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ABSTRACT 
The present  work descr ibes  an ANMA 

e s t ima t ion   a lgo r i thm  tha t   d i f f e r s  from t h e  known 
ava i lab le   t echniques .  I t  s u b s t i t u t e s   t h e  
au tocorre la t ion   es t imat ion   sequence  by t h e  sequence 
of e s t ima ted   r e f l ec t ion   coe f f i c i en t s .  These a r e  
re l iably  provided by t h e  Burg technique Ell. Then 
i t  f i t s   t o   t h e   p r o c e s s   b o t h  a sequence of higher 
o rde r   l i nea r   p red ic to r s   ( e .g . ,  Levinson  algorithm), 
and a sequence  of  higher  order  linear  innovations 
f i l t e r s  (e.g., by r ecu r s ive   i nve r s ion ) .   F ina l ly ,  
i t  ob ta ins   t he  MA c o e f f i c i e n t s  from t h e   l i n e a r  
r e l a t i o n s   s a t i s f i e d  by the  corresponding 
c o e f f i c i e n t s  of the   success ive   h igher   o rder   l inear  
p r e d i c t o r s ,  and l ikewise  obtains   the A R  
c o e f f i c i e n t s  from t h e   l i n e a r   r e l a t i o n s   s a t i s f i e d  by  
the cor responding   coef f ic ien ts  of the   success ive  
h i g h e r   o r d e r   i n n o v a t i o n   f i l t e r s .  

We s t r e s s   t ha t   t he   p rocedure   does  n o t  use 
t h e  sample a u t o c o r r e l a t i o n   l a g s ;  i t  uses   instead 
the  sequence of s ample   r e f l ec t ion   coe f f i c i en t s ,  
from which i t  est imates   independent ly  o f  each  other 
and i n  a dual way, t h e  M A  and the A R  components of 
the   process .  

1. INIRODUCT ION 
The use of autoregressive  moving-average 

( A R H A )  models i n  spec t r a l   e s t ina t ion   has   r ece ived  
increased   a ten t ion  i n  t h e   l a s t  few years   ( see  e.g. 
C21-C4lf. Most of the   repor ted   t echniques   involve  
s e v e r a l   s t e p s ,   t h e   . f i r s t  of uhich   cons t ruc ts  a 
sample  autocovar  iance  function.  Another 
c h a r a c t e r i s t i c  of   those  a lgori thms is t h e  
dependence of t h e  MA component es t imat ion  upon t h e  
A R  component es t imat ion .  

This  work addresses   the  ARMA es t imat ion  
problem,  presenting  an  estimation  procedure  that  
does   no t   share   the  two above  mentioned common 
f e a t u r e s .  On the  one  hand, i t  depar t s  from the 
usual  approach of using  the  sample  autocovariance 
lag  sequence,   es t imat ing  instead from the   da t a   t he  
sequence   of   re f lec t ion   coef f ic ien ts .  The 
s in iu la t ion   resu l t s   p resented   here   use  the Burg 
technique C11 fo r   t he   e s t ima t ion  of the r e f l e c t i o n  
c o e f f i c i e n t s .  On the   o ther   hand ,   the  AR and MA 
c o e f f i c i e n t s   a r e   o b t a i n e d  i n  a dual way. The 
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algori thm  constructs  from the r e f l e c t i o n  
c o e f f i c i e n t s  two sequences of success ive ly   h igher  
o r d e r   l i n e a r   f i l t e r s  - one is a sequence of l i n e a r  
p red ic to r s ,   t he   o the r  is a sequence of innovat ions 
f i l t e r s .  The MA p a r t  is then  obtained by explor ing  
t h e   l i n e a r   r e l a t i o n s   t h a t   a r e   s a t i s f i e d  by 
cor responding   coef f ic ien ts  of the  sequence of  
l i n e a r   p r e d i c t o r s ,  while the A R  p a r t  is obtained 
s i m i l a r l y  b u t  using i n  t u r n   t h e   c o e f f i c i e n t s  of t h e  
i r ~ c r e a s i n g   o r d e r   i n n o v a t i o n s   f i l t e r s .  The 
es t imat ion   a lgor i thm  dua l izes   the   ro les   o f   the  A R  
end MA components,  performing  the same k i n d  of 
operations  for  both  components.  

The  es t imat ion   a lgor i thm is based on a 
f i n i t e  sample of lenght  T drawn from the Gaussian, 
s t a t iona ry   s tochas t i c   p rocess  Cyn>, w i t h  t h e  AHMA 

s i g n a l  model 

where <e,> is a Gaussian,  white,  zero mean, u n i t  

variance  noise  sequence. The l inear ,   t ime-  
inva r i an t   r ep resen ta t ion  (1 )  is assumed t o  be 
s t a b l e ,  minimum phase, w i t h  no common r o o t s  on t h e  
numerator and denominator  polynomials of i ts  
t r ans fe r   func t ion .  

The es t imat ion  a lgori thm  discussed  here  
assumes  apr ior i  knowledge of t h e  number of poles  p 
and zeros  q ,  and t h a t  p2.q. We a re   p re sen t ly  
t e s t i n g  an extension of the  present   procedure  that  
j o i n t l y   e s t i m a t e s   t h e   o r d e r s  p and q as   wel l   a5  the 
parameters. 

In s e c t i o n  2 we br ie f ly   rev iew  the  
clnderlying  theory  concerning t h e  es t imat ion  
algori thm, which is d e t a i l e d   i n  [GI. Here, t h e  
emphasis is on the  a lgori thm  aspects  of t h e  
estimation  procedure.  Some simulated  examples  are 
p re sen ted   i n   s ec t ion  3.  Further  examples  are i n  
[SI. In C71 some p re l imina ry   r e su l t s  of t h i s  
a lgori thm  are  compared w i t h  those of an es t imat ion  
procedure  based on d-step  ahead  predictors.  A 
s t a t i s t i c a l   a n a l y s i s  computing a n a l y t i c a l l y   t h e  
a s y ~ p t o t i c s  of t h e   b i a s  and  of the  error   covariance 
has   been  carr ied  out  and will be  presented 
elsewhere. 



2. BUbL ESIIiiAIION ALGOBITH# 
The dual  estimation  algorithm  herein 

presented is derived  from  the  exact knowledge  of 
the  increasing  order   predict ion and innovation 
f i l t e r   c o e f f i c i e n t s   a s s o c i a t e d  w i t h  the   process  
.Cyrl). We wi l l   s ee   t ha t   bo th   t he  A N  and t h e  MA 

components are   obtained from t h e   s o l u t i o n  of a 
system of l inear   equat ions b u i l t  u p  from those  
c o e f f i c i e n t s .  In the  presence of a sample  of 
lenght  T of the  observed  process,  those  exact 
vallres  are  replaced by a su i t ab le   e s t ima te .  T h i s  
probles  is d i s c u s s e d   l a t e r ,  

To present   the   a lgor i thm,  we will assume 
' that  an inf in i te   sample  is I) iven,   i .e .   that  we 
know exac t ly   t he   above   r e fe r r ed   f i l t e r  
coe f f i c i en t s .   Le t  

s t r u c t u r e  of ( 4 )  al lows a recursive  implementation 
of t h i s  matr ix   operat ion.  

Hy t h e  Wold decomposition,  the  elements on 

l i n e  N of matrix W;' c o n s t i t u t e ,  a s  N goes t o  
i n f i n i t y ,  a long AN(N) representa t ion  of t h e  
AHMA(p,q) process  under study. W i t h  a dual 
arcjument, a long M A  representa t ion  of the   p rocess  
is obta ined ,   for  an high  value of N ,  from t h e  Nth 
o rde r   i nnova t ion   f i l t e r ,   i . e .   t he   e l emen t s  on l i n e  
N of t h e  nratrit: wN * 

Several   spectral   es t imat ion  techniques  use 
long AH or long M A  models .35 an intermediate  or  a 
f i n a l   s t e p  in the  es t imat ion  procedure.  These 
approaches  correspond  to  exploring t h e  matr ices  W N 
and W M  by l i n e s .  Un t he   con t r a ry ,   t he   e s t ima t ion  -1 

a? i = l , .  ..,N, a! = 1, 
algorithm  presented on t h i s  sec t ion  looks upon the  
columns of those  matr ices .  In fac t ,   bo th   the  A H  
and t h e  M A  components of t h e  AHMA process   are  

be t h e  Nth  order ,   one-s tep  ahead  predict ion  error  computed from the  l inear  dependencies  exhibited by 
f i l t e r   c o e f f i c i e n t s   a s s o c i a t e d  w i t h  (y,), and the  elements on each column o f  the   mat r ices  W N  and 

denote  by 

.1 ' f 2)  

. -1 

c N  = a N  N For N>p, the   e lements  o n  each of t h e   f i r s t  
( 3 )  N-¶ columns of the  matrix wN a r e   l i n e a r l y  

I* 

variance of the N t h  order   predict ion e r r o r .  
Col lec t ing   the   increas ing   order   coef f ic ien ts  ( 2 )  i n  systenl of 
a matr ix   format ,   y ie lds   the lower t r i a n g u l a r  matrix 

being  the  paremeters of the  A N  component. T h i s  
r e s u l t ,  proved in [GI, is writen  as  the  following 

of  order N+1, -3s i n  (4), -- 1 

. . .  
= o .  

+...+ a U N w P  = 0 (15)  
P N-P 

1 . . .  

The elements on l i n e  i (O<, i< ,N)  of t h i s  
n l a t r ix   a r e   t he   coe f f i c i en t s  of t he   p red ic t ion   e r ro r  
f i l t e r  of order i .  The inverse  of the  nonsingular 
lnatrix (4) will be denoted b y  W N  and i t s  elenlents 

The elements on l i n e  i of W W 1  ( O S j . " " '  '. '.. 1 ,:>.N 1 , 
a r e  t h e   i t h   o r d e r   i n n o v a t i o n   f i l t e r   c o e f f i c i e n t s .  
They may be obtained from ( 4 )  through a matrix 
inversion.  The lower t r i a n g u l a r ,  c l n i t y  diagonal 

N ' J '." _''' 

Note t h a t ,  in (G), the  elements of t h e  
lllatr i x  W N  on each  l inear   equat ion  belong  to   the 

same column  of tha t   mat r ix .  
A d u a l   r e s u l t ,   r e l a t i n g   t h e  M A  component of 

.the  process and the  e lements  on each of t h e   f i r s t  

columns of the  matr ix  Wil is presented .   F i r s t ,  

introduce  the  normalized  version of ( 4 ) ,  i . e .   t h e  

matrix W N  w i t h  elements "-1 

where di is the   s tandard  deviat ion of t h e  

p red ic t ion   e r ro r  of order  i .  For  N > p ,  the   e lements  
on each  of  the f i r s t  N-p columns of the  normalized 

matrix W N  , defined by  ( 4 )  and (7), a r e   l i n e a r l y  

dependent. The c o e f f i c i e n t s  of t h e   l i n e a r  
dependencies   are   the same for   a l l   those   co lumns ,  

#-l 
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l e a d i n g   t o   t h e   f o l  
C51-EG1, 

owing system of l inear   equa t ions  

. . .  

where, 
ao(N) = d N  

and, [GI, 
lim a.(N) = bi i = O , l ,  ..., q (10)  

N-.->co 

Note tha t   the   e lements  of ;il o n  each of 

'the l inear   equa t ions  in ( 8 )  belong t o  the  same 
column of tha t   mat r ix .  T h i s  f a c t ,   t o g e t h e r  w i t h  
( l o ) ,  s t a t e s   t h a t   t h e   c o e f f i c i e n t s  of t he   l i nea r  
dependency  defined by the  e lements  on each  of  the 

f i r s t  N-p columns of WN a r e , , a s y s p t o t i c a l l y ,   t h o s e  

of t h e  HA component  of the  process .  The r e s u l t  
expressed by  t h e   f i r s t   e q u a t i o n  in (8), deal ing  
w i t h  t h e   i n c r e a s i n g   o r d e r   r e f l e c t i o n   c o e f f i c i e n t s ,  
was p r e s e n t e d   f i r s t   i n  E81. 

The systems of l i nea r   equa t ions  (6) and (8) 
play a c e n t r a l   r o l e  in the  dual A H M A  es t imat ion  
algori thm. They were e s t a b l i s h e d  assuming t h e  
exac t  knowledge of t he   p red ic t ion  and  innovation 
f i l t e r   c o e f f i c i e n t s .  Being  given a sample of t h e  
process  w i t h  lenrjht T ,  those  values   are   replaced by 

s u i t a b l e   e s t i m a t e s   t h a t  will be  denoted by a., W 1  
"i - '  

d?. We use  the Burg technique E11 and the  Levinson 

a l g o r i t h m   t o   e s t i m a t e   t h e   r e f l e c t i o n   c o e f f i c i e n t s ,  
t h e  p r e d i c t i o n   e r r o r   f i l t e r   c o e f f i c i e n t s  and t h e  
power of t h e   p r e d i c t i o n   e r r o r   d i r e c t l y  from data .  
For each  value o f  N we can t h u s  cons t ruc t   t he  

estimated  matrix iil and lji. 

"- 1 

-9 J J' 
J 

"? 

A n  inversion of ŵil leads  t o  iN. T h i s  

opera t ion  is implemented  recursively in N due t o  
t h e   t r i a n g u l a r   s t r u c t u r e  of t h e   f i r s t   m a t r i x  and 

'the f a c t   t h a t  Will is an upper le f t   subnta t r ix  of 
- - I  WiL. 

Replacing in (G), ( 7 ) ,  (8) and (9) t he   e s -  

mated  values of W ., a .  and d ., t h e   s o l u t i o n  of t h e  "i "i -2 
J . 1  J 

r e su l t i ng   l i nea r   sys t em of equat ions   y ie lds   the  
es t imate  of t h e  AR component  and the   e s t ima te  of 
the  values   of  ai(N) (05.i5.q) that   converge,  w i t h  N ,  

t o   t h e  MA c o e f f i c i e n t s   ( s e e   ( 1 0 ) ) .  
The dual ABMA estinlatiori  procedure is 

summarized in the  fol lowing  a lgori thm: 

For N = O , l , .  ..,N nt .3 x 

Compute c and d N  "2 from ( y o ,  y 1  ,..., yT-l> u s i n g  N 
the  Burg technique. 

Compute iy (l<;,i<;td-l) through  the  Levinson 

algori thm. -- 1 Construct WN by adding a new l i n e   t o  --1 W N - l .  

Obtain W N  by matrix  irtversion from W --1 
n 

N '  
n 

Solve ( 6 )  t o  o b t a i n   a i ( N ) ,   i = l , . . , , p  O n l y  f o r  

Solve 18) t o   o b t a i n  a. ( N ) ,  i= l ,  ..., q N>ptq 
1 I 

End 

- n 

I n  the  above  algorithm, a .  (N) and ai(N) 
denote   the  es t imates  of the  corresponding 
c o e f f i c i e n t s  u s i n g  N - q  and N-p l inear   equa t ions  
es tab l i shed  froni the  innovation and predic t ion  
f i l t e r s  of orders  N ,  N - 1 ,  ..., N - p  and N ,  N-1, ..., 
N - q ,  r espec t ive ly .  

A t  t h i s  p o i n t ,  some comments ought t o  be 
done ,   s t renght ing   the  main f e a t u r e s  of t h e  
a lgo r i thm.   F i r s t ,   t he  A H  and M A  comportents a r e  
estimated  independently of each  other,   being  each 
one  obtained front t h e   s o l u t i o n  of J system of 
l inear  eqrrations.  The asymptotic  nature of t h e  MA 
es t imat ion  is t h e   p r i c e   t o   l e   p a i d   f o r   t h e  
cor responding   l inear i ty .  In C G 1  i t  is  proved t h a t  
t h e   r a t e  of convergence of t h e  a. f N )  parameters  to 

t h e   b .   c o e f f i c i e n t s  is governed by t h e  second power 
of the   zeros  of t he   o r ig ina l   p rocess .  Second, f o r  
N>p+q,  both (G) and (8) represent  an oversized 
system of equat ions,  w i t h  t h e   s t a t i s t i c a l   r e l e v a n c e  
of   compensat ing  the  es t intat ion  errors  on t h e  
pred ic t ion  and i n n o v a t i o n   f i l t e r   c o e f f i c i e n t s .  
Third,   both  the A H  and MA ( a s y a p t o t i c a l l y )  are 
obtained tly a Modified Yule-Walker square  root   type 
.algorithm. A n  implementation of t h i s  a lgori thm 
updat ing  recursively  (on  the nuntbrr of r e f l e c t i o n  
c o e f f i c i e n t s   c o n s t r u c t e d  from the   da t a )   t he  MA and 
RR es t imates  may be obtained.  See E51 and CG7 f o r  
d e t a i l s .  

1 

3. S IMULAI ION RESULTS 
The performance  evalcratian of the  dual  

es t imat ion  a lgori thm  presented in the  previous 
s e c t i o n  i s  descr ibed  here  by simulated  examples. 
The spectrum  associated w i t h  an ARMA(4,2) process  
with 

poles: 0.85 exp(+j7O0), 0.85 exp(+j l lO0) 

i s  compared w i t h  the  estimated  spectrum computed 
from a sample of lenght  T .  

In f i g .  1 we d isp lay  t h e  spectrrm and i t s  
est imates   obtained w i t h  T=1000 da ta   po in ts ,   fo r  two 
d i f f e ren t   va lues  of N ,  t h e  number of es t imated 

48.14.3 
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r e f l e c t i o n   c o e f f i c i e n t s  computed by the  Rurg 
technique. The asymptotic  nature of the  MA 
component es t imat ion   ( see   equat ions  ( 8 )  and ( 1 0 ) )  
is displayed in f i g .  1 where an increase on N 
improves  the  estimation of t he   spec t r a l   no tch .  

0 . 0 0  0 .25   0 .50  0 . 7 5  1 .00 

Fi3. l  - True  and  Estimated  Spectrum, 
T=1000 d a t a  p o i n t s ,  N.10, 20. 

The q u a l i t y  of the  spectrum  est imat ion  as  .3 

func t ion  of the  sample  lenght T ,  i s  shown in f i g .  2 
obtained w i t h  N=20 and T=500 and 5000 data  p o i n t s .  
A decrease  in T l e a d s   t o  a degradation of t h e  
es t imat ion  of both  the  zeros  and the poles of t h e  
or ig ina l   p rocess .  T h i s  is due t o  the  degradat ion 
of   the  predict ion and i n n o v a t i o n   f i l t e r  
c o e f f i c i e n t s   e s t i m a t i o n .  

18. 
0 - 
7 
u) 

0 .  

-10. 

- 2 0 .  ,I 
0 . 0 0  8 .25  0.58 0 . 7 5  Y .e0 

Fig.2 - True  and  Estimated  Spectrum, 
N=20, T=500 and 5000 da ta   po in ts .  

Figure 3-a)  and b)  show f o r  10 Monte-Carlo 
runs   the   d i spers ion  of the spec t r a l   e s t ima tes   fo r  
two values of the  sample  lenght T.  When T is 
increased from 1000 ( f i g . 3 - a ) )   t o  5000 ( f i g . 3 - h ) )  
data   points ,   the   spread is s igni f icant ly   reduced .  

- 2 0 .  -1 
0 . 8 0  0 . 2 5  8 . 5 0  0 . 7 5  1.00 

Eig.3-.3) - Estimated  Spectrum  for T=1000 da ta  
poin ts  and 10 independent  Monte-Carlo  runs. 

10. 
0 I 

 NE^ 0 

- 2 0 .  I I I 
0 . 0 0  0 . 2 s  0 . 5 8  8 . 7 5  1 .00 

Fig.3-bl - Estimated  Spectrum  for T=5000 da ta  
p o i n t s  and 10  independent  Monte-Carlo runs. 

We have shown tha t   asymptot ica l ly   the  
var iance of t h e   e r r o r s  on the  ARMA parameters 
vanishes w i t h  1/T. D e t a i l s  will be provided i n  a 
forthcoming  paper# 
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