E [Q7 1 (Sha1sint1, Jnt1)] — BRL(fugr (1$hg1) | tret, gt (- h41))
Sha1l8nsinsdn \ th1~fne1(-lsnt1)
Jht1~Vht1(|Sht1)

- E | E (@1 (sne1sinrrs Gnsn)] = BRL (i1 (lsnn) et nen (snen))
Sht1lShsin,Jn thp1~pht1(-|Shi1)
Jhe1~Vhy1(clShg1)

> b (Shy in, jn) + E | E [QF 1 (Sh1int1s nr1) — Quyt (Sha1sihg1s dha)] (125)
Sh1l8nyinydn \ tht1~pr+1([Snt1)
Jht1~Vht1(c|Sht1)

> b (Shy in, Jn) + E | E [Qni1 (Sha1ing1s Jnr1) — Qhyy (Sha1s ihg1, dha)] (126)
Sha1lsnyinsdn \ thrr~pnaa(flsni1)
Jhr1~Vha (([8ht1)

=03 (snyinsgn) +  E (Vi (saer) = Vi (sne1))
Sha1lShyin,dn

= 5% (sn,ins dn) + Qu(Snyins jn) — Q4 (Sh,in, jn) — €(Sh,in, jn)
> Qn(shyinsjn) — Qh (Shyin, jn)- (127)

Here eq. (124) follows from Lemma F.4 and Lemma F5. Eq. (125) swaps fn+1(:|Sh+1) bY fh+1(-|Sh+1) in the first
term and the inequality follows since the optimality of policy fi(-|sn1) under Q% (s 1, -, ) and eq. (126) follows from
the induction hypothesis (2 |(Q?L'+1(s, i,7) — Qpiq (s, i,j))| > |Q;+1(s, i,7) — QZ_H(S, i,j)‘) alongside the optimism
lemma (Lemma F.7) implies Q' ; (s,4,5) — Qp, 41 (5,4, §) = Qpy1(5,%,5) — Q41 (s, i, 7). Eq. (127) follows from Lemma
F4.
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F.5. Auxiliary Lemmas

Lemma F.9. If (1/,v)) = (u},,v})i, is the Nash Equilibrium of a KL regularized Markov Game where 0 <

. . "7 L v H .. ils vi(jlsk
7, (Shyth,gn) < 1. Let VIV (s) = E*> {Zk:hrg(sk,z,j)—ﬁlog%—&-ﬁlg%ljl’;i)

Q’}f/’”/ (s,4,7) =1} (s,1,7) + E [V}iﬂ;l’/ (s')} be the value and Q functions under this game. Then ¥(s,1,7) €
s' ~Py(+|5,0,5)
S xU XV, he[H] B> 0we have

Sy = s] and

Q# v (Sh,Z,]) € [OaH_h—’_]-]a

VI (sn) € [0, H — b+ 1),

BKL (p1, (- 5n) | ren (-|sn)) € [0, H = h+ 1],
BKL (v, (-sn) lvrer.n (-|5n)) € [0, H — h+1].

Proof. We prove the proposition using induction. The statement is true trivially for h = H + 1. Assume the statement is
true for i + 1 then we have

Qi (snisi) =ri(smi )+ E V)],

s~ P (+|shyi,5)

Since V,{‘H” (s") € [0, H — h] and 7}, (sn, i, 7) € [0, 1], we have Q‘}fl’”/(sh,i,j) €10, H — h + 1]. In addition,

VI (1) = Bayy oy [ @4 (sm01,9)]| = BKL (1 Closn) s L 30) + BRL (0, Clisn) e (lsn) -

drvy, (lsn)

Using the closed form expression for ), (- | s,) we have

fob,’ul(Sh) = fBlog (Z Poret,h (2] 51) €xp ( E {QZ/’V/ (Sh,i,j)} /5>> + BKL (v, (- sn) 1Vret,n (-|51))

E
- g (lsn)

> B QU (nid)] + BRL W4 Clsw)llviera (lsn))

iN/"‘ret’,h('Ish)
Jrvi (lsn)

> 0.

Here the second line uses log (E[X]) > E [log(X)] (Jensen’s inequality). Similarly, using the closed form expression for
v}, (- | sn) we have

VI (5n) = —Blog | D viern(ilsn) exp (— E [0 (sni )] /6> — BRL (4, (-5) | et (- 50))

j iropg, (|sn)

B (@ )] - AL G o) ()
i~ (+]s
j’\"/ref,h('l};h)

<H-h+1.
Lastly, note that since 1}, (+|s,) is the Nash equilibrium point, for a fixed v}, we have
EiNM;L(‘lsh) [QZ v (Sh,i,j):| - ﬂKL(M;l('LSh)||/1‘ref7h('|8h)) > EiN}L,ef,h(~|sh) [Q% v (Sh,i,j):| )
3~vh (lsn) 3~vh (lsn)
which gives
BRL(p, (150 | rrer,n C158)) < Eior (1) [QZ . (sh,i,j)} — i n lsn) [Qh Y (Sh»i»j)] <H-h+1
J~vi(lsn) J~vi (lsn)

Similar argument using the min player can be used to obtain SKL (v}, (-|sp)||Vrer,n (+|1)) € [0, H — h + 1]. O
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Lemma F.10. Let (11, v1) := (i1, Vnt)F | be the estimated stagewise Nash Equilibrium policies of a KL regularized
Matrix Game as defined in eq. (17) of Algorithm 2. Then¥(s,i,7) € S x U x V,h € [H|, B > 0, we have

Qni(sn,7,7) € [0, H — h+1], (128a)

Vii(sn) €10, H—h+ 1], (128b)

BKL (pin,e (-|sn) | rer,n (-|s1)) € [0, H — b+ 1], (128¢)
BKL (vh (-|sn) [Wrer,n (|sn)) € [0, H — h +1]. (1284d)

Proof. We know @, ;(sn,i,j) € [0, H — h + 1] by the design of the projection operator II},. And since
(1 (:|5), v (*]s)) < KL reg Nash Zero-sum(Q), ,(s, -, ),
using the same arguments as Lemma F.9 one can prove equations (128b)-(128d). O

The next lemma provides upper and lower bounds on the functions ) and V', which will be used in our analysis. We provide
loose bounds on some of these terms for simplicity.

Lemma F.11 (Range of Q, V functions). Under the setting in Algorithm 2, for any t € [T, we have the following ranges
for the Bellman target, value and Q) functions for all¥(s,i,7) € S XU x V,h € [H| and > 0:

Vili14(s) € [0,3(H — h)* + (H — h)],
T}L(S,Z,])—FPthHt(s,z, j) € [0,3(H — h+1)2]
QU (5.4,4) € [~(H — h+ 1%, (H — h + 1),
Vit (s) € [-(H —h+1)?,(H —=h+1)> + (H — h +1)].

We also have for any policy 1’ :

QI (s,1,5) < (H — h+1)2,
VE Vi (s) < (H—h+1)2+ (H — h+1).

Proof. Here we omit the subscript ¢ for notational simplicity while proving the first two statements. We have QZ a(s,0,9) €
[0,3(H — h)?],V(s,4,7) €S x U x V, h € [H] by definition of the projection operator IT;" (see eq. (20b)). We have

Viii(s) = iwﬂhE1<.|s) [Qf 1 (s,7,4)] — BKL(ftngr (- 8)|| tret,nr1 (-18)) + BKL(vh41(:|8) | Vret,n1(¢]5))
jNVh:+1('|S)
< E " [QF1(s,,4)] + BKL(Vhg1 (-]8)|[Vret,ns1 (-] s)) < 3(H — h)* + (H — h), (129)
I~HUh+1 (0[S

J~vh1(c]s)

where the last inequality follows from Lemma F.10 and (20). Thus V(s,4,j) € S x U x V, h € [H] we also have the target
for the Bellman update

(8,4, 5) + PuVyty 1 (s,4,5) <1+ 3(H —h)* + (H —h) <3(H — h +1)?,
and

Viii(s)= E " [Q3F 1 (5,1, 5)] — BKL(ftn41(:|9)| et py 1 (15)) + BKL(Wn1 (-]8) | vt a1 (-]9))
i~ fip41 (¢S
Jrvnti(cls)

> E (@511 (5,4, 7)] + BRLWp41([9)]|Vret, 1 (+]5)) > 0.
2NHref,h+1('|S)
J~vht1(tls)

Therefore, V(s,i,7) € S XU x V, h € [H|, we have
’I"h(S,i,j) + PthiLt(Sﬂ Z7]) Z 0.
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One can rewrite eq. (9) atstep h + 1 as

H
> ra(skyisg) = BKL (p (-|sk) | trer i (-|5k)) + BKL (Vg 1 (-|5) | Vret e (-|5))
k=h+1

H

Z ’I"k(Sk,i,j)‘|‘,BKL(Vk,t("sk)Hl/reﬂk("sk))
k=h+1

Vi (5) = B

ShZS]

< B sp = 3] <(H-h)+(H—-h), (1302

where the last inequality is due to Lemma F.10. Thus for any policy x’ we have
QY (5,4, §) = ra(s,1,5) + PaVi" (s,4,5) < (H — h+ 1)

Similarly, we have for any s € S, h € [H]:

H

> rk(sky iy §) = BKL (i (-|58) [ tret e (-55)) + BKL (k1 (-|88) [1Vret, 1 (-]58)
k=h+1

H

D —BRL (ke ()l et ([ 58))

k=h+1

VI s) = B

Sh—S]

> FHev Sp =8| > —(H — h,)2 (130b)

Since
Ql}zt#t (Sa 7”]) = ’f’h(S, 7”]) + thhﬂ_‘:,ll’t (Sa 7”])
and rp(s,,7) € [0, 1], using (130a) and (130b), we have
Qy" (s,1,5) € [=(H — h+1)% (H — h +1)%].
O

This following lemma is a consequence of the linear MDP, similar results can be found in (Jin et al., 2020) (Lemma B.1) and
(Xie et al., 2023) (Lemma 7).

Lemma F.12 (Linearity of the Q function). Let (1, 1) := (fine, uh,t)thl be the estimated stagewise Nash Equilibrium
policies as defined in eq. (17) of Algorithm 2, then under the linear MDP (Assumption 3.1) there exist weights {0} }th1
such that

QL (s,4,5) = (d(s,i, ), 01°"") and 07| < 3H?V/d, V(s,i,7) € S xU x V,h € [H].

Similarly for the Nash equilibrium policy (u*,v*) = (u}, vi)E | then there exist weights {HZ*’V* HL | such that

QY Y (si,5) = <¢(S,i,j)79,’f ’V*> and HHZ v

‘gzﬂx/a V(s,4,§) € S x U x V, h € [H].

Proof. From the Bellman eq. (10) we have

QY (s,1,7) ==1n(s,4,7) + , B Vit (s)] -
s NPh,("Sthv])

From the definition of linear MDP (c.f. Assumption 3.1) we know that can set
o = wp, + / Vi (s )dip(s') < BH?V.
since [jwy || < Vdand || [ VI (s))dip(s")|| < 2H?/d (from Lemma F.11). Similarly, we have
01 = wy + / VI (8 dap (). (131)

Using Hf V}fi’l"* (s")dv(s")|| < Hv/d (from Lemma F.9) we have HGZ*’”* | <2HVd. O
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Note that the proof of Proposition 3.2 is contained in the proofs of Lemma F.9 and F.12. The following lemma bounds the
Lo norms of the estimated parameters (6, ; and Glft) and is similar to (Jin et al., 2020) (Lemma B.2) and (Xie et al., 2023)
(Lemma 8)

Lemma F.13 (Ly norm bounds). For all h € [H],t € [T], we have the following bounds on the Ly norms:
[Onell < 2H\/2dt/X and |0 ,|| < AH?\/2dt/X.

Proof. We have

max |XT§}L¢’ = XTZ;; Z ¢h,r [rh,r +Vh+17t(8;;+1)]
le[1=1 ) TED 1

<2H Z ’XTE}:iQﬁh,r <2H Z |X‘EZ,11 |¢h’7‘2;7,1t

T7€D;—1 TEDt_1

<2H || >0 xTSx| | Y0 ¢ N ién. | < 2H\/2dt/)

TED: 1 T7€D;—1

where the first inequality follows from Lemma F.10 and the last inequality follows from Lemma D.7. Similarly, we have

max ‘XTHL
lIx|l=1 ’

Tw—
=X Zh,}: Z Oh,r |:rh,7'+‘/h_:-1,t(sz+l):|

T€Dt—1
<4H? |1 XIS x| | Y 6L Sidny | <AH?\/2dt)/.
T€Dt 1 TED 1
here the first inequality follows from Lemma F.11 and the last inequality follows from Lemma D.7. O

The following lemma provides an upper bound on the covering number of the value functions induced by the @Q-function
estimates in Algorithm 2 when S > 0. The original result for the unregularized setting appears in (Jin et al., 2020) (Lemma
D.6).

Lemma F.14 (Covering number of the MSE Value function class in Algorithm 2). For some 3 > 0, let V"¢ denote the
function class on the state space S with the parametric form

V(s) = i~f§(~|s> [Q(s,4,4)] — BKL (1 (-] 8) | purer(-[5)) + BKL (v (-] s) | ver(]5)) »
Jrvq(ls)

for fixed policies Uy, iy (We omit the index h € [H]), where Q(s,1,7) € Q(s,14,7) and pq(-|s) and vg(-|s) being the
Nash equilibrium policies for the KL regularized game with the payoff matrix Q(s, -, -). Q is a function class on the space
S X U x V with the parametric form

Qi) = My (07 000.05) + 1ol 1) 5 105,11 )
with function parameters ||0]| < L, Apin(X) > A and 0 < 1 < Bs, and we define 11, p,)(-) = min{max{-,b2}, B2}
where by < Bj are function class parameters (fixed for a given h € [H|). Then the covering number of the class V"¢ w.r.t
the Loo-norm dist(Vy, V) = sup, |V1(s) — Va(s)| can be upper bounded as
log N™*¢ < dlog(1 +4L/e) + d* log(1 + 84"/ B3 /(\e?)). (132)
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Proof. We can reparameterize any function @ € Q as follows:

Q(S’i7j> = H(b2,32) (0T¢(5727.7) + \/¢(8,i,j)TA¢(S,i,j)> )

for the positive semi-definite matrix A = 7>~ with the spectral norm ||A|| < B2/ (which implies ||A | < d*/?B3/\
) Let V1 (+) and Va(+) be the value functions induced by Q1 (-, -, -) (parameterized by 6,1, A1, optimal policies (1, 1) and
Q2(+, -, ) (parameterized by 02, A2, optimal policies uo, 12) respectively. Define

‘/1(87/1«, V) = E [Ql(&l,j)] _BKL(:U’('ls)HMref('ls))+ﬁKL(V('|S)HVFEf('|S))7

e
ir~v(:ls)

then we have Vi (s, 1, v1) = Vi(s), similarly define V2 (s, u, ), then we have O

dist(V1, V) = sup |Vi(s) — Va(s)]
=sup [Vi(s, 1, v1) — Va(s, po, v2)|

= supma‘x{‘/l(&ulv’/l) - ‘/2(57M27V2)3 ‘/'2(8’“2’ VQ) - Vl(sa,ula Vl)}

< Supmax{‘vl(snula V2) - ‘é(snulv V2)|a |‘/2(87M27V1) - V1(87M27V1)|} (133)
= supmax ¢ | E(‘ )[Q1(S,i,j) —Q2(s,4, 7)]| 4| E(‘ )[Qz(s,i,j) = Q1(s,4,J)]
s ir~opn (¢]s ir~vpa(-]s
jrva(ls) jrvi(cls)
< Sup‘Ql(salvj) QQ(Saiaj)‘ (134)
$,1,]
< sup [(6270+ VoTAL) — (676 + V0T Azd)| (135)
?ll<1

<101 — 02| + V[|A1 — Azl
<01 = 02| + V[|A1 — Az| R,

where eq. (133) follows from the fact Vi (s, pu1,v1) < Vi(s, p1,v') V' and Va(s, po, ve) > Va(s, ', ve) Vi’ from the
properties of Nash equilibrium resulting in

Vi(s, pa,vi) = Va(s, pa, v2) < Vi(s, 1, ve) — Va(s, i, v2) < |Vi(s, pa, v2) — Va(s, pi1, v2)|s

when Vi (s) > Va(s). The other term is similarly obtained when Vi (s) < V3(s) and eq. (135) follows since I3, 5,)(-) =
min{max{-, bo }, Bo} is non-expansive, the penultimate line uses the fact

Wz =yl < Ve —yl,

giving us

sup ’\/¢TA1¢ \/¢TA2¢‘ < SUP \/ |pT (A1 — A2)o| < VA1 — Azl

lloll<t

Applying Lemma D.1 to upper bound the cardinality of the Cy : the £/2 cover of {6 € R%|||@]| < L} and C, : the £2/4
cover of {A € R™? | |A||p < d'/2B2\~'} with respect to the Frobenius norm, we obtain

log N'*¢ < log |Cg| + log [Ca| < dlog(1 + 4L/e) + d*log[1 + 8d"/* B2/ (\e?)]. (136)

Note that for the MSE function class in algorithm 2 has 1 = 0, we presented the loose bound above toreuse the steps in a
later proof.
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Lemma F.15 (Covering number of the superoptimistic value function class in Algorithm 2). For some 3 > 0, let V°%
denote the function class on the state space S with the parametric form

V)= E Q6 0)] = KL im(15)) + BKL (v (13) ef(15))
j~1%(~|5)

for fixed policies Uy, jirer (we omit the index h € [H]), where Q(s,i,7) € Q(s,i,7), QT (s,4,7) € QV(s,4,]), vg(ls)

is the min player KL regularized Nash equilibrium policy for a payoff matrix Q(s, -, ) and [i(+|s) is the max player’s KL

regularized best response to min player policy V§(|S) under the payoff matrix Q™ (s, -, -). Hence V is fully parameterized

by Q%t, Q. The functions Q1 and Q have the following parametric forms:

@(Saim]‘) = H(bg,Bg) (§T¢(Saz7.])) )
Q+(Sai7j) = H(b;r7B;r) ((0+)T¢(sz7] +T]\/¢ S .] TE 1¢<S717])>

with function parameters ||0|| < L, [|0T] < LY, Auin(EZ) > X and 0 < n < Bz, and we define Hapn() =
min{max{-,a},b} and by < Ba, b < By are function class parameters (fixed for a given h € [H]). Then the
covering number of the class V°'F w.r.t the Loo-norm dist(Vy, Vo) = sup, |Vi(s) — Va(s)| can be upper bounded as

N2 < dlog(1 + 12071 /) + d® log (1 + 72d"/?(B3)?/(A\e?)) + dlog(1 + 24L /<)
+ dlog(1 + 144L(BS + By — b)? /e B)

Proof. We can reparameterize any function QT € Q7 as follows:

Q+(S7i7j) = H(b;,B;) <(0+ .] + \/¢ S Ad) S, )) )

for the positive semi-definite matrix A = 72X ~! with the spectral norm ||A|| < B2/ (which implies |A|lF < d'/?B3/)\)
Let V;(-) and V,(-) be the value functions induced by Q7 (-, -, -), Q,(-,-,-) (parameterized by 87,07, Ay, induced policies
fip and v1) and QF (-, -, -), Q5 (-, -, -) (parameterized by 02, 05, A, 1nduced policies fio and v2) respectively. Define

Vi(s, p,v) = i~3%-\s) [QF (s,4,4)] — BKL (1(:|8)] peet (-]5)) + BKL (v(-|8) || e (-]5)) ,
J~v(-ls)

then we have Vi (s, i1, 1) = Vi (s), similarly define V5(s, i1, V), then we have
dist(V1, V2) = sup [Vi(s) — Va(s)|
= SLSIP|V1(Saﬁ1aV1) — Va(s, fiz, v2)|
= supmax {Va(s, fir, 1) = Va(s, fiz, v2), Va(s, fi2, v2) = Va(s, fia, 1)}
< SgpmaXﬂVl(S’ fiv,v1) = Va(s, fir, v2)|, [Va(s, iz, v2) — Vi (s, fiz, v1)|} (137)

< supmax{|V1(s,ﬂ1, Vl) - ‘/2(53/7'13 V2)‘? ‘%(57ﬂ27y2) - V1(57ﬂ271/1)|}

< Sup{ ~E [QT(S’Z’])] - E [Q;—(szvj)] ) E [QT(S7Z7.]):| - ~E [Q;(Sv%])]

s irviin(-]s) irvfig (-]s) irvfiz(-]s) i~fiz(:]s)
Jrvi(cls) Jrva(cls) g~vi(cls) Jrva(cls)
Tq(s)

+ B KL (-|s) [ vret (-] s)) — KL(2(-[5)]|ver(]5))| }

TKL(S)
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<supTg(s) + sup Tk (s) (138)

where we bound Tt (s) as follows. Consider the term

CE [Qf(si0)] - E - [QF(s4,5)] (139)
irvjir(-|s) irvjiy(-]s)
jvi(-ls) Jjr~va(tls)

<| E [ (si)] - E [QFsi)]|+]| E [QF(si0)] - E[QF(si,5)]

inin(-]s) i~ (-]s) i~ (-]s) i~ (-]s)
gr~va(-ls) gr~vi(ls) grva(cls) grva(:ls)

< sup |Qf(877’7]) - Q;(S,Z,j” + H]Ei"’ljfl [Q;(&Z, )]||00||V1(|S) - VQ('ls)Hl (140)
2]

< sup|Qy (5,4, 5) — Q3 (s,4,7)| + By [1(:]s) — va([s) | (141)
]

Using the same argument (eq. 139-141) for the other term in Ty we obtain the same bound and thus

sup T (s) < sup QY (s,i,5) — QF (5,1, 4)| 4 sup B [[v1(-]s) — va(:|s)llr (142)

5,2,

Since v (+|s) and v, (+|s) are the min-player NE policies under the payoff matrices @, and @, respectively and Q,, Q, €
[b2, Ba], using lemma F.17, equations (138) and (142) we have

sup, 5 |Q,(s,1,7) — Qo(s,1,7
dlsta/l,VQ)Ssup|Qf(s,z7])—Q;(s,z,])—|—25upB;\/ pl7]|Ql( é) QQ( ])|
8,4,] s

+2sup | sup |Qy (5,4, 5) — Qa(s,4, )| + (Bz — bQ)\/supi,j |Q1(8,i,é) _QQ(S,i7j)|)
s i,
< sup Q1 (5,4,4) — Q3 (s,4,5)| + 2sup Q1 (5,4, 5) — Qa(s,,7)]
+2(BF + By by) \/supS,i,j |Q1(s,z;6j> —~ Qs(s.1.4)| 15
Thus to get an & cover we need an &/3-cover for Supy ; ; \Qf(s, i,7) — Q;(s, i,7)] (J\/j/:g) and a min {%, 36(3;-?% }_

cover for sup, ; ; 1Q1(5,4,7) — Qy(s,14,7)] (NE/;),). Using the same steps as the equations eqs (134)-(136) we have

log Ny < dlog(1 +12L% /¢) + d” log (1 + 724 (B3)?/(Ae?))
log N /3 < min {dlog(1 + 144L(B5 + By — b2)?/e*B), dlog(1 + 24L/e)}
< dlog(1 + 144L(Bf + By — by)?/B) + dlog(1 + 24L/¢)
The last line follows since Bs = 0 for the function class Q and thus we have
NEP < dlog(1 + 12L7 [e) + d*log (1 + 72d"/?(B3)?/(\e?)) + dlog(1 + 24L /e)
+ dlog(1 + 144L(B3 + By — b2)?/£°B)
O

Lemma F.16 (KL three-point identity). Let 8 > 0 and let v,y € A,, and pi,er € Ay, have full support. Fix vectors ¢ € R",
d € R™ and define, for i € A, v € A,

F) = () + BKLW\vg),  and  G(u) = (d, ) — BKL(pl| ).
Let 1* and v* be the maximizer and minimizer of G and F respectively. Then for all u € A,,, v € A,, we have

Flv) = F(v") + BKL(v|[v"),  and  G(p) = G(u") — BKL(ullp").
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Proof. The maximizer p* € argmax,ca,, G(u) is unique and satisfies

Uref(i) €Xp (d(l)/ﬁ)
> hei tret (k) exp (d(k)/B)

Define Z := 37;" | purer(k) exp(d(k)/B), using d(i) = Blog £—75 ((11 + Blog Z we have

(i) = Vi € [m].

) = G() = o =) = 73 (s 25— 1o 25

/lref(l) ,U'ref(i)
L OIS O P o D PO 1o 0
= B 3_(u) () o L5 + Blo8 Z 3 (u) E:j( g~ H Dlog )
N i O SN 1) BRI ()
=3 “())lgurefu) B;Q(Mgumf@) “()lgumf@')) (144)
= —ﬁZu = —BKL(u|p").

The log Z term in eq (144) vanishes since >, 11(i) = >, * (i) = 1. Now similarly the minimizer v* € arg min,ca,, F(v)
is unique and satisfies

Vet (7) exp( = ¢(4)/5)
22:1 Vref(k) eXP( - C(k)/ﬁ)

Define Z := Y ") ther(k) exp(—c(k)/f), now using c(j) = —Blog - f((JJ) Blog Z.

vi(j) =

Vi € [n].

Fw) - F*) = (e =) + 83 (i) log 00— () 10g L),

= Vref(]) Vref(])
=— ny'fy*' oy*(‘j)f 0 ny' Y 0 )71/*.01/*(]‘)
= A2 v G os g Bles 23 () *5;< Jlog =5 = (j) log ;5
B 7¢I NN 77) IO ()
= 5j:1( () —v* () log =3 +6;( ()log —75 =" ()] gyref(j)) (145)

The log Z term in eq. (145) vanishes since Zj v(j) = Zj vi(j) =1. O
Lemma F.17 (Stability under payoff perturbations). Let A € R™*™ and A’ € R™*™ be two payoff matrices with

A—A =6, |6llmax == sup  [6(i, )| = sup|A(i, 5) — A'(3, )|
i€[m], jE€[n] 2,

The reference policies [y, € Ny, and vy € Ay, have full support and fix B > 0. Let (p, v) and (1, V") denote the unique
Nash equilibrium policies of the KL-regularized zero-sum matrix games induced by A and A’, respectively, with reference
policies (Lrer, Vrer) and regularization strength (3 for both players. If all the entries of A and A’ lie in [Amin, Amax]. Then

the following statements hold
2 2Am'x_Amin 6mx
2 2 Ai) [
5 B g

[6llms
g
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Proof. Define, for any payoff matrix A € R™*",

falp,v) = plAv — BKL(p ttref) + BEKL(V||Vref), wE Ay, vEA,.

Let (u,v) and (¢',v") denote the KL regularized Nash equilibrium policies for A and A’, respectively, and recall that
d =A— A’. By Lemma F.16 (minimization form), since v € arg mingea, fa(u,7), we have

Falin ') = falpv) + BRL( |Iv), (147)

using Lemma F.16 (maximization form), since y € arg maxjea,, fa(fi,v),

fale',v) = falp,v) — BKL(||p). (148)

Subtracting (148) from (147) yields

Falpst) = fatuv) = B(KLW/|lv) + KL( 1) ). (149)

Similarly, under A’ we have v/ € argmingea,, far(1/,7) and i’ € arg maxjen,, far(fi, V'), hence

far(W'sv) = far(p',v') + BRL(v|V), (150)
far(p,v') = far(p',v') — BKL(ul|lp"). (151)

Subtracting (151) from (150) yields
Farluv) = Fart ) = B(KL@) + KL(ulut) ). (152)

Adding (149) and (152) gives

B(KLW |[v) + KL(v|[v') + KL( ) + KL(ul)) = (£l ) = Fal'v)) + (FarG'v) = fa ()
(153)

Using A’ = A—§, we have fa:(ji,7) = fa(fi,) — i" 8. for any (fi, 7). Substituting this into the RHS of eq 153 yields
the exact identity

B(KL(YIv) + KL@|) + KL( 1) + KL(all)) = = Tov + pTov. (154)
By eq: (154) and nonnegativity of KL, we have
/ 1 1T T / 1 1T T / 2
KL(v[|v") < B(u Sv — p'ov) < B<|“ Sv|+|u'av'|) < 10l (155)

Note that the same bound also applies to KL(2/||~). Now by Pinsker’s inequality and (155), we have the second part of the
lemma

o=/l < VEREE) < 2/l (156)

For any p, q, r with the same support

KL(p||r) — KL(¢[lr) = KL(pllg) + (p— g¢,log(q/r)).

Applying this with (p, ¢, ) = (v, 1/, V) and taking absolute values gives

!
og Y-
1%

ref

|[KL(v[thet) = KL( [[prer) | < KL(v|V) + (v = 2"]]1 -

(157)

oo

50



Achieving Logarithmic Regret in KL-Regularized Zero-Sum Markov Games

Since v/ € argmin, ea, far(i,v'), it is the KL-regularized best response to 1 under A, hence

vrer(7) exp( = (A" 1) () /B)

V/(j) = n Vi € [n]. (158)
> p—1 Vret (k) eXp( - (A’T,u’)(k)/b’)
Let Z := Y"1 _, vrer(k) exp ( — (AT p/)(k)/B). Then
/(s A/T IN(
. V(J_) __ATWHG) log Z. (159)
Vref(.j) B
Now for every j € [n],
(A7) = D H A G) € [Amins Ana],  and Z € [e7AmeslP, ¢ AminlF]
i=1
which implies log Z € [ — A‘E‘“‘ ,— A‘E‘“] and from (159) we have, for all j,
"(j Amax — Am ! A — A
log LU ) ’ < Dmax — Fmin - ponce log || < Zmax ~ Amin (160)
Vref(]) B Vref || 0o B

Combining equations (155),(156), (157), (160) we have

2 ||6Hmax Amax - Amin
KL (||tref) — KL(V ||tret) | < = 6| max + 2 . ,
[KL(v[t4er) (v [[rer)| ﬁll I r 5

G. Additional discussion

G.1. Single agent settings

Both OMG and SOMG can be used in the single agent setting for Bandits and RL respectively by setting the action set
(and hence even the reference policy) of the min player to a singleton. For Matrix games this results in the same bound as
Theorem 2.3.

However, in the RL setting we can obtain a tighter dependence on H. Using a smaller bonus term and a projection operator
with linear dependence on H, we achieve improved regret guarantees. When specialized to the single-agent RL setting, this
gives a regret bound of min{@(d3/2H2ﬁ> , O(B~1d*H® log*(T/5)) }

Sp = 5‘| s

This design of bonus terms and projection operators is possible due to the fact that when the min player action set is restricted
to singleton the positive KL terms disappear and the value function (and hence the ) functions) will now be bounded
between (—oo, H] instead of (—oo, 00). Specifically for a policy 7 the value function in KL regularized RL is given by

Sh = 3‘| 5

Thus the projection for best response @ function can now use O(H) ceiling in equation (20b). We donot need a Q~
((15¢),(16¢)) in SOMG since the min player makes no decisions (action set is singleton) as shown Algorithm. As a result of

this the we get a H dependence in bonus term and hence a min{@ (d3/ e \/T) , O(B~rd>H® log*(T'/9)) } regret. This

The value function in game theoretic setting is given by

H

> rk(si, i, 5) — BRL(uk (k) [ et (-[55)) + BKL(v (| s1) | Veet i (- 5)
k=h

Vi (s):=E

H

Vii(s) :=E [Z T (ks 1, 7) — BRL(mk ([ sk) || Tret, o (- 5%))

k=h
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matches the best known regret bound obtained by (Zhao et al., 2025b)’ in single agent KL regularized RL. Furthermore as a
result of simpler function classes SOMG can also be directly be used without a discretization argument for single agent RL
for the unregularized 5 = 0 case.

G.2. Extension to general function approximation

SOMG can be extended beyond the linear MDPs to RKHS/General function approximation for the () dunction class with
local (state-action wise) optimism using standard arguments from the literature. For example to extend SOMG to general
function approximation we additionally need a standard realizability assumption (Zhao et al., 2025b; Ye et al., 2023) on the
value functions class induced by SOMG in equation 19 which we get for free in Linear MDP (From Assumption 3.1 and
lemma F.12) and a bounded log covering number assumption.

mnse

Beyond this the only parts of the SOMG proof that are specific to linear MDP are lemmas F.4, F.5 which define bonuses b}°°,
by, + respectively and the bounding of sum of squares of bonuses in equations (94) and (108) using elliptical potential lemma
D.6. Replacing these components with bonuses used general function approximation, as done in (Zhao et al., 2025b;c),
extends our results to general function approximation settings.

Specifically the width of the uncertainty set at step h, time ¢ for (s, 4, j) in linear function approximation is specified using
the covariance matrix Z/{h“ L (8,1, 7:Di1) = || o(s, i,j)||271 and the bonus is of the form 7 - min {1 Z/l}j"t(s i,7; Dt—l)}

lin

which is equal to n - U}, t(s i,7; D¢—1) when regularization A > 1 (both bmse and by, ; take this form) with 77 being a constant
that depends on problem parameters. Under general function appr0x1mat10n (with a function class F) the width of the
uncertainty set is given by (Agarwal et al., 2023; Ye et al., 2023; Zhao et al., 2025b)

S
U}%?:(S,i,j;pt_l)lz sup |f(577’a.]) ..f(S.aZm]” -
I.rer \/A+ > (f(snyins jn) = f'(Shyin, jn))?

Shyin;Jn€Dr—1

where ) is the regularization parameter. To obtain bounds for general function approximation we use Z/lf ; instead of L{}Lmt to
create confidence intervals in lemmas F.4 and F.5 and use eluder dimension (Agarwal et al., 2023; Zhao et al., 2025b)

T
d(F,T):=  sup Zmin(l, L4557 (st v, jes De—1)]?)-

817, 40:T J1T 1

instead of elliptical potential lemma to bound the sum of squares of bonus terms. Similar arguments extend OMG to General
function approximation.

G.3. Discussion about lower bounds

There are no known lower bounds for sample complexity/Regret in KL regularized games. However, for the bandits setting,
a sample complexity lower bound was presented in (Zhao et al., 2025a) (Theorem 3.6) which we restate here

Theorem G.1 ((Zhao et al., 2025a)). For any € € (0,1/256), 3 < i, and any algorithm A, there exists a KL-regularized
contextual bandit problem with reward function class R with covering number O(Nx (€)) and such that A requires at least

Q (min(W1 loi Nr(e) log Zn(e) )) rounds to achieve a suboptimality e.

For linear function approximation log Nx (¢) scales proportional to d (lemma D.1). Since bandits is a single agent special
case of both Matrix games (by setting the min player action set to singleton) and Markov games (H = 1 gives matrix
games), the lower bound also applies to our setting and we note that our upper bounds obtains the optimal structure
min{O(5~1/e), O(1/£?)} and dependency on f3.

The best known regularization dependent regret upper bounds for KL regularized RL is O(5~* H®d? log?(T')) presented in
(Zhao et al., 2025b) which gives a sample complexity of o (@) 6 (Zhao et al., 2025b; Tiapkin et al., 2024) match the

SThe bound is adopted for linear MDP where the log covering number log(\) grows as d* log(T') (lemma F.14), we use >+, ), €
[0, H] while (Zhao et al., 2025b) use Zf:l 5, € [0, 1], translating this to our setting gives an additional H? factor due to dependency on
the square of the bonus term. d(F, X\, T) = 31", d(Fp, A\, T) scales at dH

6’ AT , in ((Tiapkin et al., 2024) Thm. 6 Page 53) should be d(2 + (7' — 1)) (minor typo) and hence the dependency will be d*
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rates obtained by SOMG when specialized to the single agent setting. However we remark the dependence on H and d
here is not tight. These can be potentially improved in future works using Bernstein based bonuses/reference advantage

decomposition which is commonly used to obtain sharp rates in bonus based methods for both offline (Shi et al., 2022) and
online (Chen et al., 2022) RL and games.

instead of d?.
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