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ABSTRACT

The paper develops an analytical model to explain the phenomena
of super resolution focusing achieved with time-reversal, matched
field processing (TR/MFP). Our analytical model is based on mul-
tipaths introduced due to total internal reflections of the transmit-
ted signal within a random medium. Under minor constraints, we
show that the transfer function H (752 py s, w) for the field ob-
served at the locationy s of the scatterer contains a squared sinc
term. Since multiplication of two similar sinc functions in the fre-
quency domain is equivalent to the convolution of two rectangu-
lar functions with equal widths in the time domain, the result of
convolution is a triangular function with a distinct peak aty 7. In
comparison, the transfer function H (7/sz "py ~°,w) for the field ob-
served at an arbitrary sitey ™ includes multiplication of two sinc
functions with different lobe widths, which leads to a trapezoidal
function with no distinct peak in the time domain. In addition,
the transfer function H (¢sz "py °, w) at any arbitrary sitey ™ con-
tains a third sinc function, which peaks to its maximum value of
(2P + 1) at the location of the scatterery “s. This factor further
amplifies super resolution focusing at the scatterer.

1. INTRODUCTION

The phenomena of super resolution focusing [1] observed in time-
reversal, matched field processing (TR/MFP) [2] has been exten-
sively used in a variety of scientific applications including under
water acoustics, ultrasound eradication of cancerous cells in ra-
diotherapy, and high signal to noise ratio reception (SNR) in cell
phones. In general, TR/MFP includes the following steps.

— An active scatterer, embedded in an unknown medium, gen-
erates a probing pulse f(¢) into the random medium.

— A (2P + 1) transducer array, placed within or outside the
medium, records the waveforms at its transducer elements.

— The (2P+1) elements time reverse the recorded waveforms
and retransmit the time-reversed waves into the medium.

— The retransmitted waves focus strongly at the scatterer.

To intuitively explain the phenomenon of super-resolution focus-
ing observed in TR/MFP, the paper considers a multipath propaga-
tion model, which is illustrated in Fig. 1. In our explanation, we
assume that the geometric optics approximation to the wave equa-
tion is reasonable and strong reflections occur from the boundaries
of the medium. Fig. 1 shows an active scatterer s, located at coor-
dinatey 7s = (x5, ys) on the right hand side of the channel, which
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Fig. 1. Analytical multipath model used to explain super resolution
focusing in time-reversal, matched field processing.

transmits the probing pulse f(t). Several delayed and distorted
versions of the probing pulse are received by the (2P + 1) trans-
ducer array located on the left hand side of the channel. The trans-
ducer elements time reverse the received waveforms and transmit
them back in the medium. Fig. 1 provides an intuitive explanation
of why time reversal improves focusing and why the focusing is
markedly increased when the multipath is richer. Each reflective
multipath, considered in Fig. 1, can be treated to originate from an
additional virtual array of (2P + 1) transducer elements outside
the boundaries of the medium under consideration. Richer multi-
paths with IV reflections, therefore, lead to an increased number of
(2N + 1) arrays. Of these (2N + 1) arrays, 2N arrays are virtual
and lie outside the domain boundaries. This leads to a tighter re-
focusing than is possible with a single transducer array. The above
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Fig. 2. Block diagram of the analytical multipath model used to represent the time-reversal, matched field processing.

description provides a flavor of the results that can be achieved in
TR/MFP by exploiting the multipath structure. In this paper, we
propose to provide a quantitative understanding of the practical
gains afforded by TR/MFP and its limitations.

The paper is organized as follows. Section 2 introduces the
multipath propagation model and estimates the propagation delay
between multiple paths. In Section 3, we derive the transfer func-
tions, also referred to as the ambiguity functions, for the field ob-
served at the location of the scatterer and compare it to the transfer
function for the field observed at any other arbitrary site. Section 4
provides intuitive explanation for the super resolution focusing in
TR/MFP. Finally, Section 5 summarizes the paper.

2. ANALYTICAL MULTIPATH MODEL

The analytical model for the TR/MFP phenomena is shown in
Fig. 2, where the probing pulse f(t) is emitted omnidirectionally
by the active scatterer s, located at coordinatesy s = (s, ys),
and is received by the transducer array. Each element p, — P <
p < P, in the transducer array receives several delayed versions
of f(t) due to multipaths. The propagation of the probing pulse
f(¢t) from the scatterer s to the transducer element p, located at
27p = (xp, yp) is shown in the left column blocks of Fig. 2, where
the waveform received by the transducer element p is denoted by
¥(Ys2 p, t). Each transducer element time-reverses the received
waveform 1 (%sz p, t) as shown in the middle column of Fig. 2.
The time reversed output of element p is given by ¥, (§sz p, t),
which is retransmitted into the random medium. Each time-reversed
waveform 1 (52 7p, t), transmitted by transducer p, follows the
same multipath model used in the forward transmission of the
probing pulse f(t) from the scatterer to the transducer array. The
cumulative waveform ¢ (Zpy s, t) is the sum of the waveforms
Yp(Zpy s, t) received from the entire transducer array. The propa-
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gation of the time reversed waveform from the transducer array to
the scatterer is shown in the right-most column of Fig. 2. Next, we
consider individual multipaths used in the forward and reversed
transmissions. Fig. 3 illustrates the multipaths used in our analyt-
ical model to describe the propagation of the wave between the
scatterer and a transducer element p with coordinate (x5, yp). In
our discussion below, we consider five multipaths but the results
are generalizable to a higher number (2N + 1) of multipaths.

1. Direct Path: results due to the direct propagation of the
field in a straight line between the scatterer s and the trans-
ducer element p. In Fig. 3(a), the direct path is shown as a
solid bold line between sites s with coordinate (zs, ys) and
p with coordinate (zp, yp). The distance D;O) traveled by
the propagating wave from site s to site p using the direct
path is approximated as

DY) = |zo — xp| + |ys — yp| sin by, %)

where 6, is the angle between the direct path and the hor-
izontal line joining transducer p with coordinate (zp,yp)
with the projection of scatterer s with coordinate (zs, ys)
onto site o with coordinate (zs, yp). The propagation delay
of the field using the direct path is given by

|zs — xp| + |yp — ys|sin by
c

" = . @
where c is the propagation speed. The superscripts in Egs. (1)
and (2) indicate that the propagation distance and delay
are calculated with respect to the direct path. In this pa-
per, the direct path is referred to as (n = 0) multipath, the
top-boundary single-reflection path is referred to as (n =
1) multipath, while the bottom-boundary single-reflection
path is referred to as (n = —1) multipath. Similarly, for
the other superscripts used for the remaining multipaths.



2. Top-Boundary Single-Reflection Path: is shown as a solid .= vl 0,
bold line in Fig. 3(b), where the wave reaches the transducer s @)
after a single reflection at point «’ from the top boundary. J
%, 56
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Expressed in terms of Déo), the distance Dz(,l) traveled by
the propagating wave following the top-boundary, single-
reflection path is approximated as (a)

D;l) = Dz(,o) + 2ys sinag, 3) y o (@)

2.8 ay
where o is the angle of incidence of the propagating wave M Lzm

with the top boundary. The propagation delay of the wave O\ J
using the top-boundary single-reflection path is given by s
_— s~ (T, Ys

2y si
1 _ 7_’go) + Ys SIN (1 ) )

Tp c P~ (p.9p)

(b)

3. Bottom-Boundary Single-Reflection Path: is similar to
the top-boundary single-reflection path except that the re-
flection takes place from the bottom boundary of the ran-
dom medium. Based on Fig. 3(c), the distance D,(,_l) trav- -
eled by the signal using the bottom-boundary single-reflection N
path is approximated as \

b

2|(ye — vs)!

DSV = DY + 2(ye — ys) sin B, ©)

where y. is the width of the channel and (3; is the angle of 2l(u *m 5 (e 2y - )
incidence of the propagating signal with the bottom bound- (©)

ary. The propagation delay for the signal using the bottom-

boundary single-reflection path is given by 2ucla /

s~ (e =)

_ . uf K’l:‘ LM
2(ye — ys) sin B1 . ©) =

7'1271) = TISO) + c

s~ (T4,s)

4. Top-Bottom-Boundary Double Reflection Path: is shown

as solid bold lines in Fig. 3(d) and consists of three straight )
lines joining: (i) the site s with coordinate (zs, ys) with the
reflection point u} at the top boundary; (ii) v} with the re-
flection point b} at the bottom boundary; and (iii) b} with
the transducer element p with coordinate (zp, yp). The dis-
tance traveled by the signal using the top-bottom-boundary
double reflection path is approximated as

® s~ (e Ao — 1)
(@
Py~ (T, —vp)

D;Q) = (distance between py, and s) + 2y, sinaa, (7) A\

where o is the angle of incidence of the propagating wave \
with the top boundary. In Eq. (7), the distance between pj, A
the mirror image of the transducer element p located at

x7p = (xp,yp) with respect to the bottom boundary, and

the scatterer s is equal to the distance DE;D. Eq. (7) is,
therefore, expressed as

P~ (2 4p)

s
L(w =)l

Dz(f) = Dz(,_l) + 2y, sin aa. (8) v{q(
N\
N\
which leads to the following propagation delay 2(y. mhxﬁ%
5~ (g, A e — ys)
_ 2y si
RO C w ) ©

Fig. 3. Multipaths between scatterer s and array p in TR/MFP:
(a) Direct path; (b) Reflection from top boundary; (c) Reflection
from bottom boundary; (d) Reflection from top boundary followed
by a second reflection from bottom; and (e) Reflection from bottom
boundary followed by a second reflection from top.

5. Bottom-Top-Boundary Double Reflection Path: is simi-
lar to the top-bottom-boundary double reflection path ex-
cept that the first reflection takes place from the bottom
boundary and is followed by the reflection from the top

83



boundary of the medium. Based on Fig. 3(e), the propa-
gation distance is given by

Ys) sin Ba.

(10)
where (3 is the angle of incidence of the propagation signal
with the bottom boundary. Since the distance between sites
p!,, the mirror image of transducer element p with coordi-
nate (zp, yp), and the location of the scatterer s is equal to
the distance between p and s, which is the mirror image of
the scatterer with respect to the top boundary, the distance

DS = (distance between p, and s) 4 2(y. —

DI(fQ) is approximated as

DS = DY + 2(ye — ys) sin Bo. (11)
which leads to the propagation delay
_ 2(ye — ys) sin
T’g 2) :ngl) + (ye — ys) 52. (12)

c

In terms of the location of the scatterer s with coordinate (s, ys )
and transducer p with coordinate (zp, yp ), the angles 6p, c;’s, and
Bi’s used in Egs. (1)-(12) are given by

1 [yp — vs|

e (s ER R a7 )
= e e (9
_ 2y — s
ar = s e 19
. 2Ye — Yo — Ys
B = s e e o~ O
and B2 = sin~ ! 2ye 1Yo — Y (17)

((zs = 20)? + (2yc + 9o — ¥s5)?)0®

From the above discussion, the propagation distance of signal along
multipath n in our analytical model may be generalized as

(n) _
D,,n_{

Dividing Eq. (18) with the propagation speed c, the propagation
delays of the signals along multipath n are given by

Dg("fl) + 2ys sin o,
Dy ™Y 4 2(ye — y,) sin B,

(> 0)

e o). ¥

—(n— 1)+ 2y3s1nan

CONY (> 0)
P (D) 20T yz)smﬂn7

e o). P

3. AMBIGUITY FUNCTIONS

In this section, we derive the transfer functions, or the ambiguity
functions, for the TR/MFP system.

Theorem 1 At the location of the single scatterery s, the transfer
function H(§s37py s, w) of the TRMFP in random medium, as-
suming a single scatterer, a (2P + 1) transducer element array,
and (2N + 1) multipaths, is given by

U (Z,y° .
H(fa ™y, w) 2 V(Tpy ™ w) _ (2P + 1)eT x {cn N

F(-w)
. 3w(7'z(,n1)77'1()n2>)
(nz Sll’l42
P> e () |
ni=—Nng=—N sin —&——2~2—~

2
ng#ni

84

where Ch, is a constant and is defined as
N

Z (m) _ Z Z (n1) (n2)

=—N nl_—Nng_—N
ng#ny

@n

a™) and T,S"“ are, respectively, the attenuation factors and the
propagation delays along different multipaths ni1 from the scat-
terery”"s = (zs,Ys) to the transducer element:™p = (xp, Yp)-

Proof: The field ¢ (7sz p, t), received by the p’th transducer el-
ement through the n’th multipath, is the signal f(¢) transmitted
from the scatterer, which is delayed by the propagation time TIS")
and attenuated by a factor of a(™. Considering (—N < n < N)
multipaths, the received signal at a transducer element p is given
by
N
V(@ Tt) = Y a it —7),

n=—N

(22)

for (—P < p < P). The superscript (n) denotes the number of
the multipaths. Taking the Fourier transform of Eq. (22) gives

N

= n —'wT(n)
Uiz 7p,w) = F(w) Y aMe ™

n=—N

(23)

for (—P < p < P). The Fourier transform U, (sz "p,w) of the
time reversal signal 1 (g2 "p, T — t) at transducer element p is

U (G2 7pyw) = T, —w)e’T (24)
a (n)
ejWTF(fw) Z (n) ]L/.JT
n=—N

for (—P < p < P). The symbol T is the delay introduced in
the time reversed signal ¢ (¥sz "p, t) to make it causal. The time
reversed signal v, (2 7p, t) is back propagated into the random
medium. The Fourier transform of the cumulative signal received
by the scatterer from transducer element p through (—N < n <
N) multipaths is given by

N
- - - = n 7'w7(n)
Uy (Tpy s w) = Up(feg Tpow) D ale I

n=—N

(25)

Substituting the value of ¥, (s 7p,w) from Eq. (24) gives

N
. (n2) _ (Wv )
U (Zpy sy w) = T F(—w) g (") g(2) g =iw ("2 .
ni,nog=—N

Considering the terms (n1 = n2) and (n1 # n2) in the double
summation separately, the above equation simplifies to

N
‘I/p(fpy_‘aw) = ejWTF(w){ Z (a(n))2 (26)
n=—N
N 5(r(") <”2))w
41 (") g (n2) N
Z Z (1) <n2>) -1
ni=—N ng=—N sm—LQL

na#ny



which results in the system transfer function for a single transducer
element p as

N

> @)

n=—N

Hp (s 7py s, w) = et |: (27)

3 _,_("1)77_("2)%)

N N .
1 (n1)_ (ng) [ SI0 5
D) Z Z a e L () L
ni=—Nng=—N sin %
no#ny

Taking (2P + 1) such transfer functions, one for each transducer
element, it is straightforward to derive Eq. (20) of Theorem 1 from
the above result.

Corollary 1.1 A special case of Theorem 1 is derived by assuming
that: (1) the difference between the propagation delays along the
multipath and the direct path is a factor of the delay along the
direct path, and (2) the attenuations along multipaths other than
the direct path are the same. Explicitly, we assume that

() _ 0 _

- ©

|n|Tp, and a™) = g("2) = %a (28)

for (=N < mn 1,n2 < M 1 # 0,n2 # 0). The transfer func-
tion H(Ys3"py s, w) in Theorem 1 simplifies to

) sin (N+1DwTp \ 2
H (T _ jwT ; (0)\2 —
H(§sz7py s, w) = (2P + 1)’ (a™) <4wp

S 3

(29)

Note that the condition for the propagation delay in Eq. (28) is a
direct consequence of Eq. (19). Following the procedure used in
the derivation of Theorem 1, the transfer function of the TR/MFP
system for any sitey ™ other than the locationy ~s of the scatterer is
derived as follows. To save on space, we omit the proof here.

Theorem 2 At any arbitrary observation sitg) ™, the transfer func-
tion for the TR/MFP in random medium with a single scatterer, a
(2P + 1) transducer element array, and (2N + 1) multipaths is

) eij
Term I

N N
X x(ng) (nq)
X Z Z a*("z)a(nl)efﬂw(ﬁ) 2*7';, 17 (30)

ny=—N ng=—N

sin (2P+1)dw(sin §—sin 6*)

S5 5 0 _ 2c
H(ys$ Y 7w) - ( :+ dw(sin @ —sin 6*)
sin TR

where the parameters with superscripts (x) are measured with re-
spect to the transducer element p and observation sitey ™. For
example, T, "2) and q*("2) denote, respectively, the propagation
delays and the attenuation factors along multipaths ns from trans-
ducer elementt™, = (xp, yp) to the observation sitgy ™. The angle
0™ is the angle between the direct path and the horizontal line join-
ing transducer element (o, yo) with the projection of the arbitrary
sita) ™ onto the site (o, Yo)-

Corollary 2.1 We derive the special case of Theorem 2 under as-

sumption (28) for the propagation delay TIS") and attenuation ‘™.

Similar assumptions are also applied to the propagation delay

(

T; 2 and attenuation a*\™ measured with respect tay ™, i.e.,

* * * * * 1 *
720 O ket and @) = ¢*2) = 1gx(©),

€29
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Multipath n -2 -1 0 1 2
a™ 0.136p | 0.309p P 0.336p | 0.136p
a*™ 0.170p | 0.324p | 3.520p | 0.968p | 0.170p

Table 1. Values of attenuations used in the analytical model. The
constant p is obtained from the direct path and set to 0.055.

Jor (=N < mn 1,n2 < M 1 # 0,n2 # 0). The transfer func-
tion H (s "py "o, w) in Theorem 2 simplifies to

(32)

- ) joN(p—1p)  p _ap
H(Fsg 7y ™ w) = a*@a e e 2 il B )
. in @—sin 0* . (N+1 . (N+lwT)
( sin (2P+1)dw(;10n9 sin ™) ) ( sin ( +2)w‘rp ) ( sin ( 2) Tp
. d H 97 3 9* . LA)Tp . w *
gin dw(sinf—sin0*) T ) sin —% B sin ;p
Term I Term 111 Term IV

3.1. Experimental Verification

To verify our analytical results, a controlled simulation is run on a
(70 x 40)\ domain with an 8% randomness in the velocity profile
¢(Z) about ¢ = 1.5 x 10®m/s. The 2D domain is discretized with
a step size of Ax = Ay = 0.25)\, Mur boundary conditions [3] and
wavelength A = 0.5mm. The scatterer is located at (53, 19.25),
which emits the probing pulse

Ft) = —27%02(t — 1/ 9e ™ D 0 <t < 0.7us, (33)

<

where v = £ is the central frequency, A is the wavelength, which is
given by 0.5 mm, and ¢ denotes time. The probing pulse generates
a 2D field ¥(ygt” ) that propagates within the random medium
according to the wave hydrodynamic equation [4] as

. L *(yet )
A 21 element transducer array, located at (15,20 + (p — 1)/2) A,
for (=10 < p < 10), receives the propagated waves and time-
reverses the waveforms. Each element retransmits the signal into
the medium. In Fig. 4, we compare the spectrum of the fields
U(Zpy s, t) observed at the locationy s = (53,19.25)\ of the
scatterer and an arbitrary observation sitey ™ = (35, 12.5)\ ob-
tained from the experiment with the corresponding analytical fields
derived from Eq. (20) in Theorem 1 and Eq.(30) in Theorem 2 with
the number of multipaths (2N + 1) set to 5. In our model, the at-
tenuation within the random medium 7 is assumed to be inversely
proportional to the square of the length of the multipath and are
specified in Table 1. The plots in Fig. 4 show that the fields de-
rived from our analytical model are fairly good approximations of
the field observed in the experimental simulation. With an increase
in the number of multipaths, the approximations improve even fur-
ther. We also observe that the maximum height of the field at the
location of scatterer is at least 5 to 6 times stronger than that of
the field observed at site (35, 12.5)\, which verifies the refocus-
ing phenomena observed in TR/MFP.

=—f(t)6(Zvy7s). (34)

4. EXPLANATION OF THE REFOCUSING PHENOMENA

In this section, we use Theorems 1 and 2 to explain the refocusing
phenomena in TR/MFP. Note that Eq. (20) is a special case of

)
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Fig. 4. Comparison of fields ¢ (Zpy s, t) obtained experimentally versus the corresponding fields derived analytically. (a) Experimentally
observed field at the scatterer located ay s = (53, 19.25)\. (b) Same as (a) except that the field is computed analytically using Theorem 1.
(c) Experimentally observed field at sitgy ™ = (35, 12.5) \. (d) Same as (c) except that the field is computed analytically using Theorem 2.

Eq. (30) for the limiting case § = 0. Applying the L'Hopital’s
rule, Term I in Eq. (30) reduces to

sin (2P+1)dw(sin —sin 8*)

. 2 _
gli,nd}* . dw(sin Gisin 0*) - (2P + 1)’ 35
S ———

while the double summation in Eq. (30) can also be expressed as a
sum of C, and an additional term shown in Eq. (20). Comparing
the relative strength of the transfer functions, we observe that the
transfer function at the location of the scatterer is greater than the
transfer function at any arbitrary site. The magnitude of Term I in
Eq. (30) is relatively smaller than its peak value of (2P + 1) in
Eq. (20). This peak value of the sinc function in Eq. (20) leads to a
stronger signal, which explains why refocusing is strongest at the
location of the scatterer than at any other site.

A second observation made from Egs. (20) and (30) is that the
magnitudes of the transfer functions are dependent on the num-
ber (2N + 1) of multipaths in the random medium. The transfer
functions H (§sz "py s, w) and H (§s2"py ~°, w) have higher mag-
nitudes if the number of multipaths is increased. Since multipaths
arise from total internal reflections, which are stronger in random
medium, therefore, Eqs. (20) and (30) demonstrate stronger refo-
cusing in random medium as compared to homogeneous medium.

The explanation for super resolution refocusing is obtained
from Corollaries 1.1 and 2.1. There are two differences in the sim-
plified transfer functions H (552 "py s, w) and H (§sz "py °, w).

1. The first difference results from Term Il in H (7.g "py ™, w)

that has the maximum value of (2P+1) in H (752 py s, w).

This results in a stronger field at the location of the scatterer
than at any other observation site.

2. The second difference results from Terms III and IV in
transfer function H (¢sz "py °,w). At the location of the
scatterer, the propagation delays 7, = 7, in Terms III and
IV resulting in a sinc? term in H (2 py "s, w). Multipli-
cation of two sinc functions in the frequency domain is
equivalent to convolution of two rectangular functions in
the time domain. In H (§sz py s, w), sinc functions have
the same lobe widths, therefore, the result of the time do-
main convolution is a triangular function with a prominent
peak at the location of the scatterer. On the other hand,
Terms III and IV in Eq. (30) have different lobe widths,
therefore, the result of convolution in the time domain is a
trapezoid, which is flat in the middle region. Since the sinc
functions have the same energy in the frequency domain,
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the peak observed in the impulse response corresponding
to H(§sz py s, w) is higher in magnitude than the max-
imum value of the trapezoid in the impulse response of
H(§sz py °,w). This is the second factor that leads to
stronger refocusing at the location of the scatterer.

5. SUMMARY

To explain super resolution focusing in TR/MFP, the paper pre-
sented an analytical multipath model that assumed geometric op-
tics approximation with strong total internal reflections from the
boundary of the random medium. We derived the ambiguity func-
tions for TR/MFP at the locationy ”s of the scatterer and at any other
observation sitey . The transfer function H (%3 py s, w) for the
field observed at the scatterer contains a squared sinc term, which
is equivalent to convolution of two rectangular functions in the
time domain. The resulting impulse response is a triangular func-
tion with a distinct peak at the scatterer. In comparison, the transfer
function H (§sg "py ~°,w) for the field observed at any other arbi-
trary site includes multiplication of two sinc functions with differ-
ent lobe widths, which leads to a trapezoidal function, with no dis-
tinct peak, as its impulse response. In addition, H(¢sz "py ™, w)
contains a third sinc function, which peaks to its maximum value
of (2P + 1) at the scatterer. This term further amplifies super res-
olution focusing at the scatterer. Though not presented here, the
analytical model has been used to derive robust algorithms [5] for
detecting the number and location of the embedded scatterers.
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